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DECIMAL NOTATION

In Class Problems:

Add: (a) 0.3+0.8+0.5 (b) 5+43+3.6 (c) 0.126 +1.26 + 12.6 + 126
Subtract: | (a) 2.97 —1.38 (b) 120 — 175.25 (c) 625.3-10.75—20.1
Multiply: | (a) (0.001)(1.4) (b) (13.58)(—4.2) (c) (=52.4)(-28.2)

Perform the Given Operations:

(a) 40.2 —3.97 + 38

(b) —20.7 + 35.8 — 83.25

(c) 32.4—(~25.8)

(d)2-9+10+2—(3-3)

(e) 5[8+3(2-8-6)]

(f) 4(12.3-10) - 5.2(6 — 2)

Exercises
1. 0.6 +09+0.2 2. 9+63+24 3. 0.318+3.18+31.8 +318
Answer: 1.7 Answer: 17.7 Answer: 353.298
4. 394 -1.86 5. 232 -398.35 6. 548.35-111.63 -30.2
Answer: 2.08 Answer: -166.35 Answer: 506.52

7. (0.033)(2.8)
Answer: 0.0924

8. (25.14)(-3.2)
Answer: -80.448

9. (-55.4)(-17.8)
Answer: 986.12

10. 67.32 -5.84+26
Answer: 87.48

11. —21.2+13.56—-64.06
Answer: -71.7

12. 72.38 —(-35.4)
Answer: 107.78

13. 3-7+12+3-(2-5)
Answer: 15

14. 6[7+(3-9-17)]
Answer: 402

15. 2(13.2-8)-6.3(5-3)
Answer: -2.2







Question 1.1

THE CANCELLATION

PROPERTY:
ag _a
be¢ b

(providing ¢ #0)
For example:

NS _ 5
8-3-6 48
Definition:
a c¢_ ac
b d bd
For example:
15 1-5 5
86 8.6 48

Question 1.2

Rational Numbers 1

Sample Test 1

RATIONAL NUMBERS

(FRACTIONS)

30

The correct answer is 13—0 . If you got it, move on to Question 1.2. If not,

Simplify:

consider the following example:

EXAMPLE 1.1  Simplify:

6l

’ Factor the 18: 18 = 3 -6

SOLUTION:

%)(i _3.5
(8 1 8 3-6 <J
35
8 36
\%I Cancel -- see margin
1.3
8 6
Isee definition in margin:| = i
48

Can you now manage Question 1.1:

Simplify: @ @

If so, go to Question 1.2. If not:

Answer: =
swer: =

1.1 Simplify Click-Video
Z) (i) 64 15
(@) (9 14 ®35 12
If you still can’t solve Question 1.1: Go to the tutoring center.
Simplify:

The correct answer is % . If you got it, move on to Question 1.3. If not,

consider the following example:
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==L
b b b
For example:
6 _—6 6

The product (or quotient)
of an odd number of nega-
tive numbers is negative.
For example:

(=6)(2)(=30) _ _
1(~14)(9) 14-9
The product (or quotient)
of an even number of neg-
ative numbers is positive.

For example:

(=2)3)(-4) = 24

6-2-30

Question 1.3

Note: The quotient
3.3
8 4
can also be expressed
in the form:

3/8
374

or

-PIWIOOIUJ

Definition:
a c¢ a d

b"d b c

In words:
To divide:
invert and multiply

For example:
15, 10 _ 15 8

16 = 8 1610

and multiply

EXAMPLE 1.2  Simplify:
_¢. 2 .30
-14 9
SOLUTION:
6.2 .30 _ 6 2 30
-14 9 1 -14 9
_ (6)(2)(=30)
1(-14)(9)
— 6-2-30 _ 2-3.2-3-10 _ 20
see margin: = _ = _ = =
o SR 7
Can you now manage Question 1.2:
3. 7 .2
Simplify: 0 21 3 Answer: T

If so, go to Question 1.3. If not:
1.2 Simplify Click-Video

CRCDICIRNCE 4= ¢

If you still can’t solve Question 1.2: Go to the tutoring center.

Simplify:

o1 W
AR
=W

.1
The correct answer is >

consider the following example:

EXAMPLE 1.3 Simplify:
15
(E;l_o) 16 15/16
16 g 3 or: 10 or: 1078
8
SOLUTION:
15
6 _15 8 358 3 3
10 16 10 2-875-2 2.2 4
8

see margin

Can you now manage Question 1.3:

Simplify: g1 Answer: %

. If you got it, move on to Question 1.4. If not,



Question 1.4

The expression
9

2

15
can also be expressed
in the form

(9+2)+15

Question 1.5

Rational Numbers 3

If so, go to Question 1.4 below. If not:

1.3 Simplify Click-Video
8
-14 2 27
15

If you still can’t solve Question 1.3: Go to the tutoring center.

Simplify:

C\'OOIM

The correct answer is % . If you got it, move on to Question 1.5. If not,
consider the following example:

EXAMPLE 1.4  Simplify:

9
2
15
SOLUTION:
4 4 .
2 -2 21 _ 33 _3
15 15 215 2-3-5 10
1 AN
Can you now manage Question 1.4:
3
Simplify: —— Answer: -
implify: — nswer: —
If so, go to Question 1.5 below. If not:
1.4 Simplify Click-Video
14 ~10
8 4
@ —¢ () —3

If you still can’t solve Question 1.4: Go to the tutoring center.
Simplify:
4
6
7

The correct answer is 13—4 . If you got it, move on to Question 1.6. If not,

consider the following example:
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EXAMPLE 1.5  Simplify:

-15
3
4
SOLUTION:
the product of two negative
15 numbers is positive
s . U A5 _wsa
3 3 1 3 3.
-4 —4

Can you now manage Question 1.5:

Simplify: 5 Answer: 13—4

7

If so, go to Question 1.6 below. If not:

L5 Simplify Click-Video
14 1
(a) - 7 (b) 3
3 5

If you still can’t solve Question 1.5: Go to the tutoring center.

Question 1.6 | Simplify:

The correct answer is —%. If you got it, move on to Question 1.7. If
not, consider the following example:

EXAMPLE 1.6  Simplify:

-4 21
7 16
9
8
SOLUTION:
-4 21
7 16 _ -4 21 8 43742 _ 2
9 7 169 714.-43:3 3
8

| invert and multiply|
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Can you now manage Question 1.6:

23
Simplify: 4 Answer: — 2
pliry: 3 T 16
9
If so, go to Question 1.7 below. If not:
1.6 Simplify Click-Video
21 S
53 12
ORr OF T
10 2 3

If you still can’t solve Question 1.6: Go to the tutoring center.

Question 1.7 | Simplify:

2.7 4

3 3 3
The correct answer is g . If you got it, move on to Question 1.8. If not,

consider the following example:

EXAMPLE 1.7  Simplify:

To add (or subtract) 3
fractions with the same -zt
denominator, add (or 5
subtract) the numera-

tors of those fractions SOLUTION:
and place the result
over that denominator. 3 + 4 2_-3+4-2 -1 _ 1
In other words: 5 5 5 5 5 5
§+§ = a;b see margin
a b _a—b Can you now manage Question 1.7:
and -—- =
d.d 2.7 4 5
Simplify: =+ =-—= Answer: =
Py 37373 3

If so, go to Question 1.8 below. If not:

1.7 Simplify Click-Video
3,.5,-5 2 -5 .3
2o = —e_ = Z
@3*3%7 ®)-5-5 "5

If you still can’t solve Question 1.7: Go to the tutoring center.
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Question 1.8 Simplify:

S, 2
7

The correct answer is :—; . If you got it, move on to Question 1.9. If not,

consider the following example:

EXAMPLE 1.8  Simplify:

2.5
3 4
. 2 5.
SOLUTION: The least common denominator of 3 and 70 12 (see

The least common margin). So:
denominator of two or 2 5 2.4 5.3 8 15 8§—-15 7
more fractions is the - = T = == = — = —
smallest integer that is 3 4 3 4-3 1212 12 12
divisible by the denom- N7 . 1
inator of each fraction. [common denominator ]

For example, 12 is the

least common denomi- Can you now manage Question 1.8:

2 5
i er g i 2 ({12 Simplify: 2,2 Answer: g
is the smallest integer 6 7
divisible by both 3 and
4). If so, go to Question 1.9 below. If not:
1.8 Simplify Click-Video
3 5 1 2 -2 .5
A —_Z2_=24Z
@37-1%2 ®-5-3 "%

If you still can’t solve Question 1.8: Go to the tutoring center.

Question 1.9 | Simplify:

The correct answer is lzz If you got it, great. If not, consider the fol-

lowing example:



Looks intimidating?
Just take it one step at a
time.

There are many differ-
ent approaches one can
take to solve this prob-
lem. We offer two for
your consideration

Rational Numbers

EXAMPLE 1.9  Simplify:

SOLUTION: One approach:

-7 1 — 1
3 3 3 N 3 -7 6-1
+

+
12 ( g

3+1jL 2
: 3(3)
-y 7,10 3
4 2 4 4 4
Another approach:
7,1 7 61 -1 5
3Jr 3 _ 3+3 3:3+3:—_7/_+§_/§
1 2 3.1 2 4 2 3 32
1+= = =+ = = = =
3 3 3 3 3 3 3 S
= L4+
4 2
_ 7,10
4 4
_-7+10 _ 3
4 4
Can you now manage question 1.9:
9
ooe 204 .17
Simplify: o T Answer: ol
2
If not:
1.9 Simplify Click-Video
3 % 1 1 1+%
@>+—-- b) 1+ ———=
4 1-6 6 1+1 2
3 2

If you still can’t solve Question 1.9: Go to the tutoring center.
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SUMMARY

MULTIPLYING FRACTIONS| DEFINITION:

a ¢ _ ac
b d bd
DIVIDING FRACTIONS| DEFINITION:
a
b _ad
c b ¢
d

(invert and multiply)

ADDING AND SUBTRACTING| DEFINITION:
FRACTIONS WITH THE SAME a b a+b ;
ps + —
DENOMINATOR d an

Q
I
)

QIR
QIS
QU

d d

LEAST COMMON DENOMI-| The smallest positive integer that is divisible by the denominator
NATOR OF FRACTIONS| Of each fraction.

ADDING OR SUBTRACTING | Determine the least common denominator of the fractions. For
FRACTIONS WITH each fraction, multiply its numerator and denominator by the

DIFFERENT DENOMINATORS| S2me number so that its denominator becomes the least common

denominator. Then add or subtract the resulting fractions.

FRACTIONS AND MINUS —a
SIGNS - =

4
b —b

a
b
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CANCELLATION
PROPERTY

NOTE:

ac _a
bd b
L—_—_1Ifc=0
You can ONLY cancel a common FACTOR. For example:
: .3 3 Cancel the 7, which is a factor
%— = = of both the numerator and
-5 5 the denominator.
and:
%_6_ _ 2-13 _ 1_33
16 2-8 8
You CANNOT cancel the 2 in % ' ' ' ' '

Yes, the 2 is a factor in the denominator (2 times something) but
it is not a factor in the numerator (the numerator is not 2 times
something -- it is 2 plus something).

On the other hand:

2+2a _ 2(1+a) _ l+a
2(1+2b)  1+2b
'S

2+4p

| a common factor |

It bears repeating:
You can ONLY cancel a common FACTOR:

ac _ a
be b

Ll
(providing c is not zero)

ADDITIONAL PROBLEMS

3\/10 -3 15 &\/ 3 3 4 ]
= (_)(_) 12 —=. = 2.1 2(—)(—2) 20 2.2,
Ve 5 2 6/\1 292
. o
Answer: 1 Answer: g Answer: % Answer: -3
31 2. 10 32 4 41 3 22 s
5 6 L L -
6 3 6 4
Answer: — _—2
: - A .5
| Answer: 0 nswer: =
Answer: -3
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3 2 61 4.15
5.1 6 52 3 55
5 3 3
5 3 5
Answer: 2 Answer: 2
2 2 Answer: 10 3
5
6.3 3(2) 64 2.5 12 2.1
2Us 36 4 3°5
-6 -9 1 6.5 2
502 Co,l
Answer; — 5 3
10 Answer: =
27 Answer: - Answer: 35
" 10
1 3 4 -2 5 3 3 2
71 =—=+- 72 ——=4+=—-= 81 —+=
5 5 5 7 7 7 10 5 1
Answer: % Answer Z Answer: 1—70 Answer: —=
901 1_2 9.2 1 3.2
55 3 -3 93 10 5 3
2,1 2 4|1 12
33 373)\3 10
Answer: ,% Answer: -1 Answer: 71_21_
Answer: -




INTEGERS

The product expression
2-3 =6 can also be
expressed in the form
2(3) = 6. You should,
however, shy away
from using the form
2x3 =6, as that x
may be misinterpreted
to represent the wvari-
able x. We also point
out that when dealing
with variables, juxta-
position denotes multi-
plication. For example:

2a =2-a

and ab = a-b

Sample Test 1 Supplement 11

Sample Test 1

SUPPLEMENT

INTEGERS

The numbers:

1,2,3,....m, ...
are said to be counting numbers (or natural numbers). Add the number
0 and you have the set of whole numbers:

0,1,2,3,..,n, ...

For any natural number n, we define the additive inverse of n,

denoted by —n, to be such that:
n+(-n) =0 (*)
Bringing us to the set of integers:
e N, ...,—3,-2,-1,0,1,2,3,...,m, ...

We note that an integer such as —7, is said to be a negative integer.

Allowing 7 in (*) to be any integer we see, for example, that not only
is —7 the additive inverse of 7, but also that 7 is the additive inverse of
—7; in other words: —(-7) = 7.

Generalizing we note that, for any integer n:

—(—n) = n
When performing algebraic operations, remember that:

Multiplication and Division take precedence over
Addition and Subtraction
BUT the above can be trumped by parenthesis:
Whenever you see an expression enclosed
within parentheses, you are to think of that
expression as representing ONE number.

For example:
multiplication before addition

\
542-3 =5+6 =11
L. A
On the other hand:
(5+2)-3=7-3 =21

parentheses rule!

Also:
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2(5+3)+5-4+4=2-8+20+4 =16+24 = 40
and
24+1)(2+6)+1 =2-5-8+1 =80+1 = 81

As you know, you can perform the sum 2+ 7+ 8 in a number of

Addition and Multipli- ways:

cation are binary oper-

ations: you can only add 2+7)+8 =9+8 =17

or multiply numbers

two-at-a-time. 2+7+8 =42+(7+8)=2+15 =17
2+8)+7=10+7 = 17

The above flexibility is a consequence of the following properties:

COMMUTATIVE PROPERTIES Example
Addition: a+b=>b+a 3+5=5+3
Multiplication: ab = ba 2:3=3.2
ASSOCIATIVE PROPERTIES Example
Addition: (a+b)+c=a+(b+c) 2+1)+5=2+(1+5)
Multiplication: (ab)c = a(bc) (2-3)-5=2-(3-5)
DISTRIBUTIVE PROPERTIES Example
Left Distributive: a(b+c) = ab+ac 2(3+5)=2-3+2-5
Right Distributive: (a+b)c = ac+bc (2+5)3 =2-3+5-3

Here is an important fact:

At this point, we only
have the set of integers THEOREM 1.1 For any integer n:

at our disposal. As we

extend our number sys- ~1-n=-n

tem further, we will

take it for granted that PROOF: We show that when you add the integer —1 - n to n you end
previous  definitions, . .. ce

notation, and proper- up with 0, and that therefore —1 - n is indeed the additive inverse of n:
ties, also hold in those

larger systems. -1-n+n=-1-n+l1-n=(-1+1)n=0-n=0

A COMMENT: Why is the product of two negatives positive?
Because, by Theorem 1.1 and the above properties, we have:

(—a)(=b) = (-1-a)(=1-b) = (-1)(-1)ab
Fine, but why must (-1)(-1) = 17? Because:
1) = (-1 =1



EVEN AND ODD
INTEGERS

Sample Test 1 Supplement 13

We say that an integer a is divisible by an integer b if there exists an
integer ¢ (necessarily unique) such that a = bc. For example:

15 is divisible by 3, since 15 = 3-5.
15 is not divisible by 4, since there does
not exist an integer ¢ such that 15 = ac.

You probably already know that an integer divisible by 2 is said to be
even while the rest are said to be odd. From the fact that the product of
two negatives numbers is positive, we have:

A product of non-zero numbers involving an even
number of negative numbers is positive.

By the same token, from the fact that the product of a negative num-
ber and a positive number is negative, we have:

A product of non-zero numbers involving an odd
number of negative numbers is negative.

For example:
(-=2)(3)(-3)(—5)(—4) is positive
(4 negatives)
While:
(-2)(3)(-3)(5)(—4) is negative

(3 negatives)

CHECK YOUR UNDERSTANDING 1.1

Evaluate:
(@) —-2(-3+5)(-3)+5 (b) 3+ (=5+1)(-2)(-3)

Answers: (a) 17 (b) —21

SUBTRACTION

We define @ minus b, denoted by a — b, as follows:

a-b =a+(-b)
For example:
7-3 =4
and: 4_(5-8) =4-(-3)=4+3=7

CHECK YOUR UNDERSTANDING 1.2

Evaluate:
(@ (=2)(-3)-3(-2) (b) (5-3)(2-5)-2-5

Answers: (a) 12 (b) 13
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The number 2 is the
oddest prime (sorry).

FACTORED FORM

COMPLETELY
FACTORED

“Up to order” means
that the decompositions

2-3.7 and 3-2-7,
for example, are to be
considered the same.

Definition. For any
number a and any
positive integer n:
n-times
—_—X
a = a-a---a
For example:
4-times
v

24 =5.2.2.D

PRIME NUMBERS

Any number is certainly divisible by 1 and by itself. Of particular
interest are those integers greater than 1 that are only divisible by 1 and
themselves:

DEFINITION 1.1 An integer greater than 1 that is divisible only
PRIME NUMBER by 1 and itself is said to be prime.

The number 3 is prime since only 1 and 3 divide 3. The number 15 is
not prime since in addition to being divisible by 1 and 15, it is also
divisible by 5 (and by 3). The number 2 is prime, and it is the only even
number that is prime; for if a number is even, then it is divisible by 2.

If an integer greater than 1 is not prime, then it can be expressed as a
product of two or more integers, none of which is the number 1. For
example:

16 =4-4 30=15-2 and 30=2-3-5
When a number is represented in product form, it is said to be factored.

For example, 15 - 2 is a factorization of 30, and both 15 and 2 are said
to be factors of 30.

When a number is factored into a product of primes, then it is said to be
completely factored. For example:
18 =2-3-3
100 =2-2-5-5
and: 231 =3-7-11
appear in completely factored form.

It is true, and certainly believable, that any natural number can be
completely factored. Indeed:

THEOREM 1.2  An integer greater than 1 is either prime or

FUNDAMENTAL  can be expressed uniquely (up to order) as a
THEOREM OF product of prime numbers.
ARITHMETIC

CHECK YOUR UNDERSTANDING 1.3

Factor completely:

(a) 144 (b) 23 (c) 432

Answers: (a) 24 - 32 (see margin) (b)23 (c)2°-3-5




The n in a” is called
an exponent.
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LEAST COMMON MULTIPLE

If a = bc,then we say that a is divisible by b (and by c¢). We also say
that a is a multiple of 5 (and of ¢). The smallest positive integer that is
simultaneously a multiple of two or more integers is said to be the least
common multiple (LCM) of those integers; equivalently, it is the small-
est positive integer that is divisible by each of the given integers.

You could find the least common multiple of 48 and 180 by taking
multiples of the larger of the two numbers, 180, and stopping when you
get to a multiple that is also divisible by 48, but there is a better way:

Factor 48 and 180 completely:
48 = 24.3
180 = 22.32.5
One thing is clear, any multiple of 48 must contain 4 two’s and
1 three. By the same token, any multiple of 180 has to contain 2
two’s, 2 three’s, and one five. It follows that any multiple of
both 48 and 180 must contain 4 two’s (to make both 48 and 180

happy), 2 threes, and 1 five; and since that is the smallest inte-
ger divisible by both, we have:

48 = 24.3
180 = 22.32.5
LCM = 24.32.5 = 720

In general:

The LCM of two or more integers is the product of
the primes appearing in any of the given integers,
raised to their respective largest exponent.

EXAMPLE 1.1 Find the leastcommon multiple of 27, 65, and 20.

SOLUTION:
Factor completely: 20 = 22. 5
27 = 33
75 = 3. 52

The product of all primes to

their respective largest exponent: LCM = 2233 .52 = 2700

CHECK YOUR UNDERSTANDING 1.4

Determine the last common multiple of the given integers.
(a) 8, 18, 15 (b) 3,5, 49,8 (c) 22, 15,30, 16, 125, 10

Answers: (a) 360 (b) 5880  (c) 66,000
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RATIONAL NUMBERS

A rational number (fraction) is an expression of the form

i id to be th a
a is said to be the a/b

numerator of the frac- E or

tion %, and b its

where a is any integer, and b is any nonzero integer.
denominator.

We do not distinguish between the integer 5 and the rational number
T3 or, in fact, between any integer @ and the rational number ‘T’
Because of this convention, we can say that the set of integers is con-
tained in the set of rational numbers.

One considers the fractions % and 1% to be the “same.” After all, if

you cut a pie into 5 pieces and you eat 3 of those pieces, or if you cut
the pie into 10 pieces and eat 6 of those pieces, you will have eaten the
same amount of pie. Dessert aside:

DEFINITION 1.2

The rational numbers = and < are said to
EQUALITY OF b d
RATIONAL NUMBERS be equal, and we write % = c—c{, if ad = bc.

In other words:
a c

_cC . « ” . a c
5= 7 if the “cross products” are equal: bx p

For example:

3 6 . B
5 70 since 3-10=5-6
-9 12 . B
3~ since (-9)(—4) = 3-12
§=2 since 4-1=2-2
4_2 |
2 1
and 2_4 since 2(2a) = 4a
a 2a
. 2 4 . .
When we wrlte; = ﬁ,lt is understood that a = 0.

While we’re at it, why can’t we “divide” by zero? Consider “% I

it were to equal a number, say 12 a,” then it would have to follow
that 12 = a(0), which cannot be.
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Of course, in the above argument the number 12 can be replaced by

b, . .
Note that 1—02 = 0 since any nonzero number, so we see that “= " is meaningless for any b # 0.

0
0 = 12(0). It is only
the denominator that
cannot be zero.

(13 2 2

is also meaningless; for to say that «0 a” is to say that
0 = a(0),and since a(0) = 0 for any a, we could associate any num-

ber we please with “% ”, and that we cannot permit.

The following result follows directly from Definition 1.2:

THEOREM 1.3 g, any rational number % and any c#0:
ac _ d
bc b
PROOF: 2€ =2 Since ach = bea
bc b

Equations are “two way streets.” If you read the equation in Theorem
1.3 from left to right, you get the cancellation property:

For any a, and for any b and ¢ distinct from zero:

CANCELLATION |
a_g _a
PROPERTY = —
bf: b
L _ cancel

Reading the same equation from right to left, you get the build-up

property:
BUILD-UP PROPERTY For any a, and for any b and ¢ distinct from zero:
e A
b bc

WARNING: The cancellation property has nothing to do with
sums. In particular, there can be NO cancellation in any of the
following three expressions:

5+38 c 2+a

5-8 c+5 a
Here is the ONLY time you can cancel (if ¢ # 0 ):

c’times something _ something

c’times something else  something else

In other words, ¢ must be a nonzero factor of both the numera-
tor and the denominator.
LOWEST TERMS A fraction is said to be in lowest terms if the numerator and denomi-

3. .
nator have no common factors. For example, 2 is in lowest terms,

while g is not, since 6 and 8 share a common factor: 2.
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EXAMPLE 1.2 Reduce to lowest terms.

@§ O RS
You CANNOT do any SOLUTION:
canceling here: % (a)é = %_i = %
Or here: 3;1211 o 6a ég%g)_ ) i (fas0)
. —15Q2+¢) Sa? 4a(2¢()
Orhere: =53 Gvo) (02240 _ 215 _ Z50G) _ 3 _ 5 jir s (why?)]

524 ¢) _5 ()1

CHECK YOUR UNDERSTANDING 1.5

Reduce to lowest terms (assuming no denominator is zero).
24 -92 15(2+¢) 7b(a+c)
@35  ®5 © e Dicaoo

Answers: (a)g (b) =2 ‘23 (C)% (d) -7

MULTIPLYING FRACTIONS

To multiply two fractions, simply multiply the numerators and the

denominators:

a ¢ _ 4ac

b d bd
Notice that the above definition “respects” integer multiplication (as it
must, since the set of integers is contained in the set of rational numbers).

For example, we have:

MULTIPLICATION

_2. 73T _ 3 _
S T T R E
Notice also that for any rational number g :
(.o la_la_ua
b 1 b -b b



—a
b
cross products are
equal: (—a)(-b) = ab.

—a

5 5 1 saying that

%’ is the additive

9 a
inverse of 3 (as you

a .
= — since the
-b

probably already know:
N
b b '

Sample Test 1 Supplement 19

EXAMPLE 1.3 Multiply, and reduce to lowest terms.

@73 OFic ©F

SOLUTION:

Quicker is better: % .

(C)Q.izﬂz S _ 3
3 42 3(-l)a-a -a a

In general (see margin), forany b #0:

To multiply three or more fractions, you still multiply numerators and
multiply denominators. For example:

CHECK YOUR UNDERSTANDING 1.6

Multiply, and reduce to lowest terms.
—5) (14) 9 15 2
2= Z.2.12.%
@ (35 ©5% 12§

Answers: (a) :31 (b) Tg_b
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DIVIDING FRACTIONS

The multiplicative inverse, or simply inverse of the rational number

: : b -
% is the rational number —, providing, of course, that a # 0 . For example:
a

g is the inverse of %

-7 . ) 12
B is the inverse of =

and: % is the inverse of 2

a

We define the quotient of 2

by 2 to be the product of g with the

multiplicative inverse of cgi (providing that ¢ is not zero), and represent

the quotient operation by any of the following symbols:

a
b a/b a.c
c c/d b d
d
In any event: TO DIVIDE, INVERT AND MULTIPLY
a
DIVISION b _ad
c b c
d

EXAMPILE 14 Divide, and reduce to lowest terms.

2 1
5 2
(a)-_z' (b) -~
10
a
8 2b
() 2 (d 4a
3 b
SOLUTION:
2 ,
@ > —210_2.10 225 ,4 4
7 5 -7 5(-7) -7-5 /7 -7 7
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1 1
2 _ 2 _11_1
®) 7 = 4 24 8
" )
L invert
8 4
8 1 &3 _
© 5 "3 "1n
3 3
a
(d) ﬂ — \& /E _ l (with the unerstanding)
4a Z/b/ e 8 thata=0and b= 0
b

CHECK YOUR UNDERSTANDING 1.7

Divide, and reduce to lowest terms. [In (d), assume a + b= 0)].

2 2 2a+2b
3 3 2 4

(a) ? (b) 5 (c) ? (d) E—
9 9 8

Answers: (a)f-1 (b) 22—7 (C)Z (d) 4

ADDING FRACTIONS

We start off by defining the addition of fractions that have a common
denominator, and define their sum to be the sum of the numerators over

the common denominator;
atb
d

Note that with the above definition, we have:

%% - 5—{—7 — 12 (as it should be!)

Of course, addition may be extended to three or more fractions:
9,4, 3 _9+t4-3_10
5 5 5

ADDITION a., b _
d d

5 5
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CHECK YOUR UNDERSTANDING 1.8

Sum, and reduce to lowest terms.
-3,2,19 3.2 -5 —3a , 2(a-1) , 5
—+S+= S+E4+ = s
@) 9 9 9 (b)a a a © 4 4 4

Answers: (a) 2 (b) 0 (assuming a #0) (c) == 4+ 3

So far so good. But how does one go about adding fractions that do
not share a common denominator? The answer should be apparent:

Express each fraction in a form such that they
share a common denominator, and then add.

For example, to determine the sum:

7.3
2 3
express both fractions with 6 as the denominator:
7_73_20 . 5_52_10
2 2-3 6 3 3.2 6
and then add:
7,5 _ 20,10 31
2 3 6 6 6

.7 5 . . . .
Representing > and 388 fractions with a common denominator dis-

tinct from 6 will not alter the sum. For example:
7,5_7-6.5-4_42 20 _ 62 _31-2 _ 3l

2 3 26 3-4 12 12 12 6-2 6
But it is best to represent the fractions with a common denominator as
small as possible. That denominator is called the least common
LLCD denominator (LCD), and it is simply the least common multiple of the
denominators of the fractions being summed (see page 5).

EXAMPLE 1.5 Sum, and reduce to lowest terms.

5,31
6 14 4
SOLUTION: To determine the sum % + %4 + i , we first find the LCD
of 2 + 13—4 + i (equivalently, the least common multiple of the denom-
inators 6, 14, and 4):
You can also consider 6=2-3
multiples of 14 and stop 14 = 2. 7
when you get to one that
is divisible by both 4 4 = 22

and 6; namely: 84.

LCD =22.3-7 = 84



Or: “6 goes into 84
fourteen times.”
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Looking at the above prime decompositions you can easily see that:

Togofrom6 = 2-3 to LCD = 22.3.7, youneed
one more 2 and a 7, which is to say, you have to multi-
ply6 =2-3by2-7 = 14.

To go from 14 = 2-7 to LCD = 22-3.7, you
need one more 2 and a 3, and therefore multiply
14=2-7Tby2-3 =6.

To go from 4 = 22 to LCD = 22-3 -7, you have
to multiply by 3 -7 = 21.
Bringing us to:
5+3+1 _5-14+3-6+1-21

6 14 4 6-14 14-6 4-21

_ 70 18 21 _70+18+21 _ 109
84 84 24 84 84

To see that the answer is in lowest terms, you need but observe that
no prime in the decomposition of 84 (2, 3, and 7) is a divisor of 109.

CHECK YOUR UNDERSTANDING 1.9

Sum, and reduce to lowest terms.

3 (b)__2+l+l

31
—+—=+
@ 15 15 5 3

12 8

Answers: (a) 214 (b) %

EXAMPLE 1.6 Perform the indicated operations and reduce to
lowest terms.

1 4 1 1+%
@) (5 B 5)(2 - :J

3+§
®) =~

(c) —=
I
275

SOLUTION:

o (4965 - 69
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A fraction such as 1+ % % + % g 41 4
b = = = —y  — = —

1+3 () =3 3 3 33 9

3 1
whose numerator or
denominator contains o) 9 2 11
fractions is said to be a 3+ = -+ = —_ .3
compound fraction. (c) One way: 3 _ 138 3 137 _ 1?1//127 _ 1 1173 _ %

-
25 975 9

Another way is to multiply both the numerator and denominator
by 9 so as to “un-compound” the given compound fraction:

2 2 3.0
+= 9(34——) .3+9. %
33: 3:939\3:27+6:§
1 1 o L 18-1 17
273 9(2‘§) 9279,

CHECK YOUR UNDERSTANDING 1.10

Perform the indicated operations and reduce to lowest terms.

(_2+%)(1_9 3bb_2 3
a+ a-+
(a) 1 (b) ——
1+ =
2 a+t+b

6b—a

Answers: (a) ,g (b) g




Question 2.1

Definition. For any
number a and any
positive integer 7:
n-times
——
a" = a-a---a
For example:
3-times

,—’\z——\
23 =722

Question 2.2

Yes, a negative number
raised to an even power is
positive. For example:

(2)2 =4
On the other hand —22 is

not positive — it is minus
the square of 2:

22=_(2%) =4
(only the 2 is being squared)
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INTEGER EXPONENTS
Simplify:
42 + 24

The correct answer is 32 . If you got it, move on to Question 2.2. If not,
consider the following example:

EXAMPLE 2.1  Simplify:

23+32
SOLUTION:
23432 =2.2.-24+43-3=8+9 =17
Can you now manage Question 2.1:
Simplify: 42+ 24
If so, go to Question 2.2. If not:

2.1 Simplify
(a) 32+ 24 (b) 22—

If you still can’t solve Question 2.1: Go to the tutoring center.

Simplify:

Answer: 32

Click-Video
23+32

52
3

The correct answer is 2?3 . If you got it, move on to Question 2.3. If not,

+(—4)2

consider the following example:

EXAMPLE 2.2 Simplify:

3 2
TR
SOLUTION'
3 3 3,16 13
22=— 4=-+4=—--+—=—
_22 =D 4 4 4 4
Can you now manage Question 2.2:
Simplify: = + (—4)? Answer: 232

If so, go to Question 2.3. If not:
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Question 2.3

Theorem:
(ab) = a"p"
For example:

(2-3)2 = 22.32
Please note, however,
that (a +b)" is generally
not equal to ¢"+5". In
particular (2 +3)? is not
equal to 22 +32.

Question 2.4

2.2 Simplify Click-Video
() == o () -3
(-3)?

If you still can’t solve Question 2.2: Go to the tutoring center.

Simplify:
(3+2)2
(2-5)3

The correct answer is 41—0 . If you got it, move on to Question 2.4. If not,

consider the following example:

EXAMPLE 2.3  Simplify:
(2-3)°
2+1)3

SOLUTION: One approach:
(2:3)2 _2'3-2.3 4
2+1)3 3-3.3 3

Another approach:
(2-3)2 _2°.37

(2+1)3 U

Can you now manage Question 2.3:

I

e (342)2 L
Simplify: 2-5) Answer: 10
If so, go to Question 2.4. If not:
2.3 Simplify Click-Video
2 +5)2 2-3.4)2
() 220 (b) L2220
(2-3) (2+3+4)

If you still can’t solve Question 2.3: Go to the tutoring center.

Simplify:
36

The correct answer is i—g . If you got it, move on to Question 2.5. If not,

consider the following example:



Theorem:

g

For example:

Question 2.5

Theorem:
(am)n —gn-n

For example:

E-3T- 63"
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EXAMPLE 2.4  Simplify:

SOLUTION: One approach:

BROR

|
A
N
T
Nl
T
Nl
+
N
1w
N
1O

1,9 _2,9_1
8 16 16 16 1
Another approach:
3 2 332
@ +(§) _Lrhy 1,9 _ 2.9 _ 1
4 23 42 8 16 16 16 16
see margin
Can you now manage Question 2.4:
o 2)2 @2 25
3 tlz 3
Simplify (3 Answer 36

If so, go to Question 2.5. If not:
2.4 Simplify Click-Video

@@ +@  e@-(

If you still can’t solve Question 2.4: Go to the tutoring center.
Simplify:
1nN273
(-3)7]
2

The correct answer is L . If you got it, move on to Question 2.6. If not,
consider the following example:

EXAMPLE 2.5  Simplify:

3.2
(23]
SOLUTION: One approach:

CDT-GIT-[EAT- QT - -4

Another approach:
Y -6k
2 26 64

342
(3]

—> |l
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Can you now manage Question 2.5:

— (1 N33 A 1
Simplify: [ —Q J nswer: —
If so, go to Question 2.6. If not:
2.5 Simplify Click-Video
I8 322
l )2 2 _5‘
@[G-1)] ® || =2

If you still can’t solve Question 2.5: Go to the tutoring center.

Question 2.6 | Simplify:

39

32

The correct answer is 59 . If you got it, move on to Question 2.7. If not,
consider the following example:

22.23+

EXAMPLE 2.6  Simplify:

22.24
36
34
SOLUTION: One approach:
22.24 4-16 64 _ 64
36 34. 32 32 9
34 3
Theorem: Another approach:
a”-a* = q"tr 22.24 224 26 64
For example: 36 N 36-4 ?ﬁ )
2.2 = 2274 = 20 3
Theorem: For m >n
am Can you now manage Question 2.6:
—_ = m-—n
a” ¢ o 35
For example: Simplify: 22 - 23 + 3 Answer: 59
3_6 = 36-4 = 32
34

If so, go to Question 2.7. If not
2.6 Simplify Click-Video

2228 (b) 1312_@6
@ %3 (J (2) (93

If you still can’t solve Question 2.6: Go to the tutoring center.




Question 2.7

Definition. For any

a+#0 and any posi-
tive integer n:

With the above defini-
tion in place, we note

that the equation
gﬁ = am —n
an

holds even if m<n.
For example

__22 5_23

1o

Question 2.8
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Simplify:
37223

The correct answer is —7—1-. If you got it, move on to Question 2.8. If
not, consider the following example:

EXAMPLE 2.7  Simplify:

2-34922_ =
SOLUTION:
1 1 1 1 1 1 32 2
23422 - = — 44> =+4--=-+=_%
4 » 23 4 8 4 8 8 8
see margin = M = ﬂ
8 8
Can you now manage Question 2.7:
Simplify: 3-2-23 Answer: —291
If so, go to Question 2.8. If not:
2.7 Simplify Click-Video
2
(@) 32+% (b) — 22 + (<2)?

If you still can’t solve Question 2.7: Go to the tutoring center.
Simplify:

S- 3_2+L

y—1
The correct answer is 233 . If you got it, move on to Question 2.9. If not,

consider the following example:

EXAMPLE 2.8  Simplify:

_132 1
P
SOLUTION:
9
32 -9 1 1 1 9 8 1 1
— == o= - =_Z.2_-=_72_=
2-3 1 2 1 2 1 1 2 7 2
23 8 _ 144_1
| invert and multiply| 2 2
145
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Can you now manage Question 2.8:

Simplify: 5372+ 51—1 Answer: 292

If so, go to Question 2.9. If not:
2.8 Simplify Click-Video

(@ -2 -3 +@2 (b) @2+3 .22

If you still can’t solve Question 2.8: Go to the tutoring center.

Question 2.9 | Simplify:

2\-2
(1 =) 420
22
The correct answer is 5. If you did not get it, consider the following

o example:
Definition. For any
a#0: EXAMPLE 2.9 Simplify:

a =1 ~1y2 0
With the above defini- (2-27)7-0%)
tion in place, we note
that the equation SOLUTION:

am

w 22712 10—(2121—(4121
holds evenif m = n. ( B )_( 5) B _5) a0 E_E) a

For example:
5 2
2 see margin
12 oa s i (@)

L9, _9.4_5
152 4 4 4 4
L1 Can you now manage Question 2.9:

T 2\ 2
Simplify: (1 - 5—2) +20 Answer: 5
If not:
2.9 Simplify Click-Video
2 3\0
2 3ipesz ) (=25)(2-)
@) (2-37) ®) (5

If you still can’t solve Question 2.9: Go to the tutoring center.
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SUMMARY
DEFINITIONS | For any number a and any positive integer n:
n-times
f—J\l/‘—\
a® =a-a---a
Foranya#0: a”"=— and a"=1
al’l
EXPONENT RULES (i) aman = am*n When multiplying
add the exponents
ooam _ When dividing
(i) ; =amr subtract the exponents
(iii) (a™)" = (a®)" = amn A power of a power:
multiply the exponents
. _ A power of a product equals
(iv) (ab)" = a"b" the product of the powers
a\” a” A power of a quotient equals
(v) (1;) = ﬁ the quotient of the powers
WARNING | In general, the power of a sum is NOT the sum of the powers:
(2 +3)? is NOT equal to 22 + 32
Il Il
¥ o
WARNING | 22 is NOT equal to 4, it is equal to —4:
(-2)2 = (-2)(-2) = 4 while -22=-2-2)= -4
ADDITIONAL PROBLEMS
3 2 2 2 2
11 22-5 12 23 32 2.1 (2) L2 2.2 23(%) +®
5-2 3 2 3 3 4
2
Answer: —1 1 G) .43
3 Answer: - 3 Answer: —
Answer: 10




32 Sample Test #2
N2 (1 4?2 2 1) 1 12 | 13
3.1 @ —(— : —) 3.2 (_._) , _+(_Z) 5 L (_5)
33 33 4.1 By 4.2 Y +
Answer: —-- 2(2)4 Answer: 0 Answer: —1
© 36 3 T4
L1
Answer: %
2 2 2 2 2 2
T e O R
Answer: L A .8 Answer: 2 _(l . 1)2
"% nswer: — 33 573
Answer: -1
342 1 2 1 2 3 2 3 2 1 1 23
o 09T [ G o [ [ 62
[(1 +J J 6.2 3 1 5 6.3 > 6.4 3
1 2-3 9 _(%)2 _(1 . 1)2
[(1 +§) J Answer: & 1 53
Answer: 1 Answer: % Answer: -1
-3 _n-2 -2 -1 i)
71 2 2 7.2 (1 _%) 7.3 32(%) 224 (9
L
Answer: -3 —(1 i 9 > 32 7.4 >
Answer: 3
Answer: 16 Answer: 4
372 1 2] N2
g1 > (-_ ) +L |83 (_) _@ 9.1
2-3 82 2 ! 22 3 120
— 7 [(1 +§6) } 1
Answer: g Answer: 8 (z)
Answer: 11 Answer: 0




This definition was pre-
viously acknowledged
on page 4 of the Supple-
ment to Sample Test 1.
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Sample Test 2

SUPPLEMENT

INTEGER EXPONENTS

It’s no big deal to write the expression 3 - 3, or even the expression

3 -3 -3, but most of us would not want to write out such an expression
involving, say fifty 3’s. Fortunately, we don’t have to:

DEFINITION 2.1 For any positive integer n and any number a:

a RAISED TO THE a =a-a-...-a
N — e’
th .
n*" POWER n-times

In the above, a is called the base, #n is called
the power or exponent, and a” is called the
n'™ power of a, or a raised to the nt™ power.

For example:

53=5.5.5=125 and 25=2.2-2-2-2 =132
Note that:

32.34=(3-3)(3-3-3-3) = 36 = 32+4

That:

(5%)3 = (52)(52)(5?) = 5-5-5-5-5.5 =506 =523
And that:

(2:53 =(12-5)((2-5)2-5)=(2-2-2)(5-5-5)=23.53

Generalizing, we have:

THEOREM 2.1 For any numbers a and b, and any positive
integers m and n:
(i) a’a™ = qg"*tm
(i) (amy" =

(iii) (ab)" = a"b"

IN WORDS: (i) When multiplying, add the exponents.

(11)) When taking a power of a power,
multiply the exponents.

(iii)The power of a product is the product of the powers.

WARNING: The power of a sum is NOT the sum of the powers.
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The four pieces in
2a2+4a2+a%>+2a are
called terms. The terms
242,44, and a2, con-
taining the same power
of a, are said to be like
terms, and they can be
combined to arrive at the
one term 7a42. The 742
and 2a are not like
terms, and they can not
be combined into one
term.

For example:
(3+2)? is NOT equal to 32 + 22

(3+2)2 = 52 = 25 while 32422 =9+4 =13

When it comes to the pecking order of operations, parentheses still rule,

but exponents take precedence over multiplication (and division). For

example:

23.34+4 =8-3+4 =24+4 = 28
and:

[(2+3)2+3(1+4)]% = (52+3-5)2 = (25+15)2 = 402 = 1600

EXAMPLE 2.1 (a) Calculate:

22+(3+2)2+3-2+3
(b) Simplify:
2a2+ (2a)? +a(a+2)

SOLUTION: (2) 22+ (3+2)2+3-2+3 = 4+52+6+3

— 442549 = 38
| 2
(b) 2a>+ (2a)* +a(a+2) = 2a> +4a*+a*+2a

(seemargin): = (2+4+1)a2+2a = Ta?+2a

CHECK YOUR UNDERSTANDING 2.1

(a) Calculate: (1 +4)2+32—-(2-3)2+22"3
(b) Simplify: (3a)?-2a%+22a+ a(2%+a)

Answers: (a) 30 (b) 10a2 + 8a

Note that while we have that nice product situation a”?a™ = a" "™

(when multiplying, add exponents), we do not (as yet) have a compara-
ble statement pertaining to a quotient. We would like to say “when

n
dividing, subtract exponents:” a_m = a"~ ™ Let’s try this out in two sit-

uations.
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3
Is % = 53-792 Yes, by virtue of the following definition:

DEFINITION 2.2 For any a # 0 and any positive integer n:
NEGATIVE EXPONENT 1

In particular:

But there is still a small problem: what are we to do with an expres-
3
sion of the form % ? It is certainly equal to 1, but if we merrily subtract

exponents we come up with “59” which is meaningless, until we breath
meaning into it:

DEFINITION 2.3 Forany a#0
ZERO EXPONENT a’ =1

Now that a” is defined for all integers n, we can return to Definition

2.2 and define a" to be —l—n for all integer n.
a

Before moving on to some examples, let’s upgrade Theorem 2.1:

THEOREM 2.2 For any numbers a and b, and any integers m
and n:

(i) a"a™ = g"tm
n
(i) = =a""" (a%0)
a

(iii) (a")" = a"m

(iv) (ab)" = a"b"

® (&) =L @w=0)

EXAMPLE 2.2 2243
(a) Evaluate: =
2,3
(b) Simplify: m, and express your
b—2a5

answer without negative exponents.
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We again remind you
that there is an implicit
assumption that the
given expression is
defined. Here, you are
to assume that neither
a nor b is zero.

SOLUTION: There is more than one way to go:

1+3

1,5 1,
2724+3 22 _4 4 13 .8
3_

(a) One way: 3 o3 3_l 1
23 8 8

272+3 411+3 8(‘1‘+3) 2+24 26
Another way: = = = = =

3-273 1 N 24-1 23
7% 8(3_§)

(b) One way:

when multiplying: add exponents
when dividing: subtract exponents

(ab)?a _ a’b’a’? V£ G2-3-5p2-(-2) = 4 6p4 = bt

b2a> b2a> a®
Another way:
(ab)’a® _ (ab)?b® _ a?b2b% _ b*
b2a5 4 a3d’ ab a6
(*)
Note: A FACTOR in the numerator (or denominator) of an
expression can be moved to the denominator (or numerator)
by changing the sign of its corresponding exponent, as was
done in (*) above:

(ab)2a3 _ (ab)?*h?
b2a5  a3d’

Justification:
(ab)?

1
20
(ab)2a3 _ (ab) (aJ __da>  _(ab)? b2 _ (ab)?b?

b2a5 1) s - a’ ad @ a‘a’
b4 b

DON’T try this “up-and-down” maneuver with an expression such

-3 -1 122
as % . In particular, it is NOT equal to ;37331 . Why not?
432 4-9 5 )
B : = = —— ,while:
ecause Y T3 11,w1e
1.1 1.1 3+8 11 3
23431 233 83 24 _ _ 11,3 _ 33
4-1_3-2 1 1 11 9-4 S 24 5 10
4 32 4 9 36 36
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CHECK YOUR UNDERSTANDING 2.2

1 2
23(_
(a) Evaluate: (b) Simplify: (2a) 7(-b)°

Answers: (a) g (b) 4b—33 (providing a# 0 and b#0)
a
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Question 3.1
Recall that:
(ab)" = a"b"
and that:

(an)m = ghm
For example:
(2a2)3 = 23(612)3

= 23423

= 23a6

Algebraic Expressions

Sample Test 3
ALGEBRAIC EXPRESSIONS
Simplify:
(ap)?
ab3

a

b
consider the following example:

The correct answer is

EXAMPLE 3.1  Simplify:
4(ab)3
(2a2)3(b2)2
SOLUTION: One approach:
4(a3b)3 _ 4(a3)3(b)3 _ 449h3 _ \4\a\6a3\l23 _ a_3
(2a2)3(b2)2 1 23aSp*  23a0b* ) 2 -MgObh3  2b
see margin | factor and cancel |

Another approach, using the properties

an
aq™ = qntm and—m = gqnh-m;
a

4(a’b)’  _ 22a°b3 _ 2-3,9-6,3-4 _ 51 3,1 a’
(2a?)3(b?)?2  23ap* 2b

Can you now manage Question 3.1:

2172 3
(a”b) Answer: a

ab3 b

Simplify:

If so, go to Question 3.2. If not:
3.1 Simplify Click-Video

2
(@) (2a2b3c) (b) (—x3y22)3

a’bc? xy~4

If you still can’t solve Question 3.9: Go to the tutoring center.

39

. If you got it, move on to Question 3.2. If not,
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Question 3.2

Oh so WRONG:
AN
4x3 — 2x*

43
~ No, No, No!
You can ONLY cancel a

common FACTOR:
|

A = 4
be b
(providing ¢ #0)

Question 3.3

Simplify:
x7 + x?

12

The correct answer is x> + 1. If you got it, move on to Question 3.3. If
not, consider the following example:

EXAMPLE 3.2 Simplify:
4x3 —2x4
4x3

SOLUTION: (The answer is NOT 1 —2x% — see margin)

pull out the common factor

7 Y
4x3 —2x* = 2(2x3) —x(2x3) = 2x3(2-x)

4x3 4x3 2(2x3) 2

4x3 = 2x* l 2x3(2—x) :\2?63(2—’() - 2-x (or' 1—)_9

Can you now manage Question 3.2:

il

Answer: x> + 1
2

Simplify:

If so, go to Question 3.3. If not:

3.2 Simplify Click-Video
3a*+ 942 Ax%yz
a) ———— b)) e
@) 3a? ®) 2x2y + 4x2z

If you still can’t solve Question 3.2: Go to the tutoring center.

Simplify:
a
e
a_Z 1
16
The correct answer is 411 . If you got it, move on to Question 3.4. If not,

consider the following example:
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EXAMPLE 3.3  Simplify:

X
2 || 2
x3 3
4
SOLUTION:
X 2 ) x
2 |2 o L2
SN = |73
4 4 1
invert and multiply: = (g i )( X l ) = 4 = i
1 x3 23 3-x? 3x?
Can you now manage Question 3.3:
d
L 4 (i) 1
Simplify: 2 T Answer: )
16
If so, go to Question 3.4. If not:
3.3 Simplify Click-Video
4
a’b  (ab)? 2x2% + 6x3 ( 1 X)
L T b
@) 2¢ abc ®) 2x2 2+6
3

If you still can’t solve Question 3.3: Go to the tutoring center.

Question 3.4 | Simplify:

2 1 _a
a ba 3b
a’l+6b-3

The correct answer is BT If you got it, move on to Question
a

3.5. If not, consider the following example:

EXAMPLE 3.4 Simplify:
a 4 i_i
2b 4ab 6a
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Question 3.5

Here is the distributive
property:

a(b+c) = ab+ac
and here is its pattern:

DO+N)=00+A

For example:

(3a+2b)(3a+2b)

=|Ga+26)Ba+{(3a+26)20)

Using the distributive

property:

(a+b)? = (a+b)(a+b)
= (at+b)a+(at+b)b
= a2+ ba+ab+b?
= a?+2ab+b?

In the same way you
can show that:

(a—b)? = a?—2ab + b2

SOLUTION: The first order of business is to multiply the numerator and
denominator of each fraction by whatever it takes to express each frac-

tion with a denominator that is the least common denominator: 12ab:
a -1 -1 b _ a(6a) N —1(3) b(2b)
2b 4ab 6a 2b(6a) 4ab(3) 6a(2b)
_ 6a? 3 2bh2 _ 6a?—-3-2b2
12ab 12ab 12ab 12ab
Can you now manage Question 3.4:
. .2 1  a a’l+6b-3
¢ + —— L
Simplify: T3 Answer: 3db

If so, go to Question 3.5. If not:

3.4 Simplify Click-Video

b b

ac bc 3¢ 2a
o, oe

& c 2b 6a (®) a . a

3b 2b

If you still can’t solve Question 3.4: Go to the tutoring center.

Expand:
(2x—3)2

The correct answer is 4x% — 12x + 9. If you got it, move on to Question
3.6. If not, consider the following example:

EXAMPLE 3.5  Expand:

(3a+2b)?

SOLUTION: One approach:

the distributive property (see margin)|
(3a+2b)2 = (3a+2b)(3a+2b) & Tsﬂ +317)32u+ (3a+2b)2b

'9a2 + 6ba/+ 6ab + 4b>

= 9a2 + 12ab + 4p2

Another approach using the useful formula:

| square the first term I | square the second term|

[twice the product of the two terms]

(a+b)? ="a’+ 2ab + b
(see margin)

‘ square the first term| | twice the product of the two terms | |square the second term|

(3a+2b)? = (%a)2+2(3a)¢(2b)+(2b)2{9a2+ 12ab + 4b2
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Can you now manage Question 3.5:

Expand: (2x — 3)2 Answer: 4x2 - 12x+9

If so, go to Question 3.6. If not:

3.5 Expand: Click-Video
2
() (2ab + c)? (b) (3x _ %)

If you still can’t solve Question 3.5: Go to the tutoring center.

Question 3.6 | Multiply:

(6a+5)(2a% - 3a+17)

The correct answer is 12a3 — 8a2 + 27a + 35 . If you got it, move on to
Question 3.7. If not, consider the following example:

EXAMPLE 3.6  Multiply:
(3x +2)(2x> —4x+3)

SOLUTION: One approach (using the distributive property):
(3x+ 2)(2x2 —4x+3) = (3x+ 2)(2x2) +(3x+2)(—4x)+ (3x+2)(3)

= 6x3+4x2—12x2—8x+9x+6
= 6x3-8x2+x+6

Another way (the long multiplication method):

2% —4x +3
3x+2
’multiply 2x% —4x+3 by 3x: ‘ 6x3 —12x2% + 9x
‘ multiply 2x”—4x+3 by 2: ‘ 4x2-8x+6

add: 6x3— 8x2+ x + 6
Can you now manage Question 3.6:

Multiply: (64 + 5)(2a%+2a+7) Answer: 1243 —8a%+27a + 35

If so, go to Question 3.7. If not:

3.6 Multiply Click-Video
(@) (3a—2)(4a%+3a+1) (b) x2(x — 1)(2x2 +x—5)

If you still can’t solve Question 3.6: Go to the tutoring center.
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Question 3.7

To establish the differ-
ence of two squares
formula, just perform
the product on the right
side of the equation
and observe that it does

indeed equal a%-52:
(a+b)(a—>b)
= (a+b)a+(a+b)(-b)
a’+ba—ab—b?

= q2_p2

Question 3.8

Factor:
25x2_9

The correct answer is (5x + 3)(5x —3). If you got it, move on to Ques-
tion 3.8. If not, consider the following example:

EXAMPLE 3.7 Factor:
ox2 -4

SOLUTION: Taking advantage of the difference of two squares formula:
(a2 —b%) = (a+b)(a—b) (see margin)
we have:
9x2—4 = (3x)2-22 = 3x+2)(3x-2)
Can you now manage Question 3.7:
Factor: 25x% -9 Answer: (5x +3)(5x—3)

If so, go to Question 3.8. If not:

3.7 Factor Click-Video
(a) 49x2 -1 (b) x*—16

If you still can’t solve Question 3.7: Go to the tutoring center.

Factor:
6x2 —11x—10

The correct answer is (3x +2)(2x —5). If you got it, move on to Ques-
tion 3.9. If not, consider the following example:

EXAMPLE 3.8 Factor:
5x24+27x—18

SOLUTION: Some trinomials (three terms), such as:

5x2+27x-18
can be factored by trial and error. First, consider the “template”:
(5x )(x )

which gives you the term 5x%. Next, envision pairs of integers in the
template whose product is —18, in the hope of finding one for which
the middle term, which is the sum of the product of two “outer terms”
with the product of the two “inner terms,” turns out to be 27x. In par-
ticular, one quickly sees that the first combination below is wrong,
while the second is correct:



FOIL
First
Outer-Inner

/
(5x—3)(x ¥ 6)

Last

Question 3.9
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(5x—6)(x+3) (5x—3)(x+6)
No ; YES
¥ ) 2
15x — 6x = 9x 30x—-3x = 27x

Thus: 5x2+27x—18 = (5x=3)(x+6)
Can you now manage Question 3.8:

Factor: 6x2 —11x— 10 Answer: (3x +2)(2x - 5)

If so, go to Question 3.9. If not:

3.8 Factor Click-Video
(a) 2x2-7x-15 (b) 2x3 + 6x2 — 8x

If you still can’t solve Question 3.8: Go to the tutoring center.
Simplify:

3x2+7x+2

2x2 +5x+2

. + . . .
The correct answer is ;x i . If you did not get it, consider the follow-

X+
ing example:

EXAMPLE 3.9  Simplify:
2x2+x-3
4x2+8x+3

SOLUTION: Factor and cancel:

2x2+x-3 _ 2xt3)(x-1) _ x-1
A2+ 8x+3 (2xA3)(2x+1) 2x+1
/

< —| under the assumption that 2x+ 3 = q

Can you now manage Question 3.9:

T 3x2+4x—15 3x—
Simplify: ——— A :
implify Tt det3 nswer T
If not:
3.9 Simplify Click-Video
x2 -4 4x2 —14x - 30

_ x4 b
T T ® Y rar3



46 Sample Test #3

SUMMARY

WARNING

You can only cancel a factor that is common to the numerator
and the denominator, as with:

\
¥*(3x+5) _ 3x+5

#2(3x-2) 3x-2
i
You can NOT cancel further! Yes, there is a 3x in the numera-
. + .. ..
tor and denominator of ;); ; , but it i1s NOT a factor — it is

NOT 3x TIMES something over 3x TIMES something.

DIFFERENCE OF TWO
SQUARES FORMULA:

(a2-b2) = (a+b)(a-b)

ADDITIONAL PROBLEMS

1.1 Simplify: 1.2 Simplify: 1.3 Simplify: 1.4 Simplify:
b2c3 4x2y3 (261_26‘)2 2_2xy2
(2bc)? (2yx2)2 ac™! 2x2y~1
Answer: g Answer: 12 Answer: @ Answer: y
x a 8x
2.1 Simplify: 2.2 Simplify: 2.3 Simplify: 2.4 Simplify:
5x2 —10x* a’x? + a3x* a’b3 x2y3
5x3 a3xt ab? —(ab)? (xp)% + 2xy
Answer; 1222 Answer: 1 Answer: —42_ Answer: 22
X ax 1-a?b xy+2
3.1 Simplify: 3.2 Simplify: 3.3 Simplify: 3.4 Simplify:
ax 2(—b)? vz a’b
v _(ab)® ab? (2a2h)?
x2 ab yz? a?
ay b? a’b i
5 Answer: 1
Answer: <« Answer: % Answer: &
xy a zb
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3.5 Simplify: 4.1 Simplify: 4.2 Simplify: 4.3 Simplify:
(2y)2 2y 3x 26 1, 24° 3_2
X2 3x 2y 3a ab  3b ab ; ac
2xy Answer: ‘%ﬁ"z Answer: 2% -3 +2a° e
Answer: = 3ab
7 Answer; 3¢=24b *22"1’
4.4 Simplify: 5.1 Multiply: 5.2 Multiply: 5.3 Multiply:
ZLJF% (2a - b)? (x+2)(3x—7) (2x +4y)(-3x+y)
%} Answer: 442 —4ab + b? Answer: 3x2—x— 14 |Answer: —6x2— 10xy + 4y2
Answer: -12——
X%y

6.1 Multiply:
(2x+3)(x2-3x+4)

Answer: 2x3-3x2-x+12

6.2 Multiply:
(x2+x-1)(2x-5)

Answer: 2x3-3x2-7x+5

6.3 Multiply:
(x2 +x— 1)(x2—3x+4)

Answer:x*-2x3+7x-4

7.1 Factor:
(16x2 -25)

Answer: (4x + 5)(4x - 5)

7.2 Factor:
(x3 —49x)

Answer:x(x +7)(x—7)

7.3 Factor:
(x*=1)

Answer: (x2+1)(x+1)(x-1)

8.1 Factor:
(8x2—-10x-3)
Answer: (2x-3)(4x+1)

8.2 Factor:
8x2+22x+5

Answer: (4x+1)(2x +5)

8.3 Factor:
2x4+ 7x3 + 3x2

Answer: x2(2x+ 1)(x +3)

9.1 Simplify:
x2-9
x2+x-6

Answer: ;‘—

-2

9.2 Simplify:

2x2+5x+3
x2—4x-5
Answer; 23
x-5

9.3 Simplify:
2x3 —x2—15x
2x3+9x2 + 10x

x—3
X+

Answer:

[\
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Sample Test 3

SUPPLEMENT

SIMPLIFYING ALGEBRAIC EXPRESSIONS

An algebraic expression is a “meaningful” combination of numbers
and variables subjected to operations such as addition, multiplication
and powers. You were asked to reduce some algebraic expressions to
lowest terms in Supplement 1 [Example 1.2(c), Example 1.3(c), and
Example 1.4(d)]. In the next example, we utilize the exponent rules of

Supplement 2 (reappearing as Theorem 3.1 below), to simplify other
algebraic expressions.

THEOREM 3.1 For any numbers a and b, and any integers m
and n:

(i) a"a™ = g"*m

Gi) %= = gn-m (a=0)
am

(iii) (amym = amm

(iv) (ab)* = a™b"
a\" _a”

® (&) =L »-0)

Before turning to some specific examples, we recall the cancellation

property which already played an important role in our previous devel-
opment:

THEOREM 3.2 For any number a, and any nonzero numbers

band c:
a% _
b

In words:You can only cancel a common nonzero factor of the
numerator and denominator.

SR

27,4
For example, while ab_129 = a2b? is legitimate (assuming b #0),

there is absolutely no canceling that can take place in an expression

24 p4
a*+b ..
b You can, of course, break the expression into two

such as

pieces, and then cancel within one of the pieces:

2 4 2 4 2
atb® _at b7 _at, .,
b2 B2 B2 B2
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Don’t forget that when
you see an expression

a 15
such as = - — , you are
3 42

to assume that a =0 .

EXAMPLE 3.1 Simplify (assume no expression is zero):

a 15 (2ab)?c3a?
@3 2 ®) by 2(20)

a
a(x+y) - aX(x+y)? (-

d
(0 S @ ——
2
SOLUTION:
/ ! .5
a 15 _ _3:5¢ _ 5 _ 5 a5 _ 5 _ 5
| v
(2ab)?c3a* _ 22ab%c3at _ 22a%h2c® (ab)?
(b) (ab)2(2¢)3 2303 1 2303
(ab)?
92ap2¢3a%h2  aBh?
= 7S -
2>3C|.3 2
2/

canceling common factors

v
(0 AtV -Gy gt p)[l-aGet )] _ 1-aety)

a?(x+y)> a(x+y)la(x +y)*] a(x+y)?
a a see margin
" (1-a) 2) ) 2(1—a)(ﬁ _a ja)a
a—1 2'a—l (a—1)
2 2
_ _(-a)a _a_

D -a) -l
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CHECK YOUR UNDERSTANDING 3.1

Simplify (assume no expression is zero):

2a+2b
(=2a)? 2a)2 —b? 50 (—abc)? 4
(@) 10 4b () (ab)2 +abc ©) a+b
8
abc?

Answers: (a) —a?  (b) o (c) 4

EXAMPLE 3.2 Simplify (assume no expression is zero):

3b 3 a
2 -3 5 a+b 2a+2b
= 4+ 4=
(a) VR TRENU) 4
a+b

x(1—2)—x2(z—1)2

2_ 42,

(c)

X

(a) The least common denominator of L,2,3.2 is easily

2b 3a 4b 3
seen to be 12ab. So:
1 2 3.5 _ 1‘6a+2-4b +—3-3a 5-4ab

—+ =+ = = -
2b 3a 4b 3 2b-6a 3a-4b 4b-3a 3-4ab
6a N 8b N —9a +20ab
12ab  12ab 12ab 12ab

_ 6a+8b—-9a+20ab _ —3a+8b+20ab

12ab - 12ab
3b  __a 3b  _a 2(3b) __a
(b)a+b 2a+2b _at+b 2(atb) 2(atb) 2(atb)
4 4 4
atb atb a+tb
6b—a _
_ 2(atb) _ 6b—a/(ﬁ+/b):6b—a
4 2(a+b) 4 8

a+b
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Since(—a)* = a®  for

any even integer n,
(-1 =(d-2)

for any even integer 7.

(c) An important step toward simplifying the expression
x(1—z)—x2(z—1)2
x2—x2z

(z-1? = [(-D(1-2)]* = -D*(1-2)* = (1 -2)*:

is to observe that:

x(1-2)-x2(z-1)* _ x(1-z)—x>(1-2z)*

x2 —x2z x2(1-2)
_x(1-z)-1-x(1-z)-x(1-2)
x[x(1-z)]
_ [R=2)][l —x(1-2)] _ 1-x+xz
x[x\(lxz\)]\ X

CHECK YOUR UNDERSTANDING 3.2

Perform the indicated operations and reduce to lowest terms (assume
no expression is zero).

3 -6 a 3 X 1
S+ 2+ = =+
@ et ®Te 3t ©

X n 3
(—x+2)2 x—2

6b—12 +ac (b)f3x+9 ( ) 4x—6

Answers: (a) e R e

EXAMPLE 3.3 Simplify:

30x(x +2)3 — 45x(x + 2)?
10(x +2)3

SOLUTION: Factor out the largest common factor of the terms in the

numerator, 15x(x + 2)2, and then cancel as much of it as you can
with corresponding factors in the denominator:

30x(x +2)3 —45x(x +2)% _ 15x(x +2)2[2(x +2)] - 15x(x + 2)2(3)

10(x +2)° 10(x +2)°

_ 15x(x+2)2[2(x +2) = 3]
TN 10(x+2)°

_ 5(x+2)\2-\3x[2x+4—3]
5(x+2)2.2(x+2)3

3x(2x+7) _ 6x2+21x

20x+2)3  2(x+2)3




It is important to remem-
ber that you can only
cancel a nonzero factor
that is common to the
numerator and  the
denominator of an
expression.
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EXAMPLE 3.4 Simplify:

2x2—5x—-3 _x*+3x  2x+1
x2-9 4x2+4x+ 1 X

SOLUTION: The first step is to factor each expression and then cancel
wherever possible:

2x2-5x—-3 _x?+3x  2x+]1
x2-9 4x2+4x+1 X
_ (@c3)RxA) x(xF3)  2x+1
(xA3)(x+3) (2x+1)(2x+1) X
__x  2x+1 _ x2 _(2x+1)2
2x+1 X x(2x+1) x(2x+1)
_x2—(4x?t+ax+1)  —3x2-4x—1 _ Gxt+tD(x+1)
x(2x+1) x(2x+1) x(2x+1)

CHECK YOUR UNDERSTANDING 3.3

Simplify:

6x2(5x +2)* —3x3(5x +2)3
6(—5x—2)°

(a)

(b) 2x(3x— 1)1 +4x2(3x-1)3

Answers: (a) 5(-25%2{%33 (b)

18x2 —8x2 + 2x
(Bx-1)3
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Sample Test 4

EQUATIONS AND INEQUALITIES

Solve the equation:
S5x-3 =8x+6

The correct answer is x = —3. If you got it, move on to Question 4.2.
If not, consider the following example:

EXAMPLE 4.1 Solve the equation:
4x -3 = -2x-9

SOLUTION: A TOUCH OF THEORY:
To determine the solution set of 4x+3 = —2x—9 it will first be

necessary to rewrite that equation in a more “manageable form.” We
note that:

Two equations are equivalent if they have the same solutions.

It should be rather apparent that a solution of 4x+3 = —2x-9 is

also a solution of 4x+3 +¢ = —2x—9 + ¢ for any number ¢, for we
have added the same quantity to both sides of the equation. In fact:

Adding (or subtracting) the same number to both
sides of an equation results in an equivalent equation.

In particular, the equation: EFFECT: That 3 which was previ-
4y+3 = —2%—9 ously on the left side is now on the

is equivalent to: right side, but with its sign changed.

4x+3-3 =-2x-9-3 4x+3 = -2x-9

4x+0 =-2x-9-3 | v

4x = -2x-9-3 4x = -2x-9-3

By the same token, the EFFECT: That —2x which was previ-
equation: ously on the right side is now on the

4x+3 = -2x-9 left side, but with its sign changed.
is equivalent to:
4x+3+2x = -2x—-9+2x 4x+3 = -2x-9
A4x+3+2x = -9+0 J

4x+3+2x = -9 4x+ 3+2x = -9
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Upon understanding why it works, you are certainly justified to invoke
the following maneuver:

You may bring over any term from one side of an equation to the
other by simply changing its sign.

For example:
4x+3 = -2x-9
bring over and
change signs

4x+2x = -3-9
Then: 6x = —12

6x _ 12
6 6
x=-2
Can you now manage Question 4.1:
Solve: 5x—-3 = 8x+6 Answer: x = -3
If so, go to Question 4.2. If not:
4.1 Solve Click-Video
(@) —3x—12 = 5x+3 (b) 3(4x+7) = 2x-5

If you still can’t solve Question 4.1: Go to the tutoring center.

Question 4.2 | Solve the equation:

2x 5
3 Xt

The correct answer is x = —%% . If you got it, move on to Question 4.3.

If not, consider the following example:

EXAMPLE 4.2 Solve the equation:

2x 1-x o 2x-1
53 1T

Note: Multiolvi SOLUTION: Our first step is to get rid of all denominators by multi-
digtifi'ing)ubgghyslinis(ﬁ plying through by 15 — the least common denominator of all frac-

an equation by a non- tions involved, and then go on from there:
zero number results in
an equivalent equation.
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2_)_c_l—x+1 _ 2x-1
5 3 15
2x 1—x 2x—1
(212X = 152
. 5 3 . 15
Distribute the 15 3= /2,0 5 1 —x 2x — 1)
o —_ ] — —_— 4 = _
and then cancel: 1\5(\5) R15{ 3 \) 15 15( 15
32x)-5(1-x)+15 = —(2x-1)
6x—-5+5x+15 =-2x+1
Bring the variable terms to the left
and the constant terms to the right: 6x+5x+2x = 1+5-15
13x = -9
x = _2
13
Can you now manage Question 4.2:
2x 5 29
e = S S
Solve 3 4 = 5x ¢ Answer: x Y
If so, go to Question 4.3. If not:
4.2 Solve Click-Video
1 x+1 —3x x 2x + 1
2( +—):——-—-—— —=_=41 =
@ 2x+3 3 ® 53 10

If you still can’t solve Question 4.2: Go to the tutoring center.

Express x in terms of a, given that:
7x—5a = —10x + 4

) S5a+4 . )
The correct answer is x = T If you got it, move on to Question

4.4. If not, consider the following example:

EXAMPLE 4.3 Express x in terms of a, given that:
Tx—a =2x+a-1

SOLUTION:

Move all x’s to one side and everything else to the other Tx—a = 2x+a-1
remembering to change the sign of each transposed term: 7y —2x = g—1+a

2a—-1
2a—-1

Combine like terms: 5x

Divide both sides by 5: X =
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Can you now manage Question 4.3:
Express x in terms of a, given that:
7x—5a = —10x+4
Sa+4
17

Answer: x =
If so, go to Question 4.4. If not:
4.3 Express x in terms of a, given that: Click-Video

(a) 3(2x—a+1) =x-a-5 (b)x_32a=)é+a+l

If you still can’t solve Question 4.3: Go to the tutoring center.

Question 4.4 | Solve for y in terms of x, if:

2x+§ = —2+§x

The correct answer is y = —2x — 6. If you got it, move on to Question
4.5. If not, consider the following example:

EXAMPLE 4.4 Solve for y in terms of x, if:
3

5
+Zy=4+=x+
2x 2V 4 3x y

SOLUTION: We begin by multiplying both sides of the equation by 6
to clear the denominators, and go on from there:

3 5
2x+2y=4+=x+
X 2y 3X y

multiply both sides by 6: 12x+9y = 24+ 10x + 6y
9y -6y = 24+ 10x—12x
3y = -2x+24
_ —2x+24
d 3
Can you now manage Question 4.4:
Solve for y in terms of x, if:
4
4= = _-2+=
2x 3 2 3x

Answer:y = —2x—6

If so, go to Question 4.5. If not:
4.4 Solve for y in terms of x, if: Click-Video

@ 3x+2(x-y) = y+dx+1  B)I+L=Jx+29-9)

If you still can’t solve Question 4.4: Go to the tutoring center.
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Question 4.5 | Solve:

Sx-7<8+3

. 10 . .
The correct answer is x > -3 If you got it, move on to Question 4.6.

If not, consider the following example:

EXAMPLE 4.5 Solve:
3x—-5<5x-7

SOLUTION: A TOUCH OF THEORY:

If you multiply both One solves linear inequalities in exactly the same fashion as one

sides of the inequality solves linear equations, with one notable exception:

-2<3 by the positive

number 2, then the WHEN MULTIPLYING OR DIVIDING BOTH SIDES OF AN INEQUALITY
;‘;et‘)lé‘;‘ol;g YN G BY A NEGATIVE QUANTITY, ONE MUST REVERSE THE DIRECTION

93 OF THE INEQUALITY SIGN.

multiply by 2: —4 <6 To illustrate:

But if you multiply both
sides by a negative Equation Inequality
quantity, then the sense
of the inequality is 3x=5 =5x-7 3x-5<5x-17
eversed: | 3x—5x = —T7+5 3x—5x<—7+5
multiply by -2: [/ —2x = -2 —2x <=2 ldvidingbya
4>_6 - =l W negative number
x>1
Can you now manage Question 4.4:
Solve: 5x—7<8x+3 Answer: x > —13—0
If so, go to Question 4.6. If not:
4.5 Solve: Click-Video
(@) —4x+3>Tx+2 b)2(-5x+7)<—12x+1

If you still can’t solve Question 4.5: Go to the tutoring center.

Question 4.6 | Solve:

3x_2—x<x—1
5 3 15

The correct answer is x < % . If you got it, move on to Question 4.7. If

not, consider the following example:
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EXAMPLE 4.6 Solve:
B 3x+1 < 2x—1 n

X
32_61

SOLUTION: We begin by multiplying both sides of the inequality by 6
to clear the denominators, and then go on from there:

)_c_3x+lg2x—1_|_
3 2 6

6(;_6_ 3x2+ l) < 6(2)66— 1 . l)

2x-3Bx+1)<(2x-1)+6
2x—-9x—-3<2x+5
2x—-9x—-2x<5+3
—9x <8

A7) _reverse dividing by a
NS negative number

1

xX2—=

Can you now manage Question 4.6:

3x 2—-x x-—1 9
Solve 5 3 75 Answer: x < 3

If so, go to Question 4.7. If not:

4.6 Solve: Click-Video
x+1_2x+1 x _1( _6_x)>x+1
@ =3 6 2 ®=3235) =275

If you still can’t solve Question 4.6: Go to the tutoring center.

Question 4.7 | Solve:

(x—5)2x+1)(5x-3) = 0

) 1 3 .
The correct answer is x = 5, x = 5 x = 5 If you got it, move on to

Question 4.8. If not, consider the following example:

EXAMPLE 4.7 Solve:
(x—1)(x+4)(2x+5)(=3x—7) = 0

SOLUTION: A TOUCH OF THEORY:
The solution hinges on the following fact:

A PRODUCT IS ZERO IF AND ONLY IF ONE OF THE FACTORS IS ZERO.
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In particular, to solve:
(x—Dx+4)2x+5)(-3x-7) =0

you simply have to determine where each of the four factors is zero:

x-1=0 x+4=0 2x+5 =0 -3x-7 =
x =1 x =-4 2x = =5 -3x =7
2 3
We see that the given equation has exactly four solutions: 1, —4, —g, —% .

Can you now manage Question 4.7:

Solve f@nd E—0) = ©  Acowens =00 =—%,x _ 3

If so, go to Question 4.8. If not:
4.7 Solve: Click-Video
(@) -5(x+3)2x+7)Bx+1) =0 (b) S5x(x+3)2x+1)2 =0

If you still can’t solve Question 4.7: Go to the tutoring center.

Solve:
4x2 -9 =

. 3 3 .
The correct answer is x = X =3 If you got it, move on to Ques-

tion 4.9. If not, consider the following example:

EXAMPLE 4.8 Solve:

9x3—x =0
SOLUTION: First factor:
9x3—x =0
x(9x2-1) =0

x(3x+1)3x—-1) =0
Then use the fact that a product is zero if and only if a factor is zero:

x=20 3x+1 =0 3x-1 =0

W

X =

!
3

X = —

We see that the given equation has exactly three solutions: 0, —

5

W=
W=
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Can you now manage Question 4.8:

Solve: 4x2-9 = 0 Answer: x = —%, X = %
If so, go to Question 4.9. If not:
4.8 Solve: Click-Video
@) x3-4x =0 (b) 2x+3)(x2-25)(x*+1) =0

If you still can’t solve Question 4.8: Go to the tutoring center.

Question 4.9 | Solve:

6x2—7x—3 =0

The correct answer is x = —
sider the following example:

,x = =. If you got it, great. If not, con-

W=
NS} RV

EXAMPLE 4.9 Solve:
2x2-5x+3 =0

SOLUTION:
2x2-5x+3 =0
Factor: 2x-3)x-1)=0

Set each factor equal to zero: 2x—-3 =0 or x—-1 =20

Solve for x: X = % or x=1
Can you now manage Question 4.9:
Solve: 6x2—7x—-3 =0 Answer: x = —%, 5= %
If not:
4.9 Solve: Click-Video
x% x
(@) 8x2—-10x+3 =0 (b)E—EZI

If you still can’t solve Question 4.9: Go to the tutoring center.
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SUMMARY

EQUIVALENT EQUATIONS

Two equations are equivalent if they have the same solutions.

Adding (or subtracting) the same number to both sides of an
equation results in an equivalent equation.

Consequently:
You may bring over any term from one side of an equation to the

other by simply changing its sign. This will result in an equiva-
lent equation.

Multiplying (or dividing) both sides of an equation by a non-
zero number results in an equivalent equation.

LINEAR INEQUALITIES

One solves linear inequalities in exactly the same fashion as
one solves linear equations, with one notable exception:

WHEN MULTIPLYING OR DIVIDING BOTH SIDES OF AN

INEQUALITY BY A NEGATIVE QUANTITY, ONE MUST
REVERSE THE DIRECTION OF THE INEQUALITY SIGN.

POLYNOMIAL EQUATIONS

If necessary, move all terms to the left side of the equation, so
that the right side is zero. If possible factor the polynomial on
the left side of the equal sign into a product of linear factors.
Utilize:

A PRODUCT IS ZERO IF AND ONLY IF ONE OF THE

FACTORS IS ZERO
Then proceed to solve the resulting linear equations stemming

from those factors.

ADDITIONAL PROBLEMS

1.1 Solve: 1.2 Solve: 2.1 Solve:
3x-2=—-x-5 —4x—-1 = 5x+2 J_C_lzix
A 3 A | 5 3 15
nswer; = nswer: —-
SWel- 3 SWeT- 3 Answer: -5
2.2 Solve: 2.3 Solve: 3.1 Express x in terms of a, if:
)_c_2x+1+3:x+l l(2x+1)—2=3X+2 2x—-3a+1 = x+3a
2 3 6 3 6 Answer: x = 6a—1
Answer: % Answer: 12
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3.2 Express x in terms of a, if:

4.1 Express y in terms of x, if:

4.2 Express y in terms of x, if:

x—4a 1 _ a 4y -3x+1 = 2x—4y 2x+ 3y b%
2 4 '7a 5 YT 10
Answer: y = ng_l
Answer: x = IEJ Answer: y = %x
5.1 Solve: 5.2 Solve: 6.1 Solve:
3Ix+12<7x-14 2+ 12x<T7x-2 -3x+1 x
2 >§+1

Answer: x> g

Answer: x < —‘51

Answer: x< —g

6.2 Solve: 7.1 Solve: 7.2 Solve:
+1)2x=-3)(-x-5) =0
3(2x—l)—x21 (r* D2x=3)(=x=3) (—x)(§—3)(—§x+l) -0
5 Answer: -1, % -5
Answer: x> 2% Answer: 0, 6,%
8.1 Solve: 8.2 Solve: 9.1 Solve:
4x2-1 =10 (x2-9)(4x2-1) =0 x2-3x-10 =0
.11 . 11 Answer: -2,5
Answer: 55 Answer: -3, 3733
9.2 Solve: 9.2 Solve: 9.3 Solve:
9x2+12x+4 =0 x(x2-49)(2x2+3x-2) =0
5 (2 =2x=3)(x?>+2x+1) = 0 |
Answer: -3 Answer: 0,-7,7,-2, 3

Answer: -1, 3




The fact that you can add
(or subtract) the same
quantity to both sides of
an equation without
altering its solution set
allows you to move
terms from one side of
the equation to the other
as long as you change
the sign of those terms.
For example:
2x+3 =5
2x+3-3=5-3
2x = 5-3

As you can see that
“+ 37 on the left side of
the original equation
ended up being a “-3”
on the right side of the
equation.
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Sample Test 4

SUPPLEMENT

LINEAR EQUATIONS

The solution set of an equation is simply the set of numbers that sat-
isfy the equation (left side of equation equals right side of equation).
When solving equations, the following result plays a dominant role:

THEOREM 4.1 Adding (or subtracting) the same quantity to
(or from) both sides of an equation, or multi-
plying (or dividing) both sides of an equation
by the same nonzero quantity will not alter the
solution set of the equation.

As a consequence of the above Theorem (see margin), we have:

You may bring over any term from one side of an equation to the
other by simply changing its sign.

The following equations, in which no variable appears with an expo-
nent greater than 1, are said to be linear equations or first-degree
equations:

3x—-4 =-2x+11
x+3y—-2x = 16 -4y
2z—5y—Tx = 3—-x+8

The equation 3x —4 = —2x + 11 is a linear equation in the variable x,
x+3y—2x = 16—4y is a linear equation in the variables x and y; and
2z—-5y—"7x = 3 —x+ 8 is alinear equation in the variables x, y, and z.

Several examples on solving linear equations appear in Sample Test
4. We now offer a few more for your consideration.

EXAMPLE 4.1 Solve:
3x—x+2-9 =4x+6+x

SOLUTION:
3x—x+2-9 =4x+6+x
Combine like terms on both sides of the equation: 2x—7 = 5x+6
Move all the variable terms to one side of the
equation and all the constant terms to the other
side, remembering to change signs: 2x—5x = 6+7
Combine terms once more: -3x = 13
Divide both sides by — 3: x = _E
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It takes longer for us to
check our answer than
it did for us to solve the
equation. Still, make
sure you agree with
each of our arithmetic
steps along the way.

Hopefully you can fol-
low each step in our
solution process. If not,
but only after you gave
it your best shot, you
may go to the tutoring
center for assistance.
But don’t ask the tutor
to solve the problem
for you. Rather, bring
your efforts to the tutor
and ask: “what am I
doing wrong?”’ You
learn little by having
someone show you
how its done! You
learn by trying to do it
on your own:
We never understand a
thing so well, and
make it our own, when
we learn it from
another as when we
have discovered it for
ourselves.

Descartes

Let’s show directly that x = 7132 is indeed a solution of the give equa-

tion3x—x+2-9 = 4x+6+x:

(D) (Do (Do D

13 .2 52, 13
13+ —=_7 = == 4+6_—=
134557 = 55+6-3
132 . 65
0+ = = 62
073 7673
~60+13 = 1865 —yes
EXAMPLE 4.2 Solve:
2x l-x , _ 2x-1
53 15

SOLUTION: Our first step is to get rid of all denominators by multi-
plying through by 15 — the least common denominator of all frac-
tions involved, and then go on from there:

2_)c_l—xJrl _ 2x-1
5 3 15
2x 1—x 2x—1
o552 - (2
. 5 3 1 . 15
Distribute the 15 3" /20 5 1 —x 2% — 1)
. = _ — |+ —~ o
and then cancel: 1\5(\5) RlS{ 3 \) 15 15{ 15
32x)-5(1=x)+15 = —(2x-1)
6x—-5+5x+15 =-2x+1
Bring the variable terms to the left
and the constant terms to the right: 6x+5x+2x = 1+5-15
13x = -9
=2
13
EXAMPLE 4.3 Solve:
3x-5 _ 2erx—l
8
3

SOLUTION: We offer one of many procedures that can be used
to solve the given equation:



CONDITIONAL
EQUATION

INCONSISTENT
EQUATION

IDENTITY
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3x—5 x—1
+ —
lfﬂ 2x >
3
3x—-5 4_x +x;1
12
; : 3
invert and multiply ‘
N _
(3x-5)(-3) = ZEE
Sx—1
—9x+1
9x + 15 >
multiply both sidesby 2: — 18x+30 = 5x—1
—18x—-5x = -1-30
—23x = =31
Lo
23

67

CHECK YOUR UNDERSTANDING 4.1

Solve:
—-3x x 2x+1
— + — = — — + —_ =4 =
(a)3-2x+5—-x 4x-2+1 (b) = 5 1 h
Answers: (@) x = -9 (b)x = %

We point out that a linear equation is said to be conditional if it is
valid for some value of the variable and not valid for others. The previ-
ous equations turned out to be conditional, since each had but one solu-

tion.

It is possible for a linear equation to have no solution, in which case it
is said to be inconsistent or a contradiction. Such an equation is fea-

tured in Example 4.4 below.

If an equation is valid for all values of the variable, then it is said to
be an identity. The equation of Example 4.5 below turns out to be an

identity.

EXAMPLE 4.4 Solve:
3x+5—-4x = 5x+3—-6x
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SOLUTION:
, 3x+5—-4x = 5x+3—-6x
Move all the x’s to one side and the
constants on the other, changing the
sign of each transferred term: 3x—4x—5x+6x =3-5
Ox = -2
Since Ox = 0 for all x, the equation Ox = —2 has no solution. It fol-

lows that 3x +5 —4x = 5x + 3 — 6x has no solution.

EXAMPLE 4.5 Solve:
dx+3-2x = 5—-x+3x-2
SOLUTION:
Adx+3-2x = 5—-x+3x-2
2x+3 = 2x+3

Clearly, 2x +3 = 2x + 3 holds for all values of x, and the given equa-
tion is seen to be an identity.

CHECK YOUR UNDERSTANDING 4.2

Determine if the given equation is conditional, or a contradiction, or an
identity. In the event that it is conditional, determine its solution and
check your answer.

(@) 7x—-5x—1=2x+3 (b)-3x+7—x = 2x-4
x—4 1 X
— = ~(4x - —-=+

(c) 5 4(4x 12) 5 1

Answers: (a) Contradiction (b) Conditional: x = %1 (c) Identity

EXPRESSING ONE VARIABLE IN TERMS OF ANOTHER

Sometimes an equation may contain more than one variable, and you
may wish to express one of the variables in terms of the others.

EXAMPLE 4.6 Express x in terms of y, and y in terms of x,
given that:

SOLUTION: Let’s begin by multiplying both sides by 6:
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2x+y Ty
e A
3 Yt
2x+y) B ( Ty )
6(— =6lx——+1
3 6

2(2x+y) = 6x-Ty+6
4x+2y = 6x—-Ty+6

Then
Solve forx: Solve for y:
4x+2y = 6x—-Ty+6 4x+2y = 6x-Ty+6
4x—6x = -Ty+6-2y 2y+7y = 6x+6—4x
—2x = -9y +6 9y = 2x+6
_ =9 +6 _9y-6 _2x+6
YT T 2 YT o

CHECK YOUR UNDERSTANDING 4.3

Express y in terms of x, and x in terms of y if:

3x+2(x—y) =y+4x+1

Answers: y = x—;—l,x = 3y+1

LINEAR INEQUALITIES

As noted in Sample Test 4, here is the only distinction between
solving a linear equation and a linear inequality:

WHEN MULTIPLYING OR DIVIDING BOTH SIDES OF AN INEQUALITY
BY A NEGATIVE QUANTITY, ONE MUST REVERSE THE DIRECTION
OF THE INEQUALITY SIGN.

For example, if you multiply both sides for the inequality

3?x <4x+2 by 5, then you do not reverse the direction of the

inequality sign:

35—x<4x+2

5(%") <5(4x+2)

3x<20x+ 10
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On the other hand, if you divide both sides of the inequality
—4x < 8, by —4, then the inequality symbol must be reversed:
—4x <8

In Example 4.1, we solved EXAMPLE 4.7 Solve:

the equation:

3x—x+2-9 =4x+6+x
The only difference in that
solutiony process and this SOLUTION:
one, is that when we divide 3x—x+2-9>24x+6+x
both sides of the inequality
by -3, we have to reverse
the inequality symbol.

3x—x+2-924x+6+x

Combine like terms on both sides of the equation: 2x—7>5x+6

Move all the variable terms to one side of the
equation and all the constant terms to the other

side, remembering to change signs: 2x—5x>6+7
Combine terms once more: -3x>13
)
ARE
Divide both sides by —3: x< _?

CHECK YOUR UNDERSTANDING 4.4

Solve:
2x+5

<-3x+1

Answers: x <

EXN RN

POLYNOMIAL EQUATIONS

A polynomial of degree n (in the variable x) is an algebraic expression
of the form:

n n—1
ax"+a, |x +...taxta,
where 7 is a positive integer and a,, through a, are numbers,

with a, #0.

Every polynomial p(x) = a,x"+a, x"~'+ .. +a;x+a, gives

rise to a polynomial equation p(x) = 0, and the following observation
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enables you to easily solve such an equation, providing you are first
able to express p(x) as a product of linear factors.

THEOREM 4.2 A product is zero if and only if one of the fac-
tors 1s zero.

For example, to solve the already nicely factored polynomial equation:
x(x—1)(x+4)2x+5)(-3x-7) =0
you simply have to determine where each of the five factors is zero:

x=0 x-1=0 x+4=20 2x+5 =0 -3x-7=0

-3x =7

)]

x=1 x=-4 2x = —

X = — X = —

[\ RV
Wi

3 7
2> 37
The above equation was convenient in that it appeared in factored

form. This is not the case for the equations in the next example.

EXAMPLE 4.8 Solve the given equation.
(a) 2x2-5x+3 =0

We see that the given equation has exactly five solutions: 0, 1, —4,

(b) 2x2—-20x = x—2x2-5

SOLUTION: (a) 2x2-5x+3 =0
Factor: 2x-3)(x-1)=0

Employ Theorem4.2: 2x—-3 =0 or x—-1=0

Solve for x: x = or x=1

[ SN L]

Lets check our answers in the given equation 2x2—5x+3 = 0:

[N}
NI
—

[\)
|

(94
7 N\
&1

_|_

(98]

I

(=)

?
2(1)2-5(1)+3 S 0
15 ? 2-5+3 = 0—yes

+3 = 0 —yes

(b) To solve the equation 2x2 —20x = x —2x2 — 5, begin by bringing
all terms to the left, thereby setting it equal to zero:
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4x2-21x+5 =0
4x-1)(x-5)=0
xZi or x =25

Checking in the original equation 2x2 —20x = x —2x%-5:

(?
2(3)°-203) = ;-2()° -5 2(5)?=20(5) - 5-2(5) =5
1_5 ? 1_1_5 50-100 = 5-50—-5—yes
8 478
1240 2 21— 40—yes

CHECK YOUR UNDERSTANDING 4.5

Determine the solution set of the given equation.
@ x2+x-6 =20 (b)x2-9 =0
()X +5x—1 = —x2+4x+2

Answers: (a){-3,2} (b) {-3,3} (¢ {—%, 1}

The “Factoring by grouping” method is used to solve the equation in
the following example.

EXAMPLE 4.9 Solve:
2x3+3x2-2x-3 =0

SOLUTION: Staring at the equation 2x3+3x2-2x-3 =0 we
observe that if we factor out an x2 from the first two terms we get

x2(2x—3), and we can also spot a (2x —3) factor in the last two
terms; leading us to:

2x3+3x2-2x-3 =0
x2(2x+3)-(2x+3) =0
(2x+3)(x2-1) =0
2x+3)(x+1)(x-1) =0

xZ—% or x=-1 or x=1
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CHECK YOUR UNDERSTANDING 4.6

Solve:
WB+3x2-4x-12 =0

Answers: x = -3, x=-2,x = 2
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Question 5.1

A line of positive slope
is heading up (climbs)
— the more positive
the slope the steeper
the climb.

A line of negative
slope is heading down
(falls) — the more neg-
ative the slope the
steeper the fall.

Question 5.2

Lines and Linear Equations 75

Sample Test 5

LINES AND LINEAR EQUATIONS

Find the slope of the line passing
through the two points (2, 2), (5, 4).
The correct answer is m = % . If you got it, move on to Question 5.2. If
not, consider the following example:

EXAMPLE 5.1 Find the slope of the line passing through the
two points (3,-4), (1,7)

SOLUTION: For any nonvertical line L and any two distinct points
(xy,v,) and (x,,y,) on L, the slope of L is that number m given by:

Ya— ) .
= —— (see margin)
Y2 =X
In this case: m = 71_5_34) = 7_+24 = _12_1
Or, if you prefer: m = % = _zﬂ = _12_1

(You can let (x,,y,) = (3,-4),0r (x;,y) = (1,7))

Can you now manage Question 5.1:

Find the slope of the line passing through (2, 2), (5, 4)

Answer:m = =
3
If so, go to Question 5.2. If not:

Click-Video
5.1 Find the slope of the line passing through the two points:

(a) (43 -3 )> (09 _2) (b) (_7’ 3), (_2’ _5)

If you still can’t solve Question 5.1: Go to the tutoring center.
Find the slope of the line gassmg

through the two points (3, —) , ( , —z).

3 \2 3
The correct answer is m = 6. If you got it, move on to Question 5.3. If
not, consider the following example:
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EXAMPLE 5.2 Find the slope of the line passing through the

: 7) (1 )
—Ll=2
two points (5, 3)\>

SOLUTION:
7 7 6 7
_ 2—(—-) 2+ Z+=
_ 2 ¥ "3 33
XA —X 1 1 1 10
271 -_ -_ - =
2 > 2 > 2 2
13

_ 3 _132_ 26

9 3 9 27
2

Can you now manage Question 5.2:

Find the slope of the line passing through (3, %) , @, —g)

Answer: m = 6

If so, go to Question 5.3. If not:

Click-Video
5.2 Find the slope of the line passing through the two points:

MOET T

If you still can’t solve Question 5.2: Go to the tutoring center.

Question 5.3 | Find the slope-intercept equation of

the line of slope % and y-intercept 7.

The correct answer is y = %x + 7. If you got it, move on to Question
5.4. If not, consider the following example:
EXAMPLE 5.3 Find the slope-intercept equation of the line of

slope 5 and y-intercept %
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SOLUTION: Some Theory:
Consider the line L of slope m below. Being nonvertical, it
must intersect the y-axis at some point (0, »). That number b,
where the line intersects the y-axis, is called the y-intercept of
the line.

y L, of slope m

(x,y)
(0,b)

Let (x, y) be any other point on L. From the fact that any two
distinct points on a line determine its slope, we have:

m = y=bh

x—0
y—>b
X

m =
multiply both sides of the equation by x:

L— > y-b = mx
add b to both sides of equation: ¥y = mx +b
Direct substitution shows that the above equation also holds at
the point (0, b).
Bottom line:

The slope-intercept equation of the line of slope
m and y-intercept b is

y=mx+b

In particular, here is the slope-intercept equation of the line of slope

5 and y-intercept z: y =5x+ %

Can you now manage Question 5.3:
Find the slope-intercept equation of the line of slope % and y-intercept 7 .

Answer: y = %x +7

If so, go to Question 5.4. If not:

5.3 Find the slope-intercept equation of the line: Crckadcec

(a) ofslope —% and y- intercept % . (b) ofslope 0 and y- intercept 0.

If you still can’t solve Question 5.3: Go to the tutoring center.
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Question 5.4

To sketch the line in
question, simply plot the
two given points on the
line and then draw the
line passing through
those points.

I
3
| 2
| 1
4 3 2-1]1 2 3

Looking at the above line
we see that it has a nega-
tive slope, and that its y-
intercept is about 4.

Find the slope-intercept equation of
the line which contains the points

(3,—4),(5,6).

The correct answer is y = 5x—19. If you got it, move on to Question
5.5. If not, consider the following example:

EXAMPLE 5.4 Find the slope-intercept equation of the line that
contains the points (3, 2) and (-4, 6).

SOLUTION: Using the given points, we find that:

_6-2 _ 4
-4-3 7
We now know that the equation is of the form:
y=- %‘x +b

Since the point (3, 2) is on the line', the above equation must hold
when 3 is substituted for x and 2 for y, and this enables us to solve for b:

4
=_—=(3)+
2= -2(3)+b

Thus:

Can you now manage Question 5.4:

Find the slope-intercept equation of the line passing
through (3, —4), (5, 6)
Answer: y = 5x—19

If so, go to Question 5.5 If not:

Click-Video
5.4 Find the slope-intercept equation of the line passing

through the two given points:
1 1 1
0396
®) (5.3

(a) (2, _5)5 (0, 3)
If you still can’t solve Question 5.4: Go to the tutoring center.

1. The other point, (-4, 6) can be used instead of (3, 2), and it would lead to the
same result (try it).
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Question 5.5 | Find the slope and y-intercept of the

line:
2x-3y+4 = —x+y—-1

The correct answer is m = 3 and b = 2 If you got it, move on to

Question 5.6. If not, consider the following example:
EXAMPLE 5.5 Find the slope and y-intercept of the line
4x+7T7y = —y—-3x—-1
SOLUTION: Rewrite the equation 4x +7y = —y—3x—1
in the form y = mx+b:
4x+7y = —y—-3x-1
Ty+y = —4x-3x-1

8y = —Tx—1
YT TR
rooA
m b

From the above slope-intercept equation, we see that the line has

slope —% and y-intercept —% .

Can you now manage Question 5.5:

Find the slope and y-intercept of the line 2x -3y +4 = —x+y—1

Answer: m = % and b =

Ailn

If so, go to Question 5.6. If not:

Click-Video
5.5 Find the slope and y-intercept of the line:

(a) Tx = 2y —4x+9 (b) 2(y +3x)—1 = 3x—y+2

If you still can’t solve Question 5.5: Go to the tutoring center.

Question 5.6 | Find the slope and y-intercept of the

line:
x+1
3 6
The correct answer is m = 2 and b = —4. If you got it, move on to

Question 5.7. If not, consider the following example:
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EXAMPLE 5.6 Find the slope and y-intercept of the line

1 2x—3y
et _ 4+ 22 7 =
2(3x 4y) )

X
X )+
R

SOLUTION: We express the equation in the form y = mx+b:

—(3x 4 )+2x43y

multiply both sides by 4
to clear denominators:

[ (3x—4 )+2x43y}

2(3x—4y)+(2x—-3y)
6x—8y+2x—3y
8x—11y

—1ly—4y

-15y

y

From the above slope-intercept equation, we see

15 and y-intercept ——

1 .
slope 75

Can you now manage Question 5.6:
Find the slope and y-intercept of the line
x+1 1

+
3 2

:x_2y+1
6

Answer: m

If so, go to Question 5.7. If not:

5.6 Find the slope and y-intercept of the line:

0B s

+2)
5

X
Xy +1
1t

4|:§+y+1:|
x+4y+4
x+4y+4
x+4y+4
—-8x+x+4
-Tx+4
7.4

157 15

that the line has

and b =

N —

Click-Video

x+1

2

_|._

N —

If you still can’t solve Question 5.6: Go to the tutoring center.
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Find the values of x and y if:
3x+4y = 6andy = 2x+7

The correct answer is x = -2,y = 3. If you got it, move on to Ques-
tion 5.8. If not, consider the following example:

EXAMPLE 5.7 Find the values of x and y if:
2x+3y =5 and y = —x+1

SOLUTION:
Substituting: y = —x+1
in: 2x+3y =25

givesus: 2x+3(—x+1) =5

2x-3x+3 =35

2x—-3x =5-3

-x =2

substituting in: y = —x+1
y=—(-2)+1

Let’s check our solution in the two given equations. Does the equa-
tion 2x+3y = 5 holdif x = -2 and y = 3? Yes:

2x+3y = 2(-2)+3(3) = —-4+9 =5 Check!
Does the equation y = —x+ 1 holdifx = -2 and y = 3? Yes:

()
3=—-(-2)+1 Yes!
Can you now manage Question 5.7:

Find the values of x and yif 3x+4y = 6 and y = 2x+7
Answer: x = -2,y = 3

If so, go to Question 5.8. If not:

Click-Video
5.7 Find the values of x and y if:

3)C%/Z—landyZ

(a)2x+7y =8andy = x—4 (b)

Wik

X
3

If you still can’t solve Question 5.7: Go to the tutoring center.
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Question 5.8 | Solve the following system of two

equations in two unknowns:
3x+4y = 6
-8

The correct answer is x = -2,y = 3. If you got it, move on to Ques-
tion 5.6. If not, consider the following example:

x—2y

To solve a system of two EXAMPLE 5.8 Solve the following system of two equations in

equations in two variables two unknowns
is to determine values of

the variables  which (1: —3x+y=2
simultaneously  satisfy Q): 2x+2y =5
each equation in the sys-
tem.

SOLUTION:

ELIMINATION METHOD: Add (or subtract) a multiple of one
equation to a multiple of the other, so as to eliminate one of
the variables and arrive at one equation in one unknown:

multiply equation 1 by 2: 2 x (1): —6x+2y = 4
(2): 2x+2y =5
subtract: —8x = -1
x = l
8
Substituting x = % in (1) [we could have chosen (2)], we have:
1 _
3y ey =2
_ 3 |19
=2 2 =I5

SUBSTITUTION METHOD:

1): —3x+ty=2
2 2x+2y =35

Solving for y in (1), we have:
y=3x+2 (*)
Substituting this value in (2) yields:

2x+2(3x+2) =5
2x+6x+4 =5
8x =1

1

8




To graph the line
y = 3x+2, for exam-
ple, just plot a couple
of its points, say:

(0,2)

x y=3-0+2=2
and:

(1,5)

rM

x y=3-1+2=S5
and then draw the line

passing through those
points:

€y =3x+2

(1,5)

(0, 2)}

/

Question 5.9
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Returning to (*), we find the corresponding y-value:

1 19
: --8-+2:"‘8"

Note: You can take the two given equations and solve each of them
for y in terms of x to arrive at the equations of two lines:

= 3x+2

) —3x+y=2—> 7
(2): 2x+2y=5x y:_x+_

Since every point on the line
y = 3x+ 2 satisfies equation (1), and

: . 5 .
every point on line y = —x+§ satis-

fies equation (2), the point at which the
two lines intersect is precisely the solu-
tion of the given system of two equa-
tions in two unknowns:

Can you now manage Question 5.8:

3x+4y =6
x—2y = -8

Solve: Answer: x = -2,y = 3

If so, go to Question 5.9. If not:
Click-Video

5.8 Solve:
Sx+2y =3 3x+7y = 13
(a) B (b) B
2x+y =1 —x+5y =3

If you still can’t solve Question 5.8: Go to the tutoring center.

3

Solve: %(2x+y) = 3x—1

J

The correct answeris x = 1,y = 2 . If you did not get it, consider the
following example:
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Solve for y in (4):
y =11x-12

Substitute in (3) and

solve for x:
x+2(11x-12) = -1
x+22x-24 = -1

23x = 23

Substitute 1 for x in
equation (3) and solve

for y:
1+2y = -1
2y = =2

EXAMPLE 5.9 Solve:

@: 3x = ’%Ms

SOLUTION: The first order of business is to rewrite the two equations
in a nicer form:

x+2 1
(n: 22X = -
multiply both sides by 2: x + 2y = —1
@ 3x =223
4
multiply both sides by 4:  12x = x+y+ 12
12x—x—y = 12
1iIx—y = 12

At this point, you can use either method of the previous example to
solve the system:

3 x+2y=-1
@®: 1lx—-y = 12
We elect to go with the elimination method (see margin for the sub-

stitution method):
G:r x+2y =-1

multiply equation (4) by 2: 22y —2 y = 24
add: 23x =23

x =1

substitute 1 for x in equation (3): 1 + 2y = —1
2y = =2

We check our solution, x = 1, y = —1, in the original system:

x+2y 1+2(-1) _ 1
2

|
5 > Check!

(1):

)
Q) 3x = XY 13
4
1+(-1)
L 3
3

g+3 Yes!

3(1)

[l
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Can you now manage Question 5.9:

%(2x+y) = 3x-1

Solve: : Answer: x=1,y =2
Xty =y—x
3
If not:
Click-Video
5.9 Solve:
x,y 1 x+2y 4
24 = = — = = y_yp— =
273 6 5 U3
(a) (a)
2x—y:1 _x:3y+1_§
3 2 2

If you still can’t solve Question 5.9: Go to the tutoring center.
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SUMMARY

SLOPE OF A LINE | For any nonvertical line L and any two distinct points (x;,y;)

and (x,,y,) on L, the slope of L is the number m given by:

—V1  _ changeiny

Xy —X; change in x

The more positive the slope, the steeper the climb
The the more negative the slope, the steeper the fall

SLOPE-INTERCEPT | A point (x, ) is on the line of slope m and y-intercept b if and

EQUATION: |only if:
y =mx+b

SOLUTION OF A SYSTEM OF | To solve a system of equations in several variables is to deter-
EQUATIONs | mine values of the variables which simultaneously satisfy each
equation in the system.

ADDITIONAL PROBLEMS

1.1 Find the slope of the line passing through (1,-2),(7,7). Answer: m = %
1.2 Find the slope of the line passing through (-4, -1), (0,-3). Answer: m = —%

. . . 1 2\ (1 _ 28
2.1 Find the slope of the line passing through >3\ -3]. Answer: m = 3

. . . 1 11 _ 5
2.2 Find the slope of the line passing through | 2, —3) 33/ Answer: m = 12

3.1 Find the slope-intercept equation of the line of slope 7 and y-intercept —3 .

Answer: y = 7x—3

3.2 Find the slope-intercept equation of the line of slope 0 and y-intercept 1. Answer: y = 1

4.1 Find the slope-intercept equation of the line that contains the points (1, 2) and (4,-1).

Answer: y = —x+3

4.2 Find the slope-intercept equation of the line that contains the points (2, 2) and (-2, -1).

Answer: y = %x +%
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5.1 Find the slope and y-intercept of the line 4x -5y = 2y+x—1. Answer: m = %, b = %
5.2 Findthe slope and y-intercept of the line 2x — 5 = 3(x +2y) + 2. Answer:m = —é, b = —%
. . . ox—y _ytx-—-1 N N |
6.1 Find the slope and y-intercept of the line = T Answer: m = 3 b = 3
6.2 Find the slope and y-intercept of the lineny = % +x.
2
2
Answer: m = g,b =0
7.1 Find the values of xand y if: x+2y = 5 and y = 2x Answer: x = 1,y =
7.2  Find the values of x and y if: 3x—4y =1 and x = y—1 Answer: x = -5,y = —4
-x+3y =2
8.1 Solve: Answer: x = 1,y = 1
4x+2y = 6
2x+y =1
8.2 Solve: Answer: x = 2,y = -3
Sx+2y =4
X -3
2 3 6
9.1 Solve: Answer: x = 1,y = 1
Xty _ 2
3 3
9.1 Solve: . : Answer: x = -1,y =
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It can be shown that the
slope of a line does not
depend on the particular
points chosen.

When calculating:
Y270
=

LI

it does not matter which
of the two points plays

the role of (x5, 5) -

For example:

4-(-5) 9
ml:z—g—s;:§
and:

m. =24 _ 9
1 -3-2 5
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SUPPLEMENT

THE SLOPE OF A LINE

It is common to associate numerical values to geometrical objects:
the area of a rectangle, the circumference of a circle, and so on. The fol-
lowing definition attributes a measure of “steepness” to any nonvertical
line in the plane.

DEFINITION 5.1 For any nonvertical line L and any two dis-
tinct points (x;,y;) and (x,,y,) on L, we
define the slope of L to be the number m
given by:

SLOPE OF A LINE

Yo=1

Xy =X

(see Figure 5.1)

Figure 5.1

The slopes of the lines labeled L, , L,, and L, in Figure 5.2 are eas-
ily determined:

y 4-(-5) 9
L, . — =2

Ll.m1 2-(3) 5

L

;o _—l+5 4

(2,4) Ly *22M2 T 53 T s

€ Lyimy - A5

(-3,-5) /.@’_1) 3 2+3 S

(27_4)
Figure 5.2

The steeper the climb, the more positive the slope.
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Lines and Linear Equations

While lines of positive slopes climb as you move to the right, those of
negative slope fall:

y
3-2 1
Lyzmy = 5577
(_2a3)

3-0 3
SR R

Ly
L _3-(3) _ 3
Lems =33 =3

Figure 5.3

The steeper the fall, the more negative the slope

CHECK YOUR UNDERSTANDING 5.1

(a) Determine the slope of the line L that passes through the points
(-1,-6) and (3, 2).

(b) If you move 8 units to the right of the point (—1, —6) and then ver-
tically to the line L of part (a), at what point on L do you arrive?

Answers: (a) 2 (b) (7, 10)

HORIZONTAL AND VERTICAL LINES

If you calculate the slope of any horizontal line you will find that it is
zero. Consider, for example, the line L of Figure 5.4(a). Since (2, 3)
and (4, 3) areon L:

m=i2 2 "
y y L
° . L 2,3)
(2.3) 4.3)
2.1
X | X
Horizontal lines have slope 0 No slope is associated
with a vertical line
(@) (b)

Figure 5.4



Expressions of the form g

are undefined (for any a).
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If you try to calculate the slope of a vertical line you will encounter a
problem. Consider, for example, the vertical line L of Figure 5.4(b)
which contains the points (2, 1) and (2, 3). An attempt to use these
two points (or any other two points on the line) to calculate its “slope”
will lead to an undefined expression:

_3-1 7
m = =72 «  undefined

2-2 %

SLOPE-INTERCEPT EQUATION OF A LINE

We now develop, for a given nonvertical line L, an equation which is
satisfied by every point on L (and only those points). This will afford us
an analytical interpretation (the equation) of the line.

Consider the line L of slope m in Figure 5.5. Being nonvertical, it
must intersect the y-axis at some point (0, »). That number b, where
the line intersects the y-axis, is called the y-intercept of the line.

y L, of slope m
x.y)
(0,b)
X
Figure 5.5

Let (x, y) be any other point on L. From the fact that any two distinct
points on a line determine its slope, we have:

_y-b
m x—0
m = Y=0

X

multiply both sides of the equation by x:
L——s y-b = mx
add b to both sides of equation: ¥ = mx+b

Direct substitution shows that the above equation also holds at the point
(0, b); thus:

THEOREM 5.1 A point (x, y) is on the line of slope m and y-
Slope-Intercept intercept b if and only if its coordinates satisfy
Equation of a line the equationy = mx+5b.
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EXAMPLE 5.1 Find the equation of the line that contains the
points (3,2) and (-4, 6).

SOLUTION: Using the given points, we find that:

_6-2 _ 4
-4-3 7
We now know that the equation is of the form:
y=- éx +b
Since the point (3, 2) is on the line, the above equation must hold
The other point, (-4, 6) when 3 is substituted for x and 2 for y, and this enables us to solve for b:
can be used instead of 4
(3,2), and it would lead 2 = —;(3)+b
to the same result (try it).
12 26
b=2+===
7
Thus:
4 26
= =y 4+ —
YT

CHECK YOUR UNDERSTANDING 5.2

Find the equation of the line passing through the points (-3, 5) and
(45 _6) .

11 2
: = —co5pdh S
Answer: y =it

EQUATIONS OF HORIZONTAL AND VERTICAL LINES

The horizontal line L in Figure 5.6(a) has y-intercept 3, and slope 0.
Consequently, its equation is y = 0 -x + 3; or, more simply, y = 3.
The equation of the x-axisis y = 0.

y Y
<
Note that the line in (a) gl
is the graph of a func- 3| horizontal line -
tion, while that in (b) is E
not (why not?). X x
4
(a) (b)

Figure 5.6



It is clear that if one of the
two perpendicular lines
has a positive slope
(climbing), then the other
must have a negative
slope (falling):

slope m;

slope n1,

Moreover, if you mentally
put a pin at the point of
intersection of the two
lines, and pivot the lines
about the pin, you can see
that as one of the lines
gets steeper, the other
must flatten out, suggest-
ing some sort of recipro-
cal relation between their
slopes.
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While slopes are not associated with vertical lines, the points on such
lines can still be described in terms of an equation. In particular, since
every point on the line in Figure 5.6(b) has x-coordinate 4, the equation

of that line is simply x = 4. The equation of the y-axisis x = 0.

CHECK YOUR UNDERSTANDING 5.3

Find the equation of the line of slope 2 passing through the point of]
intersection of the vertical lines x = 5 and the horizontal line y = 4.

Answer: y = 2x—6

PARALLEL AND PERPENDICULAR LINES

Two lines are said to be parallel when they have the same slope, or
when they are both vertical. Two lines that intersect at right angles are
said to be perpendicular. Every horizontal line is perpendicular to
every vertical line. The following theorem asserts that a necessary and
sufficient condition for two nonvertical lines to be perpendicular is that
the slope of one is the negative reciprocal of the slope of the other.

THEOREM 5.2 Two lines with nonzero slopes m, and m, are
perpendicular if and only if:

ml = L e——
m,

EXAMPLE 5.2 Find the equation of the line passing through

the point (3, 1) that is
(a) Parallel to the line 3x + 5y = 4.
(b) Perpendicular to the line 3x + 5y = 4.

SOLUTION: (a) Since the given line:

3x+5y =4
S5y = -3x+4
3.4
Y= o575

has slope —% , the line we want, which is parallel to the above line, also

3 and is therefore of the form:

has slope 5
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y = —%x +b
Since it is to pass through the point (3,1): 1 = _g .3+
9 14
Or: =1+2Z2 = —=
b 5 5
. 3 14
Equation: = —=x+—
quation:  y Sx 5

(b) Since our line is to be perpendicular to a line of slope —% , our line

1
will have slope m = -3 = g, and is therefore of the form:
s
y = gx +b
Since it is to pass through the point (3,1): 1= g -3+5b
Or: b =-4

, 5
Equation: y = §x -4

CHECK YOUR UNDERSTANDING 5.4

Find the equation of the line containing the point (-2, 4) that is
(a) Parallel to the line x — 5y = 3.
(b) Perpendicular to the line x — 5y = 3.

Answers: (a) y = %x + 2?2 (b) y

-S5x-6

§3. SYSTEMS OF LINEAR EQUATIONS

To solve a linear equation in two unknowns, say:

—2x+3y-2 =x+10
is to determine the values of x and y for which the equation is valid. For
example, substituting 0 of x and 4 for y does render the equation valid:
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—2x+3y-2 =x+10
-2(0)+3(4)-2=0+10
10 = 10
We then say that (x = 0, y = 4) isasolutionof —2x+3y—-2 = x+ 10.
In general, an equation in two variables will have infinitely many solu-

tions. For example, starting with the equation —2x +3y—-2 = x+ 10,
we can proceed as in the previous section and express y in terms of x:

—2x+3y-2 =x+10
3y =x+10+2x+2
3y = 3x+ 12
y=x+4
Being equivalent, the equations —2x+3y—-2 =x+10 and
y = x+4, have the same solution set, and it is easy to see that
y = x+4 has infinitely may solutions:
Just pick any number whatsoever for x, say x = 7,

and out will pop a solution for y = x +4; namely
(x=7,y=T7+4),0or (x=T7,y=11).

CHECK YOUR UNDERSTANDING 5.5

Indicate True of False:
(@) (x=1,y=0) is asolution of 3x +4y = 2x+4.

(b) (x=—3,y=—§) isasolutionof 3y—6+x = Sx+4.

(a) False  (b) True

TWO LINEAR EQUATIONS IN TWO UNKNOWNS

Our next concern is with the solution of a system of two linear equa-
tions in two unknowns.
1: 2x+3y = -3
2:  x+4y =-9

is an example of such a system, and a solution will consist of a value
of x and of y for which both of the equations in the system are satisfied.

For example, (x = 3,y = —3) is seen to be a solution of the system:
2(3)+3(-3) = -3 Yes
3+4(-3) = -9 Yes
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CHECK YOUR UNDERSTANDING 5.6

Indicate True or False.

(@) (x=-1,y=3) isasolution of

2x—4y =10
-x+5y = -8

(b) (x =3,y =-1) isasolution of the system in (a)
(a) False  (b) True

We shall develop two methods for solving two equations in two
unknowns. The first of these methods is called the substitution
method, and it works as follows:

To determine the values of x and of y for which the two equations
(1:  2x+3y =-3
): x+4y = -9
are simultaneously satisfied, we look to one or the other of the equa-
tions in order to express either x in terms of y, or y in terms of x, which-
ever appears easier. Now, it is quite easy to express x in terms of y from
equation (2):
3: x=-9-4y
Substituting this expression for x in equation (1), we obtain the follow-
ing linear equation in the one unknown, y:

2(-9—-4y)+3y = -3
which is easily solved:
—18—-8y+3y = -3
—8y+3y = -3+18

-5y =15
y=-3
Next, substitute the value y = —3 in equation (3) to obtain
x=-9-4(-3)
x=3

At this point, we know that (x = 3,y = —3) is the only possible solu-
tion for the system

-3

5

Here is another example for your consideration:

(1:  2x+3y
2): x+4y
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EXAMPLE 5.3 Solve:

2x-3y+1
Xty

Sx—-4y+3
—-x—y+5

SOLUTION: Begin by moving and combining all variables on one side
of the equation and all constant terms on the other side of each of the
two equations, being careful to change the sign of any term that is
moved from one side of an equation to the other, to obtain:

2

5

2x-3y—-5x+4y = 3-1 o (H: —3x+y
r:
x+tytx+y =25 (2:  2x+2y
From (1) we have:
@By y=2+3x

Substituting in (2):

2x+2(2+3x) =5

2x+4+6x =5

8x =1

1

8

Substituting in (3):

1 16 3 19
y=2+3(§) =§+§=§

We leave it for you to verify that (x = %, y= 182 satisfies both of the

A

given equations.

CHECK YOUR UNDERSTANDING 5.7

Solve:
yrx 4, -1
2x Ty = 18 3 T
(a) B (b)
x+5y = -8 2x y+1 _ 1
5 10 10

Answer: () (x=2,y=-2)  (b) (x =2,y =0)

We now turn to an alternate method of solving two equations in two
unknowns, the addition/subtraction method. Here is how it works:
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If a particular x and y is a solution of the system:

(1): 3x+7y = —11
@: -3x+2y =-7

then the expression — 3x + 2y on the left side of equation (2) equals the
number —7; and by adding —3x + 2y to the left side of equation (1),
and —7 to the right side of equation (1), we end up with an equation in
the one variable, y:
(1): 3x+7y = -11
(2):  =3x+2y =-7
1+ @) 9y = -18

y =-2

Upon substituting —2 for y in equation (1) [we could have chosen
(2)], we obtain:

3x+7(-2) = —11
3x-14 = —-11
3x =3
x =1

We have shown that (x = 1,y = —2) is the only possible solution of
the given system. Let’s check it out:

3x+7y =-11 s =1 3(1)+7(-2) = —11 Yes
-3x+2y = -7 y = -2 -3(1)+2(-2) = -7 Yes

EXAMPLE 5.4 Solve:.

1: 2x-3y =10
(2: 3x-11y = 28

SOLUTION: Adding or subtracting equation (2) from equation (1) will
not result in the elimination of either of the variables x or y. However,
if we multiply both sides of equation (1) by 3 and both sides of equa-

tion (2) by —2 and add, the x-term drops out:
3x(1): 6x—9y = 30

2x(2): —6x+22y = —56

add: 13y = -26
y = -2
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Substituting in (1) yields:

2x-3(-2) = 10
2x+6 =10
2x = 4

x =2

We leave it for you to verify that (x = 2, y = —2) satisfies both of the
given equations.

CHECK YOUR UNDERSTANDING 5.8

Solve:

—x—2y

\SNRVS)

4x +5y = —17 2x+3y =
(a)

4x -2 -10 ®)
Y —6x-9y

Il
I
W

Answers: (a) (x = -3,y =-1)  (b) (x=3,y=0)

LINES AND SYSTEMS OF LINEAR EQUATIONS

Consider the system:

(1): 2x+y =1

(2): 3x—y = 4}
As you know, a solution of the above system consists of a value of x and
a value of y for which both equations are simultaneously satisfied.
Rewriting the first equation in the form y = mx+b:

2x+y =1

y=-2x+1

we see that (x, y) will be a solution of equation (1) if and only if it is a
point on the line y = —2x + 1 of Figure 5.7.

4\ y=3x—-4
3

2

302 -1

-1
-2
-3
4 y=-2x+1

Figure 5.7



100 Lines and Linear Equations

By the same token, since
3x-y =4
y =3x—-4
a point (x, y) will be a solution of equation (2) if and only if it is a point
on the (blue) line y = 3x—4. It follows that (x, y) is a solution of the
given system, if and only if it lies on both lines; which is to say, is the

point where the two lines intersect. That point turns out to be (1,-1),
which we now establish analytically by solving the given system of

equations:
D 2x+y =1
(2): 3x—-y =4
S5x =35
x =1 substitutionin (1): 2(1)+y = 1

y=-1

CHECK YOUR UNDERSTANDING 5.9

Sketch the two lines corresponding to the two linear equations in the
system:
x+y =3
x=2y =20

Use your sketch to approximate the solution set of the system, and
then solve the system analytically to obtain the exact solution.

Answers: Solution: (2, 1).

INDEPENDENT, INCONSISTENT, AND
DEPENDENT SYSTEMS OF EQUATIONS

A system of equations that has exactly one solution is said to be inde-
pendent, and one that has more than one solution is said to be depen-
dent. A system that has no solution is called inconsistent. These
mutually exclusive situations are depicted in Figure 5.8. In the indepen-
dent case, the two lines representing the two equations intersect at
exactly one point (one solution) [Figure 5.8(a)]. In the dependent case,
one equation is a nonzero multiple of the other and the “two” lines coin-
cide: every point on that common line is consequently a solution of both
equations (infinitely many solutions) [Figure 5.8(b)]. In the inconsistent
case, the two lines are distinct and parallel and have no point of intersec-
tion (no solution) [Figure 5.8(¢c)].
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Independent Dependent Inconsistent
intersecting lines coincident lines parallel lines
unique solution infinitely many solutions no solution
(a) (b) (c)

Figure 5.8

Our previous systems of equations had unique solutions, they were
all independent systems. Examples of dependent and of inconsistent
systems are given below.

EXAMPLE 5.5 Solve:
(1): 3x+y =5 }

(2): 15x+5y = 14
SOLUTION:
(1: 3x+y=2>5 5x(1): 15x+5y = 25
=
) 15x+5y = 14 @) 15x+5y =14
subtract; 0=11

The above argument shows that any solution of the given system
must also satisfy the equation 0 = 11, which can never be satis-
fied. We therefore conclude that the given system has no solution.

5
25
SOLUTION: The second equation in the system is equivalent to the
first, since (2) = 5 x (1). It follows that any of the infinitely many
solutions of (1) is also a solution of (2), and therefore of the system;

here are two of them: (x =0,y =5) and (x =1,y = 2)
We note that an attempt to solve a dependent system will lead to the

EXAMPLE 5.6 Solve:

(1): 3x+y
(2 15x+5y

interesting identity “0 = 0.” In particular:
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(): 3x+y =25 5x(1): 15x+5y = 25
=

(2): 15x+ 5y = 25 @) x+5y =25

subtract: 0=20

CHECK YOUR UNDERSTANDING 5.10

Sketch the two lines corresponding to the give system of equations.
Do the graphs suggest that the system is independent, dependent, or
inconsistent? Solve the system analytically.

1

-1

-—x+y =1 —3x+y =2 -x+y
} (b) } (c)
Answers: (a) Dependent.  (b) Independent (c) Inconsistent

(a)

—2x+2y =2 2x+2y =5 —x+y
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Sample Test 6

ODDS AND ENDS
x2 o1

3x

Determine f( ) if f(x) =

The correct answer is _15_8 If you got it, move on to Question 6.2. If

not, consider the following example:

EXAMPLE 6.1 24y

Determine f@) if f(x) = — -

SOLUTION: We are asked to evaluate the given function at x = % . To

2
do so, we simply replace x everywhere in f(x) = 2:5 _+2x with %:
@) PTG RE BRI B
f(z) 2_ 4 2:2 2 _ 2 29_22_12
3.4 -1 -1 I -1
2 2 2
Can you now manage Question 6.1:
Determine f @) o
Answer: —%
If so, go to Question 6.2. If not:
6.1 Determine: Click-Video

—X

@ F(3)iff0) = 2221 (b)g(-3) ifg(x) - =

If you still can’t solve Question 6.1: Go to the tutoring center.

. . 2+ 1
Determine f(a +2)if f(x) = ——.
x+2
The correct answer is Ci%azjé . If you got it, move on to Question

6.3. If not, consider the following example:
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_x2-4
f) = =
2
—4
A L 1 —

Why can’t you have a
zero in the denominator?
15

Well 3" 5 since 3
times 5 is 15. Fine, but
«“15”  won’t do, since

0
no number times 0 is 15.

Neither is the expres-

4:9”

sion meaningful, for
in this situation all num-
bers would “work.” For

example, if you like, you
can say that (9)= 199

since 0 times199 is cer-
tainly 0.

Bottom line A denomi-
nator cannot be zero!
(Note, however, that if

0 .
az0, - =0, since a
a

times 0 is 0.

Question 6.3

EXAMPLE 6.2 x2 -4

Determine f(c—3) if f(x) = -

SOLUTION: It is important for you to know that the variable x is a
placeholder; a “box” that can hold any meaningful expression. In par-
ticular, to evaluate the function at ¢ — 3, you put ¢—3 in the box
(see margin):

(a—b)? = a?—-2ab + b2

y

(c—-3)2—-4 _ c2—6c+9-4 _ c2—6c+5
(c-3)-5 c—3-5 c—38

fle=3) =

NOTE: In the expression

_c¢2-6c+5 "
flc=3) —3 (*)

¢ can be any number except 8. Why? Because, if you substitute 8§ for ¢

you end up with a zero in the denominator of (*), and such an expres-

sion is undefined (see margin). A zero in the numerator is okay, as

long as the denominator is not zero. In particular ¢ can be 1 in (*), since

Can you now manage Question 6.2:

2 2
Determine f(a+2) if f(x) = xx Answer: & 4at4

[\

If so, go to Question 6.3. If not:
Click-Video

(b) g(x +h) if g(x) = x> —x+1

6.2 Determine:

@) fla+1)iffix) =

x—2
x2

If you still can’t solve Question 6.2: Go to the tutoring center.

What is 34% of 18?

The correct answer is 12—553- or 6.12. If you got it, move on to Question

6.4. If not, consider the following example:
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EXAMPLE 6.3 What is 22% of 90?

SOLUTION: The first thing you have to know is that for any number

. 22
V] —_— . o = —_—
a, a% is defined to be the number 1 0 0 In particular: 22% 100"

You also need to know that, in mathematics, the word “of” is often

used to denote multiplication. For example %of 21 is 7, since
1

-.21 =17.

3

Let’s now translate the given question into a mathematical equation,
substituting the variable x for the “What:”

What is 22% of 90

&/¢ 22¢ 11 11-9 _ 99

x=m-90=5—0-90=T=—5—0r198

Answer: 95-9- 19.8 is 22% of 90

Can you now manage Question 6.3:

What is 34% of 18?

153
Answer: 75 Or 6.12

If so, go to Question 6.4. If not:

Click-Video
6.3 (a) What is 120% of 80? (b) What is 7% of % ?

If you still can’t solve Question 6.3: Go to the tutoring center.

15 is what percent of 50?

The correct answer is 30%. If you got it, move on to Question 6.5. If
not, consider the following example:

EXAMPLE 6.4 27 is what percent of 18?

SOLUTION: It’s all in the translation:
27 is what percent of 18

V¥
27 = m 18
2700 = 18x
X = 2%2—9 — 150 Answer: 27 is 150% of 18.

Can you now manage Question 6.47:

15 is what percent of 50? Answer: 30%
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If so, go to Question 6.5. If not:

Click-Video

6.4 (a) 12 is what percent of 4? (b) 20 is what percent of % ?

If you still can’t solve Question 6.4: Go to the tutoring center.

Question 6.5 | 60 is 20 percent of what?
The correct answer is 300. If you got it, move on to Question 6.6. If not,
consider the following example:
EXAMPLE 6.5 15 is 75 percent of what?
SOLUTION:  151is 75% of what
100
1500 = 75x
x = l%%(_) =20 Answer: 15 is 75% of 20.
Can you now manage Question 6.5:
60 is 20% of what? Answer: 300
If so, go to question 6.6. If not:
Click-Video
6.5 (a) 5 is 20 percent of what? (b) 120 is 15 percent of what?
If you still can’t solve Question 6.5: Go to the tutoring center.
Question 6.6 | Evaluate:

1

J25 - 92
53

The correct answer is % . If you got it, move on to Question 6.7. If not,
consider the following example:



For a>0, the expressions
1

Ja or a* is called the prin-
cipal square root of a, and
is defined to be that non-
negative number which
when squared equals a. For
example:

/49 = 7 since 72 = 49
(and 7 is non-negative)
and

1

16> = 4 since 42 = 16

(and 4 is non-negative)
Note: Since the square of
any number cannot be neg-
ative, expressions such as
J-49 and (~16)!/2 are not
defined (in the real number
system).

Question 6.7

EXAMPLE 6.6

SOLUTION:

1
~162+.,/49 _ —4+7 _

Evaluate:

Odds and Ends

1
— 162+ ./49

1 1
3 T 3
see margin

Can you now manage Question 6.6:

1
J25-92
23

Evaluate:

If so, go to Question 6.7. If not:

6.6 Evaluate:

(a) ~ /a5

Simplify:

— 9+ /36

W — | W

1

3

3
1 _33_
1 1 1

3
Answer:

Click-Video

1
(E)i _
25

4
(b) ————
(16)°

If you still can’t solve Question 6.6: Go to the tutoring center.

107

(Answer is not to contain any square root in the denominator.)

The correct answer is

10./3 -3./10

15

6.8. If not, consider the following example:

EXAMPLE 6.7

Simplify:

. If you got it, move on to Question



108 Sample Test #6

Recall that for a >0, J/a
is defined to be that
number which when
squared equals a. In par-

ticular (4/2)% = 2,

power of a quotient is the
quotient of the powers

and:
11

J2-3=22.32

1 1
$(2-3)2 - 62 = /6
power of a product is the
product of the powers

Please note, however that
a power of a sum is not
the sum of the powers. In
particular

9+ 16| is NOT [./9 + /16
v v
5 3+ 4

Question 6.8

Calculators use the letter
“E” (for exponent) in
exhibiting scientific nota-
tion, as in:

3.25€ 8 (for 3.25 x 10%)

The effect of multiply-
ing 4.021 by 10 is to
move the decimal point
1 place to the right:

4.021 x 101 = 40.21
If you multiply 4.021
by 100, then the dec-
mal point will be
moved 2 places to the
right:

4.021 x 102 = 402.1
and so on.

. . : 5 .
SOLUTION: To rationalize the denominator of, say —, is to express

the fraction without a square root in the denominator. To do so, sim-
ply multiply its denominator and numerator by /2 :

5 2 5.2 5[2

2 2

see margln

In addition (see margin):

fﬁﬁﬁﬁ

Leading us to:

i+ﬁ_5[2 A6 _ 1542 206 _ 1542+2/6

N 2 3 6 6 6

Can you now manage Question 6.7:

Simplify: Z fg Answer: M
J3 NS 15
If so, go to Question 6.8. If not:
6.7 Solve: Click-Video

<a)f <)[[[2

If you still can’t solve Question 6.7: Go to the tutoring center.

Express 325,000,000 in scientific notation.

The correct answer is 3.25 x 108 If you got it, move on to Question
6.9. If not, consider the following example:

EXAMPLE 6.8 Express in scientific notation.
(a) 40,210,000 (b) 0.0000023

SOLUTION: Any number can be represented in the form a x 10"
where 1 <a < 10, n is an integer, and x denotes multiplication. This

is called scientific notation, and is particularly useful for expressing
very large and very small quantities. In particular (see margin):

(a) 40,210,000 = 4.021 x 107

move decimal point
7 places to the right | 4|0’2 1 0’000|

N—
7 places—>




Odds and Ends 109

(b) (see margin) 0.0000023 = 2.3 x 106
The effect of dividing P

2.3 by 10 is to move : :
the decimal point 1 ?OYSC:Z%HELI;;?—0.0000023
place to the left: P | |

23x107! =023 < 6 places
If you divide 2.3 by Can you now manage Question 6.8:
IOQ, thgn the decmal
point will be moved 2 Express 325,000,000 in scientific notation. Answer: 3.25 x 108
places to the left:

23x 1072 = 0.023 If so, go to Question 6.9. If not:
and so on. . o . .

6.8 Express in scientific notation Click-Video
(a) 23,540,0000 (b) 0.000123

If you still can’t solve Question 6.8: Go to the tutoring center.

Question 6.9 Express 1.05 X 10~4 in decimal notation.

The correct answer is 0.000105 . If you did not get it, consider the fol-
lowing example here:

EXAMPLE 6.9 Express in decimal notation.
(a) 3.271 x 105 (b) 5.01 x 107

SOLUTION:

(a)

move decimal point 5 places to the left

3.271 x 1075 = 0.00003271

move decimal point 7 units to the right
(b) v
5.01 x 107 = 50,100,000.0

Can you now manage Question 6.0:

Express 1.05 x 10~* in decimal notation. Answer: 0.000105
If not:
6.8 Express in decimal notation Click-Video
(a) 2.301 x 105 (b) 3.12 x 10*

If you still can’t solve Question 69: Go to the tutoring center.
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SUMMARY
FUNCTIONS flx) = 2x+5
¥
S | =2] | +5

f(3) =2-3+5 =11

fle)y=2-¢+5=2c+5

f(31) = 2-3t+5 = 6t+5
f(x2+3) = 2(x2+3)+5 = 2x2+ 11

PERCENTAGE PROBLEMS

27 1s wl\;at percent of 18

My - M
100~90 27 = 100 18

15 1s 73% of what
\:
Py /

5= To0 %

PRINCIPAL SQUARE ROOT

1

For a>0, the expression ./a or a® is called the principal
square root of a, and is that non-negative number which when
squared equals a.

WARNING

While it is true that for any nonnegative numbers a and b:

Jab = JaJb andﬁ = % (for b=0)

in general, the square root of a sum is NOT equal to the sum of
the square roots:

J16 +9|= /25 = 5 while [/16+.9|= 4+3 =7
Not equal

SCIENTIFIC NOTATION

Any number can be represented in the form a x 10" where

1 <a<10, n is an integer, and x denotes multiplication.
This is called scientific notation, and is particularly useful for
expressing very large and very small quantities. For example:

0.0000023 = 2.3 x 10 and 40,210,000.0 = 4.021 x 107

1

move decimal point move decimal point
6 places to the left 7 places to the right
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ADDITIONAL PROBLEMS
1.1 Determine f(-5) if f(x) = = 1.2 Determine f(g) if f(x) = 3)62—2x+l
3x+5 ) 5 3
5
Answer: 5 Answer: %
2.1 Determine f(a + 2) if f()C) = x2 +x-—1 2.2 Determine f(x+h) if f(X) — ix
2x-—1
Answer: a2+ 5a+5 3x+3h

Answer:
2x2+4xh+2h%2—1

3.1 What is 9% of 80?

3.2 Whatis 115% of 5?

Answer: % =172 Answer: %% = 5.75
4.1 5 is what percent of 20? 4.2 20 is what percent of 5?
Answer: 25 Answer: 400
5.1 20 is 40 percent of what? 5.2 165 is 110 percent of what?
Answer: 50 Answer: 150
11
6.1 Evaluate: —fA+ .9 (64)2 - 42
J49 6.2 Evaluate: *———
Answer: 1 252 +42
7 16
Answer: —
7
"z o 1
7.1 Evaluate: 3222 (zé_ﬁ)i
25 9
) 7.2 Evaluate: .
(16 +9)2
Answer: 9
Answer: 3

8.1 Express 352,000,000 in scientific notation.
Answer: 3.52 x 108

8.2 Express 0.000205 in scientific notation.
Answer: 2.05 x 10~*

9.1 Express 1.07 x 10* in decimal notation.

Answer: 10,700

9.2 Express 1.921 x 10~* in decimal notation.
Answer: 0.0001921
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One often writes:

y = flx)
x is said to be the inde-
pendent variable, and y
the dependent variable
(the value of y depends
on the value of x).
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Sample Test 6

SUPPLEMENT

FUNCTIONS

Roughly speaking, a function is a rule assigning to each element of
one set (collection of objects) exactly one element of another set. There
is the age function, for example, which assigns to each individual his or
her age; the enrollment function, which associates to a course the num-
ber of students enrolled in that course; the grade function, which asso-
ciates a grade to each student in the course; the profit versus production
function; the temperature function; and the list goes on. In short, func-
tions are so important that we simply could not function without them,
and the same can be said for their pictorial representations: graphs. Just
open any newspaper and you will find graphs which, in one way or
another, compactly represent functions: graphs that depict the rise and
fall of new housing starts in recent years; graphs representing stock val-
ues over a period of time; graphs representing the unemployment rate,
population growth, and so on.

Functions can often be described in terms of mathematical expres-
sions. One may, for example, speak of the function:

flx) = 2x+3
(Read: f~of-x equals two-x plus three)
The above function assigns to x = 5 the function value:
f(5) =2-5+3=10+3 =13
Similarly:
f(0) =2-0+3 = 3,and f(—10) = 2(-10)+3 = —-17

By the same token, for the function:

g(x) = x2+5x-1
we have:
g(2) =2245.2-1=4+10-1 = 13

and:  g(-3) = (-3)2+5(-3)-1=9-15-1= 7
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To evaluate a function EXAMPLEG6.1 Evaluate the function:

at x = ¢ is to find the

value f(c).
2
=X
fir) = ==
atx = Sandatx = 2.
SOLUTION:
Warning: There is a big f(5) = —52 - _2_5
difference between —52 +1 6
and (75)2 : and: 5
I v Y ) e
(-5) (blslz( 5) = 25 ) =774
52 = _(5)(5) = —25 We want to emphasize the fact that the variable x in, say, the function
that “-” is not being f(x) = 2x+5 is a place holder, a “box” if you will — a box that can
squared! hold any meaningful expression:
fix) = 2x+5
v
S | =2 | +5
In particular: f3)=2-3+5 =11
fle)y=2-¢c+5=2c+5
f(3t) = 2-3t+5 = 6t+5
and: f(x2+3) = 2(x2+3)+5 = 2x2+ 11

CHECK YOUR UNDERSTANDING 6.1

For f(x) = 3x -5, determine:
@ -2 b)) @f-aen @ /()

pasmes @) 11 (@) -2 (@) —Gr_2 (d)—g—s
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SOME WORD PROBLEMS

There are a couple of key words that often translate into mathematical
forms. One such word is “of,” which often translates into “times.” For
example:

“one-third of nine” translates to: % -9

Another key word is actually a whole class of words, namely any form

of the verb “to be.” Such words generally translate into “equal.” for
example:

“one-third of nine is three” translates to: % -9 =3

CHECK YOUR UNDERSTANDING 6.2

(a) What is % of 96? (b) What is % of‘g‘ of 1207

Answers: (a) 48  (b) 48

Mixed numbers appear in the next example. The mixed number 3 }‘ ,

for example,1 is pronounced three and one-quarter and represents the
number 3 + R Thus:

3 13

=

(o)
+

= = and so forth

Wi ~i—

2 _
62 =

EXAMPLE 6.2
RECIPE

A certain recipe calls for 3 }1 cups of rice for 6
servings. How many cups of rice are required
for 4 servings?
SOLUTION: Since 3}‘ cups of rice are required for six servings, each
c e . . | 1 .
individual serving will require g of 37 cups, or:

1 1y cups 1 13 cups 13 cups

T s I I L g

6 serving 6 4 serving 24 serving

Four servings require four times that amount, or:

< 13 cups ) 13 1
4 (__________ = = =9l
( serw&g\s) 24 Servi cups ¢ cups
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RATIOS AND PROPORTIONS

One can also utilize ratios and proportions to solve the previous prob-
lem, where:
RATIO The ratio of a number a to a nonzero number b
is the fraction % , which can also be expressed in

the form “a : »” and is read “a is to b.”
PROPORTION A proportion is a statement equating two ratios.

Returning to Example 6.2, since the ratio of cups to servings must
remain constant, letting x denote the number of cups required for 4
servings we have:

% cups is to 6 servings as x cups is to 4 servings

|

4
6

[

13
4

N N

6x =

13
5 " %

EXAMPLE 6.3 If 3 gallons of paint can cover 37 square
GALLONS OF PAINT yards, how many square yards of area can be
covered by 5 gallons?

SOLUTION: Since the ratio area to gallons remains constant, we have:

37 square yards is to 3 gallons as x square yards is to 5 gallons

§Z£9_f
3 5
3x = 5-37 = 185

X 1% (approximately 61.6 gallons)

CHECK YOUR UNDERSTANDING 6.3

A secretary types 125 words in 2 minutes. How long will it take the
secretary to type 550 words?

Answer: 8 minutes and 48 seconds.
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By definition, x percent, written x%, simply represents the fraction

X

< ; and x percent of something means —— times that something. For

100

100

example, 35 percent of 130 is

33 (130) = (35)130 = 45.5

100
Basically, there are three types of percentage problems:
35% of 130 is what 15% of what is 150 what % of 80 is 60
WL sl s
35 v 15 vyl X Vgo L
100~130—x 00~ 150 100 80 = 60
Answer: Answer: Answer:
X = (35)130 = 455 | x = 20 L — (60)(100)
15 80
100 _ s
100
= 150 - 5 - 1000

CHECK YOUR UNDERSTANDING 6.4

(a) What is 20% of 360?
(c) What percent of 85 is 119?

(b) 18 is what percent of 160?

Answers: (a) 72 (b) 11.25% (c) 140%

EXAMPLE 6.4
SALE PRICE

A man bought on sale, at a discount of 30%, a
sweater originally priced at $35.60. What was
the sale price?

SOLUTION: As you surely know, the sale price x is the original price
of $35.60 minus the 30% discount of that price:

x = $35.60—%($35.60) = $24.92
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It is considered bad form
to supply an answer to a
calculation that displays
more significant figures
than the minimum num-
ber of significant figures
which appear in any of the
numbers involved in the
calculation.

Significant Digit Rules:
(1): Nonzero digits are
always significant: 234.5
has four significant digits,
as does 2.345.

(2): Zeros that follow a
nonzero digit and lie to the
right of the decimal point
are significant: 3.50 has
three significant digits, as
does 3.00.

(3): Zeros between signifi-
cant digits are always sig-
nificant: 306 has three
significant digits, as does
50.0.

(4): Zeros to the left of the
first nonzero digit are
never significant: 0.0230
has three significant digits,
as does 0.000230.

(5): Zeros to the right of
the last nonzero digit in an
integer expression are not
significant unless other-
wise stated: 2200 has two
significant digits, as does
22000 (note, however, that
22000.0 has six significant
digits).

EXAMPLE 6.5 A piece of ceramic weighs 9.7 pounds. What
was its raw weight if 0.16 percent of the

RAW WEIGHT . . .
weight was lost in the firing process?

SOLUTION: Let x denote the raw weight of the piece, in pounds.
Then:

x—(0.16)x = 9.7
0.84x = 9.7
x = 12 [to two significant digits (see margin)]

It is important to cultivate the habit of looking at your answer to see if
it is “reasonable.” What type of answer should you anticipate in the
above example? Well, it should certainly be greater than 9.7 pounds, as
that is the weight remaining after a loss in the firing process. And it
must be “around” 9.7 pounds, since 0.16 percent is a “small” percent-
age. So, a “solution” terminating at an answer of 9.25 pounds, or at an
answer of 15 pounds should certainly be re-investigated. You should
always ask yourself:

IS THE ANSWER REASONABLE?

EXAMPLE 6.6 A family allocates 7% of its spendable income
for recreation. They decide to channel 60% of
that allotment into a vacation fund. How long
will it take for the vacation fund to accumu-
late a total of $1,500.00 given that the fam-
ily’s weekly spendable income is $1,750.00?

VACATION FUND

SOLUTION: Carrying units, we have:
Recreation funds: 0.07(1750.00)> = 122503
wk wk

Vacation funds: ~ 0.60(122.50>) = 73502
wk wk
Weeks necessary to save $1,500.00:

00008 (1500.008)( 72 2) ~ 2041 wk
5 73.50 $

73.50->
wk

Note that the units “match up.” We were looking for an answer in
“weeks” and that is what we got. Had we erred in the final step and
multiplied by 73.50 instead of dividing, we would have obtained:

(1500.00$)(73.50\%{) , leading us to a wrong set of units: $2/wk.

MORAL: It is good practice to carry units and check to
see if they match up.
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CHECK YOUR UNDERSTANDING 6.5

Forty percent of a number is 20 percent more than 50. What is the
number?

Answers: 150

The remaining word problems in this section do not fit any particular
pattern. When approaching such a problem, you really should try to
represent it in a compressed form so that you no longer need to sequen-
tially read the problem, but can literally “See The Problem.”

EXAMPLE 6.7 How many ounces of an alcohol and water solu-
tion that is 10% alcohol must you mix with 30

%lggggﬁE ounces of a second solution that is only 3% alco-
hol to obtain an 8% alcohol solution?
SOLUTION:

SEE THE PROBLEM

Cadd )
S R N B
N
N =
N 8% alc. (30 +x)oz

300z /—\
3% alc. X OZ{
w 10% alc. \/

Let x be the number of ounces of the 10% solution that needs to be
added to the 30 ounces of the 3% solution. The resulting ounces of

alcohol, 0.03(30) + 0.10x, must equal 8% of the 30 +x ounce solu-
tion, bringing us to the equation:

0.03(30) +0.10x = 0.08(30 +x)
Multiply both sides of the equation by 100: 90 + 10x = 8(30 + x)
90 +10x = 240 + 8x
2x = 150
x =15

We have determined that 75 ounces of the 10% solution is required.
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CHECK YOUR UNDERSTANDING 6.6

The Veggie-Juice company sells Super-Veggie juice containing 63%
pure vegetable juice and Veggie-Veggie juice containing 96% pure
vegetable juice. How many pints of Veggie-Veggie juice should be
added to 75 pints of Super-Veggie juice so that the resulting beverage
is 80% pure vegetable juice?

Answer: 80 pints (to two significant digits)

EXAMPLE 6.8 At noon, Max is driving due east at 40 mi/hr
while Lam, who is 90 miles due east of Max, is

TRAFFIC . . . .
driving due west at 60 mi/hr. At what time will
the two cars pass each other?

SOLUTION:
SEE THE PROBLEM
40 mi/hr 60 mi/h
IMax m% » & m
| * | |
| 90 miles J
1 1

Let x denote the distance, in miles, from Max’s noontime position to
the point where he and Lam will cross, and let ¢ denote the time, in
hours, that it will take for them to reach that point. Using the familiar

formula distance = (rate)(time) we see that:

x=40r and  90-x = 60f (¥)

|

distance Max traveled distance Lam traveled
in time ¢, at 40 mi/hr in time ¢, at 60 mi/hr
Substituting 407 for x in (*), we obtain:
90 — 407 = 60¢
1007 = 90

9
t T (hours)

| ~ (2 ) 60m0) = 54

or: t (lo‘hr\ 60\h{ 54 min

We find that two cars will cross at 12:54 P.M.
ANOTHER APPROACH:

Using the fact that linear motion is relative, let us fix Max and have
Lam travel toward him at a speed of.

40 mi/hr + 60 mi/hr = 100 mi/hr
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The time it will take Lam to reach Max is distance (90 miles) divided
by rate (100/mi/hr), which yields the same answer as before; namely:

90 mi _ 9 hr
100 mi/hr 10

CHECK YOUR UNDERSTANDING 6.7

An impossible prob-

N Two cyclists are on a collision course. Cyclist 4 is proceeding at a

one of the cyclists, and speed of 6 mi/hr; and cyclist B, at a speed of 10 mi/hr. When the
let the other approach cyclists are 1/5 miles apart, a fly leaves the front wheel of cyclist 4,
at 16 mi/hr to deter- and flies to the front wheel of B. It then immediately returns to the
mine the time it takes front wheel of 4, then back to B, and so on. How many miles does the
lf.or e el o eole poor fly travel before it is squashed between the wheels of the collid-
ide. Then, figure out ; . - .. .
the distance traveled by ing bikes if the fly maintains an average speed of 25 mi/hr?
the unfortunate fly in
that period of time. Answer: Five-sixteenth of a mile.

ROOTS

There are two numbers that when squared equal 4: 2 and -2 :
22 =4 and (-2)2=4

SQUARE ROOT AND ~ We say that 2 and —2 are square roots of 4. To distinguish between

PRINCIPAL SQUARE  the two roots, we call 2 the principal square root of 4 and denote it by
ROOT 1
the symbol /4 or by its exponent form: 42. Similarly, for any nonneg-

ative number a, the principal square root of a is that nonnegative num-

1
ber, denoted by ./a or by a2, such that:
(JZI)Z = a or (ai)

How nice! The exponent property (a”)™ = a"™ holds: (a!/2)*

T\ a
— i
Indeed, one can show that all of the exponent properties of Theorem 2.2 in the supplement

to Sample Test 2 hold for all exponents—not just integer exponents.

Please note that (in the real number system) you can only take the

square root of a nonnegative number, and if ¢ is nonnegative, so is /a.
For example:

J16 = 4 (and not +4) while ./—16 is not defined

there is no (real) number which when squared is -16

And what is /17 ? It is exactly what it claims to be; namely that num-
ber which when squared equals 17. Unlike /16 which conveniently
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CUBE RoOT

turns out to be 4, /17 has no “nicer” representation (just like 12—6 =8,

while 12—7 has no “nicer” representation). A calculator will gladly give

you a decimal approximation for /17, something like: 4.1231056; but

4.1231056 is not exactly Jﬁ, since the square of 4.1231056 is not
exactly equal to 17. 1

The symbol % or a3, read cube root of a, represents that number
which when cubed equals a. For example:

1
3/8 =2 and (-27)3 = -3

Note that unlike the situation with square roots, you can take the cube
root of any number — be it positive, zero, or negative. Also, unlike the
situation with square roots, the cube root of a number might be nega-
tive. These distinctions are reflected in the following general definition:

DEFINITION 6.1 If nis an odd positive integer and a is any

number, then the nth root of a is defined to
nh ROOT 1
be that number, denoted by % or a", such

that:

If n is an even positive integer, then @ must
be nonnegative, and the above notation is

reserved for the nonnegative nth root of a,
called the principal nt root of a. It is that
nonnegative number whose nth power is a.
In addition, if a # 0, then:

1
a” =

QS I»—lH



The power of a product
IS the product of the
powers.

But

The power of a sum is
NOT the sum of the
powers.
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For example:
1

(-32)5 = -2 since: (-2)5 = —32
1

(-1-)3 =1 since: (93 =
8 2 ' 8
1

164 =2 (Not £2) and /25 = 5 (Not +5)

One can show that all of the exponent properties of Sample Test 2

remain in place when exponents of the form % come into play, and
1
therein lies the advantage of using the exponent form a” over the radi-

cal form ’iﬂz.

WARNING: While it is true that
1 11

A/16-9?JT6[9 —4.3=12 or (16-9)2=162-92 = 12

Theorem 2.2 (iv
A/16 +9 is NOT equal to J16 + /9
Since: /16 +9 = /25 = 5 while /16 + /9 = 4+3 = 7

EXAMPLE 6.9 Evaluate:

3
1 . 3-2. Z — l
(a) (— 162 - 643)} (b) ( > 3)

1

. 1 1
SOLUTION: (a) (— 162 —643)° = (-4—4)3 = (-8)3 = -2

= () (B () Q)
(b) o a 2 9.2 18
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The denominator of the
fractional exponent indi-
cates the root, while the
numerator is the power.

CHECK YOUR UNDERSTANDING 6.8

Evaluate:

! ! (64)° o) ALB=/20 JO
— 834 (—8)3 b
(a) (-8) (b) 3,

Answers: (a) —4  (b) —% (c) J2- .5

RATIONAL EXPONENTS

Our final step along our exponent path is to attribute a meaning to an

2 m
expression of the form 83, or, more generally, of the form a” .

DEFINITION 6.2 m o . .
For — a positive rational number in lowest
RATIONAL n
EXPONENTS terms, and any « if #» is odd, or any non-

negative a if n is even:

m L\ m 1
n

a = (az) = (a™)"

In addition, if a # 0, then:

For example:

12 2 1 1
83 = (83) = 22 = 4 or, if you prefer: 83 = (82)3 = 643 = 4

We want to underline the fact that, in the real number system, expres-
sions of the following form are NOT defined:
3
(-8)2_
) even root
negative
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CHECK YOUR UNDERSTANDING 6.9

Evaluate:
2 2 2
1

2 3 2 2 -
(a) (-27)3 42 (b) ~83+(-8) ()

3
4

Answers: (a) 1 (b)) -8

NOTE: It can be shown that the exponent properties of Sample Test 2
hold for all numerical exponents. For example:

2 1 2,19
(i) a"a™ = a"tm: 35.32 =35 2 =310
2 2 1 1
n 3 Z_- -
i) L =anm. 2 =332
a 23
_1 AT 1
(iii) (am)™ = a"m: (5 % 4= 5( 3 = 510
2 2 2
(iv) (ab)" = a"b" (5-7)3 =53.73
;3
a\" _ a" 2)5 _ 3
) (b) b (4 3
45
EXAMPLE 6.10  Simplify:
AT
_245 2
(D0 |2
4 3 3
(2a§) a*b*

SOLUTION:
(a) The first step is to write the radical in exponent form, and then apply
the appropriate exponent rules:

when dividing: subtract exponents

1 1 1
(a) 3a%.Ja _ 3a’a® _ 3412 £—3a5+2 ! _ —ga%
43 ‘_‘.3 8a4 8 8
(2a?3) 2343
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SCIENTIFIC NOTATION

Any number can be expressed as the product of a number between 1 and
10 and an integer power of 10. When a number is expressed in such a form,
it is said to be represented in scientific notation, For example:

In scientific notation,

the symbol “x” is used 3865 = 3.865 x 103 since 103 = 1000 and (3.865)(1000) = 3865
to indicate multiplica- and:
tion. ’
0.0795 = 7.95 x 102 since 102 = —— and 222 = 0.0795
100 100
In general:

Multiplying a number in decimal form by 10” will result in
moving the decimal point 7 positions to the right if the integer
n is positive, or xn positions to the left if # is negative.

For example:

32.356 x 102 = 3235.6
N
32.356 x 100 = 32@
32.356 x 102 = 0.32356
AN
32.356 x 107¢ = 0.000032356
Also:
1879.32 = 1.87932 x 103
0.00791 = 7.91 x 103
35600000 = 3.56 x 107
0.000000011 = 1.1 x 108



See marginal note on
significant digits on
page 6.
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EXAMPLE 6.11 Perform the indicated operation, expressing
your answer in scientific notation.

(32000000)(.0052)(32.7)
(3) 75000000003 1)(346000)

(45000000)(2300) 2
®) [ .000000022 J
SOLUTION:
(a)
(32000000)(.0052)(32.7) _ (3.2 x 107)(5.2 x 1073)(3.27 x 10)
(.00000000031)(346000) (3.1 x 10719)(3.46 x 10°)
_ (3.2)(5.2)(3.27) < 107-3+1+10-5
(3.1)(3.46)

= 5.1 x 1010 (to two significant digits)
) [(45000000)(2300)}2 _ [(4.5 x 107)(2.3 x 103)}2
.000000022 22 %108

_[(45)(23) 2
— |: 55 107+3+8:|

= (4.7 x 1018)2

= (4.7)2x 10182 = 22 x 1036
= 2.2x 1037
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	5.1 Find the slope of the line passing through the two points:
	(a) (b)
	Question 5.2
	EXAMPLE 5.2

	Find the slope of the line passing through
	Answer:
	Click-Video
	5.2 Find the slope of the line passing through the two points:
	(a) (b)
	Question 5.3
	EXAMPLE 5.3

	The slope-intercept equation of the line of slope m and y-intercept b is
	Find the slope-intercept equation of the line of slope and y-intercept .
	Answer:
	Click-Video
	5.3 Find the slope-intercept equation of the line:
	(a) of slope and y- intercept . (b) of slope 0 and y- intercept 0.
	Question 5.4
	To sketch the line in question, simply plot the two given points on the line and then draw the line passing through those points.
	Looking at the above line we see that it has a negative slope, and that its y- intercept is about 4.
	EXAMPLE 5.4

	Find the slope-intercept equation of the line passing through
	Answer:
	Click-Video
	5.4 Find the slope-intercept equation of the line passing through the two given points:
	(a) (b)
	Question 5.5
	EXAMPLE 5.5

	Find the slope and y-intercept of the line
	Answer: and
	Click-Video
	5.5 Find the slope and y-intercept of the line:
	(a) (b)
	Question 5.6
	EXAMPLE 5.6

	Find the slope and y-intercept of the line
	Answer: and
	Click-Video
	5.6 Find the slope and y-intercept of the line:
	(a) (b)
	Question 5.7
	EXAMPLE 5.7

	Answer:
	Click-Video
	5.7 Find the values of x and y if:
	(a) (b)
	Question 5.8

	To solve a system of two equations in two variables is to determine values of the variables which simultaneously satisfy each equation in the system.
	EXAMPLE 5.8
	To graph the line , for example, just plot a couple of its points, say:
	and:
	and then draw the line passing through those points:
	Click-Video
	5.8 Solve:
	(a) (b)
	Question 5.9
	EXAMPLE 5.9

	Solve for y in (4):
	Substitute in (3) and solve for x:
	Substitute 1 for x in equation (3) and solve for y:
	Solve: : Answer:
	Click-Video
	5.9 Solve:
	(a) (a)
	Summary

	Slope of a Line
	Slope-Intercept
	Equation:
	Solution of a System of Equations
	Additional Problems
	Sample Test 5
	Supplement
	The Slope of a Line

	It can be shown that the slope of a line does not depend on the particular points chosen.
	DEFINITION 5.1

	When calculating: it does not matter which of the two points plays the role of . For example:
	and:
	Figure 5.1
	Figure 5.2

	The steeper the climb, the more positive the slope.
	Figure 5.3

	The steeper the fall, the more negative the slope
	Horizontal and Vertical Lines
	Figure 5.4


	Expressions of the form are undefined (for any a).
	Slope-Intercept Equation of a Line
	Figure 5.5

	EXAMPLE 5.1

	The other point, can be used instead of , and it would lead to the same result (try it).
	Equations of Horizontal and Vertical Lines

	Note that the line in (a) is the graph of a function, while that in (b) is not (why not?).
	Figure 5.6
	Parallel and Perpendicular lines

	It is clear that if one of the two perpendicular lines has a positive slope (climbing), then the other must have a negative slope (falling):
	Moreover, if you mentally put a pin at the point of intersection of the two lines, and pivot the lines about the pin, you can see that as one of the lines gets steeper, the other must flatten out, suggesting some sort of reciprocal relation between t...
	EXAMPLE 5.2
	§3. Systems of Linear Equations
	Two Linear Equations in Two Unknowns

	EXAMPLE 5.3
	EXAMPLE 5.4
	Lines and Systems of Linear Equations
	Figure 5.7

	Independent, Inconsistent, and Dependent Systems of Equations
	Figure 5.8


	EXAMPLE 5.5
	EXAMPLE 5.6
	Sample Test 6
	Odds and Ends

	Question 6.1
	EXAMPLE 6.1

	Determine if
	Answer:
	6.1 Determine: Click-Video
	(a) if (b) if
	Question 6.2
	EXAMPLE 6.2

	Why can’t you have a zero in the denominator? Well since 3 times 5 is 15. Fine, but “” won’t do, since no number times 0 is 15.
	Neither is the expression “” meaningful, for in this situation all numbers would “work.” For example, if you like, you can say that since 0 times199 is certainly 0.
	Bottom line A denominator cannot be zero!
	(Note, however, that if , , since a times 0 is 0.
	Determine if Answer:
	6.2 Determine: Click-Video
	(a) if (b) if
	Question 6.3
	EXAMPLE 6.3

	What is 34% of 18?
	Answer:
	Click-Video
	6.3 (a) What is 120% of 80? (b) What is 7% of ?
	Question 6.4
	EXAMPLE 6.4

	15 is what percent of 50? Answer: 30%
	Click-Video
	6.4 (a) 12 is what percent of 4? (b) 20 is what percent of ?
	Question 6.5
	EXAMPLE 6.5

	60 is 20% of what? Answer: 300
	Question 6.6
	Click-Video
	6.5 (a) 5 is 20 percent of what? (b) 120 is 15 percent of what?
	EXAMPLE 6.6

	For , the expressions or is called the principal square root of a, and is defined to be that non- negative number which when squared equals a. For example:
	since (and 7 is non-negative)
	and
	since (and 4 is non-negative)
	Note: Since the square of any number cannot be negative, expressions such as and are not defined (in the real number system).
	Evaluate:
	Answer:
	6.6 Evaluate: Click-Video
	(a) (b)
	Question 6.7
	EXAMPLE 6.7

	Recall that for , is defined to be that number which when squared equals a. In particular ,
	and:
	Please note, however that
	a power of a sum is not the sum of the powers. In particular
	Simplify: Answer:
	6.7 Solve: Click-Video
	(a) (b)
	Question 6.8
	Calculators use the letter “E” (for exponent) in exhibiting scientific notation, as in:
	3.25E 8 (for )
	EXAMPLE 6.8

	The effect of multiplying 4.021 by 10 is to move the decimal point 1 place to the right:
	If you multiply 4.021 by 100, then the decmal point will be moved 2 places to the right:
	and so on.
	The effect of dividing 2.3 by 10 is to move the decimal point 1 place to the left:
	If you divide 2.3 by 100, then the decmal point will be moved 2 places to the left:
	and so on.
	6.8 Express in scientific notation Click-Video
	(a) 23,540,0000 (b) 0.000123
	Question 6.9
	EXAMPLE 6.9

	6.8 Express in decimal notation Click-Video
	(a) (b)
	Summary

	Functions
	Percentage Problems
	Principal Square Root
	For , the expression or is called the principal square root of a, and is that non-negative number which when squared equals a.
	Warning
	While it is true that for any nonnegative numbers a and b:
	and (for )
	in general, the square root of a sum is NOT equal to the sum of the square roots:
	Scientific Notation
	Additional Problems
	Answer:
	Sample Test 6
	Supplement
	Functions

	One often writes:
	x is said to be the independent variable, and y the dependent variable (the value of y depends on the value of x).
	To evaluate a function at is to find the value .
	EXAMPLE 6.1

	Warning: There is a big difference between and :
	Some Word Problems

	“one-third of nine” translates to:
	“one-third of nine is three” translates to:
	EXAMPLE 6.2
	Ratios and Proportions

	EXAMPLE 6.3
	Percentage


	Answer:
	Answer:
	Answer:
	EXAMPLE 6.4


	It is considered bad form to supply an answer to a calculation that displays more significant figures than the minimum number of significant figures which appear in any of the numbers involved in the calculation.
	Significant Digit Rules: (1): Nonzero digits are always significant: 234.5 has four significant digits, as does 2.345.
	(2): Zeros that follow a nonzero digit and lie to the right of the decimal point are significant: 3.50 has three significant digits, as does 3.00.
	(3): Zeros between significant digits are always significant: 306 has three significant digits, as does 50.0.
	(4): Zeros to the left of the first nonzero digit are never significant: 0.0230 has three significant digits, as does 0.000230.
	(5): Zeros to the right of the last nonzero digit in an integer expression are not significant unless otherwise stated: 2200 has two significant digits, as does 22000 (note, however, that 22000.0 has six significant digits).
	EXAMPLE 6.5
	Is the answer reasonable?
	EXAMPLE 6.6

	Moral: It is good practice to carry units and check to see if they match up.
	EXAMPLE 6.7
	EXAMPLE 6.8

	An impossible problem? Not really: Fix one of the cyclists, and let the other approach at 16 mi/hr to determine the time it takes for the cyclists to collide. Then, figure out the distance traveled by the unfortunate fly in that period of time.
	Roots


	Square Root and Principal square root
	Cube Root
	DEFINITION 6.1
	The power of a product is the product of the powers.
	But
	The power of a sum is not the sum of the powers.
	EXAMPLE 6.9
	Rational Exponents

	DEFINITION 6.2

	The denominator of the fractional exponent indicates the root, while the numerator is the power.
	(i) :
	(ii) :
	(iii) :
	(iv)
	(v) .
	EXAMPLE 6.10
	Scientific Notation

	In scientific notation, the symbol “” is used to indicate multiplication.
	Multiplying a number in decimal form by will result in moving the decimal point n positions to the right if the integer n is positive, or n positions to the left if n is negative.
	EXAMPLE 6.11

	See marginal note on significant digits on page 6.


