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PREFACE

Acknowledgements typically appear at the end of a preface. In this case, however, my
indebtedness to Professor Marion Berger for her invaluable input throughout the develop-
ment of this text is such that [ am compelled to express my gratitude for her contributions
at the beginning: Thank you, dear colleague and friend.

That said:

Our text consists of two volumes. Volume I addresses those topics typically covered in
standard Calculus I and Calculus II courses; which is to say, the Single Variable Calculus.
Multivariable Calculus is covered in Volume II.

Our primary goal all along has been to write a readable text, without compromising math-
ematical integrity. Along the way you will encounter numerous Check Your Understand-
ing boxes designed to challenge your understanding of each newly-introduced concept.
Complete solutions to the problems in those boxes appear in Appendix A, but please don’t
be in too much of a hurry to look at those solutions. You should TRY to solve the problems
on your own, for it is only through ATTEMPTING to solve a problem that one grows math-
ematically. In the words of Descartes:

WE NEVER UNDERSTAND A THING SO WELL, AND MAKE IT
OUR OWN, WHEN WE LEARN IT FROM ANOTHER, AS WHEN
WE HAVE DISCOVERED IT FOR OURSELVES.

You will encounter a few graphing calculator glimpses in the text. In the final analysis,
however, one can not escape the fact that:

MATHEMATICS DOES NOT RUN ON BATTERIES
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CHAPTER 1
PRELIMINARIES

§1. SETS AND FUNCTIONS

A set may be defined by listing its elements inside braces, as in:

{3,47,-14}
A set may also be specified by means of some property or condition,
as with:

{x|[1<x<5}

read: such that
which represents the set of real numbers, x, that are greater than 1 and

less than 5.

For a given set X, the expression x € X is used to indicate that x is an
element of, or is contained, in X. For example:

3e{3,47,-14} while 9 ¢ {x|1<x<5)}

The following table illustrates some notation that can be used to
denote the interval subsets of the number line:

Interval Notation Geometrical Representation
All real numbers strictly _
between 1 and 5 (not including Qg l<x<Sy | PR ——
Lor5). excluding 1 and 5 32 0 1 2 3 4 5 6
All real numbers between 1 1 _ 1<x<
and 5, including both 1 and 5. [i\]\ {X| LHES) R S E— [ — ] 1
including 1 and 321 9 1 23 4 5 6
All real numbers between 1 _
= <x<
and 5, including 1 but not 5. 1, 5) {x| &5 5} — [ —— ) 1
including 1 and excluding 5 B2 01 23 4 5 6
All real numbers between 1 1 _ 1
= <x<
and 5, including 5 but not 1. (Lo? {xl FEI) —t ( —_— ]
excluding 1 and includings |3 -2 -1 o0 1 2 3 4 5 &6
All real numbers greater than 1.
(I,0) = {x[x>1} — e
ﬁ the infinity symbol 3201 23 45 6
All real numbers greater than [1 oo) — { x| x> 1 } -
or equal to 1. ’ —_—
321 0 1 2 3 4 5
All real numbers less than 5. —
(=0, 3) = {xlx <3} — )
32 0 1 2 3 45 6
All real numbers less than or
—00 = < <z
equal to 5. ( 3] {x|x_5} i :I 1 ——— — 1. 1
32 0 1 2 3 4 5 6
The set of all real numbers. (=00, 0) = {x|—00 <x<o)}
3 -2 -1 0 1 2 3 4 5 6
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AUB

Qi

ANB

Answers:
(a) -11 (b) 3¢-2

(©) —6x-2 (d):%i-si‘

Preliminaries

For any two sets A4 and B, the union of 4 and B is defined to be that
set, denoted by 4 U B, which consists of all elements that are either in
A or in B, including the elements in both 4 and B. That is:

AUB = {x|]x€ A ORx € B}

The intersection of 4 and B, written 4 N B, is the set consisting of
the elements common to both 4 and B. That is:

ANB = {x|(x|]x e A AND x € B)}

For example:
(-2,0)u[-1,2]1U][3,5] ¢ ) —
e A N S—
= (-2,2]U[3,5] |3 2 -1 0 1 2 3 4 5 &6

—

3 -2 -1 0 1 2 3 4 5 6

(-2,2)n[0,5] = [0,2)

FUNCTIONS

We will be concerned with functions, f, which assign a real number

f(x) to a given real number x. Such functions can often be described by
mathematical expressions; as with:

flx) = 2x+5

Note that the variable x is a placeholder; a “box” that can hold any
meaningful expression. For example:

flx) = 2x+5
/1 ; | =21 +5
f(3)=2-3+5 =11
fle)=2-¢t5=2c+5
f(3t) = 2-3t+5 =6t+5
f(x2+3) = 2(x2+3)+5 = 2x2+11

CHECK YOUR UNDERSTANDING 1.1

For f(x) = 3x—5, determine:
@©fi-2x+) @ /(2

(@ 1(-2) (b) fz+1)
EXAMPLE 1.1 For f(x) = —3x2+6x—1 and h=0, deter-
fix+h)—f(x)

7 )

mine
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SOLUTION:
v v
PPN 2 2
fx+h)—fx)_ [3(x+m)2+6(x+h)—1]-(-3x2+6x—1)
h h
[—3(x2 +2xh +h2) + 6x+6h—1]+3x% —6x+ 1
h
_ —3x%—6xh-3h%+6x+6h—1+3x2—6x+1
h
2 \
_ —6xh—3h%+6h R(-6x-3ht6) _ 4. .¢
h E

CHECK YOUR UNDERSTANDING 1.2
fath) = flx)
p .

Answer:

1 _x
GrAitDE) For f(x) = pr

and & # 0, simplify

THE DOMAIN AND RANGE OF A FUNCTION

f The domain of a function fis the set, Dy, on which f“acts,” and its

range is the set R, of the function values (see margin).

When not specified, the domain of a function defined by an expres-
Domain Range sion is understood to be the set of all numbers for which the given
expression is defined. For example:

Since x2 is defined for all numbers, the domain of f{x) = x2 is
the set of all numbers: D,= (=0, 0) . Since the function can not

assume negative values, and assumes every nonnegative value:
R, = [0,0).

Since one can not take the square root of a negative number (in

the real number system), the domain of the function g(x) = J/x is
the set of all numbers greater than or equal to 0: D . = [0, o), with

Ry = [0, ) (the function can only assume nonnegative values).

The range of % is not so Since division by zero is not defined, the domain of the function
easy to determine at this 1 .

point.  You will be able to h(x) = 1 istheset Dy = (-0, 1)U (1, x).

do so once you know how *

to graph such a function.

CHECK YOUR UNDERSTANDING 1.3

Answers:

(@) D, = [-3,); R, = [0,) (a) Determine the domain and range of f{x) = Jx+3.

(b) Dg = (=0 -1y (-1,2) (b) Determine the domain of g(x) = 1
(2, ) G+ D)(x=2)
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Answer:

f=1) =5, (1) =1
f(5) = 25, f(7) = -14
No, 10 is not in the
domain of the function.

PIECEWISE-DEFINED FUNCTIONS

Functions such as f(x) = x2 and g(x) = x+ 1 are described by a
single algebraic expression. For whatever reasons, one may wish to

consider a function which acts like f{x) = x2 for -2 <x <0 and like

g(x) = x+1 for x>0. Such a function is said to be a piecewise-
defined function and is represented in the following manner:

h@):{ X2 if-2<x<0
x+1 ifx=>0

Combining the “if” parts of the definition of 4, we see that the
domain is D, = [-2, ). To evaluate 4 at a particular x you must first

determine which of the two rules applies. For example:

h(-1) = (-1)2 =1, and h(9) =9+1 = 10

? ?
top rule since —2<-1<0 bottom rule since 9 > 0
EXAMPLE1.2 Evaluate the function:
3x-5 ifx<0
fx) =
L)
x+1
at x = -1,atx =0, andatx = 3.

SOLUTION: Since —1 is less than 0, it falls under the jurisdiction of
the formula on the top line, and we have:

f(-1) =3(-1)-5=-3-5=-8
Both 0 and 3 are greater than or equal to 0, thus:

- _ 1 - _
f(o)—m—i—landfw)—ﬁ—

E e

CHECK YOUR UNDERSTANDING 1.4

Evaluate the function:

—4x+1 ifx<0
f(x) x2 if0<x<5
—2x if5<x<10

at:t x =-1,x=1,x=5,x = 7.Is f(10) defined? If not, why

not?




Answers:

(@
(b)
(©)
(d)

3
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A particularly important piecewise-defined function is the absolute
value function, f(x) = |x|, where:

DEFINITION 1.1 The absolute value of a number « is that
ABSOLUTE VALUE number |a| given by:

a if a=0
lal = .
—a if a<0

You are invited to establish the following results in the exercises:
THEOREM 1.1 For any numbers a and b:
(@) |ab| = |a||b] and,if b=0,

al _ |d

bl |b]
(b) (Triangle Inequality) |a + b| < |a| + ||

You can, and should, interpret |a| as representing the distance (num-
ber of units) between the numbers @ and 0 on the number line. For
example, both 5 and —5 are 5 units from the origin, and we have:

|5 = 5and |-5| = 5
When you subtract one number from another the result is either plus
or minus the distance (number of units) between those numbers on the

number line. For example, 9—1 = 8 while 1-9 = —8. In either

case, the absolute value of the difference is 8, the distance between the
two numbers:

9—1] = |8/ = 8 and [1-9] = |-8] = 8
In general:

DEFINITION 1.2 The distance between a and b on the num-
DISTANCE ber line is given by

|a b

note the negative sign

In particular, |(-8)—(—4)| = |-8+4| = 4 is the distance between
-8 and 4, [(-3)—(4)| = |-3—-4| = 7 is the distance between —3
and 4, and |2 —7| = 5 is the distance between 2 and 7:

i

CHECK YOUR UNDERSTANDING 1.5

Plot the two numbers on the number line and determine the distance

-3

=5

-7

;10| between them; both visually and by using Definition 1.2.
;100 1 (@)3and7 (b)3and7 (¢)3and -7  (d) -3 and -7
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THE ARITHMETIC OF FUNCTIONS

The following definition is the natural extension of addition, subtrac-
tion, multiplication, and division of numbers to functions:

DEFINITION 1.3 The sum, difference, product, and quotient of
COMBINING two functions fand g are defined as follows:
FUNCTIONS (f+2)x) = flx) +g(x)

(f—g)x) = flx)—g(x)
(fg)(x) = flx)g(x)
( ( ) = f(x) [providing g(x) # 0]
g(x)
For any constant ¢: (¢f)(x) = c¢f(x)

Noting that the functions f+ g, f— g, and fg can be evaluated at x if
and only if both f'and g can be evaluated at x, we see that the domains
of those three functions coincide with the intersection of the domain of
fwith that of g:

Df+g - fog - ng B D.meg

In determining the domain of one must also exclude those x’s

0 I~

where g(x) = 0:
Df = {x|xisin (Dfm Dg) and g(x)#0}
g
Finally, the domain of the function cfis the same as that of f:
Dy = Dy

EXAMPLEL3 g, f(x) = Jx and g(x) = x— 1, determine the
functions f+g, f—g, fg, =, and 5g, along with
their domains. £

SOLUTION: Appealing to Definition 1.3, we have:
(f+2)(x) = fix) +g(x) = Jx+x-1
(F-2)(x) = flx)—g(x) = Jx—(x—1) = Jx—x+1

3
(f)(x) = flx)g(x) = Jx(x—1) = x2=Jx

( (x) = f(x) «/;C
glx) x-1
5g(x) = 5(x-1) = 5x-5



Answer:
x2—6x+10
+ =
(e = =22
_ x2-6x+8
-8 = =2

(fo)(x) = £=3 = 1if (x#3)
x—3

(Q(x) = x2—-6x+09;
_ 5
5g)(x) = 3

all domains are (—o, 3) U (3, )

COMPOSITION

05 o

gof

Note that composition is
not a commutative oper-
ation:

(82/)(2) # (fog)(2)

1.1 Sets and Functions 7

Noting that D, = [0, ) and D, = (-, ») we conclude that:
D, =D, ,=Dg = DD, = [0,00) N (=0,00) = [0,)
D, = {x|x1sin [0,c0) andx—-1#0} = [0,1) U (1, 0)

4
Ds, = D, = (—o0, 0)

CHECK YOUR UNDERSTANDING 1.6

For f(x) = x—3 and g(x) = % , determine the functions f+ g,
x J—

f-g, /e, jg: , and 5g, along with their domains.

COMPOSITION OF FUNCTIONS

If A(x) = (x—3)2 then h(8) = 25. You get that answer by first
subtracting 3 from 8: (x—3) = (8§ —3) = 5, and then squaring the
result: (5)2 = 25.

f(x) = x—3, and then apply the function g(x) = x? to that result.
This operation of first performing one function, and then another on

In other words, you first apply the function

thatresult, is called composition, and isdenoted by (gof)(x):

DEFINITION 1.4 The composition (gof)(x) is given by:

(goN)(x) = g(f(x))
L first apply f
and then apply g

[Assuming f{(x) is in the domain of g]

EXAMPLE 1.4 Determine (gof)(2) and (fog)(2) for:
fix) =x2+1 and g(x) = 2x-3

SOLUTION:

(goN(2) = g(f(2)) = g(22+1) = g(5) = 2-5-3 =7

(fog)(2) = f(g(2)) = f(2:2-3) = (1) = 1>+ 1 = 2



8 Chapter 1 Preliminaries

An alternate solution:
h(x) = (gof)(x) where:

flx) = Jxr-1

and g(x) = x+5

Answers:
(a-i) 13 (a-ii) 16x2+32x+ 13
(b) One possible answer:

fx) = P and g(x) = ==

EXAMPLE 1.5 Determine (fog)(x) and (gof)(x) for:
f(x) = 3x—1 and g(x) = —2x2-3x+1

SOLUTION:
Definition 1.4 flx) = 3x-1

(fog)(x) = flg(x)) = fi-2x2-3x+1) = 3(-2x?-3x+1)-1
= —6x2-9x+3-1

= —6x2-9x+2

(gN(x) = g(f(x)) = g(B3x—1) = =2(3x—-1)2-3(3x-1)+1
= 2(9x2—6x+1)-9x+3+1

= —18x2+3x+2

EXAMPLE 1.6 Express the function h(x) = /x2—1+5 as

a composition &2 = gof.

SOLUTION: There are many choices for fand g. Perhaps the most nat-
ural one is to first do: f(x) = x%— 1, then take the square root of that

result and add 5: g(x) = J/x+ 5. In other words:
h(x) = (gof)(x) where f(x) = x2—1and g(x) = Jx+5

CHECK YOUR UNDERSTANDING 1.7

(a) For f(x) = x2+2x—2 and g(x) = 4x+3:
(1) Evaluate (fog)(-2) (i1) Determine (fog)(x)

x2

(b) Express h(x) = as a composition & = gof.

X
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EXERCISES

Exercises 1-6. Determine the domain of the given function.
X

L fin) =322+ _xt3 -
v 2 &) =13 3 M) = ST e T 100
4. k(x) = x+.x-2 5. h(x) = Jx+7 6. flx) = Jx+3
' x(x—1)

Exercises 7-12. Determine ( f+ 2)(2), (/—2)(2), (f2)(2), @(2), (21)(2), (fog)(2), and

(gof)(2) for the given functions f and g.
8 flx) =—x+5, g(x) =x-3

7. flx) =2x+3, g(x) = -x+1
10. fix) = —x2+2, g(x) = x+1

9. flx) =x%2+x, g(x) = —x+2
1. flx) = )ﬁ,g(x) = x+3 12. fix) = (x—1)2, gx) = x_fi

Exercises 13-18. Determine (f+g)(x), (f—g)(x) , (fg)(x), (Q(x), 2H(x), (fog)(x),

and (gof)(x) for the given functions f and g.
14. f(x) = —=x+2, g(x) = 2x+10

13. fix) =x+3, g(x) = -2x+1
16. flx) = 2x2+1, g(x) = —2x+3

15. fix) = x2+x—-1, g(x) = x+3

= =

g(x) = x2+3 18. fix) = —x+3, g(x) =

7. ) = —,

Exercises 19-22. (a) Determine (fog)(x) for the given functions f and g.
(b) Evaluate (fog)(2) both with and without using the result of (a).

20. f(ix) = 5x-7,g(x) = Tx+5

19. f(x) = 2x+5,g(x) = —3x-1
22. flx) = —2x+3,g(x) = 2x2+2x+1

21. flx) = x2+x, g(x) = x+1
Exercises 23-28. Evaluate the given function at 2, 2 + 4, and at x + 4.
23. fix) = 3x+9 24, f{x) = —5x+2

25. fix) = —x2+x+1 26. f(x) = 2x2+x+2

—X
x2+2

28. flx) =

x2
27 flx) = 770
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fx+h) =fx)

Exercises 29-34. Simplify the algebraic expression for the given function f.

h
29. f{x) = 3x+9 30. fix) = —5x+2
31. fix) = —x2+x+1 32. f(x) = 2x2+x+2
__x? _ —x
309 = 5753 0 = 5

[S—

2 .
35. Evaluate the function f(x) = { x* fx<l oty =0 andatx =
x+1 ifx>1

3x-5 ifx<0
36. Evaluate the function f(x) = 1 at x = -1 andatx = 1.
— ifx20
x+1
3x-5 ifx<0
37. Evaluate the function f(x) = 1 42 ifo0<y<5 atx=-1,x=1,x = 7,andat

—2x if 5<x<10
x = 10 (Are you sure? What is the domain of f?).

38. For f(x)={X+2 ifx<l andg(x)={2x_1 if x<0 determine:
x+1 ifx>1 x=5 ifx>0

(a) (f+g)(0) (b) (goN(1) (c) (fo2)(2)
Exercises 39-41. (Theory) Prove:
39. Theorem 1.1(a) ~ 40. Theorem 1.1(b)  41. For any numbers a and b: |a — b| > |a| — |b|
Exercises 42-47. (Even and Odd Functions)
fis an even function if f(—x) = f(x) forevery x € Dy.
/s an odd function if f(—x) = —f(x) forevery x € D,.
Determine if the given function is even, odd, or neither even nor odd.
42, flx) = 3x2 43, flx) = 3x3 44. fix) = 3x3+x
45 f(x) = 3x2+1 46. f(x) = 3x*+x2+5 47. flx) = x3+x+1
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§2. ONE-TO-ONE FUNCTIONS AND THEIR INVERSES

Though a function y = f{x) can not assign more than one value of y
to each x in its domain, it can assign the same y-value to different x’s.

The function f(x) = x2, for example, assigns the number 4 to both 2
and —2, and we say that fmaps 2 and —2 onto 4.

Of particular interest are those functions that map different values of
x onto different values of y:

DEFINITION 1.5 A function f'is one-to-one if for all ¢ and b in
ONE-TO-ONE  Pr’
If f{a) =f(b) then a = b.
Equivalently: If a # b, then f(a) #f(D).

The function f; represented in Figure 1.1(a), is one-to-one since no
two elements in its domain, {1, 2, 3,4}, are mapped to the same ele-

ment in its range {0, 2, 5, 6} . The function g, of Figure 1.1(b), is not
one-to-one since 2 and 3 are both mapped to 5.

S g
£ £
-> ‘K
J |\

one-to-one not one-to-one
(a) (b)
Figure 1.1
Looking at more traditional graphs of functions, we see that the function
fof Figure 1.2(a) is one-to-one (no two x’s map onto the same y), while
the function g of Figure 1.2(b) is not (different x’s map onto the same y).

Horizontal Line Test:
No horizontal line can
intersect the graph of a
one-to-one function at
more than one point.

I I I
I I I
| 1 1
X xl xz X3
one-to-one not one-to-one
(a) (b)
Figure 1.2
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EXAMPLE 1.7 Show that the function f{x) =

to-one.

1S one-

S5x+2

SOLUTION: Appealing to Definition 1.5, we begin with f(a) = f(b),
and show that this can only holdif @ = b:

fla) = (D) fla) = f(b)
a _ b
S5a+2 5b+2
a(5b+2) = b(S5a+2)
Sab+2a = 5ab+2b
2a = 2b
a=>b _—

CHECK YOUR UNDERSTANDING 1.8

PRI S8 TR Ao, Show that the function f(x) =

X .
I 1S one-to-one.

INVERSE FUNCTIONS

An attempt to reverse the direction of the arrows in Figure 1.3(a), rep-
resenting the action of the non-one-to-one function g, would not yield a
function. As is shown in Figure 1.3(b), the number 5 would be mapped
onto two numbers, 2 and 3, and a function can not assign more than one
value to each number in its domain.

not one-to-one not a function
(a) (b)
Figure 1.3

Reversing the arrows of the one-to-one function f of Figure 1.4(a)

Do not confuse /' with does lead to a function [see Figure 1.4(b)]. That function is called the
e = inverse of f and is denoted by the symbol f~!. As you can see, the
)] = —.
fx) domain of /! is the range of £ {0, 1, 5, 6}, and the range of /! is the

domainof £ {1,2,3,4}.
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(a) (b)
Figure 1.4

The relationship between the functions f'and f~! depicted in the mar-
f gin reveals the fact that each function “undoes” the work of the other.
For example:

(F1eN2) = f71(f(2)) = f1(5) = 2

and

(Fof N5 = AF(5) = fAi2) = 5

/

In general:

DEFINITION 1.6 The inverse of a one-to-one function f with

domain D, and range R, is that function !
Only one-to-one func- INVERSE . f S
tions have inverses (see FUNCTIONS with domain R, and range D such that:

Figure 1.3). (fof)(x) = x for every x in D,
and
(fof D)(x) = x for every x in R,
EXAMPLE 1.8 Find the inverse of the one-to-one function:
X
x =
/) 5x+2
SOLUTION: We offer two methods for your consideration.
Start with: ) = x To say that y = f(x) is to say that f~Y(y) = x.
For notational o X )
convenience, _ So, start with: y = 77 N\
substitute ¢ for /lry: S = % 5x+2 B
Since f(x) = —%—: AN And solve for x in terms of y: (5x+2)y = x
5x+2 5t+2 _
Sxy+2y =x
Solve for ¢: t=(5t+2)x Sxy—x = 2y
t = Stx+2x X(5y—1) = -2
t—5tx = 2x Y Y
(1-52) = 2x x = =L - 2 )
) Sy—1 -5y
t = 2 To obtain the inverse
o 1-5x function expressed in terms
Substituting f~(x) L. 2x of the variable x (instead of o »
back for ¢: fT(x) = 1—5x »), interchange x and y: y = - = f (x)
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Answer: £ (x) = IL
—X

and see page A-3,

Pythagorean Theorem

As a check, we verify directly that (f lof)(x) = x:
2x

. 1 .
Since f(x) = S“xﬁ-2 jj Since f(x)= 1-5x
(5 2)
. X Sx +
S 1( z) -
1

¢ oNe) = ) = (%

Multipy numerator and denominator by 5x + 2: = = @ =2 = 5

CHECK YOUR UNDERSTANDING 1.9

Determine the inverse of the one-to-one function:

flx) = =

x+1
Verify, directly, that (fof !)(x) = x and that (f'of)(x) = x.

GRAPH OF AN INVERSE FUNCTION

We end this section with a result which relates the graph of a one-to-

one function with that of its inverse. In that endeavor, we will use the
following distance formula:

THEOREM 1.2  The distance D between the points (x;, ) and
DISTANCE BETWEEN (3, ) in the plane is given by:

TWO POINTS
2 2
D = «/(x1 —xz) +(J’1 —yz)

PROOF:

' Pythagorean Theorem:

/D 2| D% = fry=x? +py
\\ \l/_

= (xz_x1)2+(y2_yl)2

| or: D= J(x17x2)2+(yl—y2)2

THEOREM 13 | o ’ / -

/y - x
. . /

is the reflection A PN i
of the graph of f (ba )// %

about the line i S S

/ / N
y = Xx. C C>'\
7 (a,b)

4
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PROOF: Since f(a) = b ifand only if /() = a, to say that (a, b)
is on the graph of £, is to say that (b, @) is on the graph of ~!. Since

a-b _

the slope of the line joining (b, a) and (a, b) is - —1, that line

segment is perpendicular to the line y = x (which has slope 1). More-
over, using Theorem 1.2, we see that the point (¢, ¢) on that line seg-
ment is equidistant from (b, a) and (a, b):

distance between (b, a) and (c, ¢) distance between (a, b) and (c, ¢)

| \
J(b—c)2+(a—c)* = J(a—c)?+(b-c)?

EXAMPLE 1.9 (a) Sketch the graph of the function

f(x) = Jx—3+3. Specify its domain and
range.

(b) Use Theorem 1.3 to obtain the graph of its

inverse /~(x). Specify its domain and range.
(c) Find £ (x).

SOLUTION: (a) The graph of the function f(x) = ./x —3 +2 appears
in Figure 1.5(a). From that graph, we see that the domain of f is
[3, ©), and that its range is [2, ).

Y, Y, —1
<y=f
15 t
14 14 A
13 13
124 12 (5,12)
1 1 N N\
| i N AN
9 9
8: 8 \ \
7 @7 AN
N
(19,6)
P | (19.6)
; (12.5) P AEY! (12.5)
R (74) R (2.3) (74)
R @3) N @3)
‘ @) y=fx) = Jx-3+2 ‘ 62 y=fx) = Jx-3+2
1203 45 6 7 8 9 0011 121314 15 16 17 18 19 X 1203 45 6 7 8 9 1011 121314 1516 17 1819 ¥
(a) (b)
Figure 1.5

(b) Reflecting the graph of f about the line y = x we arrive at the
graph of /! [Figure 1.5(b)]. Note that the domain of £~ is the range

of £, namely: [2, ); and that the range of /! is the domain of f;
namely: [3, o).
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(c) Proceeding as in Example 1.8 (right-hand side), we find f _1(x) :
Start with: y = Jx-3+2
Solve forx interms of y:  ,/x —3 = y—2

x=3 = (y-2)>
x-3=y2-4y+4
x=y2-4y+7

To obtain the inverse function expressed in terms !
of the variable x (instead of y), interchange x and y: }V = x2—4x+7 = S (x)

with domain: [2, ©)

CHECK YOUR UNDERSTANDING 1.10

Show that the function f(x) = Jx—2 is one-to-one. Indicate its
domain and range. Find its inverse and indicate its domain and
Answer: See page A-3. range. Sketch the graph of both functions on the same set of axes.
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EXERCISES

Exercises 1-9. Prove that the given function is one-to-one.

1. flx) = —5x—1 2. flx) = 6x+5 3. flx) = x3+1

4. flx) = }C 5. flx) = 2x4_3 6. /x) = 2311

7. fix) = Jxt+1+2 g __4 _ [ 3x
f(x) 1 9. f(x) T

Exercises 10-13. Show that the given function is not one-to-one by finding two different values of
x: a and b, such that f(a) = f(b).

10. fix) = x2+1 11. fix) = x2-x-6

12. fx) = x2;3 13. f(x) = xz’il

Exercises 14-22. Find the inverse of the given one-to-one function, and verify directly that

(fof Hx = x and (f of)x = x.

14. f(x) = 2x-3 15. fix) = —x+1 _1
6. flx) = -
_ 3 _ 1 _ Sx+2
17 fx) = 5= 18. fx) = — 19. flx) = ==
20. f(x) = x3-1 21. flx) = 2./x+3 22. flx) = J2x+3

Exercises 23-25. Sketch the graph of the given one-to-one function along with the inverse of that
function on the same set of axes.

23. flx) = 2x-3 24. flx) = —x+1 25. flx) = Jx—1+2
Exercises 26-27. Sketch the graph of the inverse function f~ 1(x) from the given function of /.

26. 27.
3.4

(_27 _2)
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Answer:

x = _8 and x>—§
5 5

§3. EQUATIONS AND INEQUALITIES

We begin by noting that one solves linear inequalities in exactly the

same fashion as linear equations, with one notable exception:

WHEN MULTIPLYING OR DIVIDING BOTH SIDES OF AN INE-
QUALITY BY A NEGATIVE QUANTITY, REVERSE THE DIREC-
TION OF THE INEQUALITY SIGN.

To illustrate:

Equation Inequality
3x—5 = 5x-7 3x—-5<5x-17
3x—5x =-T7+5 3x—5x<-T7+5
2x = =2 —2x<-2 —
f ~reverse divid b
x =1 //O : nlggatlili/% n{lﬁlber
x>1

CHECK YOUR UNDERSTANDING 1.11

Solve:
Qc_2+5x_1=—x—1 d 3_x_2+5x_1<—x—1

5 3 15 " T3 15

Suggestion: Begin by multiplying both sides of the inequality by 15 so as to elimi-
nate all denominators.

POLYNOMIAL EQUATIONS

Solving a polynomial equation often hinges on the important fact that:

A product is zero if, and only if, one of its factors is zero.

EXAMPLE 1.10 Solve:
(@) x3+x2—6x =0

(b) x3+x2-5x =0
() 3x3+5x2-6x-10 = 0

SOLUTION:
2
(a) x3+x"—6x

Pull out the common factor, x: x(x2 +x—-6)

0
0
factor further: x(x+3)(x-2) =0

A product is zero if, and only if, one of its factorsiszero:x = Q orx = -3 orx = 2



Quadratic Formula:
If: ax2+bx+c =0

/2
Then: x = 0¥ ~b" —4ac

2a

Answers: (a) x = %, -4

_2+.13
(b) x = 2522

(©)x =-1,%4

If

p(x) = (x—c)q(x)
then:

p(e) = (c=c)g(x) = 0

1.3 Equations and Inequalities 19

(b) BHx—5x =0
x(x2+x—5) =0
x=0o0rx = _1i2@ (see margin)

(c) If you look closely at the polynomial 3x3 + 5x2—6x—10 you
can see that by grouping the first two terms together:

3x3+5x2 = x2(3x+5), and the last two terms together:
—6x—10 = =2(3x +5), the common factor (3x+5) emerges:

3x3+5x2-6x-10 = 0

(3x3+5x2)+(-6x-10) = 0

x2(3x+5)-2(3x+5) =0

(Bx+5)(x2=2) = 0

(Bx+5)(x+/2)(x—42) = 0
x = —g or x = .2

CHECK YOUR UNDERSTANDING 1.12

Solve:
(@) 2x2+7x-4 =0 (b) 3x2—-4x-3 =0

() x3+x2—16x = 16

ZEROS AND FACTORS OF A POLYNOMIAL

A zero of a polynomial p(x) is a number which when substituted for
the variable x yields zero. For example, —1 is a zero of the polynomial

p(x) = x3-3x—2, since:
p(=1) = (<13 =3(-1)=2 = =1+3-2 = 0

It is easy to see that if (x — ¢) is a factor of the polynomial p(x), then
¢ is a zero of that polynomial (margin). The converse is also true:

THEOREM 1.4 If ¢ is a zero of a polynomial then (x —¢) is a
ZEROS AND FACTORS  factor of the polynomial.

The following example illustrates how the above theorem can be used
to solve certain polynomial equations.

EXAMPLE 1.11 Solve:
2x3-3x2-8x-3 =0
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The following result provides a
method for determining the
rational zeros of a given poly-
nomial: Let

p(x) = anx”+an7 lx"_ Iy ta

be a polynomial of degree n with
integer coefficients. Each ratio-

nal zero of p(x) (reduced to

lowest terms) is of the form b ,
c

where b is a factor of the constant

coefficient ay s and c is a factor

of the leading coefficient a, .

Answer: x = 1,x = -4

SOLUTION: We simply observe (see margin) that —1 is a zero of the
polynomial p(x) = 2x3 —3x2—-8x—3:

p(=1) = 2(-1)3-3(-1)2-8(-1)-3 =0
Theorem 1.4 assures us that x—(-1) = x+1 is a factor of
2x3 —3x2—8x—3, and as you can easily check:

2x2-5x-3
x+1| 2x3 - 3x2—-8x-3

Leading us to: 2x3 —3x2—8x—3 = (x+1)(2x2-5x-3)
Returning to our equation we have:
2x3-3x2-8x-3 =0
(x+1)(2x2-5x-3) =0
(x+1D)2x+1)(x-3) =0

Solution: x = -1, x = —l, x=73.

CHECK YOUR UNDERSTANDING 1.13

Solve by finding a zero:
3+2x2-Tx+4 =0

POLYNOMIAL INEQUALITIES

Each of the following expressions is zero at x = 5:
(x—5) (x—5)7 (x—5)2 (x-5)8

In those cases where (x —5) is raised to an odd power we will say that
5 is an odd-zero, and that it is an even-zero when (x —5) is raised to
an even power. For example:

5 is an odd-zero of (x—15), (x—5)3, (x—5)%, (x-5)7, ...

5 is an even-zero of (x —5)%, (x—5)%, (x—5)%, (x—5)8, ...
Note that the sign of x — 5 will change as one moves from one side of 5

to the other on the number line (it is positive to the right of 5 and nega-
tive to the left of 5). It follows that if you raise (x—5) to any odd

power, say (x—35)7, then the change of sign “will survive.” On the

other hand, if (x — 5) is raised to an even power, say (x — 5)%, then the
change of sign will “not survive.” In general:

Traversing the zero ¢ of (x —¢)":
If ¢ is an odd-zero (i.e: n is odd): Sign Changes.
If c is an even-zero (i.e: n is even): Sign does NOT Change.
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We now show how the above information can be used to solve a poly-
nomial inequality when expressed in factored form.

EXAMPLE 1.12 Solve:
(x+3)Y3(x+1)2(4-x)<0

SOLUTION:
Step 1. Locate the zeros of (x+3)3(x+1)2(4—x) on the
number line:

L L ]
-3 -1 4

Place the letter ¢ above the odd-zeros —3 and 4 to remind you that the

SIGN of the product (x +3)3(x + 1)2(4 —x) will change as one tra-
verses those zeros, and place the letter n above the even-zero —1 to
remind you that the sign of the product will not change about that
even-zero:

C n c
L L ]
-3 -1 4

Step 2. You can get the “SIGN-ball rolling” by determining the SIGN

of (x +3)3(x + 1)2(4 — x) at any number other than -3, —1, or 4. For
our part, we simply ask ourselves:

What is the SIGN to the right of the last zero, say at a million?
At a million, SIGN is negative [for only the factor (4 — x) is negative
at that point]. Bringing us to:

¢ n c v

° ° ° -
-3 -1 4
Step 3. (Walk the sign to the left) The ¢ above 4 indicates that the sign
will change about 4 (from negative to positive):

c n m

L L * | -
-3 -1 4
The n above —1 indicates that the sign will not change as you traverse

—1 (will remain positive):

- ~
c Vv n \ c
o o + P
-3 -1 4
Finally, the ¢ above —3 indicates a sign changes:
- T~

¥ ¢ v n c

— o " o + ® =
-3 -1 4

Here is the end result:

— ° + ° + ° —

-3 -1 4

SIGN (x+3)3(x+1)2(4-x)
Figure 1.6
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Answers:
(@) (-2,3) U (5, o)
(b) [-2,)

Note: If a quadratic poly-
nomial has a positive dis-
criminant then it has two
distinct zeros, and they are
both odd-zeros.

Step 4. Since we are solving (x +3)3(x + 1)2(4 —x) <0, we read off
the intervals where the polynomial is negative (the “~> intervals):
(—OO, _3) % (47 (X)) .

NOTE: The information in Figure 1.6 also enables us to solve
the inequalities:

(x+3)P3x+1)24-x)>0: (-3,-1)u(-1,4)
(x+3)P3(x+1)2(4-x)=0: [-3,4]
(x+3)P3x+1)2(4-x)<0: (—o0,-3]U[4,0)U {1}

CHECK YOUR UNDERSTANDING 1.14

Solve:
@ (x-3)(x+2)(—-x+5)<0 (b) (x+ 1)2(x+2)3(x—4)2>0

EXAMPLE 1.13 Solve:
(x+3)2(x2-8x+15)(3x2-4x-3)>0

SOLUTION: We begin by factoring:
(x+3)2(x2-8x+15)(3x2-4x-3)>0
(x+3)2(x-3)(x—-5)(3x2-4x-3)>0

2+

E'

The zeros are x=-3,x = 3,x = 5, and x

[CYU
3

1.12(b)].
Of the five zeros, only —3 is an even-zero (margin). So, the sign of the
polynomial will not change about -3, but will change about the rest:

n c c c c
® ° ® ® °
-3 2-413 2+./13 3 5
3 3
At a million, the polynomial is easily seen to be positive:
n c c c c +
° ° ° ° °
-3 2-./13 2+./13 3 5
3 3

Proceed to the left, changing the sign each time you traverse a ¢, and
not changing the sign when traversing an n:

-

% W v \
_I_nfc_c_l_c_w

Giving us:



Only the zeros of the
polynomial are repre-
sented on the number line.

[(3x2—4x +3)
has no zeros.]

Answer:

(=0, 2]V

1-./21 1}
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+ o " o 2~ o " o = o« -
3 2-./13 2+J13 3 5
3 3

SIGN (x +3)2(x” — 8x + 15)(3x2 — 4x — 3)
Since we are solving
(x +3)2(x2—-8x+15)(3x2-4x-3)>0

we read off the intervals where the polynomial is positive (the “+
intervals”):

(—o0,-3) U (—3, 2 _SR) U (2 +3JB’ 3) U (5, )

EXAMPLE 1.14 Solve:
(x+3)2(x> —8x+15)(3x2 —4x +3)> 0

SOLUTION: We replaced the factor (3x2—4x—3) of the previous
example which has two zeros with the factor (3x2 —4x + 3) which

has no zeros: negative discriminant: b2 —4ac = 1636 = -20.
All else remains as in the previous example, leading us to:
n c c
+ o + o — o +
-3 3 5

SIGN (x +3)2(x” — 8x + 15)(3x2 — 4x + 3)

Solution of (x + 3)2(x> — 8x + 15)(3x2 —4x +3) > 0:
(_OO’ _3) N (_35 3) Y (55 OO)

CHECK YOUR UNDERSTANDING 1.15

Solve:
(x2+x-2)(x2—x+5)(—x2+x+5)<0

RATIONAL EQUATIONS

Just as a rational number is an expression of the form —, where m
n

and n are integers with n # 0, so then a rational expression (in the

variable x) is an algebraic expression of the form )

70’ where p(x)

and g(x) are polynomials, with g(x) #0.

p 1(x) _ Pz(x)
‘Il(x) q 2(x)
tiplying both sides of the equation by the least common denominator

A rational equation of the form can be solved by mul-
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(LCD) of the rational expressions in that equation, and then solving the
resulting polynomial equation. It is important to remember, however,
that while you can’t “lose” a root of an equation by multiplying both
sides by any quantity:

MULTIPLYING BOTH SIDES OF AN EQUATION BY A QUAN-

TITY WHICH CAN BE ZERO MAY INTRODUCE EXTRANEOUS
SOLUTIONS. CHECK YOUR ANSWERS.

Consider the following example:

EXAMPLE 1.15 Solve:
2x2 _ 2 1

x2—x—-6 x24+2x Xx

SOLUTION: Factor all expressions:
0 2 1
(x+2)(x-3) x(x+2) x
Clear denominators by multiplying both sides of the equation by
x(x+2)(x—3), the LCD of the three rational expressions:

2x2 2 1
—_— +2)(x-3) = . +2)(x-3)—-- +2)(x-3
ey S D) = i e+ ) (e 3) L x(r+ 2)(-3)
2x2(x) =2(x-3)-1(x+2)(x-3)
260 = 2x—6—(x —x—6)
20 +x*—3x = 0
x(2x+3)(x-1) =0
x=0,x=—§,x=1
2

At this point, we see that the only pessible solutions are 0, —% ,and 1.
Any candidate which causes a denominator in the original equation to be
zero must be discarded. Discarding O (as it renders the denominator of )lc
to be zero), we conclude that —% and 1 are the only solutions of the given
equation.

CHECK YOUR UNDERSTANDING 1.16
Solve:
2
@ Z2-3- L () (2 -4
Answers: (a) —1 x2 _4 4 x-3 x2+1 X
() 258
2 Suggestion: Make the substitution: y = 2)1 N
X




We are adopting the con-
vention of placing a “hole”
where the denominator is
zero (function not defined).
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RATIONAL INEQUALITIES

One can use the SIGN method previously introduced to solve rational
inequalities. Consider the following examples.

EXAMPLE 1.16 Solve:

SOLUTION: Combine terms, and factor:

2(x+ 1)+ x(x=2)+(x—2)(x + 1)20

(x=2)(x+1)
2x+2+x2—2x+x2—x—2>0
(x=2)(x+1) N
2x2 —x >0
(x=2)(x+1)
x(2x—1) >0
(x=2)(x+1)

Locate the zeros of either the numerator or denominator on the num-
ber line, positioning a ¢ above each, as all are odd-zeros. Noting that
the rational expression is positive to the right of 2, we placed a “+” over
the right-most interval, and then moved to the left, changing the sign
each time we crossed over an odd-zero:

C C (4 C
* = S — — ot
-1 0 1 2
2
x(2x—1)
SIGN (x=2)(x+1)

Reading off the intervals with “+” signs, and adding the numbers
where the numerator is zero (the black dots), we see that:

2 X 1
— 4+ = _+120: (—oo,-1)uU[0,z1u (2
o+ L (. ~1) U 0,310 (2, 0)

EXAMPLE 1.17 Solve:

3_<sy
X

SoLUTION: (WARNING) All too often, when confronted with such
an inequality, one is tempted to begin by multiplying both sides by x,
as one typically does with rational equations:

3 <5y

X

WRONG: 3 —2x<5x
when x < 0
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Answers:
@ [-2,-1)u (3,
(b) (=0, -1y U (-

Preliminaries

)

2 1

3°3

)

DON’T DO IT! The resulting inequality will not be equivalent to the
original one when x is a negative number (as you know, if you multi-
ply both sides of an inequality by a negative number, you must
reverse the inequality sign). Therefore, if you’re set on clearing the
denominator, then you will have to consider two cases: (1) if x>0,
and (2) if x < 0. A simpler approach is to bring all terms to the left,

and proceed as in the previous example

3 <5y

X

3 _2_5x<0

X

3—2x—5x2S
X

0

—5)c2—2)c+3S
X
(—5x+3)(x+1)SO

X

Noting that each zero is odd, and that the rational expression is nega-
tive to the right of the last zero, we have:

0

c c c
+ Py — ~ T PY —
1 0 2
SIGN (=5x+3)(x+1)
X
Reading off the “~” intervals, and where the numerator is zero (the

black dots in the SIGN chart), we arrive at the solution set of the
given inequality:
[-1,0) U [3, )

CHECK YOUR UNDERSTANDING 1.17

Determine the solution set of the given inequality.

@ =X > (b) x<

x2—2x—3_ 3x+2
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EXERCISES

Exercises 1-20. Solve.

I. (@3x-5=2x+7 (b)3x—5<2x+7 (c) 3x—5=22x+7
2. (a) 3x2—5 _ 2x_v6L7 (b) 3x—5<2x:6r7 © 3x2—522x_46r7
3 (a)%_g%—_l _ %_2(3x3+2) ) %_2x6—1%_2(3g+2)
4. (a) x3 = 4x (b) x3<4x (c) —x3 <4x (d) —x3 > 4x
5. @) x*-x3-6x2=0 (b) x*—x3-6x2<0 () x*=x3-6x2>0
6. (A)x*-x3-5x2 =0 (b) x*—x3-5x2<0 () x*=x3-5x2>0

7. (A)x3-2x-1=0

8. (a)9x3—9x2+x—1=10

\O

S @ (1-x)(2x+3)(x+2) = 0

10. (a) (1-x)2(2x +3)3(x +2) = 0
11. (a) (1 —x)21(2x +3)30(x +2)2 = 0
12. (a) (1 -x)2(x +5)3(5-x)> = 0
13. (a) —x*(2x +3)3(=x+1)5 = 0

14. (a) (x2-4)3-64 = 0
15. () 3(x2-1)2=10(x2— 1) +8

16. (a) 3x+2)*-2(3x+2)2 = 3

(b) x3-2x-1<0

(b) 9x3 -9x2+x—-1<0

(b) (x2—4)3 - 64<0

() x3—2x—1>0

(©) 9x3-9x2+x—1>0
(b) (1-x)(2x+3)(x+2)<0

(b) (1-x)2(2x+3)3(x+2)>0

(b) (1-x)21(2x+3)30(x+2)2<0
() (1=x)2(x+5)3(5-x)3>0

(b) —x*(2x+3)3(-x+1)°<0

() (x2-4)3-64>0
(b) 3(x2—1)2<10(x2— 1)+ 8

(b) (3x+2)*—2(3x+2)2>3
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18, @) 1 = £ (b) )ﬁ&z;xl ©) )ﬁﬂ;xl
19. (@) x = 2+1 b)x>2+1 ©x<2+1
X X X
20. (@) 222 - 5 _4;“_ - ® S ©

Exercises 21-22. Exhibit a polynomial equation with the given solution set.

21. {1,2,3} 22. {_1505254}

Exercises 23-25. Exhibit a polynomial inequality with the given solution set.

23. (~oo, 1) U (2, 5) 24. (—0,11U[2, 5] 25. (—0, 1) U (2, 5) U (9, )

Exercises 26-28. Exhibit a rational inequality with the given solution set.

26. (—o0, 1) U [2, 5] 27. (—o0, 11U (2, 5] 28. (—o0, 1) U [2,5]U (9, o)
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§4. TRIGONOMETRY

An angle is formed by two line segments having a common endpoint.
The line segments are the sides of the angle and the common endpoint
is the vertex. Lower case Greek letters will be used to denote angles;
particularly the letters a (alpha), B (beta), y (gamma), and 6 (theta).

The most commonly used unit of angle measurement is the degree
(denoted “°”). A 90° angle is said to be a right angle, and one strictly
between 0° and 90° is called an acute angle.

TRIGONOMETRIC FUNCTIONS OF ACUTE ANGLES

Two triangles are said to be similar if the angles of one of them are
the same as those of the other (margin). While similar triangles have
the same shape, they need not be of the same size; however:

The ratio of corresponding sides of similar triangles are equal (margin).
Since the sum of the angles in any triangle equals 180°, if two angles

in one triangle equal two angles in another, then their third angles are
also equal, and the triangles are similar. In particular, any right triangle

with acute angle 0 has to be similar to any other right triangle with the
same acute angle 0. This enables us to define the trigonometric func-
tions of an acute angle 0 in terms of ratios of lengths of sides of any
right triangle containing 0 :

DEFINITION 1.7 Let 0 be an acute angle. The functions sine,
TRIGONOMETRIC  cosine, tangent, cosecant, secant, and cotan-

FUNCTIONS gent of 6 (abbreviated sin, cos, tan, csc, sec,
and cot, respectively), are defined as follows:

& sin® = m, cosO = a—dJ, tan® = 0_1:2

g hyp hyp ad]

é cscH = m, secH = hLP, cotO = ad

2 opp adj opp
side adjacent (adj) where opp, adj, and hyp are the lengths of the
opposite side, adjacent side and hypotenuse,

respectively.

TWO IMPORTANT RIGHT TRIANGLES

If one acute angle of a right triangle measures 45°, then so does the
other: 90°—45° = 45°. This means that the legs of the triangle are
equal in length. Such a triangle is said to be isosceles. Since all isosce-
les right triangles are similar, any one of them can be used to compute
the values of the trigonometric functions of a 45° angle. The one in
Figure 1.7(a), with legs of length 1 unit and, consequently, with hypot-

enuse of length /12 + 12 = /2 will be called the 45° reference trian-
gle. The 30°/60° reference triangle is depicted in Figure 1.7(b).
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‘el%l
I 2

The 30°/60° reference trian-
gle was obtained by folding
the above equilateral trian-
gle (all sides of equal length)
in half along the dashed line.
Using the Pythagorean Theo-
rem, we then found the
length of the leg opposite the
60° angle:

22 = 1+a2,0ra = 3

Answer: See page A-6.

2
459
N2 1 NE
45 -
! 1
45° reference triangle 30°/60° reference triangle
(a) (b)

Figure 1.7

CHECK YOUR UNDERSTANDING 1.18

Complete the table of values:

O |sinO |cosO | tan® | cscO | secO | cotO
30° 2
45° RN

60° NG

RADIAN MEASURE

The radian measure of an angle with vertex at the center of a circle
is the ratio of the length of the arc subtending that angle to the radius of
the circle. Since that ratio is independent of the radius of the circle, it
can be used as a measure of the angle.

Radian measure, being the ratio of two lengths, is a real number and
is not associated with a unit (like degrees). Nonetheless, when referring
to radian measure the word “radian” is often used to refer to that mea-
sure. To convert from degrees to radians, or the other way around, use
the “bridge:”

90° = g radians or: 180° = w radians (*)

EXAMPLE 1.18 (a) Convert 6 = 45° to radian measure.

(b) Convert 8 = 3—2—n to degree measure.

SOLUTION: Using (*):

o radians _ T
180® 4

. _ 180°

(b) 0 = 775 = (— raﬁ@ns W = 270°

(a) O = 45° = 458 radians



Answers: (a) %ﬂ (b) 30°

QII

QI
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CHECK YOUR UNDERSTANDING 1.19

(a) Convert 6 = 120° to radians.

(b) Convert 6 = g radians to degrees.

ORIENTED ANGLES

QIII

QIV

It is often useful to think of an angle 0 as evolving from the follow-
ing dynamic process:

A fixed ray or half-line, called the initial side of the angle, is
rotated about an endpoint O, called the vertex of the angle, to
a final destination, called the terminal side of the angle. If the
rotation is counterclockwise, then the angle is said to be posi-
tive, and if clockwise then it is negative. Because of the sign
associated with it, such angles are said to be oriented angles.

Typically, one positions an angle in the Cartesian plane, with its ver-
tex at the origin and its initial side along the positive x-axis. In such a
setting, the angle is said to be in standard position. Two angles in
standard position are depicted in Figure 1.8. The one in Figure 1.8(a) is
positive (counterclockwise rotation) and that in (b) is negative (clock-
wise rotation).

y y

e

X /\ X
N

positive angle negative angle
(a) (b)
Figure 1.8

When the terminal sides of two angles in y
standard position coincide, then the angles are
said to be coterminal. The two angles

X

depicted in the adjacent figure are coterminal er
(one positive and the other negative).

The Cartesian plane is divided into four quadrants QI through QIV
(see margin). When the terminal side of an angle in standard position
lies within one of the four quadrants, the angle is said to lie in that
quadrant. In particular, the angle of Figure 1.8(a) lies in the second
quadrant (QII), the angle in Figure 1.8(b) lies in the fourth quadrant
(QIV). No quadrant is associated with an angle whose terminal side lies
on a coordinate axis, such as 90° or © radians. Such angles are called
quadrantal angles.
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/ (x,) = (cos, sind)
N
The hypotenuse has length

1 as it coincides with the
radius of the circle.

When neither sin® nor

cos0 is zero:

tan0 = —-1-—, cotO = .
cot® tan©

sin® = L, cosh = 1
cscO secO

Preliminaries

TRIGONOMETRIC FUNCTIONS OF ORIENTED ANGLES

We begin by defining the sine and cosine of any oriented angle:

DEFINITION 1.8 For any

SINE AND COSINE

FUNCTIONS point of

of the terminal side of
0 with the unit circle.

Note that this definition coincides
acute angle:

The remaining four trigonometri

(cosB, sin0)

From right-triangle From Definition 1.8:
definition (see margin):
sing = %P0 =¥ | 54N y = sin®
hyp 1
cos9=a—dj="—c Same, x = cosH
hyp 1

angle 0O,
is the (c\(l)/se, sin@)
mtersection y.coordanaté“

x-coordinate

)

NP

with the previous one when 0 is an

defined in terms of the sine and cosine functions:

DEFINITION 1.9 Forany 6

TANGENT, COSECANT,

SECANT, COTANGENT tan®

secO

c functions of oriented angles are
_ sin@ cscd = '1
cos0 sin©
1 cosO
= coth =
cos9 sin@

TRIGONOMETRIC VALUES OF QUADRANTAL ANGLES

Figure 1.9 shows the four points of intersection of the unit circle and

the x- and y-axes: (1, 0), (0, 1), (-

1,0), and (0,—1). These points lie

on the terminal side of quadrantal angles (angles whose terminal side

lies on an axis). The sine and cosi

ne of such angles are easily deter-

mined, as is illustrated in the following examples.

e

0,1)

(_190)

NIV

(Oa _1)

Figure 1.9

EXAMPLE 1.19 Determine the value of sin270°.



Answer: See page A-6.
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SOLUTION: Placing the angle in standard
position and reading off the y-coordinate

the unit circle, we find that:

of the intersection of its terminal side with @

\
§in270° = —1 -(0/1

EXAMPLE 1.20 Evaluate tan(-3n).

SOLUTION: Placing the angle in standard posi-
tion we see that sin(-37n) = 0 (y-coordinate),
and that cos(-3n) = —1 (x-coordinate). Con- (_1,0)

sequently: R

CHECK YOUR UNDERSTANDING 1.20

Complete the following table:

o - sin@ | cosO | tan® | cscO | secO | cotO
degrees | radians
0° 0 0 1 0 undef
90°
T
270°

TRIGONOMETRIC VALUES OF NON-QUADRANTAL ANGLES

We now turn our attention to that of determining trig6 for certain

non-quadrantal angles 6, where “trig” represents any one of the six
trigonometric functions. This will involve two steps: finding (1) the

sign of trig6 and (2) the magnitude of trig 0.

To determine the signs of trig you need only remember that
(cos0, sin0) is the point of intersection of the terminal side of 6 with

the unit circle:

csc positive all positive
sec, tan, and cot negative

sine positive sine positive
cosine negative QH QI osine positive

| ]
cosine negative cosine positive
QUI | QIV
sine negative sine negative

~_| 7

tan and cot positive sec positive
sec and csc negative csc, tan, and cot negative

Figure 1.10
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Answer: cosine and secant
are positive, the others are
negative.

EXAMPLE 1.21 Determine the sign of the six trigonometric
functions of 0 = 825°

SOLUTION: Since 825 = 2(360) + 105,
the angle 825° is coterminal with 105°,

sine pos

and therefore lies in the second quadrant, |cosine neg 2N
where the sine is positive and the cosine |
is negative. Consequently:
sin 825° > () | cos 825° < 0
825°>0 l e 825°<0
e g tan 825° < 0 See <
v
cot 825° <0

CHECK YOUR UNDERSTANDING 1.21

Determine the sign of the six trigonometric functions of 0 = —2%5.

As you have seen, determining the sign of trig 6 is an easy matter, once
the quadrant of 6 has been determined. Our next concern is with the mag-
nitude of trig 0, and we begin by defining the reference angle, 0., of any
non-quadrantal angle 0, to be that acute angle formed by the terminal
side of 0 and the x-axis:

(—X,y) - T (xay)

(—X, _y) - T ()C, _y)

Figure 1.11

Consider, now, any angle 0 with reference angle 0, . The terminal side

of 0 is one of the four depicted in Figure 1.11. By symmetry, the coor-
dinates of the points of intersection of the terminal sides with the unit cir-
cle only differ in sign:

(X, y)’ (_xa y)’ (_x’ _y)’ (x’ —J’)
Thus cos® = x or —x, and sin@ = y or —y, depending on the quad-
rant in which 0 lies. Noting that (x,y) = (cos0,, sin0,), we have:

|cosB| = cosO,

} consequently: ||trigf| = trig0,

|sin@] = sin®,




1.4 Trigonometry 35

We can now find the exact value of trigf for any 6 whose ref-
erence angle is 30°, 45°, or 60°. It is a two-step process:

Step 1. Determine the sign of trigb. Locate the quadrant in
which 0 lies, and then refer to Figure 1.10.

Step 2. Determine the magnitude of trig0 . Find the reference
angle 0, and then use the fact that [trigh| = trig6,

EXAMPLE 1.22 Evaluate cos570°.

SOLUTION:

STEP 1: Noting that 570°—-360° = 210°, we

conclude that 6 = 570° lies in QIII, where the 210°
cosine is negative. (_ \

Step 2: Noting that the reference angle of 0 is 0

0, = 210°-180° = 30°, we conclude that
|cos570°] = cos30°. Thus:

Step 1| |Step 2

" d _ J3
c0s570° = Yeos30° = — 24 — A2

30° hyp 2

see margin
NG g

EXAMPLE 1.23
Evaluate cot(— IZR) .

SOLUTION:

STEP 1: Noting that —%E = —4n-T we

4

conclude that 0 = _117: lies in QIV, where the N

cos0 ).

cotangent is negative (cotf = =
sin®

Step 2: Noting that the reference angle of 0 is 0, =

cot(—”n)
4

s
k we conclude

= cot™ . Thus:
4

ﬁ that

4 hyp
see margin Y
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Answers:

L

2
b -1 (© "

Principal period of the
sine function:

Principal period of the
cosine function:

T\ﬁ

T‘211

CHECK YOUR UNDERSTANDING 1.22

Determine the exact value of:

11 25
(b) cot Tn (c) sec (— Tn)

(a) sin(-840°)

TRIGONOMETRIC FUNCTIONS OF A REAL VARIABLE]

Though it may be comfortable to think of the trigonometric functions
as acting on angles, a different interpretation is called for in the calcu-
lus where one is concerned with functions defined on real numbers. As
you can see from the following definition, the transition from trigono-
metric functions of angles to trigonometric functions of numbers
hinges on the fact that the radian measure of an angle, being a ratio of
two lengths, is actually a real number.

DEFINITION 1.10 For any real number x:

TRIGONOMETRIC trig x = trig®
FUNCTIONS OF A
REAL VARIABLE

a number an angle

where 0 is the angle with radian measure x.

Figure 1.12 displays the graphs of the sine and cosine functions. As
you can see, both are periodic with period 27 : the bold-faced portion
of each graph just keeps repeating itself. In other words:

sin(x + 2kn) = sinx and cos(x +2km) = cosx for every integer k.
Y

IS A W
A, A

sinx

LN
U\ D

f(x) = cosx
(b)
Figure 1.12




A vertical asymptote
for the graph of a func-
tion is represented by a
dashed wvertical line
about which the graph
tends to either plus or
minus infinity. In partic-
ular the graph of the tan-
gent function has
vertical asymptotes at

odd multiples of g .
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The graph of the tangent function appears in Figure 1.13. Note that
the tangent function has period  : with principal period the bold-faced

portion of the graph over the interval (—g g) .

y

1A

T 3n
5 2n X
I
| |

Figure 1.13

TRIGONOMETRIC IDENTITIES

An identity is an equation that holds for every value of the vari-
able(s) for which both sides of the equation are defined. At this point,
we content ourselves with acknowledging several important trigono-
metric identities.

THEOREM 1.5

For all numbers x and y:

. .2 2
PYTHAGOREAN IDENTITY (1) sin"x+cosx =1
(ii) sin(x +y) = sinxcosy + cosxsiny
i
sin(x —y) = sinxcosy — cosxsiny
ADDITION IDENTITIES
(i) cos(x +y) = cosxcosy — sinxsiny
il
cos(x —y) = cosxcosy + sinxsiny
(iv) sin2x = 2sinxcosx
DOUBLE-ANGLE IDENTITIES 5 9
(v) cos2x = cos ' x—sin"x
(vi) sinX = 4 |L=coSx
2 2
HALF-ANGLE IDENTITIES
.. X _ 1+ cosx
(vil) cos= = £ [————=
2 2
v 2 1—cos2x
(viii)sin"x = —
POWER-REDUCTION IDENTITIES
) 2 14+ cos2x
(ix) cos’x = ————=

2
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EXERCISES

Exercises 1-8. Convert to radian measure.
1. 6 = 30° 2. 0 = -45°
5. 0 = 120° 6. 0 = 135°

Exercises 9-16. Convert to degree measure.

9. =1L 10.0=1C
4 3
13.0="1 14, 9 = 2T
2 4
Exercises 17-32. Evaluate.
17. sin810° 18. cos5mn
21. seclln 22. cot540°
25. sin135° 26. coss—n
4
29, SecllTn 30. cot240°

11.

15.

19.

23.

27.

31.

0 = 60°
0 = —150°
g =_T
6
o - Ix
6
cotlZE
tan(—360°)
tan 1™
3
tan(-510°)

12.

16.

20.

. ( 1571)
. sin| ——==
2

28.

2

~

32.

0 = 90°
0 = 360°
L.

4
o= Lz

3
csc(—180°)

csc(—45°)

. ( 1571)
sin| ———
6

Exercises 33-41. Use the trigonometric identities of Theorem 1.5 to simply the expression.

.2 2
2sin” x 2c0s x
33, = .
sin2x sin2x
sin’x sin“Xcos”
36. — secx 3 o272
cosx "1+ cos2x
tanx + cotx inx — 2_
39. 40, (sinx — cosx)“ — 1

csc2x sin2x

35.

(sinx + cosx)?— 1

38.

1+ cos2x
sin2x

41. (secx + tanx)2(secx — tanx)
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CHAPTER SUMMARY

ABSOLUTE VALUE
AND

DISTANCE

The absolute value of a, denoted by |a] , is given by:

a 1if a=0
la| = .
—a 1if a<0

la| represents the distance (number of units) between the num-
bers a and 0 on the number line.

The distance between a and b is given by |a — b|.

DOMAIN AND RANGE OF A
FUNCTION

Roughly speaking, the domain of a f
function f is the set, Df, on which f

“acts,” and its range is the set R, of

the function values. Domain Range

THE ARITHMETIC OF
FUNCTIONS

COMPOSITION

The sum, difference, product, and quotient of two functions f
and g are defined as follows:

(f+g)x) = flx) +g(x)
(f—g)(x) = flx)—g(x)
(fg)(x) = flx)g(x)
( ( ) = (x) [providing g(x) # 0]
g(x)
For any constant c¢: (¢f)(x) = cf(x)

The composition (gof)(x) is given by:
(goN(x) = g(f(x))

/]\_ first apply f
and then apply g

ONE-TO-ONE FUNCTION
AND ITS INVERSE

A function f is one-to-one if for all ¢ and 4 in Df:

fla) =flb)y=a = b
The inverse of a one-to-one function f/ with domain D, and
range R, is that function f~! with domain R, and range D,
such that:

(f1ef)(x) = x forevery x in D,
and

(fof H(x) = x forevery xin R,
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TRIGONOMETRIC FUNCTIONS
OF ACUTE ANGLES

side adjacent (adj)

£ sing = PP cos0 = a—dJ, tan® = 22D
S hyp hyp adj
§ cscO = }ﬂ’ secH = hLP, coth = adj
2 opp adj opp

TRIGONOMETRIC FUNCTIONS
OF ARBITRARY ANGLES

For any angle 0, (cos6, sin@) is
the point of intersection of the ter-
minal side of 6 with the unit circle.

x-coordinate
N
(cos0, sin0)

y-coordinate

)

Then:
tan0 = sin® cscH = L
cos0 sin©
_ 1 _ cosO
secO 030 cot im0

NP

TRIGONOMETRIC FUNCTIONS
OF A REAL VARIABLE

For any real number x:
trig x = trig0

a number an angle

where 0 is the angle with radian measure x.

GRAPHS OF THE SINE, COSINE,
AND TANGENT FUNCTIONS

y = tanx
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TRIGONOMETRIC IDENTITIES

For all numbers x and y:
. .2 2
(i) sin"x+cosx =1
sin(x +y) = sinxcosy + cosxsiny

(i)

sin(x —y) = sinxcosy — cosxsiny

(i) cos(x +y) = cosxcosy — sinxsiny
il

cos(x —y) = cosxcosy + sinxsiny

(iv) sin2x = 2sinxcosx

2 .2
(v) cos2x = cos x—sin'x

(vi) sin¥ = & [L=COSX
2 2

(vii) cos¥ = + [LFCoSX
2 2

(viii) sin’x = LZCOS2X
2
(1x) cos’x = 1+ cos2x

2
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Answer: (a) 3 (b)
(c) 84

S
4

You can use your calcula-
tor to see what happens,
but at some point, say for
x = 1.99999999 | you may
receive an error message,
since most calculators
think that 1.99999999 = 2.
Poor things.

2.1 The Limit: An Intuitive Introduction 43

CHAPTER 2
LIMITS AND CONTINUITY

§1. THE LIMIT: AN INTUITIVE INTRODUCTION

At the very heart of the calculus is the concept of a limit, and here is
an example:
lim (3x+5)

x—>2

It is read: The limit as x approaches 2 of the function 3x + 5.

It represents: That number which 3x + 5 approaches as the value of
x approaches 2.

Clearly, as x gets closer and closer to 2, 3x will get closer and closer
to 6, and 3x + 5 will consequently approach 11. We therefore write:
lim (3x+5) = 11
x—>2

By the same token,
lim —*— = 3

x>3x2+5 14
(as x approaches 3, the numerator approaches 3,

and the denominator approaches 32+5 = 14.)

CHECK YOUR UNDERSTANDING 2.1

Determine the given limit.

@ lim (4x2+x)  (b) lim X3
1 x—>2Xx+

x> -

(©) lim [x(3x7 + 1))

At this point, you might be wondering what all of the fuss is about.
Up to now, it was totally natural to simply plug the given number into
the function to arrive at the limit, right? Yes, but consider:

. x2+x-6
lim =——
x>2 x2-4

Attempting to substitute 2 for x in the numerator and denominator

2

0

value of x get closer and closer to 2; say x = 1.99, x = 2.001,
x2+x—6

x2 -
will indeed approach a particular number. To find that number, we turn
to a related algebra problem:

brings us to the meaningless expression “=". However, if you let the

x = 1.9999, x = 2.00001, and so on, you will find that
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x2+x-6
x2-4
X2Ax—6_ (x+3)(n2) _ x+3
x2-4 (x+2)(x\2)  x+2
AY

Simplify:

Solution:

But the above is not totally correct, for one should really write:

We remind you that one tx-6_ (x+3)(x-2) _x+3 if x#2 ™)
cannot “cancel a 0.” x2 -4 (x+2)(x=2)p x+2

conditional equality

In the limit process however, the variable x approaches 2 — it can get
as close to 2 as you wish but it is never equal to 2; and we do indeed
have:

lim X =6y G2 o, X #3005

x—>2 x2-4 x—>2(x+2)(x—2)Tx—>2x+2 4
not conditional

We’ve encountered two types of limits:

Those like lim and lim *3
x>3xc+5 x—=2 X+

determined by simply plugging in the indicated x-value.

, which can be

2 —
And the more interesting type, like lim ¥ tx-6
r—=2 x2-4

which cannot be evaluated at x = 2.

3

EXAMPLE 2.1 Evaluate:
T x3—2x2-3x
im —=~ ==
x—>3 x2+2x-15
SOLUTION: Since both the numerator and denominator are zero at
x = 3, (x—3) must be a factor of both polynomials:

ox3-2x2-3x _ . ox(x2-2x-3)_ . x(x—/é)(x+1)
lim ——== 2= = |im ==—="_ 2= |im
xo3 x2+2x—15 x-3(x=3)(x+5) x-3 (x7/3)(x+5)

XD 33+ 123

v>3 (x+5)  3+5 g 2

CHECK YOUR UNDERSTANDING 2.2

Determine the given limit.

Answer: (a) % (b)2 (@ lim® +23x1— 4 ) lim 5= 7;x2 + 2; 4
x—>1 x°— x—>2 Xt —x-
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EXAMPLE 2.2 1,1
Evaluate: lim 2 x
x—>-2 x+2
SOLUTION: The problem is with the zero in the denominator (when
Note: We carry the x = =2). Our goal is to alleviate that problem:
limit symbol until the
limit is performed. An l + l )iz
analogous situation: . 2 x _ 2x . x+2 1
lim = lim = lim .
3~2+4:6$4:10 x>-2 x+2  x5-2 x+2  x5-2\2x x+
you write the “+” until . hm 1 . . 1
the sum is performed >0 2 T ( 4
see margln

EXAMPLE 2.3 Evaluate:
lim X F1-1
x—0 X

SOLUTION: We have to do something to get rid of that bothersome 0

in the denominator (when x = 0). Out of desperation, we rationalize
the numerator:

Iim @: lim(/\/)C"‘l—l_ x+1+1)
o0 ¥ 0 x JF1+1
(a—b)(a+b) = a®>-b2 = lim (x+1)—1

x—>0 x(,/x-l—l-l—l)

The numerator got nicer while <« = hm

the denominator got uglier. But

ugliness is in the eyes of the x—0 X( ANX +1+1 )
beholder. The truly “ugly” thing
was that x in the denominator

which vanishes. —>= lim

_ 1 _
x>0 ./x+ 1+1 JO+H1+1

N =

CHECK YOUR UNDERSTANDING 2.3

Determine the given limit.

Answer: (a) 1 (b) % (@) lim (l_ 1 ) (b) lim x—;z—z

x>0\ xZ+x x—>2 x-—4
2 —_
You can determine lim X+ 3x—4 by simply substituting 1 for x in
xo>1 x2+
2 4 _ 2 _
the expressionx 3x 4: M7+3) -4 _ 0 _ 0 . We now turn
x2+1 (1)2 +1 2
that problem upside down, and consider:
. x2+1
lim

x> 1x2+3x—4
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Observing that as x gets closer and closer to 1, the denominator of
x2+1
x2+3x-4
2, we can conclude that the quotient must get arbitrarily large in magni-

tude: LIMIT DOES NOT EXIST.

gets closer and closer to 0 while the numerator approaches

Here is another situation where a limit fails to exist:

3x+1ifx<?2
x2 ifx>2

The function f{x) = { does not have a limit

at x = 2. Why not? Because:
As x approaches 2 from the left, the top rule is in effect,
and f(x) approaches 3-2+1 = 7. On the other hand,
as x approaches 2 from the right, the bottom rule is in
effect, and f(x) approaches 22 = 4.

One says that the left-hand limit of the above function equals 7 and
that the right-hand limit equals 4; written:

lim f(x)=7 and lim f(x)=4

x—2 x— 27"

ONE-SIDED LIMITS

You can easily convince yourself that the following assertion holds:

THEOREM 2.1 lim f(x) exists if and only if lim f{(x) and
You are invited to xX—>c x—>c
establish this result in

the next section. xli_)rnc . f(x) both exist and are equal; and, if they
are, then:
lim f(x) = lim f{x)= lim f{(x)
xX—c X —c x—>ct

3x+1ifx<?2

, does not have
x2 ifx>2

In particular, the function f(x) = {

a limit at 2 since, as we have seen, lim f{x)# lim f{x).
x—=>2" x—2"

3x+1ifx<2
x2+3 ifx>2

How about the function g(x) = { — does it have a

limit at 2? Yes, and it equals 7:
lim g(x)= lim g(x)=7
x—>2* x—2
3x+1if x<2

Finally, does the function A(x) = 100 if x = 2 havealimitat2?

x2+3if x<2

Yes, it is again 7; for the limit is “not concerned” with what happens at
2, but only what happens as x approaches 2!



Answer: (a)6 (b) DNE
(c)DNE (d)2

The solid dot above 3 in
(a) depicts the value of the
function at 3: f(3) = 4.
Similarly in (b) g(3) = 7,
and in (c) ~(3) = 7.

Note that “o” and “—w” are
not numbers. The notation
lim k(x) = oo in (d) is used to

x—>c

indicate that the function &
takes on arbitrarily large pos-
itive values as x approaches 3
from either side.

lim /(x) = —o indicates that

x—3
the function / takes on arbi-
trarily large negative values
as x approaches 3 from either
side [see (e)].
The function m in (f) does not
have a limit at 3, as the func-
tion values approach + asx
approaches 3 from the left,
and —o as it approaches 3
from the right. One can write:
lim m(x) = o
x—3
and lim m(x) = -
x— 3"
(Formal definition appears at
the end of the next section.)
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CHECK YOUR UNDERSTANDING 2.4

Determine if the given limit exists, and if does, evaluate it.

2_ —
(a) lim X ) (b) lim x-3
x—>3x-3 x>3x2—-6x+9
(c) lim f(x), for f(x) = { 2x—-11if x<3
X3 Xx+5 ifx>3

x—11i1fx<3
2 ifx>3

(d) lim3 g(x), for g(x) = {

GEOMETRICAL INTERPRETATION OF THE LIMIT CONCEPT

Consider the functions depicted in Figure 2.1.

I o —8 U NG
/ f “7/ T/

/| \ /1 \ / !
/ 3 / 3 / 3
1im3 fix) =4 lim g(x) = 4 1im3 h(x) DNE
X = x—3 x—
(a) (b) (c)
k I / | m
| I
| \ | |
3 3 3
| I |
lim k(x) = 1im3l (x) = —© 1im3m(x) DNE
x—=3 x> X
(d) (e) ®
Figure 2.1

Looking at the function in (a), we see that as x approaches 3, from
either the left or the right, the function values (y-values) approach the
number 4. Thus: lim f(x)= 4. The function in (b) differs from that of

x—3
(a) only at x = 3, where it has a “hiccup.” But that anomaly has abso-

lutely no effect on the limit, since the limit does not care about what hap-

pens at 3 — it only cares about what happens as x approaches 3. Thus:
lim g(x)= 4. (The same conclusion could be drawn, even if g were
x—>3

not defined at 3.) The function /4 in (c) does not have a limit at x = 3,

since lim A(x) = 4 while lim A(x) = 7. A discussion of the limit
x— 3 x— 3"

situation depicted in Figure (d), (e), and (f) is offered in the margin.
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Answers:

(@)1 (b) DNE (©)1

(d) DNE: lim f{x)= o
x—>7

CHECK YOUR UNDERSTANDING 2.5

Referring to the graph of the function f'below, determine if the given
limit exists, or is infinite. If it exists, indicate its value.

|
|
|
|
!
7

f
(a) limof(X) (b) limzf(X) () limsf(X) (d lim7f(X)
CONTINUITY

Let’s reconsider the functions:

/ \ Vi \ / |
S
lim f(x) = 4 lim3 g(x)=14 lim3 h(x) Does Not Exist
x—3 x> xX—>

(a) (b) (©)

Figure 2.2
While the function in (c¢) does not have a limit as x approaches 3, both
the functions in (a) and (b) do. The limit, oblivious of what happens at
3, cannot tell you that the function g in (b) behaves in a somewhat
peculiar fashion at x = 3. Another concept, one more sensitive than
that of the limit, is called for:

DEFINITION 2.1 A function f is continuous at ¢ if:
CONTINUITY xhﬂlc fix) = flc)

A function that is not continuous at c, is
said to be discontinuous at that point.

In other words, for the function f'to be continuous at c, three things
must happen:
(1) The function must be defined at c.

2) The limit must exist at c.

3) That limit must equal the function value at c.



REMOVABLE
DISCONTINUITY

JUMP
DISCONTINUITY
If the left- or right-hand
limit of f fails to exist at c,
then the function is said to
have an essential discon-
tinuity at that point. It can
be shown that the function

fx) = sin: has an essen-
X

tial discontinuity at 0.
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Returning to Figure 2.2, we see that:
The function f'in (a) is continuous at 3
(limit equals 4, and f(3) = 4)
The function g in (b) is not continuous at 3
(limit equals 4, but g(3) = 7).
The function % in (c) is also not continuous at 3
(limit does not even exist)

If a function f'has a limit at ¢ but that limit is not equal to f{c) (per-
haps because the function is not even defined at ¢), then f1is said to have
a removable discontinuity at c. [The function in Figure 2.2(b) has a
removable discontinuity at 3.

If the left- and right-hand limits of a function f exist at ¢ but are not
equal to each other, then fis said to have a Jump discontinuity at that
point [The function in Figure 2.2(¢c) has a jump discontinuity at 3].

EXAMPLE 2.4 Determine if the function

2x if x<3
3x+1if3<x<4
x2-3 if4<x<5
4x+21if S<x
has a discontinuity at:

(a)x =3 b)yx =4 c)x =15
If so, is it removable or a jump discontinuity?

flx) =

SOLUTION:
(a) Since lim f(x)=2-3 =6 and Ilim f{x)=3-3+1 =10,
x—>3 x—3"
the limit does not exist at 3, and the function has a jump discontinuity
at that point.
(b) Since lim f(x)=3-4+1 = 13, lim f(x)= 4>-3 = 13,
x—>4 x—> 47"

and since f(4) = 3-4+ 1 = 13, the function is continuous at 4.

(c) Since the function is not defined at 5, it cannot possibly be contin-
uous at that point. But is the discontinuity removable? Yes:

lim fix)= 52-3 = 22 and lim fix)=4-5+2 = 22

x—>5 x— 57
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Answers:

(a) Jump discontinuity.
(b) Removable discon-
tinuity.

CHECK YOUR UNDERSTANDING 2.6

Is the given function continuous at x = 2? If not, does it have a
removable or jump discontinuity at the point?

x+1 if x<2

L

@fx) =1 T2y gy =1 s ipe—2
x2-1.001 if x>2 )

x2-1if x>2

Finally, we note that a continuous function is a function that is con-
tinuous at every point in its domain. Roughly speaking, a function is
continuous if it can be graphed without lifting the writing utensil. The

function f(x) = x2 is continuous everywhere, as is every polynomial
function. Rational functions are continuous wherever they are defined.
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EXERCISES

Exercises 1-29. Evaluate the given limit, if it exists.

2 2 _ 2 _
1. lim =2 2. lim =2 3. lim =2
xr—>3x+3 xr—>5x+3 x5 x+5
2 2 2_
4. lim =2 5. lim ——25 6. lim —X—25
x5 X=35 x=>5x2-3x-10 x>-5x2+4x+5
2 o 2 3 2
7 lim X +3x-10 g lim X +4x+4 9, lim 2x° + 5x<+ 3x
x>2 x2—4x+4 x—>-2 x2+3x+2 x>-1 x2-3x—4
2 2 2
10. lim —X—1 11, lim X—=2x*1 12, lim =1
xo>1x2-2x+1 x—>1 x2-1 x>1x3-1
2 24 2
13, lim — X —1 14, lim —X_fx-2 15. lim —X-——1
xo1x3—x2+2x-2 xo>2x3+x2—4x—-4 x> 1x3-2x2+1
16. lim 2=% 17. lim 2 x—2 18, lim A tx—1
x—>4x2-16 x—3 x-—3 x—0 x2
. 21 11 1 1
19, Tim =1 1 1 21, lim (-— )
0 T+x-1 20. lim X124 x>0 it
x—2 x2
X4
x_

2 2
cS Y g (e Sy Y oa i GHI2x
xo2X =2 2 g Lol xtl hoo  h
25 lim 320 L1 27, |jm SinZx + sinx
h—0 h 2. lim (x+h)2 x2 x>0  cotx

" h50 h
, i
28, lim —cosx—1 29. ljm 1=Sinx
x— 0 cosZx + cosx — 2 n COSX
2

Exercises 30-33. Determine if the given limit exists. If it does, indicate its value. Is the function
continuous at the given point? If not, is the discontinuity removable or is it a jump discontinuity?

30. lim f{(x) where: 31. lim f(x) where:
x—2 x—2
10) x+2 if x<2 ) x+2 if x<2
xX) = xX) =
x2 if x>2 x2 if x>2
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32. lim f(x) where: 33. lim f{x) where:
x—2 x—2
x+2 if x<2 x+1 if x<2
fry =12 ifx=2 A=) = {xz it xs2
x2 if x>2

Exercises 34-37. (Geometrical Interpretation) Referring to the graph of the function f, deter-
mine if the given limit exists or is infinite. If it exists, indicate its value. Is the function continuous
at the given point? If not, is the discontinuity removable, a jump discontinuity, or an essential dis-
continuity?

34. lim f(x)

x—3

SF——-»

36. lim f(x) 37. lim f(x)
x—3 x—3

1

| 5 — —

I [
I ) I
| > I
3| |
| _~ 3
|

|

Exercise 38-42. (Theory) Sketch the graph of a function f satisfying the given conditions.

38. f(1) = 5 and limlf(x)= 5 39. f(3) =1 and 1im3f(x)= -1
40. f(1) =5 and limlf(x)Z 6. 41. f(1) =5 and limlf(x)Z 5.
42. fis:

(1) Continuous at 1.

(i1) Defined at 2 and has a removable discontinuity at 2.

(ii1) Is not defined at 3 and has a removable discontinuity at 3.
(iv) Is defined at 4 and has a jump discontinuity at 4.



The Greek letters ¢ and §
(“epsilon” and “delta,”
respectively) are tradition-
ally used in the definition
of the limit.

Left-Hand Limit:
lim f(x) = L if:

X —>c
For any given £¢>0 there
exists &> 0 such that:
if c—8<x<c then

fix)-Ll<e

Right-Hand Limit:
lim f(x) = L if:

x—>ct
For any given ¢>0 there
exists 8 >0 such that:
if c<x<c+3§ then

f(x)-Ll<e

2.2 The Definition of a Limit 53

§2. THE DEFINITION OF A LIMIT

The intuitive notion of the limit concept is valuable, but hardly rigor-

ous. It’s fine to say that lim f{x) = L tells us that the function values
X—>cC

f(x) get arbitrarily close to L as long as x is sufficiently close to ¢, but
what exactly does “arbitrarily close,” and “sufficiently close” mean?
The time has come to place the limit concept on a firm foundation:

DEFINITION 2.2 lim f(x) = L if:

XxX—>cC
Forany given € > 0 there exists 6 > 0 such that:
if0<|x—c|<d then |[f(x)-L|<e¢

We remind you that, geometrically, the absolute value expression
|a — b| denotes the distance between a and b on the number line. Now

look at the last line in the above definition. It says exactly what needs to
be said:

if0<|x—c/<8 then |f(x)-L|<e
i\

if x # ¢ is within & units of ¢| then

f(x) is within € units of L

In the exercises you are invited to establish the following result which
asserts that limits, if they exist, are unique:

THEOREM 2.2  If limf{(x) = L and lim f(x) = M, then:
UNIQUENESS x—oe s
THEOREM L=M.

To show that lim f(x) = L we need to find, for any given ¢ >0, a
X—>c

positive number 6 such that for every x within 6 units of ¢ (excluding
c itself) f(x) falls within & units of L. Generally, the smaller the given
€, the smaller the corresponding 6 . Consider, for example, the function
J depicted in Figure 2.3. Note that while “everything in the &, neigh-
borhood of ¢ in Figure 2.3(a) maps into the ¢, neighborhood of L,” a
smaller 6 (labeled 8, ) had to be chosen to accommodate the smaller €
(labeled ¢, ) of Figure 2.3(b).

I f
EL@_,_ _ jz__L —
" | 2 |
/I ‘C / 5
/ 5 I 5, / ?J?z
(a) (b)

Figure 2.3
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EXAMPLE 2.5 Provethat lim2x+5 = 11.

x—>3
SOLUTION: For a given € > 0 we are to find 6 > 0 such that:
O0<lx-3|<d=|f(x)-1l|<e  <«—

0<|x-3]<8d=|2x+5)-11|<e
O<lx-3|<8d=[2x-6|<¢

wes

O<lx-3|<8d=2|x-3|<e

O<|x—3|<8:>|x—3|<§ PE—

While a choice of 8 for which 0<|x-3|<d=|2x+5)-11|<e¢

in the top line above may not be so apparent, it is trivial to find a § that

works in the rewritten form (bottom line):

3 = % is the largest &

0<|x—3|<6:>|x—3|<§;namely: S =

NS X ep)

that “works.” Any pos-
itive number less than
€ €

—=x-3/<=!

For certainly: 0 < |x — 3| < 3 3

g can also be used.

CHECK YOUR UNDERSTANDING 2.7
Prove that

lim5x+1 = 21

Answer: See page A-9. X4

EXAMPLE 2.6 prove that limx2 = 9.

x—>3
SOLUTION: For a given € > 0 we are to find 6 > 0 such that:
0<|x—3|<8=x2-9|<e¢
0<x-3]<d=|(x+3)(x-3) <e¢
O<lx=3|<d=x+3|lx-3| <¢

The proof will be complete once we find a 6 > 0 for which:
0<|x-3|<d=x+3|lx-3]<e (¥
€

——— that temptation must be
|x + 3]

suppressed, for 6 has to be a positive number and not a function of x.

While it is tempting to choose & =

Since we are interested in what happens near x = 3, we decide to
focus on the interval:

(2,4) = {x|lx-3|<1}
Within that interval |x + 3| <7 (see margin).




Answer: See page A-9.

The theorem also holds for
one-sided limits. In particu-
lar, if:
lim fix)= L
and lim g(x)= M
then:
lim [f(x)+g(x)] = L+ M.

+
xX—>c

2.2 The Definition of a Li

Consequently, within that interval:

lx +3||x = 3| < 7|x - 3|

mit 55

Taking 6 to be the smaller of the two numbers 1 and % [written:

S = min(l, %) ], we are assured that |x + 3| < 7 and that 6 < % . Thus:

0<lx-3/<8=1x2-9 = |x+3|]x-3|<7-

&
7

= &

CHECK YOUR UNDERSTANDING 2.8

Show that:

lim (x2+1) = 5
x—>2

PROPERTIES OF LIMITS

The following theorem formalizes results that you have been taking
for granted all along.

THEOREM 2.3 If lim fix)= L and lim g(x)= M then:

X—>cC X —>cC

LiMIT THEOREMS

(a) lim[f(x)+g(x)] =L+M.
(b) xliinc[f(x)—g(x)] =L-M.

() lim [f{x)-g(x)] = LM.

) limg((—?)Z A% if M%0.

(e) lim [af(x)] = aL for any numb
XxX—>cC

Cr a.

IN WORDS:

(a) The limit of a sum is the sum of the limits.

(b) The limit of a difference is the difference of the limits.

(c) The limit of a product is the product of the limits.

d) The limit of a quotient is the quotient of the limits
q q
(providing the limit of the denominator is not zero).

(¢) The limit of a constant times a function is the
times the limit of the function.

constant

PROOF: We prove (a) and (¢). You are invited to establish (e) in CYU
2.9 below, and (b) and (d) in the exercises.
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Throughout this devel-
opment we are assum-
ing that the variable x
will always be con-
tained in the domain of
both fand g.

For any two numbers a
and b:
la+ b| < |a| + |5

(Triangle Inequality)

We want to work [f(x) — L|

and |g(x)—M| into the
picture, and do so by intro-
ducing the clever zero:

—f)M + f(x)M

within the expression:
|(f8)(x) — LM

(a) For a given ¢ > 0 we are to find & > 0 such that:
O<|x—c|<d=|(f+t2)(x)-(L+M)| <e
O<|x—cl<d=|f(x)+g(x)-L-M|<¢
0<lx—cl <d=[[f(x) - L]+ [g(x)-M]| <& (*)

By virtue of the triangle inequality (see margin) we have:

[f(x) = L]+ [g(x) = M]| < [f(x) — L| + |g(x) — M|
It follows that (*) will hold for any & >0 for which 0<|x—c| <&
implies that BOTH [f{(x) — L| < % and [g(x) — M| < % . Let’s find such a

O:
Since lim f(x) = L, thereisa 6, >0 such that

X—>cC

O<|x—c|<61:>|f(x)—L|<§.

Since lim g(x) = M there is a 8, > 0 such that

X—>cC
0<lx—cl<8,=lg(x)-M| <§ )
Taking & to be the smaller of 5, and 5, we have:

0<|x—c| <&, implies tha BOTH |f{x) — L| <§ and |g(x) — M| <§.

(c) For a given €¢>0 we are to find 6>0 such that
O<|x—cl<d=|(fg)(x)—LM|<¢
O<|x—cl<d=|f(x)g(x)-LM| <

see margin: 0 < |x— o] <8 = |f(x)g(x) ~ fX)M+flx)M LM <¢
O<|x—cl<d=|f(x)[g(x)-M]+M[f(x)-L]|<e

The triangle inequality tells us that:

[f(x)[g(x) = M] + M[f(x) - L] < [f(x)llg(x) — M| + [M][f(x) - L|

We now set our sights on finding a 6 > 0 for which both:

(A) 0<fx— ] <3= [f(x)llg(x) ~ M <3
and (B) 0<|x—cf<d= [M|[f(x)-L| <§
For (A): Since xllin Cf(x) = L, we can choose §, such that:
O<|x—c|l<d,=[flx)-L|<1

could choose any positive number



Weused |M|+1 instead
of [M| in the denominator,
as |M| might be zero.

Answer: See page A-9.

(Continuous from the left)
Left-Hand Continuity at c:
limf(x) = flc)
(Continuous from the right)
Right-hand Continuity at c:
limf(x) = f(c)

X—=>cC

If a function is defined
only on one side of an
endpoint of an interval,
such as is the case with the

function f(x) = x which
is only defined on the
interval [0,), we then
understand continuity at
that endpoint to mean con-
tinuity from the right (or
continuous from the left;
whichever is appropriate).
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Then: 1> [f(x) = L| 2 [ftx)] =Ll = |ftn)l <IZI+ 1 (%)
Exercise 41, page 10

So that: [f{(x)l|g(x) — M| < (1 +|L])|g(x) — M|
Since lim g(x) = M, we can choose 6, >0 such that:

X—>cC

0<lx—c|l<8,=l|g(x)— M| <m )

Letting 6, = min(8,, d,), we find that (A) is satisfied:
r(**)—\]
€ €
0<lx—cl<d,=[f(x)llg(x)-M < (L +1)- <D >

(***)

For (B): Since lim f(x) = L, there exists a 85 > 0 such that:

X —>cC

€
0<lx—cl <dp=|f(x)-L| <2(|1\/[| + 1) < (margin)

Then:
0<lx—cl <8,= [M||f(x)-L| < M| m%

End result: For 8 = min(5 4, 85), both (A) and (B) are satisfied.

CHECK YOUR UNDERSTANDING 2.9

Prove Theorem 2.3(e).

CONTINUITY

Since the concept of continuity rests on the limit concept, and since
the limit concept has rigorously been defined, a rigorous definition of
continuity follows nearly free of charge.

From Definition 2.1: A function f is continuous at c¢ if:

lim f(x) = f(c)

X—>cC
Equivalently:For any given & > 0 there exists & > 0 such that:
if |x—c| <8 then |[f(x)-f(c)l <e
(Why |x —c| <8 rather than 0 < |x—c| <8 ?)
A function that is not continuous at ¢, is said to be discontinu-
ous at that point.

A function that is continuous at every point in an interval is said
to be continuous in that interval.

A function that is continuous throughout its domain is said to be
a continuous function.
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Theorem 2.3 readily extends to accommodate continuity:

THEOREM 2.4 If fand g are continuous at ¢ then so are the

functions:
(@) ftg () f-g () fg
(d) é [providing g(c) # 0] (e) af

PROOF: Each of the above results follows directly from its corre-
sponding limit theorem. Consider the following proof of (c):

Theorem 2.3(c)
xliglc(fg)(X) = xligch‘(X)'g(X)] d xliincf(X)xliincg(X)

continuity of fand g: = f(c)g(c) = (fg)(¢)

CHECK YOUR UNDERSTANDING 2.10

Answer: See page A-9. Prove Theorem 2.4 (a).

In the exercises you are asked to show that all polynomial and rational
functions are continuous. The sine and cosine functions are also contin-

uous. That being the case, the composite functions sin(x2 + 2x —5) and

3x .
cos| — are also continuous; for:.
xc+7

Recall that: THEOREM 2.5 If fand g are continuous functions with the
(goN(x) = glfix)] COMPOSITION range of f contained in the domain of g, then
(See Definition 1.4, page 7) THEOREM the composite function gof" is also continuous.

PROOF: Let ¢ be in the domain of gof , and let € > 0 be given. As is
suggested in Figure 2.4(a), we need to find a & > 0 such that:

x—cl <= lglfix)]-glfia)]l <e (%)
Let’s do it:
Since g is continuous at f{c), we can find a & such that:

vy —fle)l < &= |g(y) — glf(c)]l <& [Figure 2.4(b)].
(In particular: [f(x) —f(c)| <& = Ig[f(x)] - g[f(c)]l <€)

Now, think of § as being an “g -challenge” for the function f.
By the continuity of f, we can find a  such that:

Ix —c| <& = |f(x) —f(c)| < b [Figure 2.4(c)].

Merging Figures (b) and (c) we see that (*) holds [Figure 2.4(d)]:
x—cl <8 = [f(x) —fle)l <8 = Ig[fx)] - glf(e)]l <
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/q\ﬁ\

need to ﬁnd a 8 for the given ¢ f(C) g[f(c)]
/ (a)
/ 5 g
/ 5 &
/ NN
! for o slfe)
£ 8 f 5!
: T
= ———) (\_l )
7 C
N (c) f(C)
"
Nt S
— ’J:
) ( (
c \f(c)/g[f(c)]
gof
(d)
Figure 2.4

CHECK YOUR UNDERSTANDING 2.11

Prove: If f is continuous at b and if lim g(x) = b, then:

X—>a
Answer: See page A-9. xh_rflj[g(x)] = f[ hm g(x)]
We now extend the limit concept to accommodate the concept of
infinity:
DEFINITION 2.3  limf(x) = o if for any given number M there
X —>cC

exists 8 >0 such that: 0<|x—c| <8 = f(x)> M.

lim f(x) = —oo if for any given number M there
X —>cC

exists 8 >0 such that: 0<|x—c| <8 = flx) <M.

lim f(x) = c if for any given ¢ >0 there exists a
X —>

number N such that: x> N = [f(x) —c| <¢.

lim f(x) = o if for any given number M there
X —> ©

exists a number N such that: x > N = f(x) > M.
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CHECK YOUR UNDERSTANDING 2.12

Formulate a definition for:
(a) lim f(x) = (b) lim f(x) = o
x—>ct

) lim fix) = -0 (e) lim f(x) = o

X —> 0

Answers: See page A-10.

) lim f(x) = ¢

(® lim flx) = —oo

X —> —0
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EXERCISES

Exercises 1-6. Determine the limit L. Find, for the given ¢ >0, the largest >0 for which
0 < |x — c| < & implies that the function values fall within ¢ units of L.

x—1 3
- _ 1 5 limGx%2+1),e =1 - 2 _ 1
4, lim((x-5),8 = — ’ 6. lim +1),e = =
x—>2(x ) 10 x—>2 x—>2(x ) 2
Exercises 7-15. Establish the following claim.
7. lim((5x-3) =2 8. lim(3x-5)=-2 9. Ilim (-x-1) =1
x—>1 x—>1 x—>-2
10, tim (Zx+3) = L 11 tim (Gre1) = 2 12. tim (x+1) =0
x> 183 3 1\2 4 N2
X == xX—>
2 2
13. limx2 = 4 14. lim x2 = 4 15. lim (x2-1) = 8
x—2 x— -2 x—3
Exercises 16-17. (Theory) Prove:
16. limx = ¢ for any number c. 17. limd = d for any numbers c and f(x) = d.
x—=>c x—>c

Exercises 18-23. Use Exercises 16-17, and Theorem 2.3 to establish the claim.

18. limx2 = 1 19. lim3x2 = 12 20,

x—1 x—2

lim XL - 3
x—>s5x2—x 10

: 3 — 3_ _ : 3 3
2. fim (2x+1) 27 g g 23-Tiol 3 23 lim(x-25)° = 8
x—> -2 3x+5

3 .
24. For what values of @ and b is f(x) = { ax’+bx+1if x<2 continuous at 2?
bx’+a ifx>2

2 .
25. For what values of a and b is f(x) = { ax“—b ifx<l continuous at 1?
bx3+ax+3 if x>1

Exercises 26-29. (Theory) Give examples of functions f'and g such that neither fnor g is contin-
uous at ¢ but:

26. f+ g is continuous at c. 27. gf is continuous at c.

78 [ is continuous at ¢. 29. gof is continuous at c.
g
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Exercises 30-40. (Theory) Prove:

30.
33.
36.

37.

38.

39.

40.
41.

Theorem 2.1 31. Theorem 2.2 32. Theorem 2.3(b)
Theorem 2.3(d) 34. Theorem 2.4(b) 35. Theorem 2.4(d)
Theorem 2.4(e)
lim f(x) = 0 ifand only if lim |f{x)| = 0. That is:
X—>cC X—>cC

limf{x) = 0= lim [f(x)] =0 and lim |[f(x)| = 0= lim f{x) = 0

xX—>c X —>cC X—>C xX—>cC
Every polynomial p(x) = a,x"+a, x"~!1+...+a,x+a, is a continuous function.

-1
ax"ta, (xX""'+..taxta,
-1
b, x"+b, x"'+..+bx+tb,

1s a continuous function.

Every rational function r(x) =

Prove Theorem 2.1, page 46.

If fand g are continuous functions and if lim g(x) = b, then: lim f[g(x)] = f(b).
X —> ®©

X —> 0
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CHAPTER SUMMARY

THE LIMIT

INTUITIVE:

RIGOROUS DEFINITION:

lim f(x) = L

X—>cC

“As x approaches c, the function values f(x) approach L.”

For any given € > 0 there exists 0 > 0 such that
if0<|x—c| <3 then |[f(x)-L| <e¢

LIMIT THEOREMS:

If lim f(x)= L and lim g(x)= M then:

X —>cC X—>cC

lim[f(x)tgx)] = LtM

The limit of a sum (difference) is the sum (difference) of the limits.

lim [f(x) - g(x)] = LM and lim 25 = £ ¢ ar20
xX—c xoeglx) M

The limit of a product (quotient) is the product (quotient) of the limits.

lim [af(x)] = aL

The limit of a constant times a function is
the constant times the limit of the function.

CONTINUITY AT A POINT:

A function f is continuous at c if:
lim f(x) = f(c)
X—>cC
In other words: The limit exists and is equal to the function value.

CONTINUITY THEOREMS:

If fand g are continuous at ¢ then so are the functions:

frg fe é [providing g(c) # 0] af

CONTINUOUS FUNCTION:

A function that is continuous throughout its domain is said
to be a continuous function.

COMPOSITION THEOREM:

If fand g are continuous functions with the range of f contained in

the domain of g, then the composite function gof is also continu-
ous.




64 Chapter 2 Limits and Continuity



The tangent line to a
point on the circle is
that line which touches
the circle only at that
point:

This will not do for
more general curves.
The “tangent line” in
Figure 3.1, for exam-
ple, touches the curve
at more than one point.
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CHAPTER 3
THE DERIVATIVE

§1. TANGENT LINES AND THE DERIVATIVE

Consider the two lines of Figure 3.1. Which do you feel better repre-
sents the tangent line to the curve at the indicated point (c, f(c))?
Chances are that you chose the dashed line, and might have based that
decision on the concept of a tangent line to a circle (see margin). Our
goal in this section is to define (find?) the “tangent line” of Figure 3.1,
so that it conforms with our predisposed notion of tangency.

fto) ]

/[

But why bother? What’s so special about tangent lines? For one
thing, near the point of interest a tangent line offers a nice approxima-
tion for the given function [see Figure 3.2(a)]. For another, tangent
lines can be used to find where maxima and minima occur [see Figure
3.2(b)].

Figure 3.1

these tangent lines have 0 slopes

(b)

Figure 3.2
Returning to the our goal of defining the tangent line to the graph of a
function f'at a point (c, f(c)), we reasonably demand that it must con-

tain the point (c, f(c)). That being the case, we can now focus our
attention on “finding” the slope of the line in question.
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We call the line W, to

remind us that we got
it by moving /4 units
from ¢ along the x-
axis. (If 2 were nega-
tive, then c¢+# would
lie to the left of c.

The definition of left- and
right-hand limits (page 46)
gives rise to that of left-
and right-hand derivatives:

fim At D_fle)

h—0- h
and
i feth) —fle)
h—0* h

But there is a problem. We need 2 points to find the slope, and we
have but one: (¢, f(¢)). And so we turn our attention to the situation in
Figure 3.3, where the would-be tangent line T is represented in dotted
form (it really doesn’t exist, until we define it). A solid line W, also
appears in the figure, and it is the line passing through the two points on
the curve: (c, f(c)) and (¢ +h, f(c +h)).

K/

Figure 3.3
The line W), 1s not the tangent line we seek. But we can do something

with W, which we were not able to do with our phantom line T; we can
calculate its slope:

m = feth) —fley _ fleth)—flc) (change in y)

(cth)-c h change in x

It is easy to see that the “wrong” lines W, will pivot closer and closer

to T as & gets smaller and smaller! It is therefore totally natural to
define:

slope of T = lim fet+h)—fc)
h—0 h

Yes, the above limit (when it exists) is the slope of the tangent line to
the graph of the function fat the point (c, f(c)), but it is also called the
derivative of fat ¢, and is denoted by f'(c¢) :

DEFINITION 3.1 The derivative of a function f at ¢ is the

DERIVATIVE OF A  number f '(¢) given by:
FUNCTION AT A POINT

f’(c) = lim fleth)—f(c)
h—0 h

providing the limit exists. If it does, then the
function is said to be differentiable at c.

EXAMPLE 3.1 Determine £'(0) and f'(1) for the function
flx) = =3x2+6x—1.



The graph of:

f(x) = =3x2+6x-1
appears below.

A

From the figure, we can
anticipate that £'(0) will
be a positive number
(tangent line climbs, and
rather rapidly), and that

f'(1)=0.

Note that the f'(c) of Defi-
nition 3.1 is a number: the
slope of the tangent line at
(¢, f(c)) . On the other hand,
f'(x) is a function whose

value at x is the slope of the
tangent line at the point

(x, f(x)) -

3.1 Tangent Lines and the Derivative 67

SOLUTION: Turning to Definition 3.1 with ¢ = 0 we have:

e
f'(0) = lim Jw— lim fUD) —£(0)
-0 h—>0
A undetermined

(—3h2+6h—1)—(-1)_ i =32+ 6h
h—0 h h—0 h

= lim X321 6)_ lim (=34 +6) =
h—>0

Repeating the process with ¢ = 1, we have:

| v
(1) = tim LD -AD - g [-3(1+m)%+6(1+h)—1]-2
-0 h h—0 h
~ lim [-3(1+2h+h?)+6+6h—1]-2
h—0 h
- ~3-6h—3h2+6+6h—1-2 _ y —3h2
- m m ——
h—0 h h—>0 h
= lm-32=0
h—>0

We did some work in Example 3.1 to find f'(1), and repeated the
same process to find /'(0). We could save some time by finding the
derivative function, f/ '(x), and then evaluating it at 0 and at 1; where:

DEFINITION 3.2 The derivative of a function fis the func-
DERIVATIVE tion f'(x) given by:
FUNCTION ) = lim flx+h)—f(x)
h—0 h

providing the limit exists.

EXAMPLE 3.2 Find the derivative, f'(x), of the function

f(x) = —2 _ and then use it to determine
2x+1

f'(0), f'(1),and f'(=5).
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If the derivative exists,
then the A in the denomi-
nator has to eventually
cancel with an A-factor
in the numerator. For
this to happen, all terms
in the numerator that do
not contain an A must
drop out.

We see that the tangent
line to the graph at x = 0,
x =1, x = -5 has a pos-
itive slope. Since the tan-
gent line approximates
the graph of the function
at the indicated point, the
graph must be climbing at
those points. It climbs
faster at x = 0 than at
x = 1, and is nearly flat
atx = -5,

You can also determine

f'(x) and then evaluate
itat7.

EXAMPLE 3.3

SOLUTION: Turning to Definition 3.2, we have:
7'(x) = lim S+ h) —f(x)
h—0 h
x+h = x
~ lm 2x+h)+1 2x+1

h—0 h

(x+h)2x+1)—x[2(x+h)+ 1]
lim [2(x+h)+1](2x+ 1)
h—0 h
2x2+x+2xh+h—2x%—2xh—x

common denominator:

expand the numerator: = lim
ho0  R[2(x+h)+1](2x+ 1)
simplify: = lim —/— —h — — — — [ AEI!:I
h—>0/lf[2(x+h)+1](2x+l)
g 1
= 1m
h>0[2(x +h) +1](2x + 1)
1 1

Take the limit: =

2G+0)+112x+ 1) (2x+ 1)

We found the derivative of f(x) = .
2x+1
' 1
x = o————
1= =
In particular:,
/ 1
0) = — =1
70 (2-0+1)2
, 1 1
1) = ==
S 2-1+1)2 9
f1E5) = ——— = L

[2(-5)+1]> 8l

Determine the equation of the tangent line to
the graph of the function f(x) = J/x+2, at

x =1.
SOLUTION: Whenever you see the word “line” you should think of:
y=mx+b
slope L y-intercept

The first step is to find the slope m, which is to say: /(7).
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h

h—>0

i O T2-3

h—0 h

I J9+h-3 JO+h+3
m .

h—0 h JO+h+3

i 9+ H) -9
>0 h(J9+h+3)

o ~ —h-
h=>0 ]( JO+h +3)

/

. 1 1 1
lim = = =
h%0m+3TJ9TO+3 6

take the limit

At this point we know that the tangent line is of the form:
1
=-x+b *
y =z (*)
To determine b we use the fact that the tangent line must pass through
the point on the curve whose x-coordinate is 7, namely, the point:

(7,/(7) = (7,3)

1) = JT+2 —2—'

Substituting 7 for x and 3 for y in (*) we solve for b:
1

3==--7+b
6
p=3-1-1U
6 6
Tangent line: y = )é‘l‘%

CHECK YOUR UNDERSTANDING 3.1

X
2x+1

Find the tangent line to the graph of the function f(x) = at

Answer: y = x+2 x = —1.(See Example 3.2.)
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The “double-d” notation
for the derivative 2 is

b dx b
attributed to  Gottfried

Leibnitz (1646-1716)

It is important to note
that we are simply
acknowledging differ-
ent notations for one
and the same thing.

Answer: G/ 1,
dx

ol -

a'xx:2

ALTERNATE FORM FOR THE DERIVATIVE

The Greek letter “A” (called “delta”) is often used to denote a
“change in.” Replacing # with the symbol Ax (for change in x) in the

expression lim feth)—flc) we have:
h—0 h

lim flc+ Ax) —f(c) or Lim Ay < change iny
Ax—0 Ax Ax — 0 Ax < change in x
When using the above form, one typically replaces the derivative

symbol f'(x) with the symbol Z—i} or a’% f(x), and the symbol f'(c)

dy
ith ==
" dx X=c
TO ILLUSTRATE:
J— x . = = x °
For fix) = 5= Fory = fx) = 5277
Example 3.2: f’(x) = ;2 dy _ 1
(2x+1) x  (2x+1)2
' 1
Also:(X)Z— Al-i”_(x): 1
2x+1 (2x+1)2 S0 dx\2x + 1 (2x +1)2
. oo 1
In particular: f(2) = T In particular: dy ‘ -1
dx| _ 25
x=2
The ratio Ay in the expression ay _ lim 22 denotes the average
Ax dx  Ax—0 Ax

rate of change of y with respect to x over the interval Ax, and one calls

the derivative dy _ lim Ay the instantaneous rate of change of y
dx  Ax—0 Ax

with respect to x, or simply the rate of change of y with respect to x.

In particular, if the volume V" of a balloon varies with respect to the

o 14
temperature ¢, then the derivative V'(¢) or 7 denotes the rate of

change of volume with respect to temperature.

Asyouknow, therate of change of position with respect to time is called
velocity, and the rate of change of velocity with respect to time also has
a special name: acceleration. We will have occasions to focus on these
two important rate of change functions (derivatives) later in the text.

CHECK YOUR UNDERSTANDING 3.2

for the function y = f(x) = 3x2—x+1.
x=2

. dy dy
Determine o and e




The function gin Figure
3.4(b) does appear to
have a left- and right-
hand derivative at c; the
left-hand derivative being
positive and the right-
hand derivative negative.

Geometrically speaking, if
a function is differentiable
at c, then the graph has to
change direction gradually
at that point [as in Figure
3.4(a)]. If the graph
abruptly changes direction
at that point [as in Figure
3.4(b)], then the function is
not differentiable at c.
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GEOMETRICAL INSIGHTS INTO THE DERIVATIVE

Consider the two graphs of Figure 3.4. The function f in (a) has a (pos-
itive) derivative at x = ¢ (tangent line exists and has positive slope).
The function g in (b) is not differentiable at x = ¢. Why not?

2 )

Zz Z
A ~—
Differentiable at ¢ Not differentiable at ¢
(a) (b)
Figure 3.4

BECAUSE: Lines are notoriously straight, and the graph of g has a sharp
bend at ¢ [the “would-be tangent line (1)” is of positive slope, while the
“would-be tangent line (2)” is of negative slope]. Since no line can
approximate the graph of g at ¢, there cannot be a tangent line at ¢ [in
other words: f'(c¢) does not exist]. To be more specific, we call your
attention to the graph of the absolute value function:

x if x>0 1]

—x if x<0

Abs(x) = |x| = {

-1 1

From our previous discussion, we can anticipate that the absolute value
function is not differentiable at x = 0; a fact which we now verify:

EXAMPLE 3.4

Show that the absolute wvalue function
f(x) = |x| is not differentiable at 0.

SOLUTION: For f(x) = |x|,and ¢ = 0 the derivative formula:
f'(¢) = lim fleth)—fle)
h—0 h

takes the form:
|0+ Al —]0] _ lim @

lim
h—>0 h

h—0
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Answer: See page A-11

Letting x approach 0 from the left, we have:.

|_since h is negative:l
-1

k| _ —h

lim =
h—>0- h h
From the right
|-since h is positive—|
\7
lim u - 1
h—>ot h h

Since the left-hand limit is different than the right-hand limit, the limit
(derivative) does not exist. It follows that the absolute value function
is not differentiable at 0.

CHECK YOUR UNDERSTANDING 3.3

Complete the construction of the graph of /(x) from the given graph
of y = f(x) at the top of the figure.

tangent lines in this region appear to vy = f(x)
have slope approximately equal to 1
X

L0 1 2 3 4 5

slope approximately '

|
|
equalto—ZI, I @
% 1 :
Ig 4
& g
R B
B %
N :g o /E
broe 1 oy
R ©
I
|| f’
4 32100 1 2 3 4 5
||
[
— _2_
y =f'(x)




It follows that if a func-
tion is not continuous at
¢, then it is not differen-
tiable at c.

In the expression:
lim f(x) = f(c)
X—>cC
make the substitution:
x=ct+h
to arrive at:
lim f(c+h)= f(c)
h—0

x=cth=>h=x-c
and to say that x —> ¢
is to say that 7 — 0

3.1 Tangent Lines and the Derivative

CONTINUITY AND THE DERIVATIVE

73

The following result asserts that differentiability implies continuity:

THEOREM 3.1 If a function f is differentiable at ¢, then f is

continuous at c.
PROOF: Let f'be differentiable at c. We are to show that:
lim f(x) = f(c)
X—>c

or, equivalently (see margin) that:

hlimof(c +h) = f(c)
lim [fle+ h)-fie)] = 0

Let’s do it:
lim [flc + h)-f(e)] = lim [ AEZEIME 5]
h—0 h—0 h
Theorem 2.3(c), page 55: = lim [M} lim A
h—>0 h h—>0
= fle)-0 =0

We’ve established the following pecking order:

Differentiability = Continuity = Limit Exists

Figure 3.5 illustrates that neither of the
above two implications is reversible.

\/ a b c

limit exists but Z function is
function is not continuous but

continuous not differentiable

Figure 3.5
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Answer: See page A-11

CHECK YOUR UNDERSTANDING 3.4

Sketch the graph of a function f'satisfying the following three condi-
tions:

(i) f is differentiableatx = 1.
(i) f is continuous but not differentiable at x = 2.

(ii1) f has a limit but is not continuous at x = 3.
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EXERCISES

Exercises 1-9. (Derivative at a Point) Determine f '(2) for the given function.

1. flx) = 4x2 2. flx) = 3x2+x 3. flx) = —x2+3x-1
4. flx) = x3 5. filx) =55 6. flx) = =
x+1
7. ) = 22 8 ) = x(x-3) 9. flx) = ixt 1
x
Exercises 10-12. (Derivative at a Point) Determine dy for the given function.
x=2
10. y=2x2—x+1 1.y = =X 12. y = Jx+2
x+1

Exercises 13-24. (Derivative Function) Determine f'(x) for the given function.

13. fix) = x 14. fix) =5 15. f(x) = 3x2
16. f(x) = 3x2+3 17. fix) = —2x2+x-2 18. f(x) = x—35
X
19. flx) = 213 20. flx) = ——2 21 flx) = Jx+3
x+1 2x+1
1 X 2x
22. flx) = 23. flx) = 24, f(x) = -
Jit3 x2+1 Jx+1
Exercises 25-27. (Derivative Function) Determine % for the given function.
25. y = —x2—x 2. v = Xt1 7y = 1

J2x+3

Exercises 28-29. (Tangent Line) Find the equation of the tangent line to the graph of the given

function at the indicated point.

28. fix)=x%+2x at x = 0 29. f(x)=x%+2x at x = 1
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30. (Graphs of Functions and their Derivatives) Pair off each function [A] through [F] with its
corresponding derivative function [1] through [6].

[A]

[E]

/

/N

/

/

[1]

(2]

(3]

[4]

[5]

[6]

)
N

Exercises 31-32. (Geometrical Interpretation) By positioning a tangent line to the graph of the
function £, at the indicated point, estimate the value of /'(2), ' (4), and (7).

31.

2 3 4

5 6

7 8

32.

e e e e

IR Y T [ N T

I ! ! | ! |

1 23 45 6 7 8
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Exercises 33-34. (Geometrical Interpretation) Consider the given graph of the function f.
Where does f fail: (a) to have a limit?  (b) to be continuous? (c) to be differentiable?

TR

o o 0 | 1 : ——
: : i i \3/ ‘ 6 78
1 2 3 4

Exercises 35-36. (Geometrical Insight) Sketch the graph of y = f'(x) from the given graph of
the function y = f(x).

\ | | | | | | | [ | | | | | I I
S!S Y N B H
c AL I I N B N
20 LT
AT
WAy a0
1 23 45 6 7 8 1 23 45 6 7 8

Exercises 37-39. (Geometrical Insight) Sketch the graph of a function f'satisfying the following
conditions:

37. f does not have a limit at 0; it has a limit at 1 but is not continuous at 1; it is continuous at
2 but not differentiable at 2.

38. f is not defined at 0 but has a limit at 0; it is defined at 1 but does not have a limit at 1; it
has a limit of 5 at 2, but is not continuous at 2; it is continuous at 3 with function value 6,
but is not differentiable at 3.

39. Where f is differentiable in (0, 2), f/ has a positive derivative. / has a negative derivative
between 2 and 4. f* is not continuous at 1. /" is continuous at 2 but not differentiable at that
point.

Exercises 40-41. (Theory) Sketch the graph of the given function. Verify that the function is not
differentiable at x = 2.

X if x<2
x2-2 if x>2

2x+2 if x<£2

3x if x>2 H. S = {

40.  f(x) = {
Exercises 42-43. (Theory) Sketch the graph of the given function. Verify that the function is dif-
ferentiable at x = 1.

x if x<1

42. fix) =42

43. f(X) z{ x2 ifx<l
"2- if x>1

2x—1ifx>1
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§2. DIFFERENTIATION FORMULAS

We begin by listing some derivative formulas which, with a bit of
practice, will enable you to quickly and easily determine the derivative
of numerous functions.

THEOREM 3.2 (a) The derivative of any constant function is 0.
For example: (17)' = 0 and (-375%)" = 0

(b) For any real number r:
(x") = rx'—1

For example: (x5) = 5x" and (x2)' = —2x3

(c) For any real number » and any differentiable function f:
[rf(0)]" = rf (x)

For example: (7x5) = 7(x%) = 7(5x%) = 35x* and (4x2)' = —8x3

(d) If fand g are differentiable, then so are f+ g and f— g; and:
[f(x) +g(x)]" = f'(x) +g'(x) and  [f(x) -g(x)]" = f(x)-g'(x).

For example: (7x5+x3)" = 35x4+3x2 and (2x+3—2x %) =2+8x5

(e) If fand g are differentiable, then so is fg, and:
[f(x)g(x)]" = flx)g'(x) + g(x)f"(x).

For example: [(5x3 —x)(x)]'= (523 —x)(x7)" +x7(5x3 —x)'
= (5x3 —x)(7x%) + x7(15x2 - 1) =50x° — 8x7

(f) If fand g are differentiable, then so is g , and:

[x)) _ ) (MO (g g 0],

(x) [2(x)]?
For example: G;:‘D = (3x*2)(5"—(‘;));;(25)32‘—4)(336*2)'
_(Bx+2)(5)-(5x—-4)(3) _ 15x+10-15x+12 _ 22
(Bx+2)? (3x +2)2 (3x+2)2

PROOF: We offer a proof of (a), the sum part of (d), and (e). You are
We are not currently in a  invited to establish (c) and () in the exercises.

position to establish (b) in all (a) Let f(x) = c (the function that assigns the number c to every x).
of its splendor. A proof that Then:

(x")" = nx"~! holds for any ) _

positive integer n is offered f(x) = limw = lim << = lim 0 0

at the end of the section. h—0 h h—>0 h h—0

(A general proof appears
in Section 6.3)

A geometrical argument: The graph of the function
f(x) = c is a horizontal line. At each point on that line, the
tangent line is the horizontal line itself, which is of slope 0.




(@) [f(x)g(x)]

regroup: =

Theorem 2.3, page 55 =
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(d) (Sum part):
[f(x)+g(x)]' = lim [x+h)+tex+h)]—[fx) +gx)]

h—>0 h

reoroun: — lim [T —fx) | glx +h) —g(x)
St hhino[ I " P }

Theorem 2.3(a), page 55: — lim AX M =/(X) | i, g+ h) —g(x)
h—>0 h h—0 h

fx)+g'(x)

o S h)gGr+ )~ flx)g(x)

h—0 A I a clever zero

o S g+ ) — flx+ h)g(x) + flx + hg(x) - fx)g(x)
h—0 h

: gx+h)—g(x) , fxth)—fx)]

hlino[f(x + h) ; + > g(x)}

lim fix+h) lim XD =g0) o iy VEED) O] iy o)
h—0 h—0 h h—0 h h—0

= fi g\x)g'(X) +f(x)g(x)

Differentiability implies continuity (Theorem 3.1, page 73).
Consequently: lim f(x +h) = f(x)
h—0

Answers: See page A-11.

CHECK YOUR UNDERSTANDING 3.5

(a) Appeal to a geometrical argument, similar to that offered in the
proof of Theorem 3.2(a), to show that x" = 1.
(b) Use Definition 3.2, page 67 to prove that x" = 1.

EXAMPLE 3.5 . 3x2+2x — 4’
(a) Determine (—)
2x+1
_ 3x3-2x%2+1 . dy
(b) Fory = — determine e

(c) For Z(y) = 3y3+2y—4, find the rate of
change of Z with respect to y.
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You could use the quo-
tient rule, but going with
powers of x is the better
choice [a choice that was
not available in (a)].

Answers:

(@) 12x3-2+20

X
4x2 +24x + 525

®) (x+3)2

SOLUTION: (a)
(3x2+2x—4)' _ Qx+DBx2+2x-4) - (Bx2 +2x—4)(2x + 1)’
2xt1 (2x+1)2

_ Qxt+ D(6x+2)=(Bx2+2x-4)(2) _ 6x%+6x+10

(2x+1)2 (2x + 1)2
d (3x3 —2x2+ 1) d 5 3 2
—_—] —— = — _ —+ = — = N
(b) e 2 dx(3x 2+x4) =3-2x 3 3

dZ _ d ., 4 5
42 — L33 +2y—4) = 932+
() 5 d y(3y 2y-4) = 9y +2

CHECK YOUR UNDERSTANDING 3.6

Differentiate the given function.
4x2 525

(@) f(x) = 3x*—2x+5-5x+4 by y = —

EXAMPLE 3.6 Find the tangent line to the graph of the func-
. x2—x+1

tion f{x) = ————

/&) 3x3+2

SOLUTION: We first set our sites on determining the slope of the tan-
gent line [namely /(1) ]:

atx = 1

' _ x2 —-x+1 '
ro = (535
Theorem 3.2(f) = B +2)(2—x+1)'—(x2 —x+ D(3x> +2)'
(3x3+2)2
Theorem 3.2(a)(e): — (33X +2)(2x— 1) — (x2 —x + 1)(9x?)
(3x3 +2)2

In particular:
£(1) = G- 13+2)2-1-1H-(12-1+1)9-1>) _ 4
(3-13+2)? 25
At this point, we know that our tangent line is of the form

)= _24—5x+b. Knowing that the point (1, f(1)) = (1%) lies on

the line enables us to determine b: % = - % -1+5b
5 25 25

9

Tangent line: y = ~ 33" 55"
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EXAMPLE 3.7 Determine the points on the graph of the func-

tion f{x) = x>—x—1 at which the tangent
line is parallel to the tangent line to the graph

ix“—%xz atx = 2.
SOLUTION: Reading the problem carefully we see that we need to

solve the equation f'(x) = g'(2) to find the x-coordinates of the
points in question. Lets do it:

of the function g(x) =

Sx) = x3—x—1 g(x) = iﬁ_%xz
fl(x) = 3x2-1
gx)=x3-3x=g'(2) =2
f(x) = ¢g'(2)
3x2-1 =2
x2 =1
x = =x1

Evaluating the function f(x) = x3—x—1 at x = +1 will yield the
corresponding y-coordinates of the two points:

fly=13-1-1=-1 and f(-1)=(-1)3—(-1)—1=-1

CoNncLUSION: At (1,-1) and (—1,-1), the graph of
f(x) = x3—x—1 has tangent lines parallel to that of

_X4 22 _
g(x) 7 5x atx = 2.

CHECK YOUR UNDERSTANDING 3.7

Answer: Determine the points on the graph of the function
(0’ 1) s (1’ _1) s (_1’ _1)

f(x) = 2x*—4x2 + 1 where the tangent line is horizontal.
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We are trying our best to
say
that, which Figure 3.6
so aptly displays.

The tangent line 7 at the
point (¢, f(c)) is sometimes
said to be the linearization
of fat c; the symbol Ax is at
times replaced by the symbol
dx (called the differential of
x); and yet another symbol,
the symbol dy (called the
differential of y), is used to
represent the expression

f {c)dx; leading one to the so
called differential form:

dy = f(x)dx

Answer:
2+9%1 52008
12

APPROXIMATING FUNCTION VALUES

Consider the function f'in Figure 3.6 along with the tangent line at the
point (¢, f(c¢)). As is depicted in the figure:

Ay = flc+Ax)—f(c),or: f(ct+Ax) = flc)+ Ay.

Moreover, since the tangent line 7 has slope f"(c), and since it hovers
close to the graph of the function near c:

Ay zf'(c)Ax; so that: f(¢ + Ax) = f(c) + Ay = f(c) +f'(c)Ax (¥)

Sle+ Ax)
fe)

/

/

Figure 3.6

EXAMPLE 3.8 Approximate the value of ./25.3.

L, 1
SOLUTION: For f(x) = J/x: f(x) = (xz) ~Lao 1
2 ZA/)_C
Turning to (*), with ¢ = 25, Ax = 0.3 we have:
J253 = 25+ 0.3) ~ (25) + £(25)(0.3) = /25 + % ~ 5.03
2425

CHECK YOUR UNDERSTANDING 3.8

Proceed as in Example 3.8 to approximate the value of 3/8.1.

EXAMPLE 3.9 The edge of a cube is measured as 10 inches
with a possible error in measurement of at
most 0.05 inches. Estimate the corresponding
largest possible error in calculating the vol-
ume of the cube. Estimate the relative volume
error (error divided by volume) stemming

from the calculation.




Answer:
507 cm?, & = 0.02
50

Roughly speaking, axioms
are “dictated truths” upon
which, with the cement of
logic, mathematical theo-
ries are constructed.
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SOLUTION: We find an approximation for the volume error AV
resulting from a change of an edge measurement from 10 to 10 + Ax
inches, where Ax = 0.05 inches:

For V(x) = x3: V'(x) = 3x%. Thus:
AV~ V'(10)Ax = 3(10)2(0.05) = 15in’

Conclusion: Maximum Possible Volume Error: AV = 15in3 .

Relative Volume Error: A—Vz 15 0.015.
Vo103

CHECK YOUR UNDERSTANDING 3.9

The radius of a circle is measured to be 50 cm with a possible error
in measurement of 0.5 cm. Estimate the maximum possible error in
using that measurement to calculate the area of the circle. Estimate
the relative error in the area calculation.

MATHEMATICAL INDUCTION

The following axiom, called the Principle of Mathematical Induction,

will be used to show that (x”)' = nx"~1 for any positive integer n.
Here is how that all-important principle works:

Let P(n) denote a proposition that is either true or false, depend-
ing on the value of the integer n.

If: | 1. P(1) is True.
And if, from the assumption that: | [1.  P(k) is True

one can show that: | TII. P(k+ 1) is also True

then the proposition P(n) is valid for all integers n > 1.

Step II of the induction procedure may strike you as being a bit
strange. After all, if one can assume that the proposition is valid at
n = k, why not just assume that it is valid at » = k+ 1 and be done
with it? Well, you can assume whatever you want in Step II, but if the
proposition is not valid for all # you simply are not going to be able to
demonstrate, in Step III, that the proposition holds at the next value of
n. It’s sort of like the domino theory. Just imagine that the propositions
P(1),P(2),P(3), ..., P(k), P(k+ 1), ... are lined up, as if they were
an infinite set of dominoes:

P©) |P7|| P@®)| [PO)| [P0
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The Principle of Mathe-
matical Induction might
have been better named
the Principle of Mathe-
matical Deduction, for
inductive reasoning is
used to formulate a con-
jecture, while deductive
reasoning is used to rigor-
ously establish whether or
not the conjecture is valid.

The last integer in:
The sum of the first 3 odd
integers is:

1+3+5<—[2-3-1 |
The sum of the first 4 odd
integers is:

1+3+5+7<—[2-4-1]

Suggesting that the last
integer in the sum of the
first k odd integers is:

1+3+...+

If you knock over the first domino (Step I), and if when a domino falls
(Step II) it knocks down the next one (Step III), then all of the domi-

noes will surely fall. But if the falling k! domino fails to knock over
the next one, then all the dominoes will not fall.

To illustrate how the process works, we ask you to consider the sum
of the first » odd integers, for n = 1 throughn = 5:

n| Sum of the first n odd integers | Sum I; Sulm

1 I T

2 1+3 4 2 4

3 1+3+5 9 » 3 9

4 1+3+5+7 16 4 |16

5 T+3+5+7+09 75 5125
67?7

Figure 3.7

Looking at the pattern of the table on the right in Figure 3.7, you can
probably anticipate that the sum of the first 6 odd integers will turn out

to be 62 = 36, which is indeed the case. In general, the pattern cer-

tainly suggests that the sum of the first n odd integers is n2; a fact that
we now establish using the Principle of Mathematical Induction:

Let P(n) be the proposition that the sum of the first » odd inte-
gers equals n2.
I. Since the sum of the first 1 odd integers is 12, P(1) is true.

II. Assume P(k) istrue; thatis: 1 +3+5+ -+ (2k—1) = k2
see margin )
II1. We show that P(k + 1) is true, thereby completing the proof:

the sum of the first £+ 1 odd integers

| |
[1+3+5+ -+ Q2k—1)]+(2k+1) = K2+ (2k+1) = (k+1)2

| |
| induction hypothesis: Step II

EXAMPLE 3.10 Use the Principle of Mathematical Induction
to verify that (x?)' = nx"~1 for any posi-
tive integer n.

SOLUTION:

I. Since x’ = 1 (CYU 3.5), and since 1x!-1 = x0 = 1, the claim

holdsatn = 1.

II. Assume the claim holds at n = k: (x¥)" = kxk-1,

III. We show the claim holds at » = k+ 1; which is to say, that

(K1Y = (k+ Dx®+F D=1 = (k+ 1)xk;



Answer: See page A-12.

Answer: (a) 60x2
(b) (-1)nlx(n+1)

(c) See page A-12.
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(1) = (e ty

Theorem 3.2(e): = x (ka:- xk.x
|

I = xkxk-

= kxk+xk = (k+1)xk

+xk

CHECK YOUR UNDERSTANDING 3.10

Using Theorem 3.2(f), extend the result of the previous example to
show that: (x”)' = nx"~1 holds for all integers n. (For n < 0, assume
that x # 0).

HIGHER ORDER DERIVATIVES

The second derivative of a function £, denoted by f(x), is simply the
derivative of f'(x) (if it exists) — the third derivative, 7 (x), is the
derivative of the second derivative. We note that the symbol f)(x)
can also be used to denote the nth derivative of the function f. For
example /(x) = f"(x)

In the Leibnitz notation, the second derivative of y = f{(x) is denoted

d%y d? d3y
or — — the third derivative —=, and so on.
a2 " g/ Y a3

For example: (5x3 +3x2—-x+1)" = (15x2+6x—-1)" = 30x+6

and: L= (364 2x) = L(_6x5+2) = 3044
dx? dx

CHECK YOUR UNDERSTANDING 3.11

(a) Find the third derivative of the function f(x) = x°.

(b) Find an expression for the n™ derivative of the function

fx) = x 1.
(c) Establish the validity of your claim in (b) using the Principle of
Mathematical Induction.
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EXERCISES

Exercises 1-18. Find the derivative of the given function.
1. fix) =3x3+4x3-7 2. flx) = 4x*+7x3-3x-2

3. g(x) = Tx3+5x2—4x+x4+1 4. flx) = %x“r%xz—x—l

5. g(x) = —x7+2x2—x1-x2+101 _ A4xt+x3 - 2x2

6. h(x) .

X
2

1 2
7. h(x) = 3 8. flx) = x2+x2-5x5
X
1 1
9. flx) = Ax+2 10. g(x) = 3x3+x 2+2x+1
1. Fx) = 3x2+2x—5 12 F(x):—x5+3x—4
' x+t4 ' x2+2x
5 1
13. f(x) = 14. g(x) =
fo) = == 8 = —
15. K(x) = (4x*+2x3 +x)(x3+x+ 1) 16, K(x) = (x4 L1 2x_3) (xz bt L)
X x2
17, hx) = 2x*1 18, flx) = A
Jx—1 3x2+1
Exercises 19-20. (Second Derivative) Determine /”(2) for the given function.
19. fix)=x>-3x2—x+1 20 _ X
i) = A
2
Exercise 21-22. (Second Derivative) Determine j—); for the given function.
X
x=2
21, y = 2x*—x—1 2. y:x—l
2x

Exercises 23-34. (Derivative Rules) Evaluate the given expression at the indicated point, if:
f0) = LA1) =3,/2) = 6,/(0) =2,f(1) = 6/(2) =0
g(0) = 3,g(1) = 2,g(2) = 5,¢'(0) = 1,g'(1) = 2,¢g'(2) = 2
h(0) = 0,h(1) = 6,h(2) = 2,h'(0) =3,h'(1) = 1,h'(2) = 1

23. [f(x)+g(x)] at x =1 24, [f(x)-g(x)] at x =1
25, [Jg%J at x = 1 26. [}g%} at x = 1
27, [fx) + g(x) + h(x)] at x = 2 28. [f(x)+g(x)-h(x)] at x = 2
29. [f(x)-g(x)+h(x)] at x =2 1x) +g(x)7 _
30. [ e ] at x = 1
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' !

fx) - g(x) _ f(D)—g() _
31. [ hx) } at x = 1 32. [h(t)+l} at t =0
(t , — _f(s) . ! = !
33. (i_(t§+g(z)) at t = g(1) 34. z ,(S)+g(2) h(s) at s =g (1)

Exercises 35-38. (Tangent Line) Determine the tangent line to the graph of the given function at
the indicated point.

35. fix) =3x2—x—-1atx=1 36. flx) = —x3-2x+2 atx =0
5 +

37, fix) = 282 4 x = 38. flx) = 23 4t x =1
X4 x2_|_

Exercises 39-40. (Horizontal Tangent Lines) Determine all points on the graph of the given
function at which the tangent line is horizontal (derivative is zero).

3x
x2+1

39. fix) = §x3 —%xz—er 1 40. f(x) =

Exercises 41-42. (Tangent Lines of a Given Slope) Determine all points on the graph of the
given function at which the tangent line has the indicated slope.

2 - 3241 .
41. flx) = x3 - %x +1; slope: 2. 42. f(x) = x3—x%+ 1;slope: 1.
Exercises 43-51. (Tangent Line Problems)

43. Show that no tangent line to the graph of the function f(x) = x3+x2— 100 has a slope
equal to —4.

44. Show that there is but one tangent line to the graph of the function f(x) = /x+ 2 with y-
intercept equal to 4. Determine the equation of the tangent line.

45. Show that there does not exist a tangent line to the graph of the function f(x) = /x +2
with y-intercept equal to —4 .

46. Show that for any b > 2 there exists a unique tangent line to the graph of the function
f(x) = J/x+2 with y-intercept equal to b.

47. Find the point(s) on the graph of the function f{(x) = %3 +x2+x whichhave y = 4x+9
as tangent line.

48. Show that the line y = ﬁ +4 is tangent to the graph of the function f{x) = J/x+2 at
some point. Determine the point of tangency.

49. Find a second degree polynomial p(x)=ax?+bx+c such that p(l) = —4,
p'(l1) = 11,and p"(1) = 6

50. Find a second degree polynomial p(x) = ax? + bx + ¢ such that its graph passes through
the point (1, 3), the tangent line at x = 3 has slope 1, and the tangent line at x = 1 has
slope 3.

51. Determine a, b, ¢, d such that y = 3x—3 and y = —2x+ 1 are the tangent lines to the
graph of the polynomial function p(x) = ax3+bxZ+cx+d at (1,0) and (0,1),
respectively.
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Exercises 52-53. (Normal Line) The normal line to the graph of a function f at the point

(¢, f(c)) is the line passing through that point that is perpendicular (or orthogonal) to the tangent
line at that point. Using the fact that a line of slope m; is perpendicular to a line of slope m, if

and only if m, = L , determine the equation of the normal line to the graph of the given func-
m

tion at the indicated point.

atx = 2

52, fix)=3x*+x2-2x+1atx =1 53, f(x) = 2x3 — x2
x

Exercises 54-58. (Theory) Prove:
54. Theorem 3.2(c) 55. Theorem 3.2(f)
56. Use Theorem 3.2(f) to establish the following reciprocal rule:

If fis differentiable then [/(Lx)} - —% (providing f(x) % 0)
X

57. Show that if £, g, and /4 are differentiable, then:
(fgh)'(x) = flx)g(x)h’ (x) + flx)g" (x)h(x) + f'(x)g(x)h(x)

58. Show that if (x — a)? is a factor of a polynomial p(x), then (x —a) is a factor of p'(x). Is
the converse true? Justify your answer.

Exercises 59-64. (Mathematical Induction)

59. Prove that for every integer n>1, 1 +2+3+ ... +n = n(n2+ D

2 - n(n+1)2n+1)

60. Prove that for every integer n > 1, 12+22+324 ... +p 6

61. Prove that the sum of n differentiable functions is again differentiable.

62. Prove that the product of n differentiable functions is again differentiable.

63. Prove that the n'" derivative of x" equals n! for any positive integer 7.

64. What is wrong with the following “Proof” that any two positive integers are equal:
Let max(a, b) denote the larger of the two integers a and b.
Let P(n) be the proposition: If a and b are any two positive integers such that
max(a,b) = n, thena = b.
I. P(1) istrue: If max(a, b) = 1, then both @ and » must equal 1.
II. Assume P(k) is true: If max(a, b) = k,thena = b.
III. We show P(k+ 1) is true: If max(a, b) = k+ 1 then max(a—1,b-1) = k.
Byll,a-1 =b-1=a =b.
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§3. DERIVATIVES OF TRIGONOMETRIC FUNCTIONS
AND THE CHAIN RULE.

It is not difficult to convince oneself of the validity of the following

This theorem is also called:  result, a proof of which is relegated to the exercises:
The Sandwich Theorem

e s or ” THEOREM 3.3 Letf, g, and % be such h
e Squeeze Theorem. that within an open \

Aptly named, since it main- THE PINCHING interval about c: \ =g
tains that if both f(x) and THEOREM

g(x) tend to L as x f(x)<h(x)<g(x)

approaches ¢, and if 4 is

pinched (or sandwiched, or |

squeezed) between f and g, N\~ /] 2

then, /(x) must also tend to . . .

L as x approaches c. If: xhi)ncf(x) - xhi)ncg(x) = L then xhglch (x) =L

EXAMPLE 3.11 , 1
Show that lim (xz sm—) =0.

x—0 X
SOLUTION: We cannot simply substitute 0 for x in the given expres-

. . .1
sion, nor can we hope to get rid of the bothersome x in = by some
X
algebraic means. What we can do is observe that, for any x # 0 :

1 .
—1 < sin= <1 and that therefore: —x2 < x2 sml <x?
X X

Noting that lim (—x2) = lim (x2) = 0, we apply the Pinching The-
x—>0

x—0

orem to conclude that lim (xz sin l) =0.
x—>0 X

CHECK YOUR UNDERSTANDING 3.12

2 2
Answer: See page A-12. Giventhat 1 -2 <h(x)<1+%X forall x#0, find lim A(x).
4 2 x—=>0
y .
1 y = sinx . .
Ar . THEOREM 3.4 As is suggested by the graphs of the sine and

cosine functions (margin):

y, lim sinx = 0 and lim cosx = 1
I/T y = cosx x—>0 x—>0
yau

PROOF: Letting 0 represent the angle with radian measure x, we first

show that lim sin® = 0 and lim cosO = 1:
0—->0" 0—-0"
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(cos0, sin0)

< cosh —>kl - cos6>|

L is to O as the perimeter of the

circle (27) is to a complete
. L _2n
lut 2n): = = = =1
revolution (27) 0 on

Or:L =20

Answer: See page A-12.

Applying the Pythagorean Theorem to the shaded right triangle in the
margin, we have:

sinZO +(1-cos0)? = ¢2

Since the length c is less than the represented arc length L = 0 (see
boxed region in margin):

sin“@ + (1 — cos0)? < 92

It follows that:
sin’0 < 02 and  (1-cos0)2<02
|sin@] < |0| and |1 — cos0| < |0
-0 <sin@<|0] and —|0]<1-cosO< |0

Applying the Pinching Theorem (note that lim —|6] = 0 and
06—->0

lim |6] = 0 ) we conclude that: ”

60

lim sin@ = 0 and lim (1-cosf) = 0= lim cosO =1
06— 0" 6—0" 06— 0"

A similar argument can be used to show that the above limits also
hold if we allow O to approach 0 from below.

CHECK YOUR UNDERSTANDING 3.13

Prove that: lim tanx = 0.
x—>0

The limits of Theorem 3.4 might have been anticipated. The same

cannot be said for the following important result:

THEOREM 3.5 1 sinx _
m-— =1

x—>0 X

PROOF: Letting O represent the angle with radian measure x, we show

S that lim sinf _ 1, leaving it for you to verify that lim sind _ l:
6>0" 0 60"
The (positive) angle 0 in the adjacent figure intersects the unit circle;
<T, giving rise to three regions: Triangle 7', Sector S, and Triangle T, .
T, Letting 4, , A4, A, denote the area of those three regions, respectively,
1 . 1
0 | we observe below that 4, = EsmG,AS = g,and A, = Etan@:
T < T~ ™ <
~N ~N ~N
N , N N
(cos0, sin0) N\
\
m' \ / ) \ | tan®
T, S\ T s T, |
1 e b 0 P
< — 1- >l P < — 1- >l
T, is a triangle of base 1 and 5 = 0 T, is a triangle of base 1 and

height sin0, so: 4, = %sine

Area of circle  circumference 1
height tan0, so: A4, = ztanG

—S:£:>AS=Q
T 2% 2
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By virtue of inclusion:

A, SASSAzj—sinGSgS%tane
— sin0 <9 < 30
cosO

since sin0 > 0: =1< i < 1

sin® = cos0

:IZS—%IQZCOSB

Notingthat lim 1 = 1 and lim cos® = 1 (Theorem 3.4), we apply
6—>0 6—-0
the Pinching Theorem and conclude that lim sing _ .
0" —>0

CHECK YOUR UNDERSTANDING 3.14

cosx—1 _ 0

Prove: lim
x—>0 X
: : . —1 . cosx—1 cosx+1
. Suggestion. Start with: lim $98%¥—1 — fj SOS¥— 1 ZO82 7
Answer: See page A-13. g8 e [ ——

We are now in a position to establish the following important deriva-
tive formulas:

THEOREM 3.6  (sinx) = cosx and (cosx) = —sinx

PROOF: Turning our attention to the derivative of sinx we have:
Definition 3.2, page 67

sin(x + &) — sinx

(sinx)’ = lim
h—0 h
sin(o +B) 4 - sinxcos A+ cosxsink — sinx
= sina.cosP + cososinf < = lm A
(Theorem 1.5(ii), page 37) h—0
~ lim [ sinxcos h— sinx cosxsinh}
h—>0 h h

= lim [sinx(w) + cosx(wﬂ
h—0 h h

~ lim sinx lim (COSh‘lj + lim cosx lim (S‘—nh)

h—>0 h—0 h—>0  h—0°h
h does not appear in — sinx lim (cos h—l) 4 cosx Tim (Slnh)
either sinx or cosx h—0 h—0" h
-
CYU 3.14 < Theorem 3.5
¥

= sinx -0+ cosx-1 = cosx
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Theorem 3.2(e), page 78
(the product theorem)

Answer: See page A-13.

In the CYU below you are invited to offer a proof like the one above

to show that (cosx) = —sinx. Here, we will cheat a bit by showing
that if the cosine function is differentiable (and it is), then

(cosx) = —sinx:

.2 2
sinx+tcos x =1

2 .2
cos’x = 1—-sin"x

(cosx - cosx)’ = (1—sinx - sinx)’

<—— cosx(cosx)’ + (cosx)'cosx = 0—[sinx(sinx)’ + (sinx)’'sinx]

2cosx(cosx)’ = —[sinxcosx + cosxsinx]
2cosx(cosx)’ = —2sinxcosx
(cosx) = —sinx

CHECK YOUR UNDERSTANDING 3.15

Fillinthe “...” in: (cosx)’ = lim SQ8(X*h)—cosx_

. = —sinx
h—0 h

Parts (a) and (b) of the following theorem have already been estab-
lished. We prove (c) and invite you to verify the rest in CYU 3.16
below.

a) —(sinx) = cosx —(cosx) = —sinx
THEOREM 3.7 ();;C( inx) (b) CZC( ) :
d _ 2 d o2
(©) dx(tanx) = sec’ x (d) dx(cotx) cscx
d _ d _
(e) E(cscx) = —cscxcotx  (f) a(secx) = secxtanx
PROOF:
cosxi(sinx) — sinxi(cosx)
(©) di(tanx) - di(sm’;) - &
X x\cos cosZx
_ cosx(cosx) — sinx(—sinx)
cos’x
_ coszx+sin2x _ 1 _ 2
= > = = sec’x
cos x cos x

Answer: See page A-13.

CHECK YOUR UNDERSTANDING 3.16

Prove Theorem 3.7(d), (e), and (f).
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EXAMPLE 3.12 Differentiate the given function.

(@) fx) = *?sinx (b)) y = =
SOLUTION:
(a) f'(x) = (xZsinx)’ = x2(sinx)’ + sinx - (x2)’

= x2cosx + 2xsinx

d d
+ - - —(1+
(1 tanx)dx( secx) secxdx( 1 + tanx)

dy _ i( secx) _
®) dx  dx\1+tan
_ (1 + tanx)(secxtanx) — secx(0 + seczx)
(1+ tanx)2

(1+ tanx)2

Theorem 3.7(f) and (c):

2 3
secxtanx + secxtan x —sec x

(1+ tan)c)2

2 2
secx(tanx + tan"x — sec” x)

.2 2
sin“x+cosx = 1

3 2 (1+ tanx)2
sinx ,cosx _ 1 5 5
cos’ cosx  cos’x <« secix=tanix+1: — secx[tanx + tan " x — (tan " x + 1)]
tan’x+1 = sec’x (1+ tanx)2
_ secx(tanx—1)
(1+ tan)c)2
CHECK YOUR UNDERSTANDING 3.17
Answers: . .
(a) (secx)(xtanx + secx + 1) Differentiate: .
(b) xcost;sian (a) f(x) = yxsecx + tanx (b) y = w
X X
THE CHAIN RULE
/ g

< Consider the functions y = f(x), z = g(y), along with the compos-
- “ G ite function z = (gof)(x) = g[f(x)].
Suppose that the following derivatives exist:
4 = @ ~ A_y ! = d—Z ~
f(x) deAx andg [f(x)] dy~
Then, algebraically speaking:

(gof)'(x) = E =22 = X L[l )

Suggesting that:

Az
Ay
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For the sake of remember- THEOREM 3.8 Iffis differentiable at x and g is differentiable

ing the chain rule:

p d THE CHAIN RULE at f()C), then the COmpOSite function gof is
4 . .
d_)Zc ~ Hdx differentiable at x, and:
But only for the sake of (go)'(x) = g'[f()1f (%)
remembering.
dy is but part of th o .
D B B © d ¢ In Leibniz noation: If y = f(x) and z = g()
mathematical word d—i . dzd
Canceling a dy makes then dz _ dzey

just as much sense as
canceling the word at
from the word cat.

dx dydx

In words: The derivative of a composite is the product of the derivatives.

A proof of the above theorem is offered at the end of the section. Our
priority here is to make sure you know how to use it.

First of all, note that in applying the chain rule, you take the deriva-
tive of the outermost function in the chain first. For example:

derivative of sine evaluated at stuff . L
times the derivative of stuff

) = v
(sin[stuff])’ = cos|stuff] - [stuff]

For example:
[sin(x2+2x)]" = cos(x?+2x) - (x2+2x)" = cos(x2+2x)-(2x+2)

derivative of sine evaluated at (x2 + 2x) times the derivative of (xZ + 2x)

EXAMPLE 3.13 Differentiate
(@) (x3 —2x)sin(x2 + 2x)

(b) cos(sinzxxjr 3)

SOLUTION: (a) The first thing you should see when you look at:
(x3 = 2x)sin(x2 + 2x)
is that it is the product of two functions. So, that’s what you do first:
[(x3—2x)sin(xZ +2x)]’
= (x3 = 2x)[sin(x2 + 2x)]’ + sin(x% + 2x)(x3 — 2x)’
= (x3 - 2x)cos(x2 +2x)(2x + 2) + sin(x2 + 2x)(3x2 + 2)
= (x3=2x)(2x +2)cos(x2 + 2x) + (3x2 + 2)sin(x% + 2x)

= (2x*+2x3 —4x2 — 4x)cos(x% + 2x) + (3x2 + 2)sin(x2 + 2x)



Answers:

ecz<-—-—-—x )Jr
x+1
X

tan( 2

(b) 2xcosxcosx2 + sinxsinx

X
(a) (x+ l)z.s

2

2
COoS x

If f(x) = x, then:
Lior = oy
= rx"'— 1(x')

= pxr—1
and we’re back to Theo-
rem 3.2(b), page 78.

From Theorem 3.2(b):
gx) = (&) = !
Consequently:
g'If(x)] = riflx)] !

In the spirit of full-disclosure we
point out that while Theorem
3.2(b) does indeed hold for all r,
we have (up to now) only estab-
lished its validity for integer
exponents (see Example 3.10
and CYU 3.10 of the previous
section).
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2
b ( 2l
(b) cos sm2er

3) is the composite of three functions. So:

") Afsn )
sin
2x+3 dx 2x+3

in| sin

——COS (sm

dx 2x + 3)

— sinfsin=22) - cos(2) - L2
2x+3 2x+3/ dx\2x+3

_ ) ( x2 ) (2x +3)(2x) —x2 -2
= Sll’l COS .
2x+3 2x+3 (2x+3)2
= —sin{sin ) os( 2 - Ex
2x+ 37 (2x+3)2

= 2xz+6xsin sin ) ( x2 )
(2x+3)2 2x+3 2x+3

CHECK YOUR UNDERSTANDING 3.18

Differentiate the given function:

(a) flx) = xtan(ﬁ)

. 2
(b) g(x) = 22X
COSXx

Here is an important consequence of the chain rule:

THEOREM 3.9 Iffis differentiable at x then so is the function
GENERALIZED D’(x)]r for any real number 7, and:
POWER RULE

L) = AT 0]

Alternate notation: ([(x)]")" = r[f(x)]" ~ 1f (x)

PROOF: Let g(x) = x". Then:

(goN(x) = glf(x)] = [f(x)]"
Applying the Chain Rule Theorem:

()1 5 @D = g0 (x) = r[f(x)]"lf'(X)

* .
*) see margm

EXAMPLE 3.14 Differentiate
(a) flx) = (x*
(©) h(x) =

5
—3x2)28 cos” x3

(b) g(x) =
(d) k(x) = A/tanx?
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SOLUTION: (a) o%c(x4 —3x2)23 = 23(x*-3x2)3~ laiix(x4 —3x2)

23(x* —3x2)22(4x3 - 6x)
23(4x3 — 6x)(x* —3x2)%2

(b) You may find it safer to rewrite the function A#(x) = cos’x3 in its

more revealing form: 4(x) = (cos x3)°. Then:

i(cos x3)?

35-1, 4 3
o 5(cos x°) dx(cosx )

5(cos x3)*(—sin x3) C%Cx3

4 . 4 .
= 5c0s x3(—sinx3) - 3x2 = —15x2%(cos x3)sinx3

(©) (x24+ 1) = [AG2 4 1) 1] = 4[24 1)1

=4[ 1(2+ 1) 2+ 1)

— 42+ 1) 2.2k = ——BX
(2 +1)?
' l ! 1 1_1
tanx = tanx = —(tanx - (tanx
d (/ 2 2y2 > 2y2 247
1 _l
- E(tanxz) 2(tanx2)’
; 1 2
Chain Rule Theorem: = . sec x2 . (x2)r
2/ tanx?
2.2
=L e (2x) = B2

2 J/tanx? A tanx?

CHECK YOUR UNDERSTANDING 3.19

Answers: ; . ) .
(a) 3(¢* + sinx)2(4%3 + cosx) Differentiate the given function:
.2 . 3 .
(b) 9x2cosx3sinx3 (@) f(x) = (x*+ sinx) (b) g(x) = s1n3x3
© xcosx?

Jsinx? (c) f(x) = A/sinx?
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Now that you are comfortable applying the chain rule, we want to
make sure that you truly understand what it is saying. With this in mind
we ask you to consider the following situation:

(éﬂx)x3+l—\\\ gu)—xz\\\

K (go)(x) = (X3 +1)% = x6+2x3—|—1]

Figure 3.8

Three functions are depicted in Figure 3.8:
flx) = x3+1, g(x) = x%, and the composite function:

(gaN)(x) = glf(x)] = g3+ 1) = (P +1)? = x6+2x7+1
The chain rule (gof)'(x) = g'[f(x)]f'(x) asserts that the derivative

of the composite function equals the derivatives of the function g eval-
uated at f{x) times the derivative of f(x). Let’s check it out:

(go)'(x) = (x®+2x3+1)" = 6x5+ 6x2
Let’s show that g’[f(x)]f'(x) leads to the same result:
From g(x) = x%: g'(x) = 2x. In particular:
gl =g x3+1) =2(x3+1) = 2x3+2
Also: f/(x) = (x3+1)" = 3x2
Bringing us to: g'[f(x)]/(x) = (2x3+2)(3x2) = 6x5+ 6x2

EXAMPLE 3.15  For f(x) = 4x+1 and g(x) = x2+2x,
determine (gof)'(x), both with, and without
using the chain rule.

SOLUTION: With the chain rule:
since f{x) = 4x+1,/(x) = 4
@) = U] S () = g@xs 1)

- 2 ) =
gx) =x*+2x=>g'(x) = 2x+2 = (8x+4)-4 = 3¢+ 16
=g'(4x+1) = 2(4x+1)+2 = 8x+4

Without the chain rule:
(goN(x) = g[fix)] = g(4x+1) = (4x+1)2+2(4x+1)
= (16x2+8x+ 1)+ (8x+2) = 16x2+ 16x+3

Differentiating:
(gof)'(x) = (16x%2+16x+3) = 32x+16
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Answer: 16x3 — 40x

CHECK YOUR UNDERSTANDING 3.20

For f(x) = 2x2—-5 and g(x) = x2+2 determine (gof)'(x), both

with and without using the chain rule.

PROOF OF THE CHAIN RULE:

Here is a seductively simple “proof” for the Chain Rule theorem:
Ify = f(x) and z = g(y) are differentiable (which is to say that

o and dy exist) then so is z = (gof)(x) differentiable:
dz _ 1 Az (AyAZ)
= = lim = = lim (—=—
dx  Ax—>0Ax  Ax—>0\AxAy
~ 1lim . fim &2
Ax — 0Ax Ax — 0AY
— lim . fip 42 - D&

Ax—>0AX Ay >0Ay  dxdy

Alas, there is a flaw in the above argument:

While it is true that as Ax goes to zero so must Ay, there is noth-
ing preventing Ay from assuming the value of 0 along the way,

in which case the expression % is undefined! We have to be

more careful, and to make sure we are not tempted to do silly
things like canceling the “dy ” in the Leibnitz form of the chain

dz _dydz, ') . o
rule (dx g&z’y' nonsense! | we shall use the prime notation in

the statement and proof of the Chain Rule Theorem:

Chain Rule Theorem

If f'is differentiable at ¢ and g is differentiable at f(c), then
the composite function gof is differentiable at ¢, and:

(gof)'(¢) = g'[f(e)]f (c)

PROOF: Let f'be differentiable at ¢, and let g be differentiable at
f(c) . Consider the function

fn)]-g[A)]
FIDl =1~ fofie) 1SR
ST A = f0)




If fx) #f(c) :

_ gl =g [f(e)] flx) =f(c)
S(x) - f(c) x-—c
= glf)] =g [fd)]

X—C

If fix) = fle):
The right side of (**) is zero,
as is the let side:
Since g is differentiable at
f(c), it is continuous at f(c).
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f(x)liinf(c)g [f](:(z% : ]‘g;( g(c)] = g'[f(c¢)], F is continuous at

f(c) . In the event that x # c:
gU(x)] —gU(C)] — FU(X)][JM} (**)
xX—c

X—C

Since

(see margin)
Since f'is continuous at ¢, and F' is continuous at f(c) , the com-
posite function Fof 1is also continuous (Theorem 2.5, page 58);
bringing us to:

fim FIA0] = FIAO] 5 1)) oo

(*)
Finally:
(1*)
i SO TAD 2 i o[04
= lim F{f) tim (AL

(**): = g'[f(c)1f ()
Conclusion: (gof)'(¢) = lim g[f(x)]:f AN = or11e)1f )

xX—>c X
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EXERCISES

Exercises 1-24. Differentiate the given function.

1. flx) = (x2+3x-10)1 2. flx) = 3x*+2x-5)"7
3. flx) = Jx3+2x 4. -1
S(x) T
_ _3x 1

5. = = e

f(x) e 6. f(x) /x+1
7. f(x) = sin(2x2+1) 8. f(x) = xsin(2x2+1)
9. flx) = sin(cosx) 10. f(x) = sin’xcosx
11. f(x) = xcos(sinx) 12. f(x) = tan(secx)
13, ) = sin’x 14. f(x) = secxtanx?

cosx

15. f(x) = tan[sin(x%2+x—1)] 16. f(x) = sinx2cos x2
17. f(x) = AJsec(2x +3) 18. f(x) = cot/2x+3
19. f(x) = sin(cos’x) 20. f(x) = sin’(cosx)
21. f(x) = cot’(cosx?) 22. f(x) = sin’(cos’x2)
23. fx) = [csc(cosxz)]g 24. flx) = Vtan(coszx)

Exercises 25-26. (Rate of Change) Determine the rate of change of the given function, at the
indicated point.

25. f(x) = x =2 26. f(x)=—=—,at x =

—, at .
(3x-5)3 y sinx

wi3a

Exercise 27-28. (Composite Functions) Determine the derivative of (gof)(x) both with and

without using the chain rule (as in Example 3.15), for:

27. fix) = 3x2+x and g(x) = +1 28. f(x) = sinx and g(x) = x?
x

Exercises 29-34. (Chain Rule) Evaluate the given function at the given point, if:
A0) =1, i1y =3, fi2) =2, f(0) =2, f(1)=6, [(2) =0, f/(3) =3
g(0) =2, g(1)=2 g(2)=5 g (0)=1 g()=2 g2 =2 g3 =2

29. (g9/)'(0) 30. (fog)'(0) 31. (gog)'(0)
32. (gof)'(1) 33. (fof)'(1) 34, (g0f)'(2)
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Exercises 35-38. (Tangent Line) Determine the tangent line to the graph of the given function, at
the indicated point.

2
35. flx) = (2x’: 5) at x = -2 36. f{x) = 3x+ /3x1+ - atx = 0

37. fix)= sinzx, at x = g 38. f(x) =xcosx,at x = m

Exercises 39-41. (Point of Tangency)

39. Determine the numbers 0 <x <2m where the tangent line to the graph of the function
f(x) = sinx + +/3cosx is horizontal.

40. For what values of x is the slope of the tangent line to the graph of sinx parallel to that of
cosx ?

1

41. Show thattheline y = —4x+ 9 istangent to the graph of the function f(x) = W
x p—

at some point. Determine the point of tangency.

Exercises 42-43. (Normal Line) Determine the normal line to the graph of the given function at
the given point (See Exercises 52-53, page 88).

42, flx) = (x*=2x+ 1) atx = 1 43. f(x) = x2sinx at x = ’5‘
Exercises 44-46. (Pinching Theorem) Evaluate:
44, lim f(x), given that 3 <f(x)<(x—-3)+4 for [x-2| < 1.
x—2
45. lim f{(x), given that —(x —2)2<f(x) <0 for x# 2.
x—>?2
46. lim f(x), given that 5 - x + 2|2 < f(x) < —— for x# 0.
x—0 x“+1
Exercises 47-49. (Pinching Theorem) Show that:
47. lim (xsinl) =0 48 lim (xzcos 5) =0 49, lim [(x _1)2 sinﬂJ -0
x—>0 X x—=>0 X x—>1 x—1
sincx

50. (Theory) Prove that lim
x>0 ¢CcXx

= 1 forany c#0. (Suggestion: Make the substitution y = cx )

Exercises 51-61. Evaluate (You may need to use the result of Exercise 50):

51. lim 230X 52. lim 303X 53. lim 303X 54. lim SB3X
x—>0 X x>0 3x x—>0 X x>0 7x
. i .2 .2 ) :
55. lim SI7X 56 lim SIX 57 lim SI0(2%) 58. lim —*
x—>0 3x 'xino 2 x>0 x2 x— 0x T tanx
59. lim Cos[cosx— 1} 60. lim tan[cosx— 1} 61. lim Sin(smnx)
x—>0 X x—0 X x—0 X
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62.

63.

64.

65.
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(Investment) If $100 is invested at an annual interest rate » compounded quarterly, then the

40
future value F'V (in dollars) accumulated after 10 years is given by: FV = 100(1 + 9

Find the rate of change of the future value with respect to r.

(Investment) The effective rate », of an annual nominal rate » compounded monthly is

12
givenby: r, = (1 + é) — 1. Find the rate of change of the effective rate with respect to

the nominal rate.

(Sales) A baseball stadium has a capacity of 35,000 fans. Attendance starts falling off when
the temperature rises above 90 degree Fahrenheit, in accordance with the formula

A(x) = 35000 — 500x, where x is the (average) number of degrees above 90 during the
game. The number of sodas sold during a baseball game at the stadium to a capacity crowd

of fansis given by N(T) = 35733, where T is the average temperature at the stadium dur-
ing of the game. A quarter profit is made on each can sold.

(a) How many cans of soda are sold during a game, when the temperature is 90° Fahren-
heit? 95°? 100°?

(b) Express the soda-profit for a game as a function of temperature, for 90 <7< 100.
(¢) Use the function in (b) to find the rate of change of profit with respect to temperature.

(d) Use the Chain rule to find the rate of change of profit with respect to temperature.

(Theory) Derive the chain rule formula for three differentiable functions f, g, and 4:
[(hogof)(X)], = ...
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§4. IMPLICIT DIFFERENTIATION

While the circle in Figure 3.9(a) isNOT the graph of a function, the curve
does possess tangent lines at (1, ﬁ) , (1,=43).

T =g
| |
! | ,
! — :
| I
= (e (.-5)
= flx) = J4-x?
x2+y2 =4dory = +.4—x2 y =S y = g(x) = —J4-x?
(a) (b) (c)
Figure 3.9

We exhibit two differentiation methods which can be used to deter-
mine the slopes of those tangent lines.

In this method, a function EXPLICIT DIFFERENTIATION METHOD:

with  graph  coinciding From Figures 3.9(b) and (c) we see that the slope at (1, +/3) is
with the given curve at

the point of interest is f'(1) where fis the function f{x) = J/4 —x2, and that the slope
explicitly displayed.
at (1,—./3) is g'(1) where g is the function g(x) = —/4 —x2.
Specifically:
1 1

Fw) = [@-x2] = 5a-a) 2 (20 = =

4 — x?

and

1 _1
gl = |- = - 2 (2 = =

N4 —x?

It follows that the slope of the tangent line to the curve of Figure

3.9(a) at (1, /3) is f(1) = —% and that the slope at (1, —+/3)

1sg'(l) =

Sl
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While Lx2 = 2x:
dx

d 5 . d _ ,
Y82y =2y
for y is a function of x!

.4 2
After all: dx[f(x)] is not
simply 2f(x) — it is

2f(x)f'(x), right?

Note: To determine the
slope of a tangent line to
the graph of a function at
a given point, only the x-
coordinate of that point
need be supplied, for there
can be but one y associ-
ated with that x. That may
not be the case when it
comes to a general curve.
There are, for example,
two points on the adja-
cent curve with x-coordi-
nate b. The slope of the
tangent line at (b,y,)

appears to be a bit nega-
tive, while that at (b,y,)

looks to be slightly posi-
tive.

IMPLICIT DIFFERENTIATION METHOD:
Assume that there exists a function y = f(x) whose graph coin-
cides with that of the curve x2 + 2 = 4 at the point (1, /3), and
a function y = g(x) with graph coinciding with the curve about

the point (1,—./3). Differentiating both sides of x2+y2 = 4
with respect to x, we have:

(x?)' + () = 4
«— seemargin——— 2x+2yy’ =0
2yy" = “2x
, X
y = — -
Y

In particular, to find the slope of the tangent line to the curve
x2+y2 = 4 at the point (1, /3), we simply substitute 1 for x

and /3 for y in the slope equation y' = X, y' = ——}. By the
y 3
same token, the slope of the tangent line at the point

)= (L-B)isy = F=_1 - L
(x,y) = (1,=/3) is: y iy Ay

Before moving on to other implicit differentiation examples, we call
your attention to the curve of Figure 3.10. It is not the graph of a func-
tion. Still, at just about every point on the curve there does exist a func-
tion whose graph coincides with the curve about that point. In
particular, the graph of the depicted function g coincides with the curve
near the point (b, y,) while the function f does the same near (b, y,).

The function / coincides with the curve near (c, y5) , but / is not differ-
entiable at that point (why not?). Note that no function (of x) can
approximate the curve near the points (a, y) or (d, y,) (why not?).

y

(a,y)

Figure 3.10



Is the explicit differentia-
tion option viable in this
example?

Note the big difference
between taking the derivative

with respect to x of x3 and of

y3. Why so? Because the

chain rule tells us that:
()1 =3[0 (x)
\/ \/
y
So, while

A3y = 3,29% _ 30
dx(x) 3xdx 3x

d 3 _ 2 2dy
dx(y) 3ydx

By the same token, when
applying the product rule to

(x2y2)" we have:

() + )
= x22py" +y22xx"

= x22py’ +y22x 717

Answer: y = 7§x+§,

_ 1.8
Y373
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EXAMPLE 3.16 Find the slope of the tangent line to the curve
x3—2x2y2+y3 = 1 at the point (1,2) and
at the point (0, 1).
SOLUTION: Assume that the curve near each of those two points
coincides with the graph of some function (not necessarily the same
function for both points). Differentiating we have:
(x? =2x2p2 +y3) = (1)

<{margin|— 352 2(x22yy’ +22x) +3p2y’ = 0

To find the slope of the tangent line at (1, 2) we substitute 1 for x and
2 for y in the above equation, and then solve for y’. Substituting 0 for
x and 1 for y leads us to the slope of the tangent line at (0, 1):

3x2 - 2(x22yy" +y22x) + 32" = 0

x=1y=2: x=0,y=1:
3—2(4y'+8)+12y’ =0 3y! =0
4y" = 13 y =0
y =13
4

So, even though we may not have a nice picture of the curve
x3—2x2y2+y3 = 1, we do know that the tangent line at (1, 2) has

slope % , which tells us that the curve is climbing at that point (move

to the right a bit, and the y values will increase by about % times that

bit). We also know that the curve has a horizontal tangent line at (0, 1).

CHECK YOUR UNDERSTANDING 3.21

Determine an equation for the tangent line to the curve
x2+xy+2y? =8 at(2,1) andat (2,-2).

EXAMPLE 3.17 Find ' and " in terms of x and y, given that
yE=ay+l
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24y
(3y*-1)»

Answer: —

SOLUTION:
%) = (xy+1)
2yt =Xy +y
2y-x)y' =y
y= Sy = Cy—xpy'—y@2y' - 1)
2y—-x (2y —x)?
_ y )\ ([ 2y
_ (2y x)(Zy—x) y(Zy—x 1)
(2y —x)?
_ 2y —xy—y(y—27+x)
(2y—x)3

_ 22 -2xy _ 2002 —xy)
(2y-x)*  (2y—x)3

_ 21 _ 2
Qy—xp (-2

since y2 = xy+ 1:

CHECK YOUR UNDERSTANDING 3.22

2
Find Z—JZ/ in terms of x and y, given that y3 +2x = y.
X

EXAMPLE 3.18  The curve y4—y2 +x2 = 0 (called a lemnis-

cate) appears in the margin. Determine the
four indicated points on the curve where ver-
tical tangent lines occur.

SoLUTION: Using implicit differentiation, we find y':

0
2%y —ypy' +x =0

4y3y" —2yy" +2x

r —X

Y 2y3 -y

—X —X

T3P w2yt D)

We see that the derivative ' failsto existaty = 0 andaty = i% .
2




| Yy

|
/‘_\ —
= Sl=
NIl i

|

VA VAN X
/T\ /N
=l= 5=

| |

R vl

Answer: Vertical tan-
gent line at (-1, 0) and
horizontal tangent lines

at (72, + F) .
3527
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Returning to the equation y* —y2 +x2 = 0 we find the points on the

. . 1
curve with y-coordinate 0 or +—:

Fory = 0:0*-02+x2 = 0=x = 0. Point: (0,0).

1 (L)“ (L)z 2 _
Fory = —: - +x 0
YT RNWY A
1 1 2 _ 2_1 1
I _ -+ = = = 4=
175 X 0=x 4:>x 3

Points: (—L, %) and (—L, —l)
NP N
Note that the curve cannot be approximated by the graph of a function

at (0, 0) (see margin) which means that implicit differentiation can not

be used there. Why is y’ not defined at y = i% ? Because there are
2

. . . 1 1 1 1
vertical tangent lines at the four points (i—, ——) and (i—, =] (see
V2 2 J2

margin).

CHECK YOUR UNDERSTANDING 3.23

It appears that the adjacent curve

V)
2y2 —x3—x% = 0 contains but one point /w
where it has a vertical tangent line and two

X
points where it has a horizontal tangent

line. Find those points.
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EXERCISES

Exercises 1-8. (Explicit vs. Implicit) Sketch the given curve and determine the slope of the tan-
gent line at the given points, both by means of explicit and implicit differentiation.

1.The points (1, 1) and (1, —1) on the parabola x = y2.

2.The points (2, -1+ i) and (2, -1- L) on the parabola x —2 = 2(y +1)2.
2 J2
3. The points (%, {é) and (%, —?} on the circle x2 +3% = 1.

4. The points (1 + /3, 0) and (1—./3,0) on the circle (x— 1)2+ (y—1)2 = 4.

2
5. The points (1, @) and (1, ——“é—g) on the ellipse XZ +y2=1.

—7)2 2
6. The points (1, -3+ 47/\/5) and (l’ -3 - 47/\/2) on the ellipse (x 92) + (0% ';.3) =1.
2
7. The points (4, /3), (4, —/3), (-4, /3) and (-4, —/3)  on the hyperbola xz —y2 =1.
2
8.Thepoints (1,2./2),(1,-24/2), (=1, 24/2) and (-1, -2,/2) onthehyperbola —x2 +)jT =1.

Exercises 9-24. (Tangent Line) Determine the tangent line to the given curve at the given point.

9. x%H?=14at(1,2) 10. x2-4y2 = 4 at (2,0)

11. x2+xy2 -y = 4 at (2,0) 12. x24+xy—y% =1 at (2,3)

13. x3+y3 = 6xy at (3,3) 14. x3y% = 4 at (1, J2)

15. y*—xy = x2—1 at (1,0) 16, x2+32 = (2224 22— x)? at (0’9
17. x2+y3 =2y+3 at(2,1) 18. 4x*+8x2y% = 25x2y —4y* at (2, 1)
19. x+cosy = xy at (0, 3711) 20. (x2+y?)? = (x-y)? at (1,-1)

21. xcoszy = siny at (0, 0) 22. 2sin(mx—y) = y at (1,0)

. sin(x+y) = »?
23. xsiny—ycos2x = 2x at (g, n) 24. sin(x+y) = y“cosx at (0,0)

Exercises 25-26. (Horizontal Tangent Lines) Find the points on the given curve at which a hori-
zontal tangent line occurs.

25. x24+33-3y-2 =0 26. xy? =2y+2
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Exercises 27-28. (Normal Line) Determine the normal line to the given curve at the given point
(See Exercises 52-53, page 88).

27 /x2+y=y2—7x at (1,3) 28. xy+x2—-y2 =1at(l,1)
Exercises 29-34. (Leibnitz Notation) Determine % )

29. xy? = yx2+3x-2y 30. xy? = yx2+3

31,2 = X 32. X234y = 2B 4y

x+1
2 1 =
33. y%siny = x+y 34 X*t1 = 2x+2
y

Exercises 35-38. (Second Derivative) Determine )" at the given point.

35. x2+y% = 25 at (3,-4) 36. x3+3xy+y2 =5at(l,1)

. si +y? =4 2
37, ity = 1at G‘ i) 38. sin(xy) +y at (0,2)

Exercises 39-42. (Second Derivative) Express y” in terms of x and y.
39. x3-y3 =1 40. x3-2y2 =10
41. xy3 = 12 42. cosy? = xy+1

Exercise 43-46. (Orthogonal Curves) Two curves are orthogonal if their tangent lines are per-
pendicular at each point of intersection. Show that the given curves are orthogonal.

43. xy = 2 and x2 -2 = 3 44, y2 —4x—-4 = 0 and y2 - 64 +6x = 0

45. x2+y?2 =4 and 2x+3y = 0 46. x2+y? = x andx?+y? = 2y
47. (Theory) Prove that the tangent line at any point on the circle (x —x,)? + (y —y,)? = r? isper-
pendicular to the radius of the circle at that point.
48. (Theory) (a) Prove that the tangent line at any point (%, ) on the circle x%+y2 = r2 is
givenby y = —);Cx + ’;2
Y Y
(b) Verify directly that the formula in (a) holds at the points (1, J/3) and (1 - ./3) on the cir-

cle x2+y%? = 4.
(c) Generalize the result of (a) for any point (%, ) on the circle (x —xy)? + (y —yy)? = r?.

(d) Find all points on the circle x2+y% = 4 with tangent line passing through the point
(0,2).
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Note that the rate of change
of area with respect to time
increases as r increases. This
makes perfectly good geo-
metrical sense:

Ar

\ar e‘ <

Stajje,.

§5. RELATED RATES

Our concern in this section is to determine how the rates of change
with respect to time, of certain quantities affect the rates of change of
other quantities. The Leibnitz notation (rather than the prime notation)
will be utilized to underline the fact that the quantities are varying as a
function of time.

Throughout this section we will use the following geomet-

rically plausible fact — roughly stated here, and formally
established in the next chapter:

%{> 0 < fis increasing g{< 0 < f'is decreasing

EXAMPLE 3.19 The radius of acircle is increasing at the rate of
3 centimeters per minute. Determine the rate
of change of its area when the radius is 4 cm.

SOLUTION: As it is with any word problem, the first step is to display
the problem in a compact visual form. You want to “see the problem,”
and to have no further need to return to its initial verbal representation:

- i
r dt

dA
|/ @

. A
As you can see we are given the rate % and want to find the rate a4 .

cm
min

= ?

r=4

dt
The next step is to find a relation between the quantities in the numer-
ators of those expressions [the r of % and A4 of % ]:
A = nr?

Differentiating both sides of the above equation with respect to z, we
have:

dA dr
— = n2r—
dt A dt
. . . . d o, _ , dr .
Since 7 is a function of time, el ZrE (Chain Rule!)

Substituting 4 cm for » and 38 for % in the above equation we
find that:
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Conclusion: At the instance of time when the radius is 4cm the area

2
.. . dA. ..
in increasing (Zi; 1s positive) at a rate of 247t%1n—ilr—1 .

CHECK YOUR UNDERSTANDING 3.24

With reference to Example 3.19, determine the rate of change of the

Answer: 61w . . . .
min circumference of the circle with respect to time when » = 12cm.

EXAMPLE 3.20 A spotlight on the ground shines on a wall 18
feet away. If a man 6 feet tall walks toward the
wall at a speed of 4 feet per second, how fast is
the length of his shadow changing when he is
5 feet from the wall?

SOLUTION: Step 1. See the Problem:

why the negative sign?

dx _ V,ft
dt sec
_ ds

— = ? (when x = 5ft)
dt

J/%XH

| |
| 18 |
Two triangles are simi- Step 2. Find a relation between the quantities in the numerators, x
lar if they have the and s.
same set of angles; and From the two similar triangles in the above figure:
while similar triangles
have the same shape, S _ 6
they need not be of the 18 18 — x
same size. However:
The ratios of corre- _ 108 _ 1
sponding sides of s = 18 —x 108(18 —x)
similar triangles are . .
equal. Step 3. Differentiate:

g— from where?

ds _ —108(18—x)—2(—9’i“)
di dt

Step 4. Evaluate at the specified instant of time. When x = 5:

@ _ . g _(_ — _42~_ i
o= 108(18 - 5) [(-4)] = 5 ~-26- -

(His shadow is decreasing at the rate of 2.6 ft/sec)
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Answer: % feet per second.

In 3 hours time ship A4 trav-
eled 3-35 = 105km. Since
initially it was 120 km east
of B, 4 will still be east of B
at 3 PM. As such, x
decreases with time.

Were A west of B:

B
A A
then % would be positive.

CHECK YOUR UNDERSTANDING 3.25

A ladder 10 feet long is leaning against the side of a building, and its
foot is being pulled away from the building at the rate of 2 feet per
second. Determine the rate of change of the distance from the top of
the ladder to the ground when it is 6 feet from the wall.

EXAMPLE 3.21 Atnoon ship 4 is 120 km east of ship B. Ship
A is sailing west at 35 km/hr and ship B is sail-
ing north at 25 km/hr. How fast is the distance
between the ships changing at 3 PM?

SOLUTION: Typically, the “snap-shot” of interest (in this case the sit-
uation at 3 PM) only comes into play at the end of the solution pro-
cess. In this example, however, we need to know if ship A is still east
of ship B, and it is (see margin):

B
Stepl. dy _ 251in
dt hr
dx _ ,.km
y dt 35 hr
ds _ 9 (at3 PM)
< A
Step2. §2 = x2+)2
Step 3. ds _ ‘EC+ dy
Sa T Pa T a
dx | dy
pad R4
ds _dr ’ar
dt s

Step 4.At3PM, x = 120 (3 -35) = 15km,

y =3-25 = 75km, and s = /152 +752 = 15./26.

So, at 3 PM:

x 3y,
ds _ _dt “dt _ 15(-35)+75(25) _ 90 _,,,km
di s 15./26 26 hr

CHECK YOUR UNDERSTANDING 3.26

Referring to Example 3.21, find the rate of change of the distance
between the two ships at 4 PM.




3.5 Related Rates 113

EXAMPLE 3.22 Wateris flowing into a 12 foot trough at a rate
3
of 151%1 . The cross sections of the trough are

inverted isosceles triangles with base of length
2 feet and height of length 4 feet. How fast is
the water level rising when the water level is
18 inches deep?

SOLUTION:

dh _ o (whenhzéft)
Y dt 2

We need to relate the water volume V" and the water height 4. The
water volume V'is given by the area 4 of the shaded triangle in Fig-

ure 3.11(a) times the length of the trough (12 ft): V' = 124 . Cutting
that triangle in half, brings us to Figure 3.11(b).

. 2 / 1
/ Area of a triangle is
one-half the length of
4 - 2a 12 4 - | a \r its base times its height
f) A
) 17
v

= = lah =4 = ah
- = -—7 2 2
(a) (b)
Figure 3.11
At this point we have the relation V' = 124 = 12ah. From the simi-
lar triangles of Figure 3.11(b) we see that % = i =a = g . Thus:
h 2
= 12 o — =
Vv 1 h = 3h
Differentiating:
av _ 6]1@
dt dt
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CHECK YOUR UNDERSTANDING 3.27

Water is leaking out from the bottom of a cone-shaped cup at a con-
3

stant rate of ¢ :::Tl . The cup is 16 inches across the top and 32 inches

deep. Determine c, given that the depth of water is decreasing at a
rate of 2 inches per minute at the instant of time when the water
depth is 4 inches.

Answer: anlnni—n (Volume of a cone of radius  and height 4: V = %nrzh )
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EXERCISES

. (Cube) The edge x of a cube is increasing at the rate of 1;(1:1%1 . Determine:

(a) The rate of change of the volume of the cube when x = 50 cm.

(b) The rate of change of the surface area of the cube when x = 50 cm.

(c) The rate of change of the volume of the cube when its surface area is 2400 cm”.

. (Circle) The radius r of a circle is increasing at the rate of 1Z2  Determine:
min

(a) The rate of change of the area of the circle when » = 50 cm.
(b) The rate of change of the circumference of the circle when » = 50 cm .

(c) The rate of change of the area of the circle when its circumference is 407 cm .

. (Sphere) The radius r of a sphere is decreasing at the rate of lr%l . Determine:

(a) The rate of change of the volume of the sphere when » = 50 cm . Note: V' = gmﬁ .

(b) The rate of change of the surface area of the sphere when » = 50 cm . Note: S = 4mr2,
(c) The rate of change of the volume of the sphere when its surface area is 16007 cm”.

. (Cone) The radius » of a cone is increasing at a rate of 2 inches per second while its height is
decreasing in such a way that the volume remains constant at 127 in . At what rate is the

height decreasing when the radius is 1 inch? Note: V' = %nrzh .

. (Cylinder) The radius 7 of a cylinder is decreasing at the rate of 4% and its height is

increasing at the rate of 2% ? Find the rate of change of the volume when the radius of the
cylinder is 2 feet and its height is 3 feet.

. (Cylinder) The radius r of a cylinder is increasing at 2 inches per second. When the radius is

4 inches, the volume is 400 in> and is increasing at 2471% . How fast is the height of the

cylinder increasing at that instant?

. (Circular Ripples) A stone is dropped into a pool of water creating a series of concentric cir-
cular ripples.
(a) At what rate is the area of the outer circle changing when its diameter is 6 feet, if the

diameter of that outer ripple is changing at a constant rate of 4 feet per second?
(b) At what rate is the diameter of the outer circle changing when its diameter is 3 feet, if the
area of the outer circle is changing at a constant rate of 30 square feet per second?
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8. (Rectangle) One side or a rectangle is 5 cm longer than the other side. Both sides are increas-
ing at a rate of 102
min

(a) How fast is the area (A) of the rectangle increasing when the length of the shorter side
is 50 cm?

(b) How fast is the perimeter (P) of the rectangle increasing when the length of the shorter
side is 50 cm?

(c) How fast is the diagonal (S) of the rectangle increasing when the length of the shorter
side is 50 cm?

9. (Rectangle) The length / of a rectangle is increasing at a rate of 25% and its width w is

: cm . o . : cm
decreasing at a constant rate ¢c—— . Determine c if its area is increasing at a rate of 250——
min min

when/ = 25 cm and w = 20 cm.

10. (Rectangle) The length / of a rectangle is increasing at a rate of 1% . Find the value of / at

which the area of the rectangle starts to decrease if the perimeter of the rectangle is held
fixed at 20 cm.

11. (Rectangle) The length of a rectangle is increasing at 2 inches per second. Determine the
rate of change of the area when the rectangle is a square, if the perimeter remains constant at
42 inches.

12. (Rectangle) The length of a rectangle is increasing at 2 inches per second. How fast is the
perimeter increasing when the length is 6 inches if its width decreases in such a way that the
area remains constant at 24 square inches?

13. (Equilateral Triangle) At a certain instant of time the sides of an equilateral triangle are 1

. : . in .
inch long and increasing at a rate of 1 —— . Determine:
min

(a) The rate of change of the area of the triangle.
(b) The rate of change of the perimeter of the triangle.
(c) The rate of change of an angle of the triangle.

14.(Shadow) A man 6 feet tall is walking away from a 24 foot lamppost at a rate of 3 feet per
second. At what rate is the end of his shadow moving away from him?

15. (Ladder) A ladder 12 feet long is leaning against the side of a building, and its foot is being
pulled away from the building at the rate of 1 foot per second. Determine the rate of change
of the angle formed by the ladder and the ground when the top of the ladder is 9 feet from
the ground.

16. (Equilateral Triangle) The area of an equilateral triangle is 5 in’ and itis increasing at

the rate of 5 fﬁ . At what rate is the side of the triangle increasing at that time?

17. (Triangle) The base of a triangle is increasing at the rate of 3 inches per minute, while the
altitude is decreasing at the same rate. At what rate is the area changing when:
(a) The base is 7 inches and the altitude is 6 inches?
(b) The altitude is 7 inches and the base is 6 inches?



18.

19.

20.

21.

22.

23.

24.

25.
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(Triangle) The altitude of a triangle is increasing at a rate of lr(l:l_rirlll and its base is increasing

at a rate of 2 1’%1 At what rate is the area of the triangle increasing when its height 15 cm

) ) 2
and its area is 90 cm™ ?

(Isosceles Triangle) The base of an isosceles triangle is held constant at 24 inches. At what
rate is the vertex angle changing at the instant of time when the altitude is 12 inches and is
increasing at the rate of 1 inch per minute?

(Balloon) A spherical balloon is expanding in such a way that its radius is increasing at a
rate proportional to its surface area. Show that the surface area is increasing at a rate propor-
tional to its volume.

(Mothball) A spherical mothball evaporates in such a way that its volume decreases at a
rate proportional to its surface area. Show that the radius decreases at a constant rate.

Note: V = gmﬁ,S = 4mr2.

(Balloon) A balloon rises vertically at a rate of 200 feet per minute, from a point on the
ground that is 500 feet from an observer. Determine:

(a) The rate of change of the distance between the observer and the balloon at the instant
when the balloon is 600 feet above the ground.

(b) The rate of change of the angle of inclination of the observer’s line of sight when the
balloon is 500 feet above the ground.

(Sand) The volume of a cone is increasing at a constant rate of 2 cubic feet per minute in
. . g 1
such a way that the height of the cone is always equals to its diameter. (Note: V' = gnrzh )

(a) At what rate is the height of the cone changing when the height is 2 feet?

(b) At what rate is the radius of the cone changing when the height is 2 feet?

(c) At what rates are the radius and the height of the cone changing when the volume is 35
cubic feet?

(Boat) A boat is pulled toward a dock by a rope attached to the bow of the boat and passing
through a ring on the dock that is 6 feet higher than the bow of the boat.

(a) How fast is the boat approaching the dock when it is 12 feet from the dock, if the rope
is pulled in at a rate of 1 foot per second?

(b) At what constant rate must the rope be pulled for the boat to approach the dock at 1
foot per second when it is 12 feet from the dock?

(Boyle’s Law) A gas occupies a volume of 1000 in® andis subjected to a pressure of 1%
in.

Find the rate at which the pressure is changing at the instant when the volume is 800in.” if

the gas is being compressed at a rate of 4 %1 :

Use Boyle’s Law: pressure x volume= constant .
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26.

27.

28.

29.

30.

31.
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(Two Ships) At noon ship A is 200 km west of ship B. Ship A is sailing south at 25%%1 and

ship B is sailing north at 351%1 . How fast is the distance between the ships changing at
2:00 PM?

(Walking) At 1 PM a man starts walking north at a rate of 300 rﬁl from a point P. Five

minutes later, a woman starts walking east at a rate of 250 Hlflt—n from a point Q that is 1000
feet west of P. How fast is the distance between the two individuals changing at:
(a)1:08 PM? (b) 1:10PM?

(Particle) A particle moves along the curve x3 —3y+2 = 0. Find the points on the curve
at which the x-coordinate is increasing 9 times faster than its y-coordinate.

(Water) Water is leaking out of an inverted conical tank of height 120 inches and radius 10

inches at a rate of 3 % , while water is being pumped into the tank at a constant rate. (Note:
1 . .
V= §nr2h .) Find that constant rate if:

(a) The water level is rising at a rate of 6£ when the height of the water is 40 inches.
(b) The volume of water is decreasing at a rate of 1% .

(Water) Water is pumped into a tank at the rate of 75 cubic feet per min-
ute. The tank consists of a cylinder of radius 2 feet, centered at the top of e l(_’l

a hemisphere of radius 5 feet. (Volume of sphere: gnr3 ). How fast is the N

water level rising when the water is: Ll

(a) 3 feet deep? (b) 7 feet deep? (c) 5 feet deep? U

(Swimming Pool) A rectangular swimming pool 20 feet le — — —2r - — — — > |
long and 10 feet wide is 6 feet deep at one end and 2 feet 7 .
deep at the other. Water is pumped into the empty pool at

3 6
the rate of 500 1%1 At what rate is the water level rising v

|
'

when it is:
(a) 2 feet deep at the deep end? (b) 5 feet deep at the deep end?
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CHAPTER SUMMARY

DERIVATIVE AT A POINT:

GEOMETRICAL
INTERPRETATION:

The derivative of a function y = f(x) at c is the number:

f'(c) = lim fleth)—flc)
h—0 h

or: W — lim AcFA) —f(c)
dx| _ . Ax—0 Ax

The slope of the tangent line to the graph of the function fat
the point (¢, f(¢)).

DERIVATIVE FUNCTION:

ALTERNATE NOTATION:

The derivative of a function y = f{(x) is the function:
7'(x) = lim S+ h)—f(x)
h—0 h

or: dy _ lim Ay
dx Ax—>0Ax

THEOREM:

If a function is differentiable at ¢, then it is continuous at c.

DERIVATIVE FORMULAS:

The derivative of any constant function is 0.

For any real number : (x")" = rx"~ 1.

For any real number » and any differentiable function f:

[7f()] = 7f'(x)
If f'and g are differentiable then:
[(x) £g(x)]" = fi(x) £ g'(x)

[(x)g(x)]" = fx)g'(x) + 1 (x)g(x)
[M} _ gf'(x) —fx)g'(x)

DERIVATIVES OF TRIGONO-
METRIC FUNCTIONS:

g(x) [g(x)]?
d, . _ d e
dx(smx) = cosx dx(cosx) sinx
d L2 d 2
dx(tanx) = sec’ x dx(cotx) csc x
i(cscx) = —cscxcotx i(secx) = secxtanx
dx dx

THE CHAIN RULE:

If f'is differentiable at x and g is differentiable at f{x), then
the composite function gof is differentiable at x, and:

(gof)'(x) = g'[f)f (x)
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GENERALIZED POWER RULE:

If fis differentiable at x then so is the function [f{(x)]", and:

(LA = rf)]) 1f'(x)

PINCHING THEOREM:

Let f, g, and & be such that
within an interval about c¢:

Sfx) < h(x) < g(x)
If: limf(x) = limg(x) =L
then lim A(x) = L \./| :

IMPLICIT DIFFERENTIATION:

AN ILLUSTRATION:
Differentiating both sides of the equation
2x+3y = x%)3
with respect to x, we have:
2+3y" = x2(3y%") +y32x

RELATED RATES
PROCEDURE:

Step 1. See the problem: Draw a diagram which includes
variables representing the quantities that vary. Spec-
ify the given rate(s) of change, and the rate of
change you are looking for.

Step 2. Find an equation involving the variables in Step 1.

Step 3. Differentiate both sides of the equation with respect
to time ¢.

Step 4. Calculate the desired rate of change at the specified
instance of time.




A slightly weaker version:
Iffis differentiable on [a, b]
and if f(a) = f(b) = 0 then
there is at least one number ¢
in (a, b) forwhich: f(c¢) = 0

[Recall that differentia-
bility implies continuity]

continuity is needed:

differentiability is needed:

AL

Rolle’s Theorem is a special
case of this theorem, in that
if fla) = f(b) = 0 then:

f'(c) = f(b)—zla)
b—a

_ 0
b—a
for some c in (a, b) .
Indeed if f(a) = f(b) (not

necessarily 0), then we still
must have that:

(o)  fb)-fla)
fle) = =1

_ 0
b—a
for some c in (a, b) .

=0

=0
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CHAPTER 4

THE MEAN VALUE THEOREM
AND APPLICATIONS

§1. THE MEAN VALUE THEOREM

We begin by introducing a main character of this section, one that
plays an essential role in the development of the calculus:

THEOREM 4.1 Let f be continuous on [a, ] and differentiable
ROLLE’S on (a,b). If fla) = f(b) = 0, then there is at
THEOREM least one number ¢ in (a, b) forwhich f'(¢) = 0.

A (partial) proof of the above result is offered at the end of the section.
For now, we suggest that Rolle’s Theorem is geometrically “believable.”

It is saying that the graph of any “nice” function [continuous on [a, b]
and differentiable on (a, )] whose graph passes through the points

(a,0) and (b, 0) must encounter at least one horizontal tangent line
along the way (see Figure 4.1).

fl@=0_

|
|
|
a ¢ b
/ N\,
Rolle’s Theorem

Figure 4.1
As a consequence of Rolle’s Theorem, we have:

THEOREM 4.2 If fis continuous on [a, b] and differentiable
on (a, b), then there is at least one number ¢
in (a, b) for which:

f'(c) _ f(b) —fla)

b—a

MEAN VALUE
THEOREM

Before turning to a proof of the above theorem, lets acknowledge
what it is saying:
If f'satisfies the conditions of the theorem, then there exists at
least one number a < ¢ < b such that the slope of the tangent line
at the point (c, f(c)) is parallel to the slope of the line passing

through the points (a, f(a)) and (b, f(b)) [see Figure 4.2].
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In particular: On any trip,
there will be at least one
instant of time at which
your instantaneous veloc-
ity matches the average
velocity of the trip.

Answers: (a) -1,0, 1.

R

f(b) —fla)
b-a

slope:

[enba

L/ a c iD
The Mean Value Theorem
Figure 4.2

PROOF: Let L(x) denote the linear function whose graph is the

line passing through the points (a, f(a)), (b, f(D)).
Consider the function H(x) = f(x)— L(x). Since L is differ-
entiable everywhere, and since f'is continuous on [a, b] and
differentiable on (a, b), H is again continuous on [a, b] and
differentiable on (a, b). Moreover, since f(a) = L(a) and
f(b) = L(b), H(a) = H(b) = 0 . Applying Rolle’s Theo-
rem to the function H, we choose ¢ € (a, b) for which
H'(c) = 0. Since H(x) = f(x)—L(x):

H'(c)=f(c)-L'(c) = 0=f1c) = L'(c)
Noting that L'(c) is the slope of the line L (why?), we have:
f’(c) _ fb) —fla)

b—a
Figure 4.2 displays the geometrical interpretation of the Mean Value
Theorem. Here is an analytical interpretation:
If fis continuous on [a, b] and differentiable on (a, ), then

there is at least one number ¢ € (a, b) where the instantaneous
rate of change of the function at ¢, [f'(¢) ], equals the average rate

| ) —fla)
—da

of change of the function over the interval [a, b

CHECK YOUR UNDERSTANDING 4.1

(a) Rolle’s Theorem assures us that the graph of the function
f(x) = x*—2x? has at least one horizontal tangent line in the interval

(=+/2, J2) (how s0?). Find all ¢ € (=+/2, 4/2) such that /'(¢) = 0.

(b) The Mean Value Theorem assures us that in any given interval
[a, b] there will exist at least one c¢ € (a,b) such that

flc) = M . Find all such c for the function f{x) = x3 —x2
—a
within the interval [-2, 3].




Answer: See page A-17.
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The Mean Value Theorem contains two conditions:
IF (1) f is continuous on [a, b] and
(2) fis differentiable on (a, b)

THEN: f'(¢) :f(b%];(a) for some a<c<bh.

There are, however, functions which are neither continuous on [a, b]

nor differentiable on (a, b) for which the conclusion of the Mean Value
Theorem still holds. Consider the following CYU:

CHECK YOUR UNDERSTANDING 4.2

x| if x=1
—lifx=1
on [—1, 1] and is not differentiable on (-1, 1).

(b) Find a ¢ in the interval (-1, 1) for which f'(c) = % .

(a) Show that the function f(x) = { is not continuous

SOME PARTICULARLY IMPORTANT CONSEQUENCES
OF THE MEAN VALUE THEOREM

Geometrically speaking, a function is increasing where its graph is
climbing, and it is decreasing where its graph is falling. To be more
precise:

DEFINITION 4.1 A function fis:
INCREASING AND (@) Increasing on an interval / if for every

DECREASING XXy i Lxy <xy = flxg) <flxy).
FUNCTIONS (b) Decreasing on an interval / if for every
X1,Xy In1: Xy <xy = f(x)) > f(x,).

Since the derivative at a point on the graph of a function corresponds
to the slope of the tangent line at that point, it should come as no sur-
prise to find that:

THEOREM 4.3 Let f be differentiable on the open interval
1 = (a, b) [or (a,®) or (-, b)].
(a) If f'(x) >0 for all x € 7, then f'is increas-
ing on /.
(b) If /'(x) < 0 for all x € I, then f'is decreas-
ing on /.
(¢) If f'(x) = 0 for all x € I, then fis con-
stant on /.
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Answer: See age A-18.

%
(>0

|
—
|
|
|
T

c
If the tangent line has a
positive slope at (¢, f(c)),
then near that point the
graph is climbing.
[Similarly for (b)]

lim f(x) = L:

X—>cC
Given ¢>0 there exist §>0
such that:
O<|x—cl<d=|f(x)-Ll<e

Answer: See page A-18.

PROOF: The Mean Value Theorem assures us that for any
a <x; <x, <b, there exists a number ¢ € (x, x,) such that:

re) = f————(x;z :J;(lxl)

Noting that the denominator x, — x is positive, we can conclude that:
[For (a)]: f'(¢) >0 = f(x,) —f(x;) >0
[For (b)]: /() <0 = f(x,) —f(x;) <0

[For (¢)]: /() = 0= f{xy) = f(x))

CHECK YOUR UNDERSTANDING 4.3

Prove that if f(x) = g'(x) for every x in an open interval /, then f
and g differ by a constant on that interval.
Suggestion: Consider the function /(x) = f(x)— g(x)

The following result may also be anticipated (see margin):

THEOREM 4.4 Letfbe differentiable at c.
(@) If '(¢) > 0, then there exists § > 0 such
that f(x)>f(c) for all x € (¢,c+9),
and f(x) < f(c) forall x € (c—29, ).

(b) If '(¢) < 0, then there exists & > 0 such
that f(x) <f(c) for all x € (¢,c+9d)
and f(x) > f(c) forall x € (c—09,c).
PROOF: (a) Let f(¢) = lim W > 0. Letting the posi-
h—0

tive number f(c) play the role of ¢ in the definition of the limit (see
margin), we can find & > 0 such that:

0<lhl <8 = LB _rc) < e)
= f(e) <ALAAD ey < (e)
Aex D=

=0<

In particular, f(c+ h)—f(c) must be positive for any 0 <k <9,
while f(c + /) — f(c) must be negative for any -0 < s <0.

Now it’s your turn:

CHECK YOUR UNDERSTANDING 4.4

Prove Theorem 4.4(b).
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More precisely DEFINITION 4.2 A function f has a local (or relative) maxi-
A local maximum occurs at -y o~ \ 1 ExTREMES Mum at a point ¢ in its domain if f{c) > f(x)

if th ist 0 h o . .
fh;t f(ecr)e Zii((;s) Sf; esvlg,y for all x in its domain that are sufficiently

point x e (¢c—¢,c+¢) that close to c.

O i 110 St it A function f has a local (or relative) mini-
mum at ¢ if f{c) < f(x) for all x sufficiently
close to c.

local maximum . .
J Another totally believable result (see margin):

THEOREM 4.5 Let f be differentiable in some open interval
containing c. If f has a local maximum or a

local minimum local minimum at ¢, then f'(¢) = 0.

PROOF: Suppose that f has a local maximum at c.

Can f"(¢) be positive? No, for if it were positive then there would be
x’s immediately to the right of ¢ with function values greater than
f(c) [Theorem 4.4(a)].
Can f"(c) be negative? No, for if it were negative then there would
be x’s immediately to the left of ¢ with function values greater than
f(c) [Theorem 4.4(b)].

Since f'(¢) exists and cannot be positive or negative, it must be 0.

CHECK YOUR UNDERSTANDING 4.5

Answer: See page A-18. Establish the “minimum part” of Theorem 4.5.

It is important that you do not read into Theorem 4.5 more than that
which it is saying. In particular:
* There can be a zero derivative at ¢ without either a local maximum
or local minimum occurring at that point [see Figure 4.3(a)].
* A maximum or minimum can occur at ¢ without the derivative
assuming a value of zero at ¢ [see Figure 4.3(b)]

flx) = 3 fx) = Ix]

since f(x) = 3x2, f has a local
£'(0) = 0, but minimum at 0, but...

(a) (b)
Figure 4.3
The end-point situation To summarize: If ¢ is an interior point in the domain of a function f at
lssec‘tiil(s);‘fssed in the next  \hich a local maximum or minimum occurs, then either /(¢) = 0 or
f'(¢) does not exist. The points in the domain of /' where the derivative

is zero or does not exist are called critical points. Local maxima and
minima occur among those points.
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SOME ADDITIONAL POINTS OF INTEREST

Intuitively speaking, if a function fis continuous on the closed inter-

ke _ val [a, b], then you can sketch its graph from (a, f(a)) to (b, f(D))
without lifting the writing utensil. Continuing along the path of intu-
ition, one can then anticipate that the graph of f must certainly cross the

|
fayer— , , _

| horizontal line f(x) = r for every r lying between f(a) and f(b) (see
/[ Ta b margin). Intuition is right on target:

A proof of this believable THEOREM 4.6 Iffis cont'inuc.)us on the clqsed interval
theorem lies outside the INTERMEDIATE [a, b] and if r is a number lying between

scope of this text. VALUE THEOREM /f(a) and f(b), then there exists at least
one ¢ between a and b such that f{c) = r.

Both the Intermediate Value Theorem and Rolle’s Theorem come into
play in the solution of the following Example.

EXAMPLE 4.1 Show that the equation 2x5+x3+7x—2 = 0
has exactly one solution.

SOLUTION: We show that the graph of the function
f(x) = 2x°+x3+ 7x—2 has one and only one x-intercept; which is
to say, that f(x) = 0 for one and only one value of x:
fhas at least one x-intercept:
Since f'is continuous and since f{(0) <0 and f{(1) > 0, the Interme-
diate Value theorem assures us that f(r) = 0 for some » € (0, 1).

f cannot have more that one x-intercept:

One can prove that a proposition We show that the assumption that there are two or more x-intercepts
P is True by demonstrating that leads t tradicti .\
the assumption that P is False €ads to a contradiction (See margln)-
leads to a false conclusion Assume that for some a < b: f(a) = f(b) = 0.
(something like 1 = 2). )
For: Rolle’s Theorem tells us that there exists some ¢ € (a, b)
Logic dictates that from Truth, : ! —
only Truth can follow. So, if the for which f (c) 0.
assumption that P is False leads '’ — 5 3 9y — 4 2
to a false conclusion, then the Butf(x) (2x +x2+7x 2) 10x* +3x2+727 for
assumption that P is false must all x — a contradiction.

itself be false. In other words:
P must be True.

CHECK YOUR UNDERSTANDING 4.6

Show that the equation 2x% —x + 10 = 0 can have at most two dis-
Answer: See page A-18. tinct solutions.
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We employ the Intermediate Value Theorem to establish the follow-
ing Fixed-Point result:

The jrio[tgtilc’]n_) 011 EXAMPLE 4.2 Let £:[0,1] — [0, 1] be continuous (see mar-
indicates that for every gin). Show that there is at least one ¢ € [0, 1]

€[0,1]: fix) [0, 1]. such that f(c¢) = c.
SOLUTION: Case 1. If /(0) = 0 or f{1) = 1, then we are done.

Case 2. If f(0)#0 and f(1)#1 then, since f:[0,1]—>[0,1]:

f(0)>0 and f(1)<1. It follows that the continuous function

g(x) = f(x)—x is positive at 0 and negative at 1:
g(0)=£(0)-0>0 and g(1) = f(1)-1<0

Applying the Intermediate Value Theorem to the function g we con-

clude that for some ¢ € (0, 1) g(c¢) = 0; which is to say:

flc)—c =0
fle) = ¢

CHECK YOUR UNDERSTANDING 4.7

Let fand g be continuous on [a, b] and such that:
fla) <g(a) <g(b) <f(b).

Answer: See page A-18. Show that there exists some ¢ € (a, b) for which f(c) = g(c).

PROOF OF THE MEAN VALUE THEOREM

The following important result tells us that a continuous function on a
closed interval will attain a maximum and a minimum value:

THEOREM 4.7  If fis continuous on the closed interval [a, b],

MAXIMUM- then there exists some c € [a, b] such that
MINIMUM f(c) > f(x) for every x € [a,b], and some
A proof of this result <
lies outside the scope THEOREM number d € [a, b] such that f(d) < f(x) for
of this text. every x € [a, b].

Alright, we’re cheating a bit by not proving the above result, but its
all for a good cause, for we can now establish Rolle’s Theorem:

If fis continuous on [a, b] and differentiable on (a, b) and if
fla) = f(b) = 0, then f(c¢) = 0 for some c € (a, b).

PROOF: If f'is the constant zero function on [a, b], then any
¢ € (a, b) will do the trick.
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Answer: See page A-18.

If fis not the constant zero function, then it must take on some
positive or negative values in [a, b]. Assume the former (you
are asked to deal with the other case in CYU 4.8).

Theorem 4.7 assures us that fassumes its maximum value
at some ¢ € [a, b]. Indeed, ¢ must be contained in (a, b),
for f'is assumed to take on positive values in [a, b], and

fla) = f(b) = 0.
Can f"(¢) be positive? No, for Theorem 4.4(a) would
imply that f{x) > f(c) for some x € (¢, D).
Can f"(c) be negative? No, for Theorem 4.4(b) would
imply that f{(x) > f(c¢) forsome x € (a,c).

Since f"(c) can not be positive or negative: /'(c¢) = 0.

CHECK YOUR UNDERSTANDING 4.8

Modify the above proof to accommodate the assumption that
f(x) <0 for some x € [a, b].
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EXERCISES

Exercises 1-9. (Theory) Verify that the function satisfies the conditions of the mean-value theo-

rem on the indicated interval [a, b] and then find a ¢ for which f(¢) = fb) —f(a) .

b—a
1. fix) = x2;[-1,1] 2. fix) = x%;[-1,0] 3. fix) = x2; [-3,2]
4. fix) = x3;[-1,1] 5. fix) = x3;[-1,0] 6. fx) = x3;[-3,2]
T f(x) = Nx+55[-L41 g fxy = 3+41-x%500,1] 9. flx) = ﬁ; [0, 1]

Exercises 10-30. (Consequences of the Intermediate and Mean Value Theorems)
10. (a) Show that if fis differentiable on [a, ] and if its derivative is never 0, then f(a) # f(D).
(b) Show that if /'(x) <0 on [a, b] then f(a)—f(b)>0.

11. Show that the function f(x) = lz — i does not have a zero derivative in the interval [-2, 2],
X

even though f(2) = f(—2) = 0. Explain how this does not violate Rolle’s theorem.

D) —f=1D
-1-1

val [—1, 1]. Explain how this does not violate the Mean-Value Theorem.

12. Show that the function f(x) = 1 does not have a derivative equal to in the inter-
X

2x+2 if x<2
3x if x>2

(b) Does the function satisfy the conditions of the Mean-Value Theorem over the interval [0,3]?

13. (a) Sketch the graph of f(x) = {

(c) Does there exist a ¢ for which f(c) = w in the interval [0,3]?
—d

2x if x<1
14. (a) Sketch the graph of  f(x) = )
x2if x>1

(b) Does the function satisfy the conditions of the Mean-Value Theorem over the interval [0,2]?

(c) Does there exist a ¢ for which f'(¢) = fb) =f(a) in the interval [0,3]?
b
a

15. Let f'be differentiable on (a, b) . Prove that if f(x) = 0 has two distinct solutions in (a, b),
then f"(x) = 0 has at least one solution in (a, b).

16. Show that the equation 6x>+ 13x+ 1 = 0 has exactly one real root.
17. Show that the equation x3 + 6x2 + 15x — 23 = 0 has exactly one real root.

18. Show that the equation 6x* —7x +1 = 0 cannot have more that two distinct real roots.
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19

20.

21.
22.

23.
24.

25.

26.
27.
28.

29.

. Show that the equation 2x = 1 + sinx has exactly one real root.

(a) Show that the equation x2 = xsinx + cosx can have at most two real roots.

(b) Show that the equation x2 = xsinx + cosx has exactly two real roots.

Show that the equation x* + 50x2 — 300 = 0 cannot have more that two distinct real roots.

Let f'be differentiable on (a, b) . Prove that if f{x) = 0 has two distinct solutions in (a, b),
then f'(x) = 0 has at least one solution in (a, b).

Show that |sind — sina| < |b — a| for any real numbers a and b.

Let fand g be differentiable on [a, b] with f(a) = g(a) and f'(x) <g'(x) fora<x<b.
Show that f(b) < g(b).

Two runners start the 100-yard dash and finish in a tie. Prove that at some time during the
race they are running at the same speed.

Suppose that f{0) = 6 and f'(x) <1 for 0 <x < 2. Whatis the largest possible value of f/(2) ?
Supposethat f(0) = 6 and f'(x) > 1 for 0 <x < 2. Whatisthe smallest possible value of /(2) ?

A fixed point for a function fis a number ¢ for which f(c) = c.

(a) Let fbe differentiable on [a, b]. Show that if fhas two distinct fixed-points in [a, b], then
f'(x) must equal 1 for some x € (a, b).

If f'(x) = 1 for some x € (a, b) must fhave at least one fixed-point in [a, b]?
(a) Let f: [0, 1] — [0, 1] be continuous. Show that f has a fixed point 0<c<1.

Suppose that f'and g are differentiable on [a, b] and that the graphs of the two functions

intersect at x = a and at x = b. Show that there is some point between a and b where the
tangents to the graphs of fand g are parallel.



There is no question that
graphing calculators can
graph most functions better
and faster than any of us, but
this does not diminish the
importance of this section,
for:

Learning how to graph a

function by hand rein-

forces an understanding

of important concepts.

In this discussion we
are assuming the exist-
ence of the second
derivative.
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§2. GRAPHING FUNCTIONS

As you will see, the sign of f, f”,and f” (labeled SIGN £, SIGN f*

and SIGN 1" )! will come into play when sketching the graph of a func-
tion f. You already know that the graph lives above the x-axis where
f(x) is positive, and below the x-axis where it is negative. You also
know that the graph is increasing where f'(x) is positive and decreasing
where it is negative. To see what additional information can be inferred
from the sign of /"(x) we call your attention to Figure 4.4

S
slopes of  ~|_
tangent lines o g
decrease
N
AN AN

C N “
N slopes of

\ tangent lines
increase

(@) (b)
Figure 4.4
While SIGN f and SIGN g coincide (both functions are positive to

the right of 0, and negative to its left), and while SIGN f” and SIGN g’
also coincide (both are increasing functions), the graph of fis concave up
(bending up, as you move from left to right) while that of g is concave
down (bending down).

Note that the slope of the tangent line increases as you move along the
concave up curve of Figure 4.4(a), while it decreases along the concave
down curve of Figure 4.4(b). But to say that the slope of the tangent line

is increasing (or decreasing) is to say that '(x) is increasing (or decreas-
ing); which is to say that f”(x) is positive (or negative).

In the way of a definition:

If the second derivative of a function f exists at each point of an
interval /, then

fis concave up on 7 if f"(x) >0 forevery x € .
fis concave down on 7 if f"(x) <0 forevery x € I.

A point on the graph of a differentiable function about which
concavity changes is called a point of inflection.

Summarizing:

1. We suggest you review the discussion on inequalities appearing in Section
1.3; specifically: pages 20-23 and pages 25-26.
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SIGN f +: graph lies above the x-axis -: graph lies below the x-axis
(and consequently where the graph crosses the x-axis)

SIGN f'  +: graph is increasing

(and consequently where maximums and minimums occur)

SIGN f" +: graph is concave up

(and consequently where inflection points occur)

-: graph is decreasing

-: graph is concave down

The graph of a polyno-
mial function and that of
its leading term need not
get arbitrarily close to
each other as x tends to
+oo, but they will have
similar shapes.

GRAPHING POLYNOMIAL FUNCTIONS

We begin by noting that the graphs of the functions f(x) = x" (for n
a positive integer) fall within two categories:

h even

n odd |

cn

The graph of every y = x° " is
similar to those of the functions
y = xz, and y = X (below).
Each such graph passes through
the origin, and the points (-1,1)
and (1,1).

The larger the exponent, the flat-
ter is the graph over (-1, 1) and
the steeper outside of (-1, 1).

y=x? ) y=x?

The graph of every y = s

similar to those of the functions
y = x3, and y = X (below).
Each such graph passes through
the origin, and the points (—1,—1)
and (1,1).

The larger the exponent, the flat-
ter is the graph over (-1, 1) and
the steeper outside of (-1, 1)

y

It is important to note that, in general:

Far away from the origin the graph of the polynomial function:

n
p(x) =ax +ta, x

n—1
=+ ... +a1x+a0

resembles, in shape, that of its leading term g(x) = anxn

For example, as x — too, the graph of p(x) = 6x*—3x3—6x+1

resembles that of g(x) = 6x*. This makes sense since as x gets larger

and larger in magnitude, the term 6x* becomes more and more dominant.



Answers: (a) g(x) = x3
(b) g(x) = 2x°

The first three steps of
the inequality proce-
dure of Example 1.12,
page 21, is used to
determine SIGN f.

4.2 Graphing Functions

Here is another way to arrive at the same observation:

3
p(x) = 6x*=3x3—6x+1 = 6x4(1_______+___

tend to 0 as x — o
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CHECK YOUR UNDERSTANDING 4.9

Determine a function g(x) = ax”, whose graph resembles that of

the given polynomial function fas x — +oo.

(@) flx) = x” —x (b) flx) = (2x° +x)(x* = Sx+ 1)(x 1)

We now describe a procedure that can be used to graph polynomial

functions when expressed in factored form. For our part:

WHEN GRAPHING A FUNCTION, WE WILL LET THE
FUNCTION ITSELF DIRECT US, AS BEST IT CAN, TO ITS
GRAPH; AND WILL THEN CALL ON THE CALCULUS TO

CHALLENGE AND REFINE OUR INITIAL EFFORT.

EXAMPLE 4.3 Sketch the graph of :

f(x) = x3-2x2-15x

SOLUTION:

Step 1. Factor: f(x) = x(x—5)(x+3)

Step 2. y-intercept: /(0) = 0 [Y of Figure 4.5(a)].
x-intercepts: f(x) = x(x—5)(x+3) =0:at x =0, 5,
and -3 [X’s of Figure 4.5(a)].
SIGN f: From the SIGN information at the top of Figure
4.5(a), we see that as you move from left to right, the
graph crosses from below the x-axis to above the x-axis at
-3 ; from above to below at 0; and from below to above at
5 [X’s of Figure 4.5(a)].

Step 3. As x — too: The graph of fresembles that of its leading
term y = X [L’s of Figure 4.5(a)].

Step 4. Anticipated Graph: With the above portion of the graph

at hand, we can anticipate the general shape of the graph
throughout its domain [Figure 4.5(b)].
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SIGN x(x—5)(x+3):

¢ L c _ c . Anticipated Graph:
L L L
3 0 5 fx) = x3—2x2 - 15x
|
| | /L \
: y = x3 |/
/]
l \
/
A D
e
—~ |
//3 - 3\ ls 300 5

, N

/ X

[

(a) (b)
Figure 4.5
We now turn to the calculus to challenge the anticipated graph of Fig-

ure 4.5(b), and to determine precisely where maxima, minima and
inflection points occur.

Step 5 (a) SIGN [ (Increasing/Decreasing; Maxima/Minima).

Figure 4.5(b) suggests that the function increases to a max-
imum value somewhere between —3 and 0, and then
decreases to a minimum value somewhere between 0 and
5, and then increases forever more. And so it does:

flx) = x3-2x%2 - 15x
f'(x) = 3x2-4x-15 = Bx+5)(x—3)

increasing

¢ decreasing ¢ increasing
SIGN f™ + g - ;
3 -
maximum minimum
Values: f(fg) = %’ f(3) = =36

r (as you can verify)

Step 5 (b) SIGN f" (Concavity and Inflection Points). Figure 4.5(b)
suggests that the graph is concave down from minus infin-
ity to some point between its maximum and minimum

points, and that it is concave up from that point to infinity.
And so it is:



Flokl Flotz Flotz

SRR 326 2-15E

[l THOIC

1 Amin=-4

1 Amax=t

{1 #=cl=1

1 Ymin=-44
Wmax=Ii8

/

Yes, but how much does
one learn?

Answer: See page A-19.
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f'(x) = 3x2-4x-15
f'(x) =6x-4 (f'(x) =0atx =

concave dOWn concave up
SIGN f': = i

)

Wik

WIN @O

Inflection point: (%,f(%)) =, _22%6)
as you can verify3

Figure 4.6 reveals the fruit of our labor .

400
27

Figure 4.6

Note: Even though you may not be able to factor the cubic

polynomial in g(x) = x3—2xZ—15x+9, you can still get a
good sense of its graph by simply lifting the graph of the func-

tion f(x) = x3—2x%—15x in Figure 4.6 9 units.

CHECK YOUR UNDERSTANDING 4.10

Sketch the graph of the given function:
(@) f(x) = 3x°—5x3 (b) g(x) = 3x>-5x3+3

ENDPOINT EXTREMES

As you already know, a local maximum or local minimum can occur
at an interior point ¢ in the domain of a function f'only if /'(¢) = 0 or
if f fails to be differentiable at c. You also know that SIGN f' reveals
the specific nature of the function at those interior critical points. For
example, SIGN f in Figure 4.7(a) reveals the fact that the function f
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has a (local) maximum at the interior point a and a (local) minimum at
the interior point c.

~ neither max nor min endpoint min endpoint max
maximum minimum \ /
+ * ® \lo/ + - %—o ——— o } -
a b c L a b c R
SIGN f' SIGN f'
(a) (b)

Figure 4.7

Now consider Figure 4.7(b) where the domain of f'has been restricted
to the closed interval with left endpoint L and right endpoint R. Note
that since f'is increasing to the right of L (why?), L is an endpoint min-
imum. Similarly, since f'is increasing to the left of R, R is an endpoint
maximum. Note that the maximum and minimum values of f over the
closed interval [L, R] of Figure 4.7(b) must occur at critical points or
at endpoints (see Theorem, 4.7, page 128).

CHECK YOUR UNDERSTANDING 4.11

Indicate, from the given SIGN f', where
fassumes a local or endpoint maximum and where it assumes a local

Answers: (a) Endpoint max at | or endpoint minimum value.
0 and 9; local min at 3 and 8;

local max at 5. (a) e=o— o = o — o Te (b)) e o — o * 1.3
(b) Endpoint min at 10 and 0 1 3 5 8 9 10 11 12
endpoint max at 13; local max L R L R
at 11 and local min at 12. SIGN f* SIGN f*

SECOND DERIVATIVE TEST

So far, SIGN /" was used to find where the function f assumes maxi-
mum or minimum values — a method called the first derivative test.
Here is another approach for your consideration:

If a differentiable function f achieves a maximum value at c,
then the slopes of the tangent lines: f/'(x), decrease as you
move from the left to the right of ¢ [see Figure 4.8(a)]. Conse-
quently the derivative of f'(x) at ¢, which is to say f"(c¢), must
be negative (providing it exists). If the function f achieves a

minimum value at ¢, then the slopes of the tangent lines
increase as you move from the left to the right of ¢ [see Figure

4.8(b)]. Consequently, f'(x) is increasing about the point c,
and /" (x) must be positive at ¢ (providing it exists).
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2

\ g
| 2
/\ %

2 1 f \ll
- C
f(x)<0
(a)
Figure 4.8

Turning the above observations around, we have:

THEOREM 4.8  1ff'(¢c) = 0 and f"(¢) <0, then fhasa local

SECOND maximum at c.
DERIVATIVE £ f'(¢) = 0 and f"(c) >0, then fhas a local
TEST minimum at c.
Exercise 54 addresses the (The second derivative test is inconclusive if
f"(¢) = 0-inconclusiveissue. f"(c) = 0, or if it does not exist.)

EXAMPLE 4.4 Use the second derivative test to locate where

the function, f(x) = 3x>—5x3, assumes max-
imum or minimum values.

SOLUTION: First:
f(x) = Bx°-5x3) =0
15x4—-15x2 = 0
15x2(x2-1) = 0
15x2(x+1)(x=1) = 0

x=0x=-1,x=1
Then:

£ (x) = (15x* = 15x2)" = 60x3 —30x

Since £"(0) = 0, the second derivative test is inconclusive.
[While the first derivative test is not — see CYU 4.10(a)]

Since /(1) = —30 is negative, a local maximum occurs at—1 .

Since £(1) = 30 Is positive, a local minimum occurs at 1.

CHECK YOUR UNDERSTANDING 4.12

Use both the first and second derivative tests to determine where the
2
function f(x) = le assumes (local) maximum or minimum val-
X

Answer: max: 0; min: —2 ues. Any preference?
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GRAPHING RATIONAL FUNCTIONS

In many ways, the procedure for sketching the graph of a rational func-
tion is quite similar to that for polynomial functions. To begin with:
Since the leading term of a polynomial function dominates its
behavior far away from the origin:

As x — too, the graph of the rational function:

axn+a xni +tta,xta
f()C) — n—1 1 0
m m—1 0
. a xn
will resemble, in shape, thatof: g(x) = =2
b x™M
m
For example, as x — *oo the graphs of:
3x5—2x3-3x 3x5 _ 3
(x) = =————==and g(x) = =— = =x?
f 2x2+x-5 g(x) 2x2 2

have similar shapes.

A SPECIAL CASE: When the degree of the numerator of
arational function £ is less than or equal to the degree of
the denominator, the graph will approach a horizontal
line, called a horizontal asymptote for the graph of f.

2x3+3x2-5

For example, as x — oo the graph of f(x) =
5x3+x

3
Ix- _ 2, and we say that y = 2
5x3 5 5
is a horizontal asymptote for the graph of f.
3 2_
The graph of A(x) = 2"+ 3x7 -5 approaches that of the function
5x4+x
_2x3 2 :
= =—— = = which approaches 0 as x — +oo. Consequently, the x-
5x4  5x

axis (y = 0) is a horizontal asymptote for the graph of 4.

approaches the horizontal line y =

ANOTHER SPECIAL CASE: When the degree of the
numerator of a rational function /" is one more than that
of the denominator, the graph will approach an oblique
line, called an oblique asymptote for the graph of f.

2
For example, as x — oo, the shape of the graph of f(x) = 2x° will
x

2
resemble that of a line of slope Ix% _ 2. To be more precise, since:
x

2x2 8 .
= 2L = 4+ —
f(x) s 2x—4 o (see margin)
the graph of f'will get arbitrarily close to the line y = 2x -4, and that
line is the oblique asymptote for the graph of f.



Answers: (a) Horizon-
tal asymptote: y = %

(b) Horizontal asymp-
tote: y = 0.
(c) Oblique asymptote:
y=2x-1.
(d) Resembles y = 2x2.

The graph of a rational
function f(x) = 2&)  will
q(x)

approach a vertical asymp-
tote at ¢ where ¢g(c) = 0
and p(c)=0. A vertical
asymptote need not occur at
a point at which both the
numerator and denominator
of the rational expression
are zero. (see Exercise 53).

|
|
I
|
|
|
21
l
|
|
l
|

Answer: The graph tends to
—00 as x approaches -1
from the left, and it tends to
+o0 as x approaches -1
from the right.
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CHECK YOUR UNDERSTANDING 4.13

Ifthe graph of the given function has a horizontal or oblique asymptote,
determine the equation of the asymptote. If not, then specify a function

whose graph resembles, in shape, that of the given function as x — +oo.

_ 3x4+2x _ 3x4+2x
(a) f(x) ot s (b) f(x) o s
_ 43 -1 _ 6x6-5
(c) flx) = I (d) f(x) 3 o

VERTICAL ASYMPTOTES

The main difference between graphing polynomial functions and
rational functions is that vertical asymptotes might come into play
when graphing a rational function; where:

A vertical asymptote for the graph of a function f'is a vertical
line about which the graph tends to either plus or minus infinity.

Consider, for example, the function:

_ 2x—1
)= e D

As x gets closer and closer to 2, the numerator 2x — 1 approaches 3
while its denominator (x —2)(x + 1) shrinks to zero. It follows that, as

x approaches 2, the quotient (—x—:z—z%l—ﬁ—) must tend to plus or minus
infinity. From the sign information:

c c c

—~ 0 L o — o+
1 1 5
2x—1 ?
_ B
SIGN ) = =5+ 1)

we conclude that:
As x approaches 2 from the left, the values of f(x),
being negative, tend to —oo (see margin).
As x approaches 2 from the right, the values of f{(x),
being positive, tend to o (see margin).

Your turn:

CHECK YOUR UNDERSTANDING 4.14

2x—1
(x=2)(x+1)

Indicate the nature of the graph of f(x) = about the ver-

tical asymptote at x = —1.
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Returning to the five step procedure for graphing polynomial func-
tions, we now modify Step 2 to accommodate vertical asymptotes.

EXAMPLE 4.5 Sketch the graph of the function:

- £

SOLUTION:
Step 1. Factor: Already in factored form.

Step 2. y-intercept: y = f(0) = —% [Figure 4.9(a)].
x-intercepts: f(x) = 0 atx = 421 [Figure 4.9(a)].

Vertical Asymptotes: The line x = —% [Figure 4.9(a)].

SIGN f(x): From the sign information at the top of Figure
4.9(a), we conclude that the graph goes from below the x-axis
to above the x-axis as you move from left to right across the x-

intercept at x = ézl . Since the function is positive to the left of
the vertical asymptote at x = —g , the graph must tend to + oo

as x approaches —% from the left. Since the function is nega-
tive just to the right of x = —% , the graph tends to —co as x

approaches —g from the right.

SIGN =7, Anticipated Graph of
2x+5
P&y fxy = -7
. e 2x+5
2 4
I I y
}| |
| |
| |
| |
-_—_ L2 - _ 2 _ _ _
| - |
| o | /
[ 70 | _7
] 7
| |
|I |
| |

(a) (b)
Figure 4.9



We tried to get a sense of the

graph of a function prior to

invoking the calculus, for:
Differentiation tends to be
a “vulnerable” activity
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4x -7

4 2x+5

horizontal asymptote y = Z—x = 2 [Figure 4.9(a)].
X

Step 3. As x — too: The graph of f(x) =

approaches the

Step 4. Anticipated Graph: With the above portion of the graph at
hand, we can anticipate the general shape of the graph
throughout its domain [Figure 4.9(b)].

Step 5: We now turn to the calculus to challenge the anticipated
graph of Figure 4.9(b). If that graph is “on target,” then the first deriv-
ative has to be positive everywhere, and the second derivative has to

be positive up to —% and negative to the right of that point, right?

And that is indeed the case:
y 4x — T\’ 2x+5)-4—(4x-7)-2 34
f(x):(x_):(x ) (726 ) _ -
(2x+5) (2x+5)

2x+5

increasing n increasing

SIGN f': +,;

2

1) = ((2;3745)2) — 34[(2x+5)2]

— _68(2x+5)3.2 = ——130
(2x+5)3
concave up c concave down
", =+ —
SIGN f":

EXAMPLE 4.6 Sketch the graph of the function:

2x2
x+1

fx) =

SOLUTION:
Step 1. Factor: The function is already in factored form.

Step 2. y-intercept: y = (0) = (I) = 0 [Figure 4.10(a)].

x-intercepts: Where f(x) = 0: x = 0 [Figure 4.10(a)].
Vertical Asymptotes: The line x = —1 [Figure 4.10(a)].
SIGN f{(x) : From the sign information at the top of Figure
4.10(a), we conclude that the graph lies above the x-axis on
both sides of its x-intercept at x = 0 [Figure 4.13(a)].
Since the function is negative to the left of the vertical
asymptote at x = —1, the graph must tend to —oo as x
approaches —1 from the left [Figure 4.10(a)]. By the same
token, since the function is positive to the right of —1, the
graph tends to + oo as x approaches —1 from the right.
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2
Step 3. As x —> *oo: The graph of f(x) = 2%1 will resemble, in
X

2
shape, that of a line of slope 2 (zi = 2x) [Figure 4.10(a)].
x

Additional information can be derived by observing that:
2x-2 _ 2 .
vt 1 222 fix) = 2x-2+ 0 (see margin)
%2+ 2x From the above form, we can conclude that the graph will approach the
—2x oblique asymptote y = 2x—2 from above as x — oo (for 2 will be
“2x-2 x+1
2 positive), and from below as x — —oo (for < f_ 7 will be negative).
Step 4. Sketch the anticipated graph: Figure 4.10(b).
SIGN: f(x) = 2x% Anticipated Graph of Final Graph gf
' x+1° 2y2 _ 2x
¢ .n fix) = 22 =5
- o x+1
-1 0
’ | y 4
[ / R | /
| / | / 2 | 7
| /) | \ Y4 B | %
| 4 I /7 S | 2
/ B /7 2 /
| / | \ s/ g | 4
| / N l | /
| / | / | /
. |
-1 *1; -2 -1 X
|
| |,/ | L /
|
1 1 )
|
/ /| ) |
/| 7 - _|-s8
7
4 / |
7\ 7 /\l
I ) | /
(a) (b) (c)
Figure 4.10

Step S: Turning to the calculus:

pon o (2x2Y _ (x+ DAx—2x2 _ 2x2+4x _ 2x(x+2)
7o = (37 x+1)? Gr1)? (xt1)

inc. dec. dec. inc.

to _n_ 9 + Conf ith
SIGN !: ps o 'y onrorms wi
f ) 1 0 Figure 4.10(b)
(max) (min)

maximum point: (-2, —?\), minimum point: (0, 0) [Figure 4.10(c)]

gy = 2620
fiy) = 22k
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won - [2x244x7 _ (x+1)2(4x+4) - (2x2 +4x)2(x+1)
S [(x-+1)2J (x+ 1)*

pull out the common

factor (x+1): = (x\‘"\l)[\(x +1)(4x+4)— 2(2)62 +4x)]
~  (xF H*
42+ 8x+4-4x2-8x 4

(x+1)3 (x+ 1)}

concave down ¢ concave up
SIGN f": = O Conforms with Figure 4.10(b)

-1

CHECK YOUR UNDERSTANDING 4.15
Sketch the graph of the function:

flx) =

Answer: See page A-21. x2_4

GRAPHING RADICAL FUNCTIONS

When graphing a radical function, the first order of business is to
determine its domain. Consider the following example.

EXAMPLE 4.7 Sketch the graph of the function:
flx) = 2x—x
SOLUTION: Here is the domain of f: Df = [0,).
Step 1. Factor: f(x) = 2x%—x = x%(2—x%) .
Step 2. y-intercept: y = f(0) = 0 [Figure 4.11(a)].
x-intercepts: f(x) = 0: x = 0 or x = 4 [Figure 4.11(a)].

Vertical Asymptotes: None.
SIGN
1

(2—x%:

Step 3. As x > o0: Since the term with largest exponent in

D | —

Jx) = x

f(x) = 2Jx —x, namely —x, dominates the nature of the
graph, the shape of the graph will resemble that of a line of
slope —1 as x —» o [Figure 4.11(a)].

Step 4. Sketch the anticipated graph [Figure 4.11(a)]:
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Anticipated Graph: Graph:
iﬁ
X
(2) (b)
Figure 4.11

Step 5: Turning to the calculus:
1 1

f(x) = (2x5— )' R S e L= x
2 112 N
dec.
SIGN f": EE -

1

At this point we know that the maximum point on the anticipated graph
occurs at x = 1. Moreover, since the derivative is not defined at the
origin, a vertical tangent line must occur at that point. This added infor-
mation is reflected in Figure 4.11(b).

Our anticipated graph features a curve that is concave down throughout
its domain. This is indeed the case:

1 , 3
f(x) = (x 2_ 1) = —%x 2 = - 13/2 always negative
X

EXAMPLE 4.8 Sketch the graph of the function:
f(x) = x5/3 — 5x2/3

SOLUTION: Domain: (—o, ©).
Step 1. Factor: f(x) = x3/3 - 5x2/3 = x2/3(x-5)

Step 2. y-intercept: y = f(0) = 0 [Figure 4.12(a)].

x-intercepts:f(x) = 0: x = 0,x = 5 [Figure 4.12(a)].
Vertical Asymptotes: None.

SIGN f(x): From the sign information at the top of Figure

4.12(a), we conclude that the graph goes from below the x-

5 - axis to above the x-axis as you move from left to right across

The factor x3 = (xg) the x-intercept at x = 5, and that it is negative on both sides

s sy gk, of the x-intercept at 0 (see margin). [Figure 4.12(a)].

Step 3. As x > to: Far from the origin the graph of
f(x) = x3/3-5x2/3 resembles, in shape, that of its leading
(dominant) term x3/3, which tends to + o as x — o and to

—o0 as x — —oo [Figure 4.12(a)].



2<-even
SIGN: f(x) = x3(x-5):

+
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Step 4. Sketch the anticipated graph: Figure 4.12(b).

Anticipated Graph of Final Graph of
5 2 5 2
f(x) = x3 - 5x3 f(x) = x3 - 5x3

(=Y
|
wn®a

/

(2)

We anticipated that a mini-
mum occurs somewhere
between 0 and 5, and the cal-
culus showed us that it takes
place at 2. Our anticipated
graph in Figure 4.12(b),
however, did not reveal the
fact that a tangent line does
not exist at the origin, nor
that an inflection point
occurs at —1. And so we
refined our anticipated graph
accordingly [Figure 4.12(c)].
Did we waste our time in
constructing the anticipated
graph in (b)? No, for it gave
us a sense of what to expect
and then used the calculus to
refine our anticipated graph.

Answer: See page A-22.

B M>:smnoleo oy} podu

7 ‘

(=1,-6)

— N

(2,-4.8)

(b) (c)
Figure 4.12
Step S: Turning to the calculus:

5 ' 2 1 1
fx) = (x3—5x§) =25 1075 %x 3(x-2) = 2x=2)

3 3 1
3x3
inc. . dec. . inc.
SIGN f': T - et
/ 0 2
note that the derivative does (max) (min) 5 2

not exist! No tangent line at 0. L>vValue: f2) = 23_5.235_48

2 IN 1
o= () - 03
4
_ 10 3 10(x+ 1)
9~ (x+1) 2
Ox3
concave down up up
m. - C 4 ng
SIGN f": — e *+ §
- 0
(inflection point)

5 2
\%Value: f(-1) = (—1)3_5 . (_1)3 - _¢

To accommodate the above calculus information, we adjusted the

anticipated graph of Figure 4.11(b) and arrived at the “final graph” in
Figure 4.11(c) (see margin).

CHECK YOUR UNDERSTANDING 4.16

Sketch the graph of the function:
fx) = (x=2)'3
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EXERCISES

Exercises 1-29. Sketch the graph of the given function. Label the y-intercept (if it exists), x-inter-
cepts, vertical asymptotes, local maximum and minimum points, and inflection points. Identify
any horizontal or oblique asymptote.

1. flx) =2x2+7x+4 2. flx) = 4x2—Tx-2
3. flx) = x3+2x2 4. flx) = 2x*+x
N U KU 6 ) = xt- 42

— A4 3.2
7. flx) = ‘l‘x4+x3 8. flx) = 4x"+4x°+x
2 2x+1
9, = 2 _ X 11. =
f(x) T2 10. f(x) o f(x)
2
2. flr) = L2 13, f(x) = x+— 14, flx) = 22 L
xc—1 X X
1 1 2
15. =2 16. = x+-—— _ X
f(x) 5 flx) = x i 17. f(x) 55
18. f(x) = x? 19. f(x) = x’ - x 20. f(x) = x?
' x2 -4 . x3 —x2 . 2x2 +x
(Function has a removable discontinuity) (Function has a removable discontinuity)
21. f(x) = Jx2-1 22. f(x) = AJx2+1 23. flx) = xJx—1
24. f(x) = x/x+1 ! = X
1) 25. flx) = x*(x+4) 26. /x) S2o1
1 5 4 2 5
27. f(x) = x—6x3 28. f(x) = 3(x3—x3) 29. f(x) = x3( —2)

Exercise 30-32. (“Unmanageable” Second Derivative) Sketch the anticipated graph of the
given function. Label the y-intercept (if it exists) and x-intercepts, vertical asymptotes, and local
maximum and minimum points.

x+2
2 _

30. fix) = =X 31 ) = 21 2. /00 = 53

x2—4 2x2+x X

Exercises 33-38 (Absolute Maximum and Minimum) A function f defined on an interval [ is
said to have an absolute maximum at ¢ € [ if f{(c) > f(x) for every x € I, and an absolute min-

imum at c € [ if f(c) <f(x) forevery x € I.
Find where the absolute maximum and absolute minimum values of the given function occur in
the specified interval. (Don’t forget to consider the endpoint extremes.)

33. fix) = x3-3x2+3 , [-1, 1] 34, fix) = x3-3x2+3, [1,4]
35. flx) = 3x5-20x3+2, [-3, 3] 36. f(x) = 3x5-20x3+2, [-2,2]



37.
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flx) = 3x3-20x3+2, [-1, 3] 38. flx) = x*—x3,[-1,1]

Exercises 39-50. (Construction) Sketch the graph of a function satisfying the given conditions.

39

40

41.
42.
43.

44,

45.

46.

47.

48.

49.

50.

Has a local maximum at 0, a local minimum at 5, and does not have an absolute maximum
nor an absolute minimum anywhere. (See Exercises 33-38.)

Has domain [-10, 10]. Has a local maximum at 0, a local minimum at 5. The absolute
minimum of the function occurs at —10, and the absolute maximum occurs at 10. (See
Exercises 25-30.)

The first and second derivatives of the function are positive everywhere.

The first and second derivatives of the function are negative everywhere.

The first derivative is positive everywhere, and the second derivative is negative every-
where.

The first derivative is negative everywhere, and the second derivative is positive every-
where.

The function has a maximum value at x = 1 and an inflection point at x = 3 ; the first
derivative is negative immediately to the left of 3, and positive immediately to the right of 3.

The function has a minimum value at x = 1 and an inflection point at x = 3 ; the first
derivative is negative immediately to the left of 3, and positive immediately to the right of 3.

Has a vertical asymptote at x = 1, an x-intercept at x = 2, and a horizontal asymptote
y=3.

Has a vertical asymptote at x = 1, x-intercepts at x = 2 and x = 3, and a horizontal
asymptote y = 4.

Has vertical asymptotes at x = 1 and x = 2, x-intercepts at x = 3 and x = 4, and a hor-
izontal asymptote y = 5.

Has a vertical asymptote at x = 1, an x-intercept at x = 2, and an oblique asymptote
y=x+2.

51. (Learning Process) Experimentation has shown that the learning performance of rats for a
particular task can be approximated by the function L(¢) = 15t — 3, where ¢ denotes the

number of weeks the rat has been exposed to the learning process, for # < 7. At what point in
time does the rat’s rate of change of learning begin to decline?

52. (Fruit Flies) In the early 1900, the biologist Raymond Pearl discovered that the growth rate of
the population P of fruit flies with respect to time ¢z, in days, can be approximated by the func-

0.2

tion, g_f = 02P— 22 P2 for P<1035.

1035

(a) Find the values of the population for which the growth rate of the population is increasing,

and the values for which the growth rate is decreasing.

(b) Show that the population growth rate reaches a maximum at the point of inflection of the

graph of the population function.
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Exercise 53-58. (Theory)

53.

54.

55.

56.

57.

58.

2

Show that the function ————

has a vertical asymptote at x = —2 butnotatx = 1.
x2+x-2

Show that /"(0) = 0 for each of the following functions, and then go on to show that one
of the functions has a maximum at 0, another has a minimum at 0, and the remaining one has
neither a maximum nor a minimum at 0.

(i) flx) = x° (i) flx) = x* (i) flx) = —x*

(a) Prove that the graph of a cubic polynomial cannot have more that two distinct horizontal
tangent lines.

(b) Give an example of a cubic polynomial whose graph has:
(1) No horizontal tangent line.
(i1)) Exactly one horizontal tangent line.
(ii1) Two distinct horizontal tangent lines.

(c) Prove that the graph of a cubic polynomial can have at most one maximum point and at
most one minimum point.

(a) Prove that the vertex of the parabolic graph of a quadratic function f{(x) = ax2+ bx + ¢
b

occursat x = —.
2a

(b) Show that the parabola opens upward if @ > 0 and opens downward if a < 0.

(a) Prove that the graph of the cubic function f(x) = ax3 + bx2 + cx + d has but one inflec-
tion point, and that it occurs at x = —3£ .
a

(b) Give an example of a cubic polynomial whose graph has:
(1) A point of inflection at (1, 2).
(i1) A point of inflection at (1, 2) and a maximum at x = —1
(ii1) A point of inflection at (1, 2), a maximum at x = —1 and a minimum at x = 3.

(a) Prove that the graph of a polynomial of degree #» > 1 can have at most » — 1 maximum
or minimum points.

(b) Prove that the graph of a polynomial of degree » can have at most n —2 inflection
points.
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§3 OPTIMIZATION

An optimization problem is one in which the maximum or minimum
value of a quantity is to be determined. The main step in the solution pro-
cess is to express the quantity to be optimized as a function of one vari-
able. To achieve that end, we suggest the following 4-step procedure:

Step 1. See the problem.

Step 2. Express the quantity to be maximized or minimized in
terms of any convenient number of variables.

Step 3. In the event that the expression in Step 2 involves
more than one variable, use the given information to
arrive at an expression involving but one variable.

Step 4. Differentiate, set equal to zero, and solve (to find
where horizontal tangent lines occur). Analyze the
nature of the critical points.

EXAMPLE 4.9 Best Box Company is to manufacture open-
top boxes from 12 in. by 12 in. pieces of card-
board. The construction process consists of
two steps: (1) cutting the same size squares
from each corner of the cardboard, and (2)
folding the resulting cross-like configuration
into a box. What size square should be cut out,
if the resulting box is to have the largest possi-
ble volume?

SOLUTION:

Step I: SEE THE PROBLEM

T r
T | I
12
4
i - ] 12-2x
) _y
12 — > 12—

Step 2: Volume is to be maximized, and from the above, we see that:

V(x) = (12— 2x)(12 = 2x)x = 4x° — 48x” + 144x

Step 3: Not applicable, since volume is already expressed as a func-
tion of one variable.
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Step 4: Differentiate, set equal to 0, and solve:
V'(x) = 12x2-96x+ 144 = 0
12(x—6)(x—2) =0
Critical points:  x = 6 or x = 2
At this point, we know that the graph of the volume function has a
horizontal tangent line at x = 6 and at x = 2. You can forget
Lest you doubt that a about the 6, for if you cut a square of length 6 from the piece of
maximum really does

occur at 2: cardboard, nothing will remain. Since a box of maximum-volume
certainly exists, and since we are down to one horizontal tangent

inc. ¢ dec. ¢
+ S ¢ + line, x = 2 inches must be the answer.
max
SHENEOG CHECK YOUR UNDERSTANDING 4.17
A rectangular field is to be enclosed on all four sides with a fence.
One side of the field borders a road, and the fencing material to be
used for that side costs $8 per foot. The fencing material for the
Answer: 25000 2 remaining sides costs $6 per foot. Find the maximum area that can be
3 enclosed for $2800.

EXAMPLE 4.10 A cylindrical drum is to hold 65 cubic feet of
chemical waste. Metal for the top of the drum
costs $2 per square foot, and $3 per square foot
for the bottom. Metal for the side of the drum
costs $2.50 per square foot. Find the dimen-
sions for minimal material cost.

SOLUTION:
Step 1: SEE THE PROBLEM
$2/ft> 2nr
h h h
$3/1¢° $2.50/ft>

Step 2: Total cost Cis to be minimized, and from the above we see that:
C = cost of the top + cost of the bottom + cost of the side
$C = $2.00(nr?) + $3.00(nr?) + $2.50(2nrh)
C = 5nr2+5nrh (*)



Recall that the area of a

circle of radius 7 is 772 ,

and that the volume of
the cylinder is the area of
its base, times its height:

V= nrlh.

Answer:
18 in. x 18 in. x 36 in. .
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Step 3: We can express C as a function of only one variable by elim-
inating 4. Since the drum is to have a volume of 65 fi3:

wr2h = 65
65
h= 03
nrl **)

Substituting in (*):

C = 5nr2+5nr(ﬁ) = 57tr2+ﬁ
nr? r

Step 4: Differentiate, set equal to 0, and solve:

%7 - di(snr2+325r—1) = 10mr—325r2 = 0
r r
10mr— 322 = 0
72

multiply both sides by 72: 1073 —325 = 0

1/3 1/3
Critical Point: » = (% = (%)
10 2
Returning to (**), we find that:

_ 65 _ 65 _ 65(2m)2/3 _ 651/3.41/3 _ (2_6_9)1/3
r2 65 2/3 7t(65)2/3 n1/3 T
{30

Conclusion: The dimensions for minimal material cost are a radius

of (g—f‘)m feet and a height of (2%) " feet.

CHECK YOUR UNDERSTANDING 4.18

A box with a square base is to be constructed.
For mailing purposes, the perimeter of the
base (the girth of the box), plus the length of
the box, cannot exceed 108 in. Find the
dimensions of the box of greatest volume.

length

|

=T girth
T

/l_

EXAMPLE 4.11 A 16 inch wire is to be cut into two pieces. One
piece is to be bent into a square and the other into
a circle. How should the wire be cut, if at all, in
order for the resulting combined areas to be:
(a) Maximum? (b) Minimum?

SOLUTION:
Step 1:

| SEE THE PROBLEM |

i D? / @ circumference: 16 — x
1
x | 16 —x I

| 16 in. |
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Answer: 4.3 in.

The Mean Value Theorem and Applications

Step 2: Combined area:

area of the square 3 area of the circle

2 v
A= ()—C) + nr? *)
4
Step 3: Using the fact that 16 —x is the circumference of the circle:
16 —x = 2nr
_ 16—x
o=
2n

Substituting in (*):
x) 2 (16—x)2
= (2] +
4 (4) "\ 2n
2
=X—+L(256—32x+x2)=(%+l)xz—g 64

— -x+
16 4n e *

T on
Step 4: Exercise 56, page 148, tells us that the graph of the above qua-
dratic function is a parabola that opens upward with vertex at:

_8
PR A ST
2a 2(_1_ + _1_)
16 4=
8/m
That a minimum occurs at 2(L 4 1) isalso established in the margin.
16 4

The adjacent graph of the parabola reveals %
the fact that the minimum combined area
occurs when 9 inches is used for the square
and 7 inches for the circle, and that the
maximum occurs at x = 0 (don’t cut the
wire at all, but bend it all into a circle).

CHECK YOUR UNDERSTANDING 4.19

Determine the maximum area of an isosceles triangle that can be
constructed from a 12 inch wire.

EXAMPLE 4.12 A cable is to be run from a power plant, on
one side of a river that is 600 feet wide, to a
tower on the other side, which is 2000 feet
downstream. The cable is to be laid from the
plant to a point P on the other side of the river
and then from P to the tower. Determine the
location of P for minimum cost, if the cost of
laying the cable in the water is $60 per foot,
and the cost on land is $40 per foot.



Carrying units:

63 -t 43 - (2000 -t

Answer: 6 miles
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SOLUTION:
Step 1: SEE THE PROBLEM

Plant

. Seot

L

600

2000~
P g40/ft  Tower

Step 2: Cost: C = 60x + 40(2000 — y).

Step 3: (x = 2 +(600)2): C(y) = 60+y2 + (600)2 +40(2000 — »)

Pythagorean Theorem

Step 4:

Il
S

C'(»)

(60432 + (600)2 +40(2000 —y))’ = 0

L
60[(y2+(600)2)2} + (80000 — 40y) = 0

60 —L 40 = 0
Ny? +(600)2
3612 = 162+ 16(600)2
2012 = 16(600)2
. 16(600)2
20
ignoring the negative root: y = 240ﬁ

Theorem 4.7 page 127 assures us that the cost function assumes a
minimum value for some value of y € [0, 2000] . Can it occur at the
endpoints? A direct calculation reveals that C(240./5) = 106, 833 is
less than both C(0)~ 116,000 and C(2000)~ 125,283. We can

therefore conclude that the point P should be 2000 — 240ﬁ ~ 1463
feet from the tower.

CHECK YOUR UNDERSTANDING 4.20

journey is to consist of two linear paths, one from the boat to P, and

A man in a boat 3 miles from a straight coastline wants to get to a
dock that is 10 miles down the coast in the shortest time, by rowing
to some point P on the coast and running the rest of the way. The

the other from P to the dock. Assuming that the man rowed at a rate
of 4 miles per hour, and ran at a rate of 5 miles per hour, determine
the distance between the point P and the dock.
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EXAMPLE 4.13 A water trough is to be constructed from a 12
inch by 6 foot metal sheet by bending up one-

third of the shorter side through an angle o .

Determine a so that the resulting trough has
maximum volume.

SOLUTION:

SEE THE PROBLEM

65

4 inches 4 inches
4 inches

Since the volume of the trough is | b

|

|
the area 4 of its cross-section o =
times its length, to maximize the 4 |h h| f
volume is to maximize the area , - — &

of the adjacent region — which :
is the sum of the areas of the two 1ndlcated triangles and the rectangu-
lar region between those triangles:

=

area of middle rectangular part smo = o

i

1 v vy v v
A= ZBbh} +4-h =bh+4h = (4cosa)(4sina) +4(4sina)

-hl@%

area of the two triangles cosa =

Now that we have the area expressed as a function of one variable:
A(a) = 16(cosasina + sina)

we turn to the routine task of locating where its graph has a horizontal

tangent line; which is to say, where 4" = 0:



Clearly 0°<a<90°. A
direct calculation reveals
that A(60°) = 12./3 is
greater than A4(0°) = 0
and 4(90°) = 16. Apply-
ing Theorem 4.7, page
127, we conclude that the
absolute maximum of the
area cross-section (and
therefore of the volume
of the trough) occurs
when o = 60°.

Answer: (a) a = 45°
2

b) 2
()ﬁt
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[16(cosasina + sina )]’ =
why can we “drop” the 16?  (cosasina + sina)" =
[cosa(cosa) + sino(—sino)] + cosa =
2 . 2
COS o.—SIn o+ coso =
2 2
sin“o+cos’a = 1: cos o —(1—cos o)+ cosa =
2
2cos o+ cosa—1 =
2cosa—1)(cosa+ 1) =
(2c050— 1)(cosa + 1)

S O O O O o O

cosa = —1
no acute angle

cosa =

1
2
only acute angle: o = 60°

Conclusion: To maximize the volume of the trough, bend the sheet
through an angle of 60° (see margin).

CHECK YOUR UNDERSTANDING 4.21

If a projectile is fired with initial velocity ),
(x(2), (1))

ft .
Vy— at an angle of elevation o then,
sec

assuming negligible air resistance, its posi- o ¥
tion, (x(?), y(¢)),tseconds later is given by: | d |
y(t) = (Vysina)t— 162

(a) Determine o so as to maximize d.
(b) Find the maximum height of the projectile when fired at that
angle of elevation.

x(t) = (Vycosa)t

EXAMPLE 4.14 When 20 peach trees are planted per acre, each
tree will yield 200 peaches. For every addi-
tional tree planted per acre, the yield of each
tree diminishes by 5 peaches. How many trees
per acre should be planted to maximize yield?

SOLUTION:
Step 1:

SEE THE PROBLEM

20 trees/acre

> 200 per tree

20+x trees/acre > 200-5x per tree
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SIGN Y'(x):

inc. dec.
o+ o -
0 10

Answer: 200 units

Step 2: Letting x denote the number of trees above 20 to be planted

per acre, we express the yield per acre as a function of x:
number of trees per acre —\L 7 number of peaches per tree

Y(x) = (20 +x)(200 — 5x) = — 5x2 + 100x + 4000

Step 3: Not applicable (The function to be maximized, Y(x), is
already expressed in terms of one variable).

Step 4: Y'(x) = —10x+ 100 = 0
x =100 _
10

We conclude that maximum yield will be attained with the planting
of 30 trees per acre.

CHECK YOUR UNDERSTANDING 4.22

The weekly demand function for a certain company is given by:
¥2
6000’
where x is the number of units sold each week, and p is the price
per unit (in dollars). Determine the number of units that should be
produced to maximize the (weekly) profit for the company, if it

costs the company $30 to produce one unit.

p = 50— for x <500

EXAMPLE 4.15 The Best-Box manufacturing firm has
received an order for 1,500 shipping boxes.
The firm has 25 machines that can be used to
manufacture the boxes, each of which can
produce 30 boxes per hour. It will cost the
firm $55 to set up each machine. Once set up,
the machines are fully automated, and can all
be supervised by a single worker, earning $14
per hour. How many machines should be
used to minimize cost of production?

SOLUTION:
SEE THE PROBLEM
N produce 30x boxes/hour
X Machines— oot yp cost $55x

Additional cost (for the worker): $14¢

hours worked

Need 1,500 boxes (have 25 machines)




Since x has to be an
integer one must calcu-

late both C(3) and
C(4) directly prior to
making a final decision.
If you do, you will find

that C(3)~398 and
that C(4) = 395.

Answer: 62 boats
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Using x machines, we have:
Cost = C = 55x+ 14t (dollars)

We express the variable 7 in terms of x, and find it helpful to consider
units along the way:

timet, to produce 1,500 boxes, using x machines = 1500 boxes
boxes
30x
hour
50 boxes hour _ 50
= = — hours
X boxes X
We can now express cost as a function of one variable:
C(x) = 55x+ 14- %69 — 55x+700x"!
Bringing us to the routine part of the solution process:
C'(x) = 55-700x2 = 0
55 = 190
%2
> _ 700 _ 140
x = — —_ ————
55 11
C
x = 140 3.6 o I
11 0 3.6 25

SIGN C'(x)

Conclusion (see margin): To minimize cost of production, the com-
pany should utilize four machines.

CHECK YOUR UNDERSTANDING 4.23

A sailboat company can manufacture up to 200 boats per year. The
number of boats, 7, that the company can sell per year can be approx-

imated by the function n = 200 — ﬁo—d , where p is the price (in dol-

lars) for a single boat. What yearly production level will maximize
profit, if it costs the company 100,000 + 75,000 dollars to produce
n boats?

WITH THE HELP OF A GRAPHING UTILITY|

By now you know that the real challenge of solving an optimization

problem is that of expressing the quantity to be optimized as a function
of one variable. But what if you are not able to calculate where the

derivative of the function is zero?
that’s what. Consider the following

You invoke some battery power,
example.
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EXAMPLE 4.16 A straight road runs from North to South.
Point A is 5 miles due West of point E on the
road. If you walk 10 miles south of A and then
g0 30 miles due East, you will reach point B. If
you walk 10 miles due South of B and then go
15 miles due west, then you will reach point C.
Use a graphing utility to determine, to 2 deci-
mal places, the point P on the road whose
combined distance from the three points A, B,
and C is minimal.

SOLUTION:

SEE THE PROBLEM

RSN
a

We want to minimize the combined distance:

s =a+tb+c
and choose to express it in terms of the one represented variable x:
Focusing on the three right triangles:

A 5 E
_2 _ ’
<_\\\\ﬂ\\\\\]x l [j\‘\\\\\\\\\\\\\\\\\\\\\> 2; c
= |
P — — g5 — — B = 10
- - -C
we have:
s=atbtc= J52+x2+ 252+ (10 -x)2+ /102 + (20 — x)2
Then:

Flekl Fletz Plotz
BT L 2DEHE DR O
2o+ 1A-—Ka 2+l 1A

F]!!.{.I!ill!
sualue

Lt =] o]

5]

minimum

E+ 2A—H 222 - 1
W= T e | [3Emaxinum
WMr= Hmin=g Stintersect M‘“=h___ﬁv____~a*
Ay = Amax=28 B2 dusdy
“ME= necl=0 Pl Cadx
$m1nfgg Hinirium
B 4=d Y=E0.12
Ares=1

Conclusion: A minimum combined distance of approximately 50.13
miles will be achieved when P is positioned 8.00 miles South of point E.



Answer: 8.8 miles from
plant A.
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CHECK YOUR UNDERSTANDING 4.24

Two chemical plants are located 12 miles apart. The pollution count
from plant A, in parts per million, at a distance of x miles from plant

A, is given by for some constant K. The pollution count from

x2 +
the cleaner plant B, at a distance of x miles from plant B, is one quar-
ter that of A. A third plant C is located on a road perpendicular to the
road joining A and B and is 5 miles from A and 10 miles from B.
Assuming that the pollution count of plant C is twice that of B, deter-
mine, to one decimal place, the point on the road joining A and B
where the pollution count from the three plants is minimal.
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EXERCISES

1. (Maximize Profit) A company can produce up to 500 units per month. Its profit, in terms of

3
number of units produced is given by P(x) = — ;C_O +9x2 + 400x — 75000 . How many units
should the company produce to maximize profit?
2. (Minimize Cost) The total operating cost, per hour, to operate a freight train is given by

2
C(s) = 250+ SZ , Where s is the speed of the train in miles per hour. Find minimum cost for
a 400 mile trip.

3. (Maximum Drug Concentration) The concentration (in milligrams per cubic centimeter) of
a particular drug in a patient’s bloodstream, ¢ hours after the drug has been administered has
been modeled by C(t) = 020

0.912+5¢t+3

the concentration be at its maximum? What is the maximum concentration?

. How many hours after the drug is administered will

4. (Air Velocity in the Trachea) When a person coughs, the radius r of the trachea decreases.
The velocity of air in the trachea during a cough can be approximated by the function

v(r) = ar’*(ry—r), where a is a constant, and r, is the radius of the trachea in a relaxed
state. Determine the radius at which the velocity is greatest.

5. (Bacterial Growth) A pond is treated to control bacterial growth. After ¢ days, the concentra-
tion of bacteria per cubic centimeter can be approximated by the function
K(t) = 25t2—-150¢+700, 0 <¢<7. Determine (a) the minimal bacterial concentration and
(b) the maximal bacterial concentration, in the seven day period.

6. (Minimum Force) An object of weight 7 is being pulled along a horizontal plane by a force
F acting along a rope attached to the object which makes an angle o with the plane. Find the

kw

angle for which the force is smallest, given that F = —————
cosa + ksina

, where the constant &

denotes the coefficient of friction.

7. (Sensitivity) The reaction to a dosage x of a drug administered to a patient is given by
R(x) = xQ(g — )3—6) , where x is the amount of the drug administered, and a is the maximum
dosage of the drug that can be administered. The rate of change of R with respect to the dose
x is called the sensitivity of the patient to the dosage x. Find the dosage at which the sensitiv-
ity is greatest.

8. (Maximize Revenue) A car-rental agency can rent 150 cars per day at a rate of $15 per day.
Assume that for each price increase of $1 per day, 3 less cars will be rented, while for each $1
decrease 2 additional cars will be rented. What rate should be charged to maximize the reve-
nue of the agency?

9. (Maximize Revenue) A chemical company charges $90 per pound for a product. The deci-
sion is made to discount each pound in any order that exceeds 10 pounds by $3 per additional

pound; up to and including 10 +x pounds. Find the value of x beyond which revenue will
start to decrease.



10.

11.

12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
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(Maximize Profit) It costs the college bookstore $7 for a student supplement to one of its
mathematics texts. The bookstore is currently selling 300 copies at $12 per book, and it esti-
mates that it will be able to sell 10 additional copies for each 25-cent reduction in price, and
will sell 10 copies less for each 25-cent increase in price. At what price should the bookstore
sell the books in order to maximize profit?

(Maximize Revenue) A computer manufacturer will, on the average, sell 25,000 units per
month at $950 per unit. It is estimated that 250 additional units will be sold per month for
each $5 decrease in price. Find the price that will maximize revenue.

. (Minimum Distance) Find the point on the line y = 2x + 1 that is closest to the point (1, 0).

(Smallest Sum) Determine the positive number which, when added to its reciprocal, yields
the smallest sum.

(Greatest Difference) Determine the positive number which exceeds its cube by the greatest
amount.

(Maximum Area) Find the largest possible area of a rectangle with base on the x-axis and
upper vertices on the curve y = 4 —x2.

(Minimum Area) Determine the right triangle of largest area that can be inscribed in a circle
of radius r.

(Maximum Area) Determine the maximum area of a right triangle with hypotenuse of
length 4 inches.

(Maximum Area) Find the area of the largest rectangle that can be inscribed in a semicircle
of radius r.

(Minimum Area) A poster is to surround 1200 in> of printing material with a top and bot-
tom margin of 4 in. and side margins of 3 in. Find the outside dimensions of the poster that
will require the minimum amount of paper.

(Maximum Volume) Determine the maximum volume of a right circular cylinder that can
be inscribed in a sphere of radius r.

(Maximum Volume) A shipping crate with base twice as long as it is wide is to be shipped
by freighter. The shipping company requires that the sum of the three dimensions of the crate
cannot exceed 288 inches. What are the dimensions of the crate of maximum volume?

- . . . 3 .
(Minimum Surface Area) Find the dimensions of a 4ft” open-top rectangular box with
square base requiring the least amount of material.

(Minimum Cost) A fenced-in rectangular garden is divided into 2 areas by a fence running
parallel to one side of the rectangle. Find the dimensions of the garden that minimizes the
amount of fencing needed, if the garden is to have an area of 15,000 square feet.

(Minimum Cost) A fenced-in rectangular garden is divided into 3 areas by two fences run-
ning parallel to one side of the rectangle. The two fences cost $6 per running foot, and the
outside fencing costs $4 per running foot. Find the dimensions of the garden that minimizes
the total cost of fencing, if the garden is to have an area of 8,000 square feet.

(Minimize Cable Length) A power line runs north-south. Town A is 3 miles due east from a
point a on the power line, and town B is 5 miles due west from a point b on the power line
that is 9 miles north of a. A transformer, on the power line, is to accommodate both towns.
Where should it be located so as to minimize the combined cable lengths to A and B?
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.
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(Shortest Ladder) A ladder is to reach over a 8 ft fence to a wall 2 ft behind the fence. What
is the length of the shortest ladder that can be used?

(Minimum Commuting Time) A lighthouse lies 2 miles offshore directly across from point
A of a straight coastline. The lighthouse keeper lives 5 miles down the coast from point A.
What is the minimum time it will take the lighthouse keeper to commute to work, rowing his
boat at 3 miles per hour, and walking at 5 miles per hour?

(Minimal Distance Between Two Cars) At noon, car A is 10 miles due west of car B, and
traveling east at a constant speed of 55 miles per hour. Meanwhile, car B is traveling north at
40 miles per hour. At what time will the two cars be closest to each other?

(Maximum Light Emission) A Norman window is a window in the
shape of a rectangle surmounted by a semicircle. Find the dimensions of
the base of the window that admits the most light if the perimeter of the
window (total outside length) is 15 feet. (Assume that the same type of
glass is used for both parts of the window.)

PR

(Optimizing Area) A 16 inch wire is to be cut into two pieces. One piece is to be bent into
an equilateral triangle and the other into a square. How should the wire be cut in order for the
resulting combined areas to be: (a) Maximum? (b) Minimum?

(Minimum Production Cost) A union agreement stipulates that the worker of Example 4.15
will now be paid $14 per hour plus $4 per hour for each machine in operation. How many
machines should be used to minimize cost of production?

(Minimum Production Cost) A manufacturer receives an order for N units. He can use any
number of machines for the project, each capable of producing » units per hour, and each
costing ¢ dollars to be set up for the job. Once set up, the machines are fully automated, and
can be supervised by a single worker, earning g dollars per hour. Derive a formula for the
number of machines that should be used to minimize production cost. Show that production
costs are minimum when the cost of setting up the machines equals the cost of running the
machines.

(Beam Strength) A rectangular beam is to be cut from a log with circular cross section. If
the strength of the beam is proportional to its width and the square of its depth, find the
dimensions of the strongest beam.

(Fermat’s Principle and Snell’s Law) The speed of light A )

depends on the medium through which it travels. Fermat’s “ Medium 1

Principle in optics asserts that light will travel along the quick-

est route. Assume that the speed of light in medium 1 and

medium 2 in the adjacent figure is v, and v, respectively. Medium 2 N
B

Show that angle of incidence a; and the angle of refraction I

no, sina.,

S
o, will be such that (called Snell’s law or the law of refraction).

Y1 V2
(Minimum Perimeter) Prove that among all rectangles of a given area, the square has the
smallest perimeter.

(Maximum Area) Prove that among all rectangles of a given perimeter, the square has the
largest area.



37.

38.
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(Maximum Area) Prove that among all rectangles that can be inscribed in a given circle, the
square has the largest area.

(Minimum Area) Prove that the length of the square of minimal area that can be inscribed in

: L
a square of length L is of length —.
2

Exercises 39-43. Use a GRAPHING UTILITY to find an approximate answer for the given optimi-
zation problem.

39

40.

41.

42.

43.

. (Shortest Distance) Determine, to two decimal places, the shortest distance between a

point on the curve y = 2x3 +3x—1 and the point (O, 9 :

(Shortest Distance) Determine, to two decimal places, the value of b such that the dis-
tance between the points where the line y = —x + b intersects the graphs of the functions

y = Jx and y = x3+2 is smallest.

(Shortest Distance) Determine, to two decimal places, the value of b such that the dis-
tance between the points where the line y = —x + b intersects the graphs of the functions

y = Jx and y = x+3 issmallest.

(Shortest Distance) In Example 4.16, insert an additional point D midway between plants
B and C. Determine, to 2 decimal places, the point P on the road whose combined distances
from the four points A, B, C, and D is minimal.

(Minimum Pollution Count) In CYU 4.24, introduce a fourth plant D that is on the same
road as C and midway between C and the line joining A and B. Assuming that the pollution
emission of D equals that of B, determine, to one decimal place, the point on the road join-
ing A and B where the pollution count from the four plants is minimal.

44 (Minimum Cost) Point A is at ground level, and point B that is 35 A 100

feet below ground level, and 100 feet away from A (at ground
level). The first 15 feet below ground level is soil, after which
there is shale. A pipe is to join the two points. It costs $76 per
foot to lay piping in the soil layer, and $245 per foot to lay piping
in the shale layer. Find the minimum labor cost of the project.
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CHAPTER SUMMARY

ROLLE’S THEOREM

Let f'be continuous on [a, b] and
differentiable on (a,b). If
fla) = f(b) = 0, then there is at
least one number ¢ in (a, b) for
which f(c) = 0. -

MEAN VALUE THEOREM

If fis continuous on [a, b] and
differentiable on (a, b), then
there is at least one number ¢ in

|
| |
| |
| |
C b

(a, b) for which =] |
f'(c) _ fb) _f(a)_ a
b—a

INTERMEDIATE VALUE

If fis continuous on the closed interval [a, b] and if 7 is

THEOREM a number lying between f(a) and f(b), then there exists
at least one ¢ between a and b such that f(c) = r.
THEOREM | Let fbe differentiable on the open interval I = (a, b) (or

(a, ©) or (-, b).
(a) If f'(x) > 0 for all x € I, then f'is increasing on 1.
(b) If f'(x) <0 for all x € I, then f'is decreasing on I.
(¢) If f'(x) = 0 forall x € I, then f'is constant on .

LOCAL MAXIMUM
AND
LoCAL MINIMUM

A function f'has a local (or relative) maximum at an interior
point ¢ in its domain if f{(c)>f(x) for all x sufficiently
close to c.

A function f has a local (or relative) minimum at ¢ if
f(c) < f(x) for all x sufficiently close to c.

THEOREM

Let f'be differentiable in some open interval containing c. If
f has a local maximum or a local minimum at ¢, then

fie) = 0.

CRITICAL POINT

If ¢ 1s an interior point in the domain of a function f'at which
a local maximum or minimum occurs, then either /'(¢) = 0

or f'(¢) does not exist. The points at which f'(x) = 0 or
does not exist are called critical points.

MAX/MIN THEOREM

A continuous function on a closed interval [a, b] achieves
its maximum value and its minimum value on [a, b].
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GRAPHING FUNCTIONS SIGN £, SIGN f', and SIGN f”
PLAY ROLES WHEN GRAPHING A FUNCTION f:

SIGN f +: graph lies above -: lies below the x-axis
SIGN f' +: graph is increasing -1 1s decreasing

SIGN f" +: graph is concave up  -: is concave down

FAR FROM THE ORIGIN | As x — oo, the graph of the polynomial function:

-1
p(x) = anx"+an_1xn +ertaxtag

resembles, in shape, that of its leading term g(x) = anxn.

As x — too, the graph of the rational function:

axn+a x A+ taxta
_ n n—1 1 0
fx) =

b xM+p M- liip

m m—1 0
n

. . a,x
will resemble, in shape, that of: g(x) = —
b x

m

ASYMPTOTES | When the degree of the numerator of a rational function f
is less than or equal to the degree of the denominator, the
graph will approach a horizontal line, called a horizontal
asymptote for the graph of f.

When the degree of the numerator of a rational function f
is one more than that of the denominator, the graph will
approach an oblique line, called an oblique asymptote for
the graph of f.
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CHAPTER 5
INTEGRATION

§1. THE INDEFINITE INTEGRAL

A question for you:
A similar question: (?)' = 3x2
(7)? =49 0 I 3y = 352
Answer 7 and _7 . ne answer: x° [since (x°)" = 3x4].
We say that x3 is an antiderivative of 3x2. We do not call it “the
antiderivative,” since there are infinitely many functions whose deriva-

tives are 3x2; here are a couple more: x3+ 9, and x3 - 173.

In general:
DEFINITION 5.1 An antiderivative of a function f is a func-
ANTIDERIVATIVE tion whose derivative is f.

CHECK YOUR UNDERSTANDING 5.1

x8 and x8 + 1 . . cq e .
Find two different antiderivatives for the function f(x) = 8x7.

One possible answer:

Are there antiderivatives of f(x) = 3x2 that are not of the type
x3 + ¢ for some constant ¢? No:

THEOREM 5.1  f /'(x) = g'(x) then f{x) = g(x)+C for

some constant C.

PROOF: CYU 4.3, page 124.

The fact that all antiderivatives of a function can be generated by add-
ing an arbitrary constant to any one of its antiderivatives enables us to
formulate the following definition:

DEFINITION 5.2  The collection of all antiderivatives of f'is
TR TR ERA, called the indefinite integral of f and is
The reason for the form denoted by If(x)dx, In other words:
J. f(x)dx will surface in

the next section. If(x)dx = g(x)+C

where g(x) is any antiderivative of f{x).
The number C in the above notation repre-
sents an arbitrary (real) number and is called
the constant of integration.

For example:
Since x3 is an antiderivative of 3x2: I3x2dx = x3+C:

Since (x8)" = 8x7: I8x7dx =x8+C
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How can you justify the claim that /49 = 7? Easy: 72 = 49. By
the same token:

Hereis a sp_ecml case: THEOREM 5.2 For any Humber 7ot 1 -
j ldx = x+c¢
(Recall that 1 = x0) Ix” dx =

xrtl

+C
1

r+

PROOF:

r+N’

[c /()] = ¢ f (x)

For example:

’7 up one up one — [up one_\l;
10 — 2 3

J.x9dx =* _+cC J-x‘de =Y 1¢C Ix3dx =-Y4C
10 —4 5

/[\ 3
T— divided by the “upped one” /r

Turning the differentiation theorems around:
[/(x) £g()]" = f(x) £g'(x)
[cfln)] = ¢f (x)

brings us to the following result:.

THEOREM S.3  [11(x) £ g(0)1dr = [fx)dv + [g(x)dx
Icf(x)dx = cjf(x)dx

For example:

j(5x3 +x2 - 2x + 3)dx

5jx3dx+ 1jx2dx—2jxdx+3j1dx

The four constants associated with the above 4 3 2
integrals are combined into one constant C: = 5 . X + X _ 2. X- +3x+C
4 3
54, %3
= xt+=-x2+3x+C
4 3

3 !
Check: (§x4+%—x2+3x+C) = 5x3+x2-2x+3

Answers: CHECK YOUR UNDERSTANDING 5.2
@x>+C ) x*+C | Determine:

x6 4 x3 _ 1
@S+t -5+2+C | (a) j5x4dx (b) J‘—4x Sdx (c) I(2x5+4x3—§x2+2)dx




Answers

(a) 17 3+

121 2_5x+C

1 2
Byx+=+=+C

X X
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Please note that only constant factors can be “extracted” from an
integral. In particular, as you can easily verify:

[(4+xT)dv %4+ [x7dy and [x(? + x)dv# x[ (2 + x)dx

Moreover, as it is with derivatives, it is important for you to remember
that:

The integral of a product, (or quotient) is NOT
the product (or quotient) of the integrals.

In particular, as you can easily verify:

j(zx— 5)(x + 4)dx ¢j(2x— 5)dx - j(x + 4)dx

j(2x5 —3x+ 1)dx

2x° —3x+1
and: I dx #

x [y
But not all is lost:
EXAMPLE 5.1 Determine:
(a) j(zx —5)(x + 4)dx
3x+1

(b) j —dx

SOLUTION: The “trick” is to rewrite the given expression as powers
of x, and then apply Theorems 5.2 and 5.3:

(a) f[(2x =5)(x+4)]dx = [(2x%+3x—20)dx

3
_ 203X S0+ C
3
3x+1 _o(2x5 3x 1)
(b)f(——_)dx - f(jf;*; dx
= J.(2x 3x2+x3)dx
“up one divided 3 1 ) 3
by that up one:” Zzi—:sx——i-x——i-C:zi-fé_L-kC
3 -1 2 3 x 2x2

CHECK YOUR UNDERSTANDING 5.3

Determine:

(@ [(3a2—2x+ 1)(x—5)dx (b)j)C Y2 Oy,
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Turning around the following derivative formulas:

d, . _ d e
(a) dx(smx) = cosx (b) dx(cosx) sinx
d L2 d 2
() dx(tanx) = sec’ x (d) dx(cotx) cscx
(e) i(secx) = secxtanx  (f) i(cscx) = —cscxcotx
dx dx
we have:

THEOREM 5.4 ) [y g -

—cosx+ C  [since (—cosx)’ = sinx]
(b) Icosx dx = sinx +C [since (sinx)’ = cosx]
(©) Iseczx dx = tanx + C

(d) jcsczx dx = —cotx +C

(e) Isecxtanx dx = secx+C

() Icscxcotx dx = —cscx+C
CHECK YOUR UNDERSTANDING 5.4
Answers:
(a) —cosx + 2sinx + C Determine:
x3
(b) = ~secx+C (a) j (sinx + 2 cosx)dx (b) j (x2 — secxtanx)dx

DIFFERENTIAL EQUATIONS

A differential equation is an equation that involves derivatives of an
unknown function (or functions). Consider the following example:

EXAMPLE 5.2 Solve the differential equation:
fl(x) = 2x2+3x—1, if f(1) = 2

3 3.2
SOLUTION: f(x) = I(2x2+3x—l)dx =St oxtC

To find C, we use the given information that f(1) = 2:

.13 .12
Ifx =1, f{x) = 2: y =217, 3-17 4.0
3 2
Cc=02_2_3,1=-3
3 2 6

. 2x3 | 3x?2 5
Solution: === +—=—_x+=
olution: f(x) 3 5 X <



Answer:
flx) = X —2x+1

By convention, a positive
velocity indicates an
upward movement, while
a negative velocity indi-
cates a downward move-
ment. Also, a positive
position indicates “up”
from the reference point,
and a negative position
indicates “down.”

5.1 The Indefinite Integral 171

EXAMPLE 5.3

Solve the second-order differential equation:
f'(x) = 2x+2cosx

if £(0) = g and /(0) = 1
SOLUTION: Since [f'(x)]’ = 2x +2cosx:
flx) = j (2x +2cosx)dx = x2+ 2sinx + C

Since /7(0) = gl §=Oz+2sin0+C:>C = g

We now have: f(x) = x2+ 2sinx + g )

3
Integrating:  f(x) = % —2cosx + gx +C

03 T
1 — . = —_— = +— . + =
Since f(0)=1: 1 3 2cos0 > 0+C=>C=3

L

3
X =x——2cosx+Ex+3.
3 2

recall that cos0 = 1

Thus:

CHECK YOUR UNDERSTANDING 5.5
Solve the differential equation:
f(x) = 5x*=2, if (0) = 1

FREE FALLING OBJECTS

Due to the force of gravity, an object released near the surface of the
earth will accelerate at a rate of (approximately) 32 feet per second per

second: a(r) = —32 ft/sec? (or —9.8 m/sec?). The negative sign
indicates that the object is accelerating in a downward direction.
Based solely on the above measured force of gravity and the force of

mathematics, we are able to express velocity and position of the object
(while in flight) as a function of time:

THEOREM 5.5

If an object is thrown, in a vertical direction,
with initial velocity v, (in feet per second),

from a point that is s, feet from a fixed refer-

ence point, then ¢ seconds later the velocity (in
feet per second) of the object is given by:

v(t) = =32t+v,
and the position (in feet) of the object from the
fixed reference point is given by:

s(t) = — 1622+ vyt +s,
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PROOF: Since acceleration is the derivative of velocity with respect to

time, velocity is the integral of acceleration:
v acceleration due to gravity

(1) = ja(r)dz = J'(—32)dt = _32t+C
When ¢t = 0, v = v,. So, vy = -32-0+C, or C = v, and this
brings us to the velocity equation: v(¢) = —32¢+v,,.

Since velocity is the derivative of position with respect to time, position
is the integral of velocity:

s(t) = jv(r)dt = j(— 32t +vy)dt = — 1612+ vyt + C

When 7 = 0, s = 55.S0, sy =-16-02+v,-0+C;or: C = s,

and this brings us to the position equation: s(7) = — 16>+ vyt +s,.

Since both the velocity
and position functions are
functions of time, the criti-
cal step in most gravity
problems, is to find the
particular ¢ of interest.

EXAMPLE 5.4 A stone is dropped from a height of 1600 feet.
What is its speed on impact with the ground?

SOLUTION: Since the stone is dropped, v, = 0, and the velocity and
position functions of Theorem 5.5 take the form:
v(t) = =32t
and:
s(t) = —16£2+ 1600
We don’t have to tell you that the ground is our reference
point, as this is implied by the above equation (how?).
Setting position to zero, we determine the time it takes for the stone to
hit the ground:
0 = — 1612+ 1600
t2 = 100, or ¢t = 10 (seconds)
Evaluating the velocity functionat # = 10, we find the impact velocity:
v(10) = =32 -10 = —320 (feet per second)
By definition, speed is the magnitude of velocity. Thus, the impact speed
is 320 feet per second.

CHECK YOUR UNDERSTANDING 5.6

Answers: (a) 144feet
(b) 96 ft/sec.

A stone is thrown upward from the roof of a 80 foot building at a
speed of 64 feet per second.
(a) Find the maximum height of the stone (with respect to the
ground).
(b) At what speed will the stone hit the ground?




As is evident from the
position functions, the
ground is our chosen
reference point.

Had s,(3) turned out

to be negative, then
collision would not
occur (why not?).
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EXAMPLE 5.5 Object-one is thrown upward from the top of a
240-foot building at a speed of 40 feet per sec-
ond. At the same time, object-two is catapulted
up from the ground at 120 feet per second along
the same vertical line. Will the objects collide?
If so, determine the directions of the objects at

collision.
SOLUTION:
SEE THE PROBLEM
/[\ v, = 40
240 ft

TVZ = 120

Here are the velocity and position equations governing the fate of the
two objects:

Object-one Object-two
vi(t) = —=32t+40 vo(t) = =32t +120
s,(¢) = — 1612 + 40t + 240 s,(t) = —16£% + 120¢

Solving s,(t) = s,(#) will yield the time of impact (objects occupy
the same point in space):

51(t) = 5,(1)

— 162+ 401+ 240 = — 1612+ 120¢
80t = 240
t=173

At this point we know that collision, if it occurs, must take place three
seconds into flight. Will they collide? Yes:

5,(3) = -16-32+120-3 = 216
Collision occurs 216 feet above the ground.
(We used s5,(3) to find the point of collision. Could we have gone with s,(3) ?)
At collision:
vi(3) = -32-3+40 = =56 and v,(3) = -32-3+120 = 24
From the above, we see that at collision the first object is falling at a

speed of 56 feet per second, while the second object is rising at a
speed of 24 feet per second.
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CHECK YOUR UNDERSTANDING 5.7

An object is propelled upward from a 128-foot building at a speed of
32 feet per second. At the same time, a second object is catapulted
upward from ground level along the same vertical line. Determine
b 160 tesr e the speed qf the seconq object .if Collisipn is to occur precisely when
second. the first object reaches its maximum height.
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EXERCISES
Exercises 1-26. Determine:
1. j3dx 2. j(3+3x)dx 3 j(6x5+5x4)dx
. X° —3x°+J5x— X X 2 . X’ —x7)ax
4. [(4x3-3x2+5x-2)dx 5 [ (X _ 34 6. [(x—x9)d
5 %5
7. j(3x4—4x*4+%)dx 8. [x(3x-2)dx 9. [x2(2x-5)dx
X
10. [(3x2=2)(x* + x)dx I [x(x=D)(x+ 1)dx " J'3x5+3x—ldx
X
6 2 2 3 4 2 4
3. [ 14. j(zx FDOTEXT) g s, j(—x LI [CRRD N
2x4 2x x4
16. jﬁdx 17. jx‘3/5dx 18. I(2x1/3+x3)dx
2 _ 1/3 3
19. jﬁc(x2+x—3)dx 20 Imdx ol IX(Zx ) o
Jx +2/3

2 .
27 J‘(3 sinx—%costr l)dx 23. J.(secxtanx—sec x)dx 24. J‘de

5
secx — tanx . 2(x 2(x
25, | ———=d A A
s sin’(3)eos’(5)

26.
6-[ 1+ cos2x dx

Exercises 27-38. (Differential Equations) Solve:

27, f(x) = 3x+5, f(5) = 1 28. f'(x) = 3x+5, f(1) =5

29. f'(x) = 3x2+5x, f(1) =1 30. f'(x) = 3x2+5x, f(1) =5

31, f(x) = 3 +5x—2, f(0) = 1 32, f(x) = 3 +5x—2, f(1) =0

3B, £ = 23X gy = 3. £ = 23X g0y =
X X

35. f'(x) = 2x+3)(x—1), (1) =0 36. £'(x) = 2x+3)(x-1), A2) =1
37. £'(x) = 3x+5, £/0)= LA =1 38 f'(x)=3x2+5x, /(1) = ,LA2) = 1

Exercises 39-42. Verify the given claim:
2_1)s 3
39, [x(x2 - Dtaw = L ¢ a0, [ adr = 2 v c

41. The function y = cosx is a solution of the differential equation (y')2+yZ—1 = 0.



176 Chapter 5 Integration

42. The function y = — %x + i is a solution of the second order differential equation
y'—y' =2y = x.
43. (From Slope to Function) The slope of the tangent line to the graph of a function f at

44,

45.

46.

47.

48.

49.

50.
51.

52.

53.

(x, f(x)) is x2. Find the function, if its graph passes through the point (1,5).

(From Slope to Function) The slope of the tangent line to the graph of a function f at
(x, f(x)) is 2x3 +x — 1. Find the function, if its graph passes through the point (0,1).

(Impact Speed) A stone is dropped from a height of 3200 feet. What is its speed on impact
with the ground?

(Initial Speed) At what speed should an object be tossed upwards, in order for it to reach a
maximum height of 160 feet from the point of its release?

(Bouncing Height) An object is thrown downward from a 96 foot building at a speed of 16
feet per second. Upon hitting the ground, it bounces back up at three-quarters of its impact
speed. How high will it bounce?

(Collision Velocity) An object is thrown downward from a 264 foot building at a speed of 24
feet per second, at the same time that an object is thrown up from the ground at 64 feet per
second. Assuming that the two objects are in line with each other, determine the velocity of
both objects when they collide.

(Particle Position) Let s(7) = 3 —¢ represent the position function of a particle moving
along the x-axis, where 7> 0 is measured in minutes and s in meters.

(a) Draw a diagram to represent the motion of the particle.

(b) When is the particle moving to the right? Moving to the left?

(c) When is the particle speeding up? When is it slowing down?

(d) Determine the total distance traveled by the particle during the first five minutes.

(Particle Position) Repeat Exercise 49 for the position function s(¢) = * -2 —3¢2,

(Stopping Distance) After its brakes are applied, a car decelerates at a constant rate of 30
feet per second per second. Compute the stopping distance, if the car was going 60 miles per
hour (88 ft/sec) when the brakes were applied.

(Stopping Distance) After its brakes are applied, a car decelerates at a constant rate of 30
feet per second per second. Compute the speed of the car at the point at which the brakes
were applied, if the stopping distance turned out to be 120 feet.

(Theory) An object is tossed upward from the ground with an initial velocity of v, feet per

second.
(a) Determine the maximum height M reached by the object.
(b) Prove that at any height 4, with 0 < 4 < M, the object’s speed when going up is equal to
its speed when going down.



This “area quest” will lead
us to the definition of
another immensely useful
object — the definite inte-
gral. At first blush, the
definite integral does not
appear to have any connec-
tion whatsoever with the
indefinite integral of the
previous section. But, as
you will see, there is a
beautiful connection, and it
is called the Fundamental
Theorem of Calculus.

The Greek letter sigma,
denoted by Z , indicates a

sum.
b
We use Zf(x)Ax to represent

a
the more intimidating form
n

3" f(x)Ax;, where Ax; and x;

1=1
are depicted in Figure 5.2(a).

b
The sums z f(x)Ax are

a
called Riemann sums,
after the German mathe-
matician Georg Riemann
(1826-1866).

By “ lim ” we mean the
Ax—>0

limit as the length of the
largest Ax; tends to 0.
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§2. THE DEFINITE INTEGRAL

Our geometrical quest for slopes of tangent lines led us to the defini-
tion of the derivative. We now go on another quest, that of finding the
area A in Figure 5.1(a), which is bounded above by the graph of the
function y = f{x), below by the x-axis, and on the sides by the lines
= a and x = b. As it was with the tangent line situation, we know
what we are looking for, but still have to find it (to define it). Here goes:

Loosely speaking, partition the interval [a, b] into subintervals
[x; x;, ] oflength Ax, = x;,, —x, [see Figure 5.1(b)].

pd

e ;

Figure 5.1
Pick an arbitrary point X; in each subinterval [x; x;, ],and con-
struct the rectangles of base Ax; and height f(;l.) [see Figure
5.2(a)]. Let’s denote the sum of the areas of all those rectangles
b

by the symbol Z f(x)Ax— a sum that gives us an approximation

a
for the area in question.

Area = f(;i)Axi

(@) (b)

Figure 5.2 ,

Clearly, the smaller we make those Ax;’s, the closer Zf(x)Ax

a
will get to the area we are looking for [see Figure 5.2(b)]. And
so, we (naturally) define the area A to be:

Ax—>0

b
A = lim Zf(x)Ax
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b
The symbol I f(x)dx is

one “word.” In particular,
“dx” is just a “letter” in
that word, that’s all. The
notation does, however,
recall its origin: the sum
symbol

b b
z “evolving” intoJ. ,

a
a

and the Ax into “dx .”

Limits of Riemann sums play many important roles throughout math-
ematics, bringing us to the following definition:

DEFINITION 5.3 A function f'is said to be integrable over the
b

DEFINITE INTEGRAL . =, [a,b] if lim 3" fx)Ax exists. In
Ax—>0

. . a
this case, we write:

b
jab fxydx = lim 3 fx)Ax

b
and call the number I f(x)dx the integral of
fover [a, b]. a

a

We would not want it any EFESAN — ;

o tor T Smee i In addition: j f(x)dx = 0 for any function
a

area between a and a.” . .. .
with ¢ 1n its domain.

As it turns out, it is “easier” for a function to be integrable than it is for
it to be differentiable. In particular, though a continuous function need
not be differentiable [see Figure 3.4(b), page 71], it can be shown that:

THEOREM 5.6 If f is continuous on [a, b], then it is integra-
ble over that interval.

Both the definition of the derivative and that of the definite integral
involve limits. The limit situation for the integral, however, is much
more complicated than that of the derivative: we have to worry about
partitioning the given interval, and then we have to compute the Rie-
mann sum for that partition, and then we have to see if all the Riemann
sums approach something as the largest Ax of the partition tends to
zero. This gets way out of hand, even for relatively simple functions

like f(x) = x2+ x. Help is on the way.

The Principal and Fundamental Theorems of Calculus

The derivative and the definite integral are really quite different
objects. The derivative gives slopes of tangent lines to a curve, while
the integral yields the area under a curve (at least for positive func-
tions). At first glance, one would not assume that these two concepts
are related to each other; but they are:

THEOREM 5.7  For fcontinuous on [a, b], let:

PRINCIPAL THEOREM ¢
OF CALCULUS T(x) = ,[af(t)dt

Then T is differentiable on (a, ) and:
T'(x) = flx)



Note that the horizontal
axis is labeled ¢. We can’t
call it x, since we chose
the variable x for our
“main” function 7.

We like to call T a
Trombone function —
as you slide the vari-
able x back and forth,
you get less or more
area from the “integral
instrument:”’

1) = [ Ao
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We content ourselves by offering a geometrical argument suggesting
the validity of the above amazing result which links the concepts of the
derivative with that of the integral. Our first order of business is to

X
explain the nature of that strange looking function 7(x) = j- f(t)det. To
a

keep our discussion on a geometric level, we assume that the graph of the
function f'lies above the #-axis over some interval [a, b] [see Figure 5.3].
Note that the function 7(x) simply gives the indicated “this Area” over
the interval [a, x].,.

T(x + h)is this
larger area

_______‘;2 I
D
@X
@&
\.\

’,

S eary papeys siy

a x xth b
Figure 5.3

From the above figure, we see that:

J—area of shaded region in Figure 5.3

/~/\—\
T(x+ h}z — T(x) |:‘> average height of shaded region

t base of shaded region

As h approaches 0, the average height of the shaded region must
approach the height at x: f(x). Hence, as advertised in Theorem 5.7:

T'(x) - hliinOT(vahZ—T(x) _ 0

EXAMPLE 5.6 Find the derivative of the function:

X 5
T(x) = jl (—i—zif;—dz

5
SOLUTION: Applying Theorem 5.7 with f(¢) = % , we have:
-+

(x+5)°
x2+2

T'(x) = flx) =
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Answer: (3)52 + 2)7

You can now see why sim-
ilar notation and terminol-
ogy is used for both the
definite and indefinite inte-
gral. The connection is this
theorem which links the

b
definite integral J f(x)dx

with a g(x) of the indefinite
integral I f(x)dx.

CHECK YOUR UNDERSTANDING 5.8

Find the derivative of the function:

T(x) = j:(3z2 +2)7dt

What is so great about Theorem 5.7? For one thing it will enable us to
establish the next theorem which says that:

IF you can find an antiderivative g of a function f, then you

Ax —>

b
can determine the complicated limit lim Z f(x)Ax by
0
a

simply subtracting the number g(a) from the number g(b):

THEOREM S.8 If f is continuous on [a,b] and if
FUNDAMENTAL g'(x) = f(x), then:
THEOREM OF CALCULUS

b
[ fx)ax = g(b)-g(a)

PROOF: We are given that g is an antiderivative of f, and Theorem 5.7
gives us another. Theorem 5.1, page 167, tells us that these two antide-
rivatives can differ only by a constant C, bringing us to:

g(x) = jxf(t)dz +C
a
Evaluating both sides of the above equation at x = a, we have:
g(a) = jaf(t)dHc =0+C = C,ie: C = g(a)
|a— Definition 5.3

C
x v
At this point we know that g(x) = J- f(t)dt + g(a) . Evaluating both
a

sides of this equation at x = b brings us to:

b
g(b) = | floyde+g(a)

b
or: j f(tydt = g(b)—g(a) (*)

Since the variable x is no longer in use, we can choose to substitute x
for ¢ in (*) to arrive at our desired result:

b
[ fixydx = g(b)-g(a)



Answer: Same result.

Note that:

27 o

I sinx = —cosx|0

0
= —cos2m — (—cos0)
=-1+1=0

does not represent the area

bounded by the sine graph and
the x-axis:

As you can see, each positive
f(x)Ax over the interval [0, nt]
is counterbalanced by a nega-
tive f(x)Ax over the interval
[r, 2r] — accounting for zero
Riemann sums.
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NOTATION: The difference g(b)—g(a) is denoted

by the symbol g(x) |z , leading us to the form:

g(b)—g(a)

b b
[ fxyax = g(x)|, =

Evaluate:

EXAMPLE 5.7
2

j (3x2 +2)dx
1

SOLUTION: Since g(x) = x3+2x is an antiderivative of

f(x) = 3x2+2, we have:

g(2) g(1)
—— ——

2
[(Ga2+2)de = (P +20)[; = (23+2-2)-(13+2-1) = 9
1

CHECK YOUR UNDERSTANDING 5.9

Referring to Example 5.7, see what happens if you use x3 + 2x + 100,

instead of x3 + 2x, as the chosen antiderivative of 3x2+2.

EXAMPLE 5.8 Determine the area of the region over the
interval [1, 2] that is bounded above by the
graph of the function:

firy = ]

x2

SOLUTION: Since the function f is positive (see margin) over the
indicated interval, the area in question is given by the integral:

2
3 2
J‘x +x +1dx

1 x?

Which we now evaluate:

[resel o (5.

2 22—
2 —1 2

=(x_+x+x_) =(x_+x_1)
2 -1 . 2 by

2
_ (2_+2_1)_(1+1_1) ~ 3
2 2\

A

) X = J- (x+1+x2) dx
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CHECK YOUR UNDERSTANDING 5.10

(a) Evaluate:

T

! 2
@) j (x3+x— 1)dx (ii) j sinx dx
Answers: 0 ,g
N
@ () 2 (i) NG (b) Determine the area of the region over the interval [—1, 1] that is

bounded above by the graph of the function:
flx) = (2 +1)(x*+3)

(b) -%é square units.

b

In the definition of j f(x)dx, the lower limit of integration, a, was
a

less than the upper limit of integration, b. Is there a reasonable way of

2
defining an integral such as I (2x + 1)dx? Yes, for if we formally
4

apply the Fundamental Theorem of Calculus to that expression, we
obtain:

2
I 2x+ 1)dx = (szrx)Lz1 = (22+2)-(4%2+4) = 6-20 = 14
4
On the other hand:
4
'[ (2x+ 1)dx = (x2+x)|;1 = (42+4)-(22+2) =20-6 = 14
2

The above observations leads us to:

DEFINITION 5.4  For fintegrable on [a, b]:

j: fx)dx = —jab f(x)dx

In words: Switching the limits of integration introduces a minus sign.
As it was with indefinite integrals:

THEOREM 5.9 Iffand g are continuous on [a, b] then:
b b b
@ [ ) +e@)]dr = [ fixydx+ [ g(x)dx

b b b
®) [ [fx)-gn)ldx = [ fix)de—| glx)dx

b b
(©) I cf(x)dx = c_[ f(x) for any constant c.



Theorem 5.7 assures us
that f and g have
antiderivatives.

Answer: See page A-28.

Answers: (a) —17 (b) 16
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PROOF: For F and G antiderivatives of fand g, respectively, F' + G is
an antiderivative of f+ g [Theorem 3.2(d), page 78]. So:

b
I [f(x) +g(x)]dx = [F(x)+ G(X)]\l; = [F(b)+ G(D)] - [F(a) + G(a)]

a
= [F(0)-F(a)] +[G(b) - G(a)]

= | bf(x)dx v bg(x)dx
a

a

CHECK YOUR UNDERSTANDING 5.11

Prove Theorem 5.9(b) and (c).

The following theorem tells us that the “integral journey” from a to ¢
can be broken down into pieces.

THEOREM 5.10  Iffis continuous on [a, b],and a < c < b,
then:

[ peords = [ o+ | ey

“PROOF:” We offer a geometrical argument without words. Think
“Area:”

b
Ay = [ fixydx = A+ Ay -
/ a
/
/

. b
4y = [ fwydx | 4y = jcf(x)dx

|
|
c b

/
|
|
I
1
a

CHECK YOUR UNDERSTANDING 5.12

c b b
Let j fx)dx = s,j f(x)dx = -3 and j g(x)dx = 7.

Evaluate:

c a b b
@[ 2f@dct [ gde O] fooydrt [ 2g(x)dx
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NET-CHANGE DERIVED FROM RATE OF CHANGE

Question: Suppose that fis differentiable on [a, b]

b
what is the value of j F(x)dx ?
a

Answer: j ’ F'(x)dx = f(b)—fla).

Why? Because f(x) is an antiderivative of /'(x), that’s why.

Calling the difference f(b) — f(a) the net-change of the function f over
the interval [a, b], we have observed that:

THEOREM 5.11 The net-change of a differentiable function f
from x = a to x = b is given by:

b
Net-change = j f(x)dx
a

EXAMPLE 5.9 Oil is leaking out of a ruptured tanker at a
rate of 125 — % gallons per minute, where ¢

is measured in minutes. How many gallons
Units can help point the leak out during:

. W i t
e e B (a) the first hour? (b) the second hour?
in gallons per minute; and

want to end up with total

sl wver & apesiid SOLUTION: (a) Total quantity of oil leaked in the first hour:

period of time: 60 60
gl 125 L)de = 1250 2| = 125(60)— 90 = 7464 gall
gal = 2— - min = P (60) — — gallons
min 5 100 100
\L 0 0
J' & ( A (b) Total quantity of oil leaked in the second hour
0 120 ) 120
A _“add up those gallons” I (125 - to)dt = 125¢— _t._’
5 100
60
= (125(120) - %) - (125(60) - @) ~ 7392 gallons
100 100

EXAMPLE 5.10 A printing company is considering purchas-
ing a new hole-punching machine for $2,000.
It estimates that with the purchase of the
machine, monthly income will increase at a
rate of 190 +2¢ dollars per month (¢ in
months). How many months will it take for
the machine to pay for itself?



Answer: $191,250
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SOLUTION:

SEE THE PROBLEM

1'(¢) = 190 + 21

/ \ How long for

$2,0004

First find the total increase of income after T months:

T T
Total income increase = '[0 (190 + 2¢)dt = 1907 + £2 0" 1907 + T2
Then set that income to 2000, and solve for T:
1907+ T2 = 2000
T2+1907T-2000 = 0
(T'-10)(T+200) =0
T=10or T = =200

Ignoring the negative time period we conclude that the machine will
pay for itself in 10 months.

CHECK YOUR UNDERSTANDING 5.13

The rate of production, in barrels per day, of oil from an oil well is

anticipated to be 75 — 25% (¢ in days). Find the total income pro-

duced by the well in its first 30 days of operation, if crude sells at
$85 per barrel.
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tanxsecx dx

-5

EXERCISES
Exercises 1-21. Evaluate:
1 2 1
1. j 3dx 2. j 3x dx 3, j (3 +3x)dx
0 1 -1
1 2 1
4, I (x2+3x—1)dx 5. I (x2+3x—1)dx 6. I x3dx
0 1 -1
2 0 -1
7. j x(3x—2)dx 8. j Bx—1)(x-1)dx 9. j (3x—1)(x—1)dx
1 -1 0
2.3 2.4 -1 -1 -1
10. J~ X de 11 J~ (x +x)(x+1)dx 1. J‘ (3x )4(x )dx
1 x? 1 x* ) x
2 2 1
13. j Jx dx 14. jx—3/5dx 15. j Jx(x2 +x - 3)dx
1 1 0
2 T b
x+1 U T
16. Il Jx dx 17. jzncosx dx 18. J2(2sinx—500sx)dx
-z 0
4
s 5 5
3 20. I x2sinx dx 21. J. xScos’x dx
-5

19.

13

Consider the graph of xZsinx

Consider the graph of xScos’x

Exercises 22-27. (Area) Sketch the region bounded above by the graph of the given function over
the specified interval, and below by the x-axis. Determine the area of that region.

22, fix) = x%,-1<x<1

25. flx) = Jx,1<x<2

23. flx) = x3,0<x<1

26. f(x) = |x[,-1<x<2

2. fx) = é,lﬁxs4

27. f(x) = |x—1],-1<x<2

28. (Cost Increase) In July, the price of gas increased at the rate of 0.06¢+ 0.001#2 cents per
gallon, where ¢ denotes the number of days from June 1. How much did the cost of a gallon
increase during the course of the month?

29. (Depreciation) The resale value of a car decreases at the rate of 1200 + 6007 + 4¢3 dollars

per year, where 0 <7< 7 denotes the number of years following the car’s year of manufac-
ture. How much did the car’s value depreciate:

(d) during the third year?

(a) in the first three years?

30. (Melting Ice) A 360 cubic inch block of ice is melting at the rate of é cubic inches per min-

ute. How many minutes will it take for the block to totally melt?



31.

32.

33.

34.
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(Advertising) A store is launching an aggressive advertising campaign, and anticipates that
the number of daily customers, N, will grow from its current value of 200, at a rate of

N'() = 100

many days from the beginning of the campaign will it take before the number of daily cus-
tomers doubles?

where ¢ is the number of days from the beginning of the campaign. How

(Declining Sales) Because of fierce competition, the weekly sales at an appliance store are

12
expected to decline at the rate of S'(¢) = —m units per week, where ¢ is number of weeks

from the present date. The store plans to go out of business when weekly sales drop below
500. Currently, the shop sells 900 units weekly. How many more weeks will the company
remain in business?

(Income Stream) A printing company can purchase a $2,000 hole-punching machine that
will increase monthly earnings at a rate of 190 + 12¢ dollars per month, or a $3,000 machine
that will increase monthly earnings at a rate of 250 + 20¢ dollars per month (¢ in months).
Which should be purchased, given that the company anticipates using the machine for exactly
five years?

(Depreciation) The resale value of a certain industrial machine decreases at a rate that
depends on the age of the machine. When the machine is x years old, the rate at which its
value is dropping during that year is 250(15 — x) dollars per year. If the machine was origi-
nally worth $28,000, how much will it be worth when it is 3 years old?

Exercises 35-40. (Theory) Assume that: j f(x)dx =5, J. f(x)dx =7, I g(x)dx = 9. Eval-

uate: \ \ \
35. jl 3g(x)dx 36. jl 3f(x)dx 37. jl [2g(x) — f(x)]dx
2
fx)d
38. j;—f(x)dx 39. (Il3f(x)dx)(j33g(x)dx) 40 Lg_i__x N 2j4g(x)dx
L fxydx

Exercises 41-43. (Principal Theorem of Calculus) Use Theorem 5.7 to find the derivative of
the given function 7.

a1 T(x)zJ'XA/3t4+1dt 4. T(x)—j A A 4. T() - jx sin
5

1

Exercises 44-46. (Theory)

(a) Use Theorem 5.7 to find the derivative of the given function 7(x).

(b) Use Theorem 5.8 to first express 7(x) in a form that does not involve an integral, and then
differentiate that explicit function of x directly. Compare your answer with that of (a).
(c) Repeat parts (a) and (b), replacing the lower limit of integration “1” with 5.

Xph 4

44. T(x) :Ixtzdt 45. T(x) = le(¢2+z)dt 46. T(x) = '[1 ——dt

1
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47. (Theory) Let fbe integrable, and g be differentiable. Use the Chain Rule (page 94) and The-
g(x)
orem 5.7, to show that for H(x) = _[ f)ydt: H'(x) =f[gx)]-g'(x) .
a

48. (Theory) Let f be integrable, and g and 4 be differentiable. Use the Chain Rule (page 94) and

Theorem 5.7, to show that for H(x) = Ikg(();)f(t)dt; H'(x) = flg(x)] - g'(x) —fTk(x)]k (x).

Exercises 49-51. (Theory) Use the results of Exercises 47 and 48 to differentiate the function H.

2x x? sinx
49. Hx)=[ Brt+1ar 50 Hn=[ —t—ar 51 H) = [ dt
5 s 4+ 1 e x2+1
Exercise 52-54. (Theory)
(a) Use the results of Exercise 47 and 48 to find the derivative of the given function H(x).

(b) Use the Fundamental Theorem of Calculus to first express H(x) in a form that does not
involve an integral, and then differentiate that explicit function of x directly. Compare
your answer with that of (a).

2x X2 ~ X2 )
52. H(x) = js (32 +2t)dt  53. H(x) = jl W(t—5)dt 54 H(X)—j2x(3t — l)dt

2
Exercises 55-57. (Second Derivative) Determine ;sz
X
X X x?
55. y=[ tsintdr s6. y=[ L Lay 57. y=|[ tantdr
1 11 1

58. (Theory) Referring to Definition 5.3, offer an argument explaining why the function:
1 if x is a rational number
flx) =

—1 if x is not a rational number

is not integrable over the interval [0, 1] (or any other interval, for that matter).
(Use the fact that any interval, no matter how small, contains both rational and irrational numbers.)

59. (Theory) Referring to Definition 5.3, offer an argument explaining why
2 2
j f(x)dx = j g(x)dx for the two functions depicted below.
0 0

2~ —-e

1 if x#1
fix) = 1 g(x):{z it x =1



Assuming, of course,
that the function g is
differentiable, and that
the integral exists.

Please note that we attri-
bute no meaning to
either the expression

u'dx or the expression
du. We simply replace
the symbol u'dx in the
(meaningful)  expres-
sion If(u)u’dx, with

the symbol du, to arrive
at another meaningful

expression J. flu)du .
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§3. THE SUBSTITUTION METHOD

Next semester you will encounter a half dozen or so integration tech-
niques that will enable you to determine the integrals of a variety of
functions. Here, we will content ourselves with just one technique, the
so called u-substitution method. This method stems from the follow-
ing theorem, which is really the Chain Rule “in reverse.”

THEOREM 5.12  If F'(x) = f(x), then:

[ Mle@)lg'(x)dx = Flg(x)]+C

PROOF: We simply show that F[g(x)] is an antiderivative of
fMeg(x)]g'(x):
(Flg()])" = F'lg(x)]g'(x) = flg(x)]g"(x)
The Chain Rule, page 94 since F '(x) = f(x)

Though easy to prove, Theorem 5.12 in its present form is not very use-
ful because of its intimidating form. To soften its appearance, we make

the substitution: © = g(x), bringing us to a somewhat improved form:
| Nle@)g'()dx = Flg()]+C
\‘ N 4
jf(u) u'de = F(u)+C

Still not great. But we now observe that the simpler looking integral
J.f(u)du is also equal to F(u) + C':

[ faydu = F(uy+c
since F'(u) = Flg(x)] = flg)] = flw)

It follows that if we let # = g(x), and then formally make the sub-
stitution du = u'dx, we arrive at:

[ Fle(0)1g’ (x)dx = [ flu)du

The following examples illustrate how the above substitution method
can sometimes be used to transform a complicated integral into a sim-
pler form.
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EXAMPLE 5.11  Determine:
'[x(xz —-5)7dx

SOLUTION: The “trick™ is to let u be some part of the integral, so that
“du = u'dx” is “essentially the rest” (up to a multiplicative con-
stant). Specifically:

Let u = x2—5 — then (formally): du = 2xdx, or: xdx = Liu

2
So:
xdx——du 7 =25
And the end justifies the N
means. The substitution: _[ m = J‘u7du _ ly_g L C = (x2-5)8 e
9 = s | 2 ? 2 8 16
“du = 2xdx”
takes us from: Check:
jx(xz —5)7dx [116( 2 584 } = % 8(x2-5)7(x2=5) = %(x2 =572k = x(x2-5)7
to:
1 J‘ uTdu If you currently find yourself a bit uncomfortable with the u-substitu-

tion method, that’s par for the course. A few more examples should
remedy the situation.

EXAMPLE 5.12  Determine:

2
(@ | (b) [3x(2x2 + 7)3dx

2
2l dx
Jx3+5
(©) '[xcost dx
SOLUTION: (a) Let u = x3 + 5 — then (formally): du = 3x2dx, or:

x2dx = ldu. So:

3
xzdx——du u=x3+5
\ \1 “du 2
u I 2 [3
= = Sy +5+
I 1/2 3.[ 3 12 tC 3V* S*C
|—T

17, -1 -1
Check: E(x3+5)2} = —[—(x3+5) 2.3x2} - X2(x3+5) 2 = x2

3 xX3+5

N
—_

[\S]
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2 2
(b) j3x(2x2+7)3dx = 3jx(2x2+7)3¢x

5
u=2x2+7 2 = 5
3¢ 3 3| ul 9 2
. 4ju du = 3|5 |+C= S@2+7)+C
xdx=zdu §

2

50 2 2
Check: [2%(2x2+7)3} = %[§(2x2+7)3-4x} = 3x(2x2+7)3

© Ixcosxzde: %Icosudu = %sinquC = %sinx2+C

u=x2

du = 2xdx

xdx = %du

Check: Gsinxz) = %(cosx2 -2x) = xcosx2

CHECK YOUR UNDERSTANDING 5.14
Answers:
@-—L1  +cC Determine:
40(x2 — 10)* cos
1 S S— b L4
®) -Gt ¢ @ J- 5(x2-10)° ’ ®) J-sinzx y

Our next example is tricky in that it does not fit the typical u-substitu-
tion mode:

EXAMPLE 5.13  Determine:

X
I(x n 1)3dx

SOLUTION: If that denominator were (x2+ 1)3, then we could pro-
ceed as in the earlier examples, letting # = x2 + 1, and so on. But it
is not. And so:
u=x+1 (%
du = dx
But this leaves us with an “unresolved” x in the integral:

J.(x fl)sdx = j%du

u=x+1
du = dx

And so we return to (*) and solve for x in terms of u: x = u— 1. Sub-
stituting, we then have:
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J‘ 2 dx?JL%d“:TIugld”:j(b%_%)d“

()C+1)3 u
dZi);)j-l:x:u—l _ I(ufz—u%;)du
:_1+L+C
u 2u?
S S

x+1 2(x+1)2

You are invited to check the above result by showing that the deriva-
X

L 11 isindeed .
x+1 2(x+1)2 (x+1)3

tive of —

CHECK YOUR UNDERSTANDING 5.15

Answer:
s 3, 3
S+ D?-S+1)2+C Determine I x«/x + ldx . Use differentiation to check your answer.

SUBSTITUTION AND DEFINITE INTEGRALS

We now illustrate how the u-substitution method can be used to eval-
uate certain definite integrals.
EXAMPLE 5.14  Evaluate:

1 x2

IO (3 + 1)3dx

SOLUTION: One approach is to begin by finding an antiderivative of
x2

(x3 + 1)3 ’

x2 1¢1 l¢ ;5 1 u?
—_— = —=| — = - - = = — 4

J-(x3+ I)de 3J- 3 du 3J.u du 35 C

u = x3 +1 6_12 C = 63_—112
_l’_

du = 3x2dx . (x )

x2dx = %du

Bringing us to:

Lo x2 S s

I dx = 1
0 (x3+1)3 6(x*+1)2|, 6-22 6-12 8
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A better approach is to use the u-substitution, u = x3 + 1 to also
change the limits of integration:

’fifu=x3+landx= 1, then u = 13+1=2

!

1 2 2 2 o2

J- x—dx=1 idu=1 u_3du=l-u—

0(x3+1)3 311,[3 31 3 - 1

I S N W G|
6u21 24 6 8

EXAMPLE 5.15 Evaluate:
2
j cos(3x + 1)dx

0
SOLUTION:
u=3-2+1= 7\
7
2 1
_[ cos(3x+ 1)dx = gjcosu du
0 |[«——u=3-0+1=1
u=3x+1 1 7 1
du = 3dx = =(sinu)| = z(sin7-sinl)~—-0.06
] 3 1 3
dx = gdu

CHECK YOUR UNDERSTANDING 5.16

Evaluate:

ﬁ 1
o1 1 [ 2 _ X
Answers: (2) 3 (b) 3 (a) Il xa/x?—ldx (b) .[0 = 1)2dx
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EXERCISES

Exercises 1-15. (Indefinite Integrals) Determine:

j(x—S)Ide j(2x-5)15dx 3 I(zd_xs)ls
X
jzx(x2+5)15dx 5 jx(x2+5)15dx 6. j;
(x2+5)15
X 6x2 + 4x X
—dx = = dx 9. (3x + —) dx
.[ /5x2_4 I(x3 _|_x2)2 .[ (x2_3)2
10. '[xQSinx3dx 11. Jsechtanxdx 12. J’ dx
(x+2)3
2 2
13, [—S—dx 14 [t D=1 s [l
(x+1)4 -3

Exercises 16-27. (Definite Integrals) Evaluate:

2 x 0 2 6x+1
16. dx 17. | x2(x3+2)%dx In, | e
J.l./xz—i-l J.—l J.1 (3x2 +x)?
2 6x%+4x 4x -Tx
19. [ —=——udx 20. 21 [ —F—dx
I0 J5(x2+4) I (x? +xz)2 Iz (x2+5)?
J5 1 4
22. [ 2x(x2 - 5)15dx 23. [ xcosx?dx 24. | cosfx ,
-1 -1 1 «/)VC
1 1
ﬁ 2, 26. I xA/x + ldx 27. I Nx3 4 x2dx
25. I xsec x-dx 0 0
0

Exercises 28-29. (Area) Determine the area bounded above by the graph of the given function
over the specified interval.

28. f(x) =

29. flx) = x2J/x3+10,-1<x<1
30. (Theory) Prove thatif F'(x) = f(x), then:

b
J flg(x)]g' (x)dx = Flg(b)] - Flg(a)]
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§4. AREA AND VOLUME

In section 2 we came up with a definition for the area in Figure 5.4(a),
an area that is bounded above by the graph of the positive function

y = f(x); below by the x-axis; and on the sides by the vertical lines

x = a and x = b. How about the area of the shaded region in Figure
5.4(b)? (Please consider the question before moving on.)

A 4a=2 L m /
A ' b
a b - a Cw
b
Answer: A = J- f(x)dx

A (a) (b)

v Figure 5.4
b
) w a ‘3\ /'C/ A correct answer is: 4 = j |f(x) dx (see margin). Noting that
a
graph of the absolute value .
of the function in Figure (b). |f(x)| = { Sx) if f(x)=20
—f(x) if f(x) <0

we have:

4= ehds = [ foods+ | "y = [ fode— | ' fids

EXAMPLE 5.16 Find the area bounded by the x-axis, the graph

of the function f(x) = —x3 +x2+ 6x, and the
vertical lines:
(@x=1landx =3 (b)x=-landx = 2

SOLUTION: SIGN f(x) reveals where the graph of the function lies
above the x-axis, and where it lies below the x-axis:

flx) = —x3+x2+6x = x(x2—x-6) = x(x-3)(x+2)

above c below above c below

SIGN f(x): —* > — + >

c@® O
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(a) The above information reveals the fact that the function is not

negative anywhere in the interval [1, 3]. Hence:
3

3 4 3
A = I (—x3+x2+6x)dx = (_x_ +x—+3x2)
1 4 3

1

4 123
- [_3 +3_+3-32}—[—1+l+3} ELISTY
4 3 4 3 3
(b) SIGN f{(x) tells us that the function is negative (or zero) over the

interval [—1, 0], and positive (or zero) over the interval [0, 2].
-1 Hence:

2 : s -
% \ J/i since function is negative on (-1,0)

0 2
(—x3 +x2+ 6x)dx + j (—x3 +x%+ 6x)dx
0

A =—j_

1

_ _[0_(_l_l+3ﬂ+[(_4+§+12)—0} - L7 13
43 3 12

CHECK YOUR UNDERSTANDING 5.17

Find the area bounded by the x-axis, the graph of the function
f(x) = x2+2x -3, and the vertical lines:

w2
Answers: (a) == (b) 4 (@a)x = 3andx = 1 (b)x = 0andx = 2

AREA BETWEEN CURVES

Keeping in mind that the definite integral is the limit of Riemann sums,
it is natural to define the area of the figure below to be:

b b
4= lim S[fix) —g(x)]Ax = ja [f(x) — g(x)]dx

Note the height of the

indicated rectangle: ZArea: height times width = [f{x) — g(x)]Ax
dominant or higher function f
4 =
flx i) -glx i) 5/
minus 1\ I
subordinate o3
=

or lower function

1 \\#/g

‘Ax




.9
Answer: 5
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In general:

THEOREM 5.13 Let fand g be continuous over the interval
AREA BETWEEN CURVES L@ b]. The area between the graphs of those

functions between x = a and x = b 1S
given by:

b
A = [ Iftx)-g(o)ldx

EXAMPLE 5.17 Determine the area of the finite region
bounded by the graphs of the functions

f(x) = x% and g(x) = x3.

SOLUTION: The first order of business is to determine the points of
intersection of those two curves (see margin):

3 = 2

x3 =x
x3-x2=0
x2(x-1)=0

x=0and x = 1

Since the graph of f(x) = x2 lies above that of g(x) = x3 over the
interval [0, 1] we have:

dominant
1
3 4 1 1 1
¥ 4 = 2_3d—(x__x_) _ 1 1_ 1
©) Io(x i)x 3 4 374 12
subordinate

CHECK YOUR UNDERSTANDING 5.18

Determine the area of the finite region bounded by the graphs of the

functions f(x) = x2 and g(x) = x+2.

The graphs of fand g below switch dominance about the point x = c¢.

f
g(¥) ~f(x)

70 L)

.
Pre
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Consequently, two integrals are needed to calculate the area of the indi-
cated shaded region:

b c b
A = [ [fx)-g)ldx = [ [fix)—g(x)]dx - [ [f(x)-g(x)]dx

EXAMPLE 5.18  Determine the area, 4, bounded by the graphs
of the functions f(x) = x3-3x+1 and
g(x) = x+1,betweenx = -2 andx = 1.

SOLUTION: While you are encouraged to consider the graphs of the
two functions (margin), it is not necessary to do so to find the area in

question. All you have to do is to find SIGN f{x) — g(x):
[/— fdominates g —\]

m:]ﬁl — g + (; +

) [
SIGN f(x) —g(x) = (x> —3x+ 1) = (x + 1) = x5 —4x = x(x + 2)(x - 2)

flx) = x3-3x+1

=N Yo

We are interested in the area bounded by fand g between x = —2 and
x = 1. From the above, we see thatf(x)—g(x) is positive on
(-2, 0), and negative on (0, 1). Consequently:

A= jo [(x3—3x+1)—(x+1)]dx—j1[(x3—3x+1)—(x+1)]dx
-2 0

0 1
= [ (P —dn)dr—| (x3-4x)dx
-2 0

0 1
(g2 (29
4 - 4

1 7 _ 23

~ [0-(4-8 —K-—z)—o] 44123

[0-(4=8)]- (7 R
N EXAMPLE 5.19 Express the area, 4, bounded below by the x-
x = x?-12x+36 axis, above by the graph of f(x) = J/x, and on

x2—13x+36 =0
x—9)(x—4) =0

the side by theline y = — x + 6, inintegral form.

SOLUTION: (Without words)
Y Y
y = Ax x =y
(4,2) (4,2)
2_ —

X X

0 4 0
6\y=fx+6 X =-y+t6

4 6 2
A= Jxdx+ [ (—x+6)dx A =] (y+6-y)dy
0 4 0



. 289
Answer: 0
Sfx) = x?
~N

— T m'x
\\\)) |2\=/
N
\

\

5.4 Areaand Volume

CHECK YOUR UNDERSTANDING 5.19

Determine the area, 4, bounded by the graphs of the functions
f(x) = x*—x2 and g(x) = x> —x2,between x = —1 and x = 3.

VOLUME OF SOLIDS OF REVOLUTION

If you take the shaded region of Figure 5.5(a) and revolve it about the
x-axis, you will generate the solid represented in Figure5.5(b).

AV = r[f(x)]*Ax

Ax

(a)

Figure 5.5
The volume, AV, of the narrow disk in Figure (b) is the area of its

base: mr? = m[f(x)]?, times its thickness: Ax. We then define the vol-
ume of the solid to be:

b b
V= lim S x[f(x)]?Ax = nj [£(x)]?dx
Ax —> 0 p a
Generalizing:

DEFINITION 5.5 Let f be nonnegative and continuous over
VOLUME OF A SoLip the interval [a, b]. The volume of the solid
OF REVOLUTION obtained by rotating, about the x-axis, the
(DISK METHOD) region bounded above by the graph of the
function f, below by the x-axis, and on the

sidesby x = a and x = b, is given by:

b
V= nj [£(x)]2dx

EXAMPLE 5.20 Determine the volume of the solid obtained
by rotating, about the x-axis, the region
bounded by the graph of the function

f(x) = x2, over the interval [0, 2].

SOLUTION:

5 2

2 2
V= nI [x2)%dx = n_[ de=n-2
0 0 5

=TT+ — = —

0

199
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W (h’r),/

271

Answer: I

Volume of washer:
AX

nRzAx — TcrzAx
= 7r(R2 = rz)Ax

Outside radius
Inside radius

Note that V' can also be
obtained by subtracting
the volume generated by
rotating g about the x-axis
from that obtained by
rotating fabout the x-axis:
the difference of the two
volumes.

EXAMPLE 5.21 Determine a formula for the volume of a
cone of height /# and radius .

SOLUTION: We can generate a cone of height / and radius » by rotat-
ing the region below the line passing through the origin and the point

(h, r) about the x-axis (see margin). That line has slope % and y-

intercept 0, and is therefore given by:
y = flx) =

Bringing us to the formula:.

3 hl’ 2 _TEI’2h2
V = njo(z- ) dx = ﬁjox dx

h

_Tcrzx3 _nr2h3_12
7? = ——.—=— = Zqurh
h 0

- X

s

CHECK YOUR UNDERSTANDING 5.20

Determine the volume of the solid obtained by rotating, about the x-
axis, the region bounded by the graph of the function, f(x) = x3
above the interval [1, 2].

If you take the shaded region of Figure 5.6(a) and revolve it about the

x-axis, you will generate the solid represented in Figure 5.7(b).
volume of the “hole”
_0

——
AV = n[f(x)]zAx - n[g(x)]zAx

= n([f(x)]? - [g(x)]%)Ax

/

(a) (b)
Figure 5.6

As is depicted in Figure 5.6, the generated “washer” has volume:
Outside radius squared/ E inside radius squared

AV = n([f(x)]? - [g(x)]*)Ax



In the event that g(x) = 0
(the x-axis), then the
“washer method” coincides
with the “disk method” of
Definition 5.5.

Sx) = x

N Teg(x) = x?

|

1

inside . ! .
radius | | outside radius
x2+1 x+1

N |D

5.4 Areaand Volume 201

As is depicted in Figure 5.6, the generated “washer” has volume:

Outside radius squarey inside radius squared

AV = n([f(x)]* - [g(x)]*)Ax

Taking the limit of the sum of those A}’s brings us to an integral repre-
sentation for the volume in question:
b b
V= lim S a((f0Par-[g0?)Ax = x| ([fx)]>-[g(x)]?)dx
Ax—>0

a
a

Summarizing:

VOLUME OF A SOLID OF REVOLUTION (Washer Method)

Let f'and g be nonnegative and continuous over the interval [a, b]
with f(x) > g(x). The volume of the solid obtained by rotating,
about the x-axis, the region bounded above by the graph of the
function f, below by the graph of g, and on the sides by x = a and
x = b, 1is given by:

b
V= x| (0] [gx)])dx

EXAMPLE 5.22

Determine the volume of the solid obtained
by rotating the finite region enclosed by the
graphs of the functions f(x) = x and
g(x) = x2 about:
(a) The x-axis (b) Theline y = —1
SoLUTION: Finding the points of intersection:
x=x2=x2-x=0=>x(x-1)=0=>x=0,1.

outside radius inside radius

(@) y = njl [(x)2 = (x2)%]dx = njl (x2 — x*)dx
0 0

1
_ (x3 xs) _ (1 1) _2n
3 5 0 3 5 15

inside radius

outside radius

(b) 1 ¥ 1
V= n’J‘ [(x+ 1)2=(x2+ 1)2]dx = nf (— x4 —x2 + 2x)dx
0 0
1
_ x5 X3 _Tn
g -
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Answer:

7681

Integration

CHECK YOUR UNDERSTANDING 5.21

Determine the volume of the solid obtained by rotating, about the x-
axis, the finite region enclosed by the y-axis, the line y = 8, and the

graph of the function f(x) = x3.

THE SHELL METHOD

If you take the region at the top of Figure 5.7(a) and revolve it about
the y-axis you will generate the solid §, with the shaded rectangular
region giving rise to the indicated canister below it. By snipping open
that canister [Figure (b)] and then flattening it out [Figure (c)] we arrive

at a formula for the indicated volume AV .]

Ty

J(x)

g(x)

< . >N T
H f(x)—g(x) |AV = 2nx[f(x) — g(x)] AN

(a) (b) (c)

Il
a Ax b

Ax | 2mx |

Figure 5.7
Stacking all of the canisters (one inside of another) you will arrive at a
solid resembling S. Clearly, by making the partition finer and finer, the
sum of the volumes AV of the stacked canisters will get closer and
closer to the volume of the solid §. All of which brings us to:

b

b
Volume(S) = lim 3 2mx[/(x) - g(x)]Ax = 2 j x[f(x) — g(x)]dx

Summarizing:

VOLUME OF A SOLID OF REVOLUTION (Shell Method)

Let fand g be continuous over the interval [a, b] with f(x) > g(x).
The volume of the solid obtained by rotating, about the y-axis, the
region bounded above by the graph of the function £, below by the

graph of g, and on the sides by x = a and x = b, is given by:

V= 2njjxmx)—g(x)]dx
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EXAMPLE 5.23 Use both the shell and the washer method to
find the volume obtained by generating the
finite region bounded by the graphs of the
functions f(x) = J/x and g(x) = x2 about
the y-axis.

SoLUTION:  (Without words)

J)—c=x2:>x=x4éx(x3fl) =0=>x=0,1

Volume of

hollow cylinder Volume of washer x = J)—/
AV = 2l =) o Ag= T x =)
Ay
0
1 1
V= 27tJ- x(ﬁ—xz)dx L V= Tf_[ [(«6/)2—0’2)2]61)’ - 3n
0 10 0 10
Sum the volume of hollow cylinders Sum the volume of washers
Shell Method Washer Method

CHECK YOUR UNDERSTANDING 5.22

Use both the shell and the washer method to find the volume obtained
by rotating about the y-axis the finite region bounded above by the

parabola y = —x2 + 4, below by the line y = 2, on the left by the y-

Answer: 377[
axis and on the right by the line x = 1.

VOLUMES BY SLICING

The cross sections of a solid need not be disks, but if you can find the
area of its cross-sections, then you may still be able to determine its
volume. Consider the following example.

EXAMPLE 5.24 A pyramid of height 20 feet is such that its
cross-section perpendicular to its altitude a
distance x feet from its vertex is a square

with side of length ;—C feet. Find the volume

of the pyramid.
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Note that Definition 5.5 is
a special case of this more
general definition. (How?)

Answer:

45
3

SOLUTION:

SEE THE PROBLEM

Ax

cross section

x2
AV=AAx = ZAX

approximately
since the square on the top is
a bit smaller than the one on the
bottom — a discrepancy which
- tends to zero as Ax — 0.

For any given partition of the interval [0, 20] we can obtain an
approximation for the volume of the pyramid:
20 o
V= Z ZAX (A Riemann sum!)

.. ) 20 x2 2000

By definition: V = lim —d = f
Y Ax —> 0Z 4 3
margin

In general:

DEFINITION 5.6 The volume of a solid with integrable cross-
sections of area A(x) fromx = atox = b

is given by I:A (x)dx.

CHECK YOUR UNDERSTANDING 5.23

Find the volume of a solid with a circular base of radius 1 if the
cross-sections perpendicular to the base are equilateral triangles.
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EXERCISES

Exercises 1-3. (Area Between Graph and x-axis) Find the area bounded by the x-axis and the
graph of the function £, over the given interval.

Lofix) = =445 [FL2] 2. flo) = x+ 43 [0,1] 3 flx) = —2 . [0.1]

(2 D

Exercises 4-27. (Area Between Curves) Find the area of the finite region bounded by the given
functions and lines.

4. fix)=x%, y =x 5. flx)=x2-2,y=x
6. f(x)=x*-x,y =x 7. f(x)=x2+x, g(x) = x2+1
8. flx)=x3, y=x 9. filx)=x3+1, g(x) = x3+x2
10. flx) =x% g(x) = x*-2x2+4 1. y=x-3,y=-x+3, x = -1
12. y=x-3, y=—-x+3, y=-2x-3 3. y=x,y=—-x+2,x =0,x =2
14 y=x, y=-x+1,y=0 15. filx) = Ax, y=—x+2,y=0
16. f(x)Zé,yZ—?—Leréz‘ 17. y=x,y=—§,y=—x+2
18 fx) = —=, y = x,y = —x—2 19 ) = = y = x x =

X 4 X
20. fix)=x, g(x) =4x, y = —x+2 21. fix)=x3, y = —x+2,y =x+6
22. fix) = 2%, y = —x+1 23. fix) = 2x], g(x) = x2+1
24. f(x) = (xzi—l)z,y = —x,x =1 25. flx) =xJx>+ 1,y = —x,y = 2
26. f(x) = sinx, g(x) = cosx,x = —%,x = E

27. f(x) = sinx, g(x) = cosx,x =

Nia
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Exercise 28-36. (Rotation about the x-axis) Find the volume of the solid obtained by rotating,
about the x-axis, the region bounded above by the graph of the function, below by the x-axis, and
on the sides by vertical lines through the endpoints of the given interval.

28. flx) = 3; [1,3] 29. f(x) = x; [1,3] 30. f(x) = x2; [1,3]
31. f(x) = x2+1; [0, 1] 32. f(x) = —x2+2; [0,1] 33.f(x) = —x2+x; [0,1]
34. flx) = x*+2; [-2,1] 35. flx) = Jx; [0, 4] 36. f(x) = x1/3; [1, 8]

37. (Volume of Sphere) Derive the formula for the volume of a sphere of radius 7. (Equation of
the circle of radius 7 and centered at the origin is given by: x2 + 2 = r2))

Exercise 38-51. (Rotation about the x-axis) Determine the volume of the solid obtained by
rotating, about the x-axis, the finite region enclosed by the graphs of the given functions.

38. fix)=x%, y=x 39. fix)=x* y=x
40. f(x)=x3+1, g(x) = x3 +x2 41. f(x)=x*+1, g(x)=—=x2+3
42, f(x) =x% g(x) = x*-2x>+4 5. fx) :)Z_C’ y=—x+3

4., y=x, y=—x+2,y =1,y =2 45. f(x)=x%, y=x+2

46. f(x)zg, y=x-1,x=4 47. f(x)=x2+x+1, y = x+2
x
48. f(x):A/;C,y:—x+2,x=2 49.y:2x+3’y:x+4’y:_x
_ ' .
50. flx) = secx,y = 4€ 4t 51. f(x) = Jsinx,y = = g

Exercise 52-55. (Rotation about the y-axis) Find the volume of the solid obtained by rotating,
about the y-axis, the finite region enclosed by the graphs of the given functions.

52. f(x)=x% y=x 53. flx)=x* y=x

54. flx) =x3, g(x) = 2x2 55. fix) =

= I

Y= ox+3

Exercise 56-63. (Rotation about a Line) Find the volume of the solid obtained by rotating,
about the given line, the finite region enclosed by the graphs of the given functions and lines
about the given line.

56. f(x) =x%,y = 2x,abouty = -1 57. fix)=x%y = 2x,abouty = 4
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58. f(x) =x%,y = 2x,about x = —1 59. fix)=x%y = 2x,about x = 3

60. f(x)=x3,y = x ,abouty = -1 61. fix)=x3y =x ,abouty = 1

62. y =x,y = —x+2,y = -2x about y = —1

63. y=x,y = —x+2,y = -2x about x = 1

Exercise 64-65. (Rotation about the y-axis) Use both the shell and the washer method to find
the volume obtained by revolving the region S about the y-axis; where

64. §is bounded on the left by the y-axis, on top by the line y = —x + 2, and on the right by
the graph of f(x) = x2.

65. §Sis bounded on the left by the line x = 1, on top by the line y = —x + 6, and on the right
by the graph of f(x) = x2.

Exercise 66-67. (Rotation about the x-axis) Use both the shell and the washer method to find
the volume of the solid obtained by revolving the region S about the x-axis, where:

66. S is bounded on the left by the y-axis, on top by the line y = —x + 2, and on the right by
the graph of f(x) = x2.

67. Sis bounded on the left by the line x = 1, on top by the line y = —x + 6, and on the right
by the graph of f(x) = x2.

Exercise 68-73. (Slicing) Determine the volume of the given solid.

68. The solid is a 25 foot pyramid whose base is a 10 foot square.

69. The solid is a pyramid of height # whose base is a square of side /.

70. The solid is a A pyramid of height 25 feet whose base is a 5 foot by 10 foot rectangle.

71. The base of the solid is a circular disk of radius r and its cross-sections perpendicular to the
base are squares.

72. The base of the solid is a circular disk of radius » and its cross-sections perpendicular to the
base are equilateral triangles.

73. The base of the solid is the ellipse x2 + 4% = 1 and its cross-sections perpendicular to the
base are squares.

74. Two right-circular cylinders of radius » have axes
that intersect at right angles. Find the volume of the
region common to the two cylinders.

Suggestion: Consider the adjacent figure depicting
one-eighth of the solid in question.
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We again acknowledge the
fundamental theme for inte-
gral-applications:

FroMm CONCEPT
To RIEMANN SUM
To DEFINITION
To APPLICATION

N(Ax)? +(Ay)?
(Ax)2 + (Ay)?
(Ax)?

(Ax)z +(Ay)2 /(A )2
(Ax)?

_ et @an?
(Ax)?

- (Ax)?

§5. ADDITIONAL APPLICATIONS

The concepts of arc length and work are addressed in this section.
Additional applications are offered in the exercises.

ARC LENGTH

What is the length L of the curve y = f(x) fromx = atox = b in
Figure 5.8(a)? We again know what we are looking for, but still have to
define it. And we are again essentially forced to mold our definition in
accordance with pre-existing expectations. Specifically, we partition

the interval [a, b] into a number of pieces Ax; and join their end-
points by the line segments of length AL, as is done in Figure 5.8(b),

to obtain a polygonal path joining a to b of length ZALI. which

appears to approximate the length we seek.

y = flx)

.
7

\)/

|
|
|
|
|
b

o — — —

(a)
Figure 5.8

Clearly, the smaller we make those Ax,’s the better ZALZ. approxi-

a
mates that which we are trying to deﬁne forcing us to define:

= lim ZAL (*)

Ax—0

Applying the Pythagorean Theorem to the shaded right triangle in Fig-
ure 5.8(b) enables us to rewrite (*) in the form:

= Ahm Z:A/(Ax)2 +(Ay)?

Which can be rewritten in the form (margin):

A Riemann Sum!

(A)2 + (Ay)> [ Ay
= lim Z V) Ax = lim z 1+(——
Ax—0 (Ax)2 Ax — 0 - A

In the event that the function y = f(x) is differentiable on [a, b]:

. Ay _ dy ot
1 [y _ ay _
AxH—I>1 0Ax dx S1x)
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Bringing us to:

DEFINITION 5.7 The length of y = f(x) from ato b is:

ARC L
RCLENGTH Ij [ a - ijdx

(assuming that f'is differentiable on [a, ] )

EXAMPLE 5.25  Express, in integral form, the length L of the

graph of the function:
fx) = 3+ x2
fromx = -2 tox = 3.

SOLUTION: Turning to Definition 5.7:

L= j3 JUH[(3+x2) P dx = f J1+[3x2 +2x]2 dx
-2 -2

3
= j Jox4 + 12x3 + 4x2 + 1 dx
-2

Alas, even with the techniques
of integration introduced in sub-
sequent sections you will not be
able to evaluate the above inte-

gral; but all is not lost: ——p»

CHECK YOUR UNDERSTANDING 5.24
Express, in integral form, the length L of the graph of the function:

Answer:

+—d
4x  x5/2 x4x f(x):,\/;c—{—lfrOmx:l tox = 5.
X

EXAMPLE 5.26 Find the length L of the graph of the function

2 3/2
_ (2 +2)°- over the interval [1, 2].

b
SOLUTION: Turningto L = _[ 1+ (Zl—y 2 dx , we have:
a

_ (x2+2)32
3
dy - L 300, 5\12. 90 = (52421172
3 2(x 2) 2x = x(x*+2)

JT+x2(x2+2) = J1+x%+2x2

= Jx2+1)? = [f2+1] =22+ 1

+
IR
S
[\]

Il
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Answer: L

Conversion formulas that
relate kilograms to pounds
are really comparing apples
to oranges:
A pound is a measure of
force while a kilogram is
a measure of mass. Your
weight on earth (a force)
will differ from your
weight on the moon,
while your mass remains
constant.
So, what is the unit for
mass in the US system? The
slug, with:

Lpound = (1 slug)(l %)
S

In this case, we are able to finish the job by hand:

- :j:/\/@dxz.[lz(x2+l)_d,x:x;+xj =13_(_)

CHECK YOUR UNDERSTANDING 5.25

4.2

Find the length L of the graph of the function y = Tx3/ 21 over

the interval [0, 1].

WORK

Work is a measure of the energy expended by a force in moving an
object from one point to another. The work done when a constant force
F causes an object to move a distance d in the direction of the force, is
given by:

W = Fd (work = force x distance)

As for units:
IN THE METRIC SYSTEM:;

The unit of force is the newton, with one newton (N) being
defined to be the force required to effect an acceleration of

one meter-per-second-squared (m/s%) on an object of

mass one kilogram (kg): 1 N = (1 kg)(l —n%)
S

If F is measured in newtons and d in meters, then
the unit for ¥ is a newton-meter, or joule (J).

IN THE US (CUSTOMARY) SYSTEM:
The unit of force is the pound (Ib).
If F is measured in pounds and d in feet, then the
unit for W is a foot-pounds (ft-1b).

Warning: While 50 newtons is a force, 50 kilograms
is NOT a force. To convert 50-kilograms to newtons

(on earth), you need to multiply it by 9.822 :
s

50kg = 50(9.8)N
A

A
mass force

On the other hand: 50 pounds is already a force.

Assume now that a variable force f{(x) (not necessarily constant) is
acting on an object in a linear direction from a point a to a point . How
should work be defined in this situation? Like this:
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Partition the interval [a, b] into a number of subintervals of
length Ax;. If Ax; is relatively small, then we are justified in
assuming that the force acting on the object throughout that
small interval is essentially the constant: f(x;) , where x; is
some chosen point in Ax; (see Figure 5.9). It is therefore rea-
sonable to stipulate that the work AW, required to move the
object through the interval Ax; can be approximated by
AW, = f(x;)Ax; .
-~ AﬂWi ~ flx;)Ax,
| !Ax-| |

1

X

N
S—

Figure 5.9
We can all agree that the approximation will improve as we make the
partition finer and finer; forcing us to:
We can all agree that the approximation will improve as we make the
partition finer and finer; forcing us to:

DEFINITION 5.8 The work done by a continuous force f{x)
along the x-axis fromx = a tox = b is:

A Riemann Sum

b
W= lim $"f(x)Ax; = j bf(x)dx

Ax—0

In the following example we invoke Hooke’s Law which asserts that
Elkss o sermanios the force required to maintain a spring’s position when stretched or
effect providing xis compressed x units beyond its natural length is proportional to x:

not “too large.” . . .
g f(x) = kx, where k, called the spring constant, is measured in force
units per unit length.

EXAMPLE 5.27 A spring has a natural length of % meter. Deter-

mine the amount of work it will take to stretch
the spring to 1 meter, if a force of 25 newtons

stretches the spring to a length of % meters.

SOLUTION: We begin by finding the spring constant £:

: 3 1 1
force = k(displacement): 25 = k- (___) = -k
Note on units: 4 2 4
1
W = lim kaAxi k =100 N/m
Ax—0 1
El\\ Turning to Definition 5.8 and Hooke’s Law:
W 7 s
m W= [*fix)dx = [*100xdx = 50x2|_ = 220 = 2=
N J-Of(x)x J-O xdx x|0 1 ) J
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Answers: (a) % ft-1b

1
(b) 3 filb

“Approximately” since
only the point in Ax that
is exactly xunits from
the indicated end-point
of the chain is lifted pre-
cisely 15-x feet.

Answer: 3072 ft-1b

CHECK YOUR UNDERSTANDING 5.26

A spring exerts a force of 1 pound when stretched % foot beyond its

natural length.

(a) What is the work done in stretching the spring i ft beyond its
natural length?

(b) What is the work done in stretching it an additional % foot?

A 12 foot chain that weighs 2 pound per foot
is lying on the ground. Determine the work
done in lifting the chain so that it hangs from
a beam that is 15 feet high.

EXAMPLE 5.28

SOLUTION: Cut the 12 foot chain into Ax pieces and lift those pieces
to arrive at the hanging chain in Figure 5.10. Since the Ax piece

weighs (Ax ft)(2 %} = 2Ax lb, the work done in lifting it a (verti-

cal) distanceof d = 15 —x ft,is givenby AW = 2Ax(15 —x) ft-1b.

= |
N . X
- VA
/ — ?\
A /’ 15— x
eé'\ ~
\'& _ ~ 15
s
-
s
1 !AX| ¢ I
I |I%X—
12 ft
o Figure 5.10
Bringing us to:
A Riemann Sum
12 =
W= lim $2(15-x)Ax = j (30 — 2x)dx = 216 ft-Ib
Ax—>0 0 0

CHECK YOUR UNDERSTANDING 5.27

A 100 pound bag of sand is lifted for 8 seconds at the rate of 4 feet
per second. Find the work done in lifting the bag if the sand leaks out
at the rate of 1 pound per second.




As previously noted,
while pound is a unit of
force, gram is not — it is
a unit of mass. Invoking
Newton’s Law: F = ma.
Here, the acceleration is a
consequence of the force
of gravity which, near the
surface of the earth, is

approximately 9.8 m/ st

Answer: 17,1507 J
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EXAMPLE 5.29 A vertical cylindrical tank of radius 2 m and
height 6 m is full of water. Find the work
done in pumping out all of the water from an
outlet at the top of the tank. (The density of

water is 1000 kg/m3 )

SOLUTION: The adjacent water-disk of volume < 23
) _ 3. : LN
m-2%-Ax = 4nAx m”~ is to be lifted a dis- ) T A
tance of X m, where x is some chosen point in LN
the interval Ax. Here is the mass of that disk: TN )‘C 6
|
3 k il [l
AmAxm’ - 1ooom—§ = 4000mAx kg N “)
N

Here is the force needed to overcome the force
of gravity in order to lift that mass (see margin):

(4000 Ax kg)(9.8£§) = 4000(9.8)mAx N_
S

newton

Here is the work done in lifting the indicated water-disk x meters:
AW = (4000(9.8)mAx)x I,

joule

And here is the total work done to empty the entire tank:

A Riemann Sum

v 6

W = lim 24000(9.8)7CXAX = 39200nj xdx
Ax—0 5 0

~ 39200m] 6
= 7| 3

3920071(%2-6-) ~22x10% ]

CHECK YOUR UNDERSTANDING 5.28

An inverted circular cone of height 3 m and S |
radius 1 m is filled with water. Find the work ! <>
done in pumping out all of the water from 1 %

m above the top of the tank. 3

(The density of water is 1000 kg/m".) l
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EXERCISES

Exercises 1-6. (Arc Length) Express, in integral form, the length L of the graph of the function
over the specified interval. Use a graphing calculator to approximate L to two decimal places.

1. y=x2% 1<x<5 2y = l<x<3 3. y = J2x-5,4<x<9
2x+3
= 1 = 2 J— J—
4.y = sinx,0<x<2n |5 p=3x2+4x-5-2<x<2 | o y=xcosx,—§£x£0

Exercises 7-12. (Arc Length) Determine the length L of the graph of the function over the spec-
ified interval.

7. flx) = x32, [0, 8] 8.f(x) = (4-x213)>2, 0,1]
3 (D) 4 (D)
9 y:x__'_ij [1,2] Note.1+(dx) turns 10, yzx—-l-L, [2,3] Note.1+<d)) turns
3 4x out to be a perfect square 4 8 x2 out to be a perfect square

1L y=['Je-1di [1,2] 12, y=[NJio1dr, [2.3]

Suggestion: See Theorem 5.7, page 178. Suggestion: See Theorem 5.7, page 178.

2,2
13. (Arc Length) Express, in integral form, the length of the perimeter of the ellipse x_2 + Jb}_z =1
a

14. (Arc Length) Express, in integral form, the length of a cycle of the sine curve.
15. (w) Apply the arc length formula L = J.jA/l +[f'(x)]?dx to the unit circle x2+y2 = 1 to

dx = 1.

show that j-_l .

1 —x2

Exercises 16-30. (Work)

16. A spring is found to exert a force of 10 Ib when stretched 4 in. beyond its natural length.
(a) Find the work done in stretching the spring 1 ft from its natural length.

(b) Find the work done in compressing the spring 5 in. from its natural length.

17. A spring is found to exert a force of 25 N when compressed 200 cm beyond its natural
length.
(a) Find the work done in stretching the spring 100 cm from its natural length.

(b) Find the work done in compressing the spring 50 cm from its natural length.
(c) How far will a force of 10N stretch the spring?

18. A spring has a natural length of 1 ft. A force of 8 oz. stretches the spring to a length of % ft.

(a) Find work required to stretch the spring to 1 ft beyond its natural length.
(b) How far will a force of 1 1b stretch the spring?



19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
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Find the natural length of a spring, given that the work done in stretching it from a length of
2 feet to a length of 3 feet is one-half the work done in stretching it from a length of 3 feet
to a length of 4 feet.
A spring has a natural length of 1 m. A force of 12 N compresses the spring to a length of
0.7 m.

(a) Find the work required to stretch the spring to 0.4 m beyond its natural length.

(b) How far will a force of 10 N compress the spring?

Find the natural length of a spring, given that the work done in compressing it from a length
of 1 m to a length of 75 cm is twice the work done in stretching it from a length of 1 m to a
length of 2 m.
Find the natural length of a spring given that the work done in stretching it from a length of
1 ft to a length of 1.5 ft is half the work done in stretching it from a length of 1.5 ft to a
length of 2 ft.

Given that a work W is needed to stretch a spring from its natural length / ft to a length of
[+ a ft, find the work done in stretching the spring from a length of / + a ft to a length of
[+2a ft

A vertical cylindrical tank of radius 2 feet and height 6 feet is full of water. (Water weighs
62.5 pounds per cubic foot.) Find the work done in:
(a) Pumping out all of the water from an outlet at the top of the tank.

(b) Pumping out all of the water from an outlet that is 1 foot above the top of the tank.
(c) Pumping out half of the water from an outlet at the top of the tank.
An inverted circular cone of height 3 ft and radius 1 ft is filled with a liquid weighing

6 0z/in" . Find the work done in:
(a) Pumping out all of the liquid from an outlet at the top of the tank.
(b) Pumping out all of the liquid from an outlet that is 1 foot above the top of the tank.
(c) Pumping out half of the liquid from an outlet at the top of the tank.
A chain lying on the ground is 5 m long and has a total mass of 50 kg. How much work is
required to raise the chain to a height of 7 m?
A 25 foot rope weighs 4 oz/ft is lying on the ground. How much work is required to raise
the rope to a height of 30 ft?
A 40 ft cable weighing 2 1b/ft hangs from a windlass. How much work is required in
winding up 25 ft of the cable?
A bucket of sand that weighs 50 pounds hangs from a 20 foot cable that is attached to a
beam that is 75 feet above the ground. Find the work done in lifting the bucket to the beam
if the cable weighs 2 pounds per foot.
A bucket that weighs 50 1b is attached to the end of a 15 foot rope lying on the ground
weighing 3 oz/ft. The rope is lifted and attached to a 30 ft beam. Initially the bucket con-
tained 25 Ib of liquid which is leaking out at a constant rate. How much work is done if:
(a) All of the liquid finishes draining just when the bucked reaches its final destination?

(b) All of the liquid finishes draining when the bucket is 10 ft from the ground?
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Exercises 31-36. (Center of Mass (Gravity) [On Line]) The center of mass of an object (or sys-
tem of objects) is the point at which the object (or system of objects) would balance if positioned
at a the head of a pin positioned at that point.

Consider the seesaw in the adjacent figure with indicated masses m,
m,, m, . In accordance with the lever law of physics, balance will occur O <=4 —>lcd) ]

Xl % X
if m,d, = m,d,. Consequently, the center of mass occurs at the point x /=
2
where Z m;(x;—x) = 0.More generally, if n masses, m,, m,, ..., m, are positioned along the
i=1
x-axis at points x,, X,, ..., X,,, then the center of mass occurs at that point x satisfies the equation
n
Z L
n n n .
i=1 i=1 i=1 -
> m
i=1
Generalizing further, if 8(x) is the density function (mass per unit of |Ax|
length) of a rod of length / then its center of mass is given by 0 \/ !
! / can be appr;ximated by
lim Z[S(x)Ax](x—)_c) = I (x—Xx)0(x)dx = 0 a point of mass 5(x)Ax
Ax—0 0 /
0
l l [ x8(x)ax
:»j x5(x)dx—xj 3(x)dr=0=>%=L—
0 0 [ 8Cxyax
0
31. Find the center of mass of a system consisting of a 10 pound weight at x = —5 and a 15
pound weightat x = 3.
32. Find the center of mass of a system consisting of a 10 pound weight at x = -5, a 15 pound

weight at x = 3, and a 2 pound weight at x = 7

33. A system consists of a 10 pound weight at x = —5 and a 15 pound weight at x = 3. What
size weight needs to be positioned at x = 7 for the center of gravity of the system to be at
x =07

34. A system consists of a 10 pound weight at x = —5 and a 15 pound weight at x = 3.
Where should a 5 pounds weight be positioned in order for the center of gravity to occur at

x =172

35. The density of a 10 foot rod, as measured from end-point A, is given by 6(x) = 1+ {C—Olf]%
Find the rod’s center of mass.

36. The density of a 7 meter rod, as measured from end-point A, is given by o(x) = 2+ %Ckag .

Find the rod’s center of mass.
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Exercises 37-39. (Center of Mass (Gravity) [In Plane]) Generalizing the mass-concept to a sys-

tem of n points (x, ), (X5, ¥5), ..., (x,,¥,) in the plane with respective masses m, m,, ..., m,
we find that the system has center of mass (X, y) is given by the equations:
n n
z m;x; Z m;y;
i .
X=- y=- *)
hn n

2 MM

37. Determine the center of mass of a 1sys‘[em con:si_s:[ing of ten pounds at (1, 3), twenty pounds
at (-2, 2), and four pounds at (-1, 8).

38. A system consists of ten pounds at (1, 3), twenty pounds at (-2, 2), and four pounds at
(-1, 8). What size weight needs to be positioned at the origin for the center of gravity of
the system to be at the origin?

39. A system consists of ten pounds at (1, 3), twenty pounds at (-2, 2), and four pounds at

(=1, 8). Where should a five pound weight be positioned in order for the center of mass of
the system to be at the origin?

Exercises 40-45. (Center of Mass (Gravity)) Let f(x) > g(x) over the 1
interval [a, b]. To determine the center of mass of a region of uniform \_, ./ﬁﬁ%gm
density p that is bounded above by the graph of £, below by the graph of
g, and on the sides by the vertical lines x = a and x = b, we proceed as a\A bLg
follows. Partition the region with vertical strips of base Ax and height

f(x) — g(x). Next, concentrate the mass [f(x) — g(x)]Axp of that strip at (x, y), where x € Ax

and y = WTg(x) (half-way up the strip). Returning to the formulas for ¥ and y in (*) of
Exercises 37-39 we see that:
b b
[+t - g 5[ o -1grdx
%= ab and y=-—4 2
[ 10 - gdx [ 10 g
a a

Find the center of mass of the finite region bounded by the graphs of the given functions and lines.
Assume that the region is of uniform density.

40. f(x) = x4,y = 0,x = 0,x = 2 41. f(x) = x4,y = 0,x = 0,x = 1
42. f(x) = x,g(x) = x4 43. f(x) = x,g(x) = x2

44. fx) = 4—x2, g(x) = af;_l 45. f(x) = 2.Jx, g(x) = x
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Exercises 46-54. (Fluid Force) If a tank contains a fluid weighing w 1b/ f® , then the pressure

exerted by the fluid at depth d is wd 1b/ ft” in all directions. In particular the fluid force on a

horizontal surface of area 4 at depth d is wd - A pounds (equal to the weight of the column of
fluid above the surface).

Consider, now, a vertical surface submerged in a fluid of constant Fluid surface
weight-density w. Partitioning [a, b] in the usual way we find the force | bl
. y
area of strip
. . . . . l Ay
on the indicated horizontal strip: AF = wyL(y)Ay ; leading us to al | —
depth of strip Lo)

the formula for the fluid force exerted on the submerged surface:

b

. b

F= lm YF = L(y)d

Ayéoz w( yL(y)dy
a

Determine the fluid force on the indicated vertical region when submerged in a liquid of weight-
density w (in pounds per square feet).

46. 47. 48.
2 ft 1 1ft 2 ft
T T 5 ft
1? 4 ft 5 f
I 6 ft 3 5t
49. 50. 51. 7
I2ﬂ ISﬂ 4t
16 ft v
T
2 ft 2 ft | 1\
6 ft 6 ft |iﬂ
2 ft 2 ft 7T

52. Find the force on a circular gate of diameter 4 ft in a vertical dam where the center of the
gate is 20 ft below the surface if the water. (Weight density of water = 62.4 1—b3)
ft
53. A swimming pool is 20 ft wide. The water is 3 ft deep at one 20 i
end at 10 ft deep on the other end. Find the force of the wateron 4 | ft

b 10 ft
=) I

ft

54. Show that if a vertical surface descends vertically at a constant rate, then the fluid force on
the surface increases at a constant rate.

one of the 20 ft sides. (Weight density of water = 62.4
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CHAPTER SUMMARY

ANTIDERIVATIVE

An antiderivative of a function f is a function whose deriv-
ative is f.

INDEFINITE INTEGRAL

The collection of all antiderivatives of f is denoted by
J- f(x)dx. In other words

[fx)dx = g+

THEOREMS

xr+1 .
Y 4 C(fre-1)
r+1

x'dx =
sinxdx = —cosx + C

cosxdx = sinx +C
2
sec xdx = tanx + C
2
cscxdx = —cotx+C

secxtanx dx = secx + C

—), o e e

cscxcotxdx = —csex+C

DEFINITE INTEGRAL

A function f'is said to be integrable over the interval [a, b]
b

if lim Z f(x)Ax exists. In this case, we write:
Ax—>0

a

b
jzf(x)dx = A}Cir_l)loz f(x)Ax

and call the number J.ab f(x)dx the integral of fover [a, b].

a
In addition: _[ f(x)dx = 0 for any function containing a in
a

its domain.

THE PRINCIPAL THEOREM
OF CALCULUS

If f is continuous on [a, b] then the function 7 given by
X

T(x) = I f(t)dt is continuous on [a, b] and differentiable
a

on (a, b), with T'(x) = f(x).
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THE FUNDAMENTAL
THEOREM OF CALCULUS

If fis continuous on [a, b] and if g'(x) = f(x), then:

b
[ fxydx = g(b)-g(a)

THEOREMS

[ 1) + gldx = [ A+ | gx)ds
[ -0t = [ [ g

b b
I cf(x)dx = ¢ I f(x) for any constant c.
a a

b c b
j f(x)dx = j f(x)dx + j f(x)dx (for a<c<b)

NET CHANGE FROM RATE
OF CHANGE

The net-change from x = a to x = b is given by:

b
Net- change = J f(x)dx
a

U-SUBSTITUTION METHOD

If F'(x) = f(x), then:

[ Mlg@)lg' (x)dx = Flg(x)]+C
To soften the appearance of the above result, one makes the
substitution: ¥ = g(x) to arrive at:

| le@)] g'@)dx = Flg)]+C

j}(u)“dx — F(u)+C

AREA BETWEEN CURVES

Let f'and g be continuous over the interval [a, b]. The area
between the graph of those functions between x = a and
x = b is given by:

b
A= [ 1fx)-gx)ldx

VOLUME OF A SOLID OF

REVOLUTION
(DISK METHOD)

Let f be nonnegative and continuous over the interval
[a, b]. The volume of the solid obtained by rotating, about
the x-axis, the region bounded above by the graph of the
function f, below by the x-axis, and on the sides by x = a
and x = b, is given by:

b
V=mn .[ [£(x)]?dx
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VOLUME OF A SOLID OF

REVOLUTION
(WASHER METHOD)

Let fand g be nonnegative and continuous over the interval
[a, b] with f(x) > g(x). The volume of the solid obtained

by rotating, about the x-axis, the region bounded above by
the graph of the function f, below by the graph of g, and on

the sides by x = a and x = b, is given by:
b
V=rn-[ ([0~ [g(x)]?)dx
a

VOLUME OF A SOLID OF

REVOLUTION
(SHELL MEHTOD)

Let f and g be continuous over the interval [a, b] with

f(x) > g(x). The volume of the solid obtained by rotating,
about the y-axis, the region bounded above by the graph of
the function f; below by the graph of g, and on the sides by

x = a and x = b, is given by:

b
V= 2nj x[f(x) - g(x)]dx

ARC-LENGTH

The length of y = f(x) from atob is:

L= jb /1+(;’_y2dx = ij/1+[f'(x)]2dx

WORK

The work done by a continuous force f{(x) along the x-axis
fromx = atox = b is:

W= j bf(x)dx
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CHAPTER 6

ADDITIONAL TRANSCENDENTAL FUNCTIONS

§1. THE NATURAL LOGARITHMIC FUNCTION

The familiar integration formula

xrt1
=L I x'dx = +C
t r+1
is a meaningless expression if » = —1 (why?). Fine, but since for any
area = Inx

x>0 the function f(¢) = % is continuous throughout its domain, we

know that jf %dl yields a number for any x >0 (see margin). This

number is denoted by Inx. Formally:

DEFINITION 6.1 The natural logarithmic function, denoted
by Inx, has domain (0,©) and range
(—o0, ), and is given by:

Inx = J‘f%dt

Inx = —(area)

Thinking in terms of area, and recalling that J‘: f(x)dx = —Iba f(x)dx,

we note that Inx is negative for 0 <x <1 (see margin). Continuing to
think in terms of area we obtain the (anticipated) graph of Inx:

X 1
Y
y = Inx
|
1
e
1 A X
Note: € ~2.718 is, by definition,
that number such that Ine = 1.
why is Inl = 0?

Figure 6.1
The above graph suggests that the derivative of the natural logarith-
mic function is positive throughout its domain. But what is §lnx?

X
Here is the answer:

THEOREM 6.1

= —

4 Inx
dx
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PROOF: A direct consequence of the Principal Theorem of Calculus
(page 178).

As was anticipated, (Inx)’ = 1 is positive throughout the domain of
X

Inx. Figure 6.1 also suggests that the graph of Inx is concave down
throughout its domain; and it is:

" 1, —1\ _ 1
(Inx) :()—c) = (x7 1 =—1x2=—x—2<0

EXAMPLE 6.1 Differentiate the given function.
(@) flx) = In(sinx)  (b) g(x) = SnUnx)

%2
SOLUTION:
. | 1
r— 1 (- . [ - . — t
(@) [f(x)] [In(sinx)] smx(smx) Sinx cosXx = cotx
the chain rule: (In[])’ = L 0’

(I

(b) i[sin(lnx)} _ x?[sin(Inx)]’ = [sin(Inx)](x?)’

dxL  x? x4

_ x?[cos(Inx) - (Inx)'] = [sin(lnx)] - 2x
X4

xz[cos(lnx) : 1} —[sin(Inx)] - 2x

X

x4

_ cos(Inx) —2sin(lnx)
3

X

Answer:
(@) 3x%Inx? + 257 CHECK YOUR UNDERSTANDING 6.1

xIn2xsec”x — tanx
®) x(s f;zx)z - Differentiate the given function:

1

(©) = 3 a2 tanx

xInx (a) x°Inx (b) o (¢) In(Inx)

Does the expression In|x| make sense? Sure, as long as x # 0 [for the
natural logarithmic function is defined for all positive (real) numbers].
We can say more:

THEOREM 6.2 Forany x#0:
d

aln|x| =

1
X

PROOF: Case 1: x> 0.
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iln|x| =

dx

Inx

d
dx

= =

— Il

heorem 6.1

Case 2: x<0.

L (inlx) = Lin(-x) : () = (D) =

= =

chain rule

Turning Theorem 6.2 around, we have:
So, the “ugly duckling”

x~! can finally boast of THEOREM 6.3 J‘-l-dx = Inlx|+C
having an antideriva- X
tive: Inlx| .
EXAMPLE 6.2 Determine:
x2 elnx
(a)jx3 e (b) L —dx
SOLUTION:
(a) x? 1p1 1 1
——dx = =| -du= = +C =zInlx3+1|+
Ix3+1dx 3Iudu 31n|u| C 3ln|x 1|+cC
u = x3 +1
du = 3x2dx
2dx = %du
whenx = e,u = Ine = 1|
b | # = Inx | v n
b) 1 eln—xdxz J-ludu=u— -1
du = =-dx I x 0 2 0 2
x |
whenx = 1,u = Inl = 0]
CHECK YOUR UNDERSTANDING 6.2
Answer:

- Perform the indicated operation:
(a) §1n|5x +2/+C

7 5 dx
(b) In(In5) (@) st+2dx ®) L'xlnx

You were exposed to logarithmic functions of base b in precalculus, at
which time you encountered the following logarithmic properties:

log, xy = log,x +log,y
logbi = log, x —log,y

log, x" = rlog,x
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A general proof of (c) is
offered in Section 3, fol-
lowing the formal defini-

tion of x” .
Note:

2/3 — (51/3y2 = (52y1/3
5 (5°°)° = (59)

but what is 5™?

Answer: See page A-33.

That’s all well and good, except for the fact that one needs the calculus
to define the general logarithmic functions log,x . This we shall do in

Section 3. For now:

THEOREM 6.4 For any positive numbers x and y and any real

number r:
(a) Inxy = Inx+ Iny

(b) ln;—i = Inx — Iny
(c) Inx" = rinx

PROOF: We establish (a), and ask you to prove (b) in CYU 6.3. You
are invited to verify (c) for » a rational number in the exercises (see
margin).

(a) Consider the function Inax, where a is an arbitrary positive
constant. Note that (Inax)’ = (Inx)’:

r— i r— i . — 1 " l
(Inax) ax(ax) v i and (Inx)

It follows from CYU 4.3, page 124, that Inax and Inx can only
differ by a constant:

Inax = Inx+c¢ (%)
Evaluating the above equation at x = 1 we find that:
Ina=Inl+c=c = Ina (since Inl = 0)
Returning to (*) we have: Inax = Inx + Ina.

Replacing the arbitrary positive constant a with the variable y
brings us to: Inxy = Inx + Iny.

CHECK YOUR UNDERSTANDING 6.3

Use Theorem 6.4(a) and (¢) to verify Theorem 6.4(b).

Here are four additional basic integration formulas for your consider-
ation:

THEOREM 6.5 (a) J-tanxdx = In|secx| + C

(b) '[cotxdx —In|cscx| + C

@) jsecxdx = In|secx + tanx| + C

(d) .[cscxdx = —In|cscx + cotx| + C
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We establish (2) and (¢} PROOF: (a) [tanxdx = jﬂ‘lfdx | Law = “Inju + C
and invite you to verify CosXx u
(b) and (d) below. 4 = cosx = —In|cosx| + C

du = —sinxdx  Theorem 6.4(c): = In|cosx|~! + C
= In|(cosx)~!| + C
= In|secx| + C
a clever 1

\Z
secx + tanxd u = secx + tanx
—_—ax
secx + tanx

(c) J-secxdx = J.secx-
du = (seczx+ sec tanx)dx
_ J-seczx+ sectanxdx M j@

secx + tanx u

In|u| + C

In|secx + tanx| + C

CHECK YOUR UNDERSTANDING 6.4

Establish:

Answers: See page A-33 (a) J‘cotxdx = —In|cscx| + C  (b) J‘cscxdx = —In|cscx + cotx| + C

EXAMPLE 6.3 Determine the area A of the region bounded
above by the function f(x) = %1, below

X
by the line y = —1 and on the sides by the y-
axis and the line x = 1.

SOLUTION: Since the function f'is nonnegative throughout the inter-
val [0, 1]:
dominant subordinate
1 ; v 1 1
_ x _ x
4= J.o(x2+ 1 _(_1))dx jo(x2+ l)dx+J-oldx

| /

u=x2+1 whenx =0,u = 1 1¢2 du 1

du = 2xdx whenx = 1,u = 2 - =2 17 +x|0

1 2
= 5(Inful[}) + 1

= %(ln2—ln1)+l = =ln2+1

Inl = 0—/]\

N =
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Answer: nt(4.e—3)

Answer:

flx) = %ln|2x+ 1+x2+x+1

CHECK YOUR UNDERSTANDING 6.5

Find the volume obtained by revolving the region that lies above the

interval [1,e] and below the graph of the function f(x) = L,

Jx

about the line y = —1.

EXAMPLE 6.4 Solve the second-order differential equation

() = L2 if (1) = L and (1) = 3.
X 3

SOLUTION:
-1 3
fx) = j(}éwsz)dx = J.(x‘2+x2)dx = )i—1+%+c
since f'(1) = %; %=—1+%+C:C =1
At this point we have: f(x) = _)lc wL%3 + 1. Hence:

3 4
flx) = J‘(—)lc+%+l)dx = —In|x| +)lc—2+x+C
sincefil) =3: 3 = —In(1)+=+1+C =>C =2
A 12 12
0
4
Final answer: f(x) = —In|x| + 2= +x + 23
12 12

CHECK YOUR UNDERSTANDING 6.6

+2x+ 1if f(0) = 1.

Solve the differential equation f'(x) =
2x+1
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EXERCISES

Exercise 1-18. (First Derivative) Differentiate.

1. h(x) = x*Inx 2. f(x) = xInx3 3. h(x) = Inx?+ (Inx)?
4. g(x) = (xInx3)* 5. g(x) = sinxIlnx 6. h(x) = cos(Inx)
7. f(x) = In(cosx) 8 h(x) = In[In(x+1)] 9. flx) = sinx
' nx
.2
10. fix) = —Slln—rg—c 11. f(x) = [In(x2+1)]? 12. h(x) = sin"x - Inx
13. h(x) = JxInx 14. f(x) = tan(Inx) 15. f(x) = In(secx)
16. g(x) = /lnﬁ 17. flx) = sin(Inx2) 18. f(x) = xsinxlnx
. . . d*y
Exercise 19-24. (Second Derivative) Determine ﬁ
X
19. y = Inx 20. y = xInx 2,y = X
' Inx
22. y = x2(Inx)? 23. y = Jxlnx 24, y = ﬁlntdt

Exercise 25-26. (Composite Functions) Determine the derivative of the composite function.

(a) (goN)(x) (b) (fog)(x) (c) (foN)(x) (d) (gog)(x) if:
25. f(x) = 3x2+x and g(x) = Inx 26. f(x) = — and g(x) = In(x+1)

Exercise 27-30. (Tangent Line) Determine the tangent line to the graph of the given function at
the indicated point.

27. y = 2lnx atx = 1 28. y = xlnx atx = 1 29. y = In(sinx) atx = TEE

30. (Implicit Differentiation) xZlny +x2—-2y3 = —1 at (1, 1)

31. (Point of Tangency) Find the point on the graph of f{x) = Inx at which the tangent line
passes through the origin.

Exercise 32-42. (Integration) Evaluate.

xz — X+ 5 Sinx
32. j—2 dx 33. jx3+2 N | =
3. [& 6. [ 3mUnY) g 37, [slnm)g,
xInx? X X
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38. Ixtanxzdx 39 J‘de 40. I_sgg(;ly_x_)dx
Jx
i i sin2x
41. jE cotxdx 2. [P
3 I +cos™x

Exercise 43-46. (Differential Equation) Solve for f{(x).

43. f’(x) — X lff(O) =72 44. f,()C) = tanx lff(O) = e

x2+1
45. fl(x) = )lclnl if fle) = 1. 46. f'(x) = L it £((1) = 1 and f(1) = 0
X X

Exercise 47-48. (Graphing) Sketch the graph of the given function.

47. f(x) = =In(-x-5) 48. f(x) = In(x2-x-2)
49. (Area) Determine the area 4 of the region bounded above by the graph of the function y = 1 ,

X

below by the line y = —x, and on the sides by the vertical line x = 1 and x = e.

50. (Area) Determine the area 4 of the region that lies above the interval [e, 5] and below the
2
graph of the function f(x) = X
+1

51. (Volume) Find the volume obtained by revolving the finite region bounded by the graphs of

the functions f(x) = x2, g(x) = L , and the line x = e about the x-axis.

X

52. (Learning Curve) A study has shown that the number, N(¢), of words per minute that an
individual can type, after ¢ hours of practice, is given by:

N(t) = 10+ 6In¢, 0<1<500
Determine the rate of change of N(t) after:
(a) 10 hours of practice. (b) 100 hours of practice.

53. (Work) Determine the work done by a force of 1 N along the x-axis fromx = 2 tox = 9.
X

54. (Arc Length) Find the length L of the graph of the function f(x) = x2 — h%x over the interval

[1, e].
55. (Maximum Velocity) A particle moves on the x-axis in such a way that its velocity is given

byv = l%t for £ > 1. At what time will velocity be greatest?

56. (Theory) (a) Find a formula for the n derivative of f{x) = In(cx), for ¢>0.
(b) Use the Principle of Mathematical Induction to establish your answer in (a).

57. (Theory) Show that Inx” = rlnx for any rational number » and any x > 0.
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§2. THE NATURAL EXPONENTIAL FUNCTION

We begin by reminding you that:

* The domain of a function f'is the set D, on which /" “acts,” and
its range is the set R /- of the function values (see margin).

» A function f is one-to-one if for all @ and b in Dy:
a+#b= f(a)#f(b) (see margin and page 11)

* Let fbe a one-to-one function with domain D, and range R,. The
inverse of f, denoted by /1, is that function with domain R, and
range D, satisfying the following conditions (see page 13):

(f~'of)(x) = x foreveryxin D,
and (fof H(y) = y foreveryyin R,

In other words:

)] = x

and  f[f'0)] =y

MOVING ON:

The previously encountered graph of the natural logarithmic function
f(x) = Inx displayed in Figure 6.3(a) reveals that it is a one-to-one
function, with domain D, = (0,00) and range R, = (=0, ). The
inverse of that function [with domain (—oo, o) and range (0, ©)] is
called the natural exponential function, and denoted by e*. In partic-

EXPONENTIAL . .
FUNCTION ular, since Inx and e* are inverses of each other:
For any real number x: Ine* = x, and, for any xi 0: elnx = x
why?
Employing Theorem 1.3, page 14, we arrive at the graph of y = e*
in Figure 6.3(b), and highlight it exclusively in Figure 6.3(c).
= ex Y
y y y Va y y = ex
/
/
/
1 /
< — — s
| %
1
1 e X / 1 X
/
/
/
y = Inx y/ — y = Inx X
(a) (b) (c)

Figure 6.2
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The exponential function is particularly pleasant in that both its deriv-
ative and integral are again itself:

THEOREM 6.6 Do o and [erds = e C

PROOF: Accepting the fact that the exponential function is differen-
tiable throughout its domain we can easily establish the first part of
the theorem:

Since e* is the inverse of Inx: ln(ex ) =X
[In(e¥)] =

Chain Rule: l (e¥) =1
X

I
=

Multiply both sides by e*: (e¥) = e*
And the second part is even easier:

Since e* is an antiderivative of e*: jexdx =X+ C

EXAMPLE 6.5 Differentiate the given function.
(a) f(x) = e*sinx (b) g(x) = e'lnx
SOLUTION:

(a) (e¥sinx)’ :,]\ e*(sinx)’ + sinx(e*)’ = e*cosx + sinx - e*

product rule = e¥(sinx + cosx)
(€¥)' = ¥ = [e8W]" = 8™ g'(x) (the Chain rule)
i x2Inx \l,: xﬂnxi 2
(b) dx(e ) =e dx(x Inx)
= ex”nx[xzc%clnx + lnx%(xz)}

2
— elenx(x_ _|_ lnx . 2x) = elenx(x + 2x1nx)

X
Answer:
(a) &Glnx—1) CHECK YOUR UNDERSTANDING 6.7

x(Inx)?2

(b) Jer(x + 1) Differentiate the given function.

2.Jx X y:
© Lo 2) @f0) = =+1  (0)gx) = Jxet () hx) = xedt

26 X
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EXAMPLE 6.6 Perform the indicated operation.

(@) |xe** " ldx (b) —dx
I e
Alternative substitution: 1 1
2+1 . +1 — — 2 _ 241
u = et SOLUTION: (a) Ixex dx = 2.|' e'du = 2e“ +C = ¢ eI +C
du = e - 2xdx u—x2+l
etc. du = 2xdx
A
(b) Ifgdx = ZIfe“du = 2e”ﬁ = 2(e?2—-e)
Jxo ~_
u=A/)—c:x=13u=1,x=42u=2
-
du = 2J;cdx
CHECK YOUR UNDERSTANDING 6.8
Perform the indicated operation.
A : -
e () (a) [rsinexdx (b) [ cosxe~Smdx

EXAMPLE 6.7 Sketch the graph of the function:
fix) = €
X
SOLUTION: As is our custom, we will first attempt to get a sense of the

graph of / directly. Noting that e* is always positive (margin) and that
a vertical asymptote occurs at x = 0 takes us to Figure 6.4(a).

SIGN f: ———o0 + Anticipated Graph:
0
y
y \ \?
[
1
X A 9 X
(*) v
reading on you will
\ find that = 1.
(a) (b)

Figure 6.3
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. er
Since e* tends to zero as x — —o0, so must — (and even at a faster rate
X

since the denominator is getting bigger and bigger) [see (*) of Figure
6.4(b)]. Moreover, since e* is increasing faster than x to the right of
the origin, we expect that the graph of /' will head back up towards oo
as x > o [see (**) of Figure 6.4(b)]. These observations bring us to
the anticipated graph of f'in Figure 6.2(b).

If our anticipated graph is on target, then the first derivative of f must
be negative for x € (—o0, 0), as well as between 0 and some positive x
(“?” in Figure), at which a minimum occurs; after which the derivative
will be positive. In addition, the second derivative must be negative on
(—o0, 0), and positive from zero on. This is indeed the case:

' ex) ' , (xex — ex)'
x) == x) =
NOBIC @) = (%5
_xe¥—e* _ eX(x—1) _ x2(xe* —e¥) — (xe* —e¥)(x2)
2 2 ~ 4
X X [N - X
dec pp dec ¢ ine _ x2[(eX+xe¥) —e¥] — (xe¥ —e¥)2x
o1 o
SIGN 7' (x) _ x2e¥—2xe¥+2e* _ e¥(x2-2x+2)
x3 x3
concave down C A
SIGN f"(x): = 6 T
(note that e* and x% — 2x + 2 are always positive)

Answer: See page A-34.

The general exponent for-
mulas appear in the next
section, following the
definition of f(x) = a*
forany a>0.

CHECK YOUR UNDERSTANDING 6.9

Sketch the graph of the function f(x) = ¥~ 1.

As might be expected:
THEOREM 6.7  For all real numbers a and b :

(a) e”eb — ea+b
e_a — ,a—b

®) % =

(©) (&) = e

@er =1
ex



You are asked to estab-
lish (b) in CYU 6.11;
and (c) and (d) in the
exercises.

Answer: See Page A-35

An alternate form:

. N
lim (1+—) =e
n—> o n

(How?)
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PROOF: [Proof of (a)] We observe that In(e?e?) = In(e??):

In(e%e?) ’T Ine? + Ine® x a+b 7 In(e? )

Theorem 6.4(a), page 326 e* is the inverse of Inx

Since In(e%e?) = In(e?*?) and since the natural logarithmic func-
tion is one-to-one: e%e? = 4T b .

CHECK YOUR UNDERSTANDING 6.10

Prove: Theorem 6.7(b).

The irrational number e~ 2.718 is the solution of the equation
Inx = 1 (see Figure 6.1, page 223). Taking another approach:

THEOREM 6.8 e = lim (1 +x)l/x

x—0

PROOF: Let f(x) = Inx. Replacing “A” with “x” in the Definition 3.1,
page 66, we have:

1) = fim A0 1)y In(1+x) —Ind

x—0 X x—0 X
— Jim I £x) -0
x—0 X

= lim l1n(1+x)= lim In(1+x)1/*
x—>0X x—>0

Theorem 6.4(c), page 226

Since /(1) = 1 (recall that £(x) = 1):
X
lim In(1 +x)* =1
x—>0
lim In(1 +x)!/~>
ex~>0 P el

Theorem 2.5, page 58:  lim eln(1+0)"" = ¢
x—=>0

lim (1 +x)!/x = ¢
x—>0

EXPONENTIAL GROWTH AND DECAY

Certain quantities, like the number of living organisms in a population,
or the mass of a radioactive substance, vary at a rate proportional to the
amount present at any given time. The following result reveals the expo-
nential nature of such quantities.
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Note that at ¢ = 0,
A(t) = AO

THEOREM 6.9 If the rate of change of the amount of a sub-
EXPONENTIAL stance A(t) 1is proportional to its size:

R TH/DECAY
I(T;OI(I)I\YUL Ii ¢ %(?Q = kA(t), then the amount present ¢

units of time before or after an established ini-

tial time (¢ = 0) is given by the formula:
A(t) = Aoek’

where A4, denotes the initial amount of the

substance.

PROOF: From the given information A'(¢) = kA(t) we have:

4@ _ k In4(t)]" = '

—_— = t = (kt

a0 or [Ind(r)]" = (kr)

Recalling that if two functions have the same derivative then they can
only differ by a constant (CYU 4.3, page 124), we conclude that:

InA(¢) = kt+c
Applying the exponential function gives us:
elnA(t) = pkt+c
ey =y A(t) = ektte

Theorem 6.7(a): A (1) = ecekt (*)

Evaluating (*) at t = 0, we have:

A(0) = ee¥ = A4(0) = e
Replacing e¢ = A(0) in (*) with the more compact symbol 4, to
denote the initial amount A(0), we arrive at the formula
A(t) = Ayekt.

RADIOACTIVE DECAY

By emitting alpha and beta particles and gamma rays, the radioactive
mass of a substance decreases at a rate proportional to the amount pres-
ent. By definition, the half-life of a radioactive substance is the time
required for half of its original mass to decay.

Organic substances contain both carbon-14 and non-radioactive car-
bon in known proportions. A living organism absorbs no more carbon
when it dies. The carbon-14 decays, thus changing the proportions of
the two kinds of carbon in the organism. By comparing the present pro-
portion of carbon-14 with the assumed original proportion, one can
determine how much of the original carbon-14 is present, and therefore
how long the organism has been dead; hence how old it is. The next
example illustrates this method, called carbon-14 dating.



It is the value of £ that dis-
tinguishes one exponential
growth or decay situation
from another. Generally,
the first task in solving an
exponential growth or
decay problem is to deter-

mine the value of ef for
the situation at hand.

Answer: Approximately
22.7 days.
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EXAMPLE 6.8 A skeleton is found to contain one-sixth of its
original amount of carbon-14. How old is the
skeleton, given that carbon-14 has a half-life
of 5730 years?

SOLUTION: Let # = 0 denote the time of demise and A(¢) the
amount of carbon-14 present ¢ years later, then:

A(1) = Ayekt
A 1
A(t) = —29whent = 5730: EAO = A065730k
1
divide both sides by Ao 5 = 730k

5730k

'

This brings us to the exponential decay formula for carbon-14:

[ln(l/Z)}
A(t) = Aget 70

*)
We are told that the skeleton contains one-sixth of its original

A
amount of carbon-14, that is: A(¢) = ?0 . To find the skeleton’s age,

S ) .
we substitute —= for A(#) in (*), and solve for ¢

In(1/2)
4y _ Aoe[ 5730 Jl
6
[m(l/z)}t
Divide both sides by 4,: e °/30 4 = é
Apply In to both sides: [%Ji = lné
(= ST0I(I/6) s

In(1/2)
We conclude that the skeleton is approximately 14,812 years old.

CHECK YOUR UNDERSTANDING 6.11

!
3

days. How long will it take for the substance to decay to 1—16 of its

A certain radioactive substance loses = of its original mass in four

original mass?
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The number of individuals
in a population can only
take on integer values. A
sufficiently large popula-
tion, however, can safely
be described by a continu-
ous function.

Answer: ~70.75 years

POPULATION GROWTH

In an ideal environment, the rate of change of a population of living
organisms (humans, rabbits, bacteria, etc.) increases at a rate propor-
tional to the amount present. By definition, the doubling time of the
organism is the time required for a population to double.

EXAMPLE 6.9 The doubling time of E.coli bacteria is 20 min-
utes. If a culture of the bacteria contains one
million cells, determine how long it will take
before the culture increases to 9 million cells?

SOLUTION: We turn to the formula of Theorem 6.8, where 4(7) now
denotes the number of cells (in millions) present at time ¢ (in minutes):

From Theorem 6.9:  A(t) = A ek

Since A(1) = 24y whent = 201 24, = A0e20k

7 = 020k
In2 = 20k
_ In2
20
We now have the exponential growth formula for E.coli bacteria:
In2
Bl

A1) = Age

In particular:

In2
kol

Since there are 1 (million) initially, 4, = 1: A(t) =1-¢
To determine how long it will take for there to be [111_2} ¢
9 million cells, set A(¢) = 9 and solve for ¢: 9 20
= e
In2
In9 = [—}t
20
20In9
t = ~ 63
In2

We conclude that it will take approximately 63 minutes for the cul-
ture to increase from 1 million cells to 9 million cells. In other
words, in an ideal situation, E.coli bacteria will increase by a factor
of 9 approximately every 63 minutes.

CHECK YOUR UNDERSTANDING 6.12

The population of a town grows at a rate proportional to its popula-
tion. The initial population of 500 increased by 15% in 9 years. How

long will it take for the population to triple?
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EXERCISES

Exercise 1-22. (First Derivative) Differentiate.

1. flx) = e 2.
3. flx) = x3e* 4.
5. g(x) = e2*—2e* 6.
7. gx) = % 8.
9. g(x) = (x+e¥) 10.
11 flx) = (x2+e2)’ 12,
13. g(x) = esinx 14.
15. f(x) = e*sinx? 16.
17. g(x) = ta;’jz 18.
19. f(x) = In(x2+e*%) 20
21. fix) = e“ 22.

Exercise 23-24. (Implicit Differentiation) Determine

23. xe¥+Iny—x% =1 24,
. d?y
Exercise 25-30. (Second Derivative) Determine ﬁ .
X
25. y = xe* 26. y = esinx
28. y = sine* 29. y = eX¥cos3x

Exercise 31-32. (Composite Functions) Determine the derivative of the composite function.

(d) (gog)(x) if:

@) (goNH(x)  (B) (fog)(x)

31. f(x) = 3x2+x and g(x) = &* 32.

(© (foH(x)

gx) = e
g(x) = xer
flx) = x2e®
_x3+2
flx) = £

g(x) = (e

h(t) = (2te?' + %) + 500
f(x) = sine*

cos(sine¥)

flx) = In(sinx)

cose*

. f(x) = JeXlnx

flx) = e*e
dy

dx
In(e¥+1)—xy = x

27. y = Inxe*

30. y = J.xe“’“ldt

1

f(x) = e and g(x) = &*

Exercise 33-36. (Tangent Line) Determine the tangent line to the graph of the given function at

the indicated point.
33. y=e¥atx = 2

36. (Implicit Differentiation) xe” +ye*—xy = 3 at

34, y = xe*+Inx atx = 1

35. y = e¥sinx atx =

(0,3)

NIa

37. (Point of Tangency) Find the points on the graph of the function f{x) = e** where the slope
of the tangent line to the graph equals the function value.
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38. (Point of Tangency) Find a point on the graph of y = e3* at which the tangent line passes
through the origin.

Exercise 39-50. (Integration) Evaluate.

1/x
39. [x2e* dx 40. Igf‘dx 4. [dx
Jx X
er eX+ 1 e’/
42. jex_ldx 43.j - dx 44, J’ = dx
X X . ert+e™
45. Ie cose*dx 46. '[exsmexdx 47. I dx
ex_efx

T

In2
48. 3xd 7.
»[0 e 49. J-;esmxcosxdx

50. ({mxexzdx
Exercise 51-58. (Differential Equation) Solve.
! _ X2 : _
S /(x) = xe™ if /(0) = 2. 52. fi(x) = etnrsec’y if f@ =0
53. f"(x) = e if f{0) = f'(0) = 1. 54. f"(x) = e*if /(1) =1,f(1) = 2 and
(1) =2
55. Show that the function y = Ae ™ + Bxe™ satisfies the equation y” + 2y’ +y = 0 for all
real numbers 4 and B.

56. For what values of a does the function e satisfy the equation y” + 6y’ +8y = 07?
57. For what values of a does the function e~ satisfy the equation y" —5y" + 6y = 07?
58. For what values of a does the function e~ satisfy the equation " —y'—y =0 ?

Exercise 59-62. (Graphing) Sketch the graph of the given function.

59. flx) = xe* 60. fix) = & 61. f(x) = IHTX 62. f(x) = x%e*
X

63. (Area) Determine the area A4 of the region bounded above by the graph of the function
y = e2*, below by the graph of y = e~2*, and on the sides by the vertical lines x = 0 and
x = In2.

64. (Area) Find the positive number a such that the area lying below the graph of the function
y = e* and above the x-axis over the interval [—a, 0] is equal to that over the interval [0, 1].

65. (Volume) Find the volume obtained by rotation about the x-axis the region in the first quad-
rant that lies below the line y = e and above the graph of the function y = e*.

66. (Related Rate) The vertices of a rectangle are at (0, 0), (0, e¥), (x, 0), and (x, e¥). Ifx is
increasing at a rate of 1 unit per second, at what rate is the:

(a) Area increasing when x = 5?  (b) Perimeter increasing when x = 57?
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67. (Optimization) Show that the rectangle of greatest area bounded below by the x-axis and
above by the graph of the function f(x) = e*, has two of its vertices at the inflection points
of that graph.

Exercise 68-69. (Continuous Compound Interest) If an amount 4, is invested at an annual

interest rate of 7, and the interest is compounded continuously, then the amount 4(¢) accumulated
after ¢ years is given by:
A(t) = Aye”
68. Determine the annual interest rate » required for capital to double in 10 years, when interest
is compounded continuously.

69. How much should be invested at an annual rate of 4% compounded continuously in order to
have a total of $10,000 at the end of 5 years?

70. (Radioactive Substance) A certain radioactive substance loses 20% of its original mass in
two days. How long will it take for the substance to decay to 90% of its original mass?

71. (Population) The world population was 5.28 billion in 1990, and 6.37 billion in 2004.
Assuming that, at any given time, the population increases at a rate proportional to the popu-
lation at that time, determine:

(a) The population in the year 2010.
(b) The year in which the population will reach 9 billion.

72. (Dead Sea Scrolls) Approximately 20% of the original carbon-14 remains in the Dead Sea
Scrolls. How old are they? (See Example 6.9)

73. (Theory) Prove Theorem 6.7(c).
74. (Theory) Prove Theorem 6.7(d).

75. (Theory) Prove that if /'(x) = f(x) for all x in (—o0, ) then f(x) = ce* for some constant
c. Suggestion: consider the derivative of the function g(x) = e*f(x).

76. (Theory) (a) Find a formula for the n derivative of f(x) = e** ,for c¢>0.
(b) Use the Principle of Mathematical Induction to establish your answer in (a).
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§3. a* AND log oX

While e* is meaningful for any number x, the same cannot, as yet, be
said for an expression of the form 2* — but only “as yet:”

Note that the expression ~ DEFINITION 6.2 Forany ¢ >0 and any x:
exlna to the right of the
equal sign is meaningful
for any positive @ and any x

whatsoever. We also know For example: 2™ = e™In2 3 well-defined expression.

xlna — Ina\x . . . . ey
that e (™). and In the exercises you are invited to show that the following familiar
that el" = ¢. In a way,

then, this definition is kind 1aWs of exponents hold in the current general setting:

of forced on us.
THEOREM 6.10 For a >0 and any x and y:

(a) a*a¥ = a*¥*Y

a* = exlna

0) & = av
(© (@) = a¥

@av =<

ax

Way back on page 78 [Theorem 3.2(b)] we noted that for any real

number 7, (x”)’ = rx"~1, but have only established that result for
integer exponents (Example 3.10, page 84, and CYU 3.10). We now
come to the end of the power-rule journey:

THEOREM 6.11 For any x > 0 and any real number -
(x7) = rx"—1

PROOF:
(xr), _ (erlnx)r _ erlnx_(rlnx)r — erlnx.f = xr.z = rxrfl

T X T X

(e = = ()
NG 2,
2 ) =-
For example: (x“/gj = x5 (for x>0),

and dix(sinx)““ = (n+ 1)(sinx)* (for sinx>0).

CHECK YOUR UNDERSTANDING 6.13

J2
Determine << for y =X

e+1
Answer: (e +e)x¢~! dx2 '
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We now know that (x9)" = ax?~! and that (e¥)’ = e, but what is

the derivative of a*? This:

THEOREM 6.12 For¢>0, (a*) = a*lna .

PROOF:
chain rule
Vi
(a¥) = (e*na)’ = egxna. (xlng)’ = ¥4 . ng = a*Ina
Definition 6.2

EXAMPLE 6.10 Differentiate:
(a) y = 4sinx (b) f(x) = x* forx>0.

dx
Theorem 6.11 and the Chain Rule

SOLUTION: (a) c%c 4sinx ? 45nx1n4 - Lging = 14 4sinv . cosx

(b) (x%)" = (e¥lny) = exInx(xInx)" = eXn¥[Inx - x" + x(Inx)']

Definition 6.2 = exlnx( Inx+1)

N

CHECK YOUR UNDERSTANDING 6.14

x*(Inx + 1)

Answer:

; sinx
xsmx(cosxlnx ¥ —-—-—)
X

Differentiate f{x) = x"* (for x > 0).

The integral formula for a* is just a tad more complicated than that

for e*:
Why must “1° be elim. THEOREM 6.13 For any a > 0 distinct from 1:
inated? J- g a* +rC
a¥dx = —
Ina

X
PROOF: We simply show that % is an antiderivative of a*:
a

0 DD UpS N
(lna) lnaa) lna(a Ina) “

EXAMPLE 6.11 Perform the indicated operation:
() [ cosx9sinvax ®) [ X3V d o x
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J} 1
Answers: (a) 2

(b) E‘g

Additional Transcendental Functions

jcosx9sm"dx = I9“du - c= gsin
SOLUTION: (a) Ino 1n9

u = sinx

du = cosxdx

4
2 302 = Litzug, = 1) 3% 34_3y = 39
(©) [ 37y — 5 3vdu 2(1113 J Tt - i
u=x2atx = 1,u=landatx = 2,u = 4
du = 2xdx

CHECK YOUR UNDERSTANDING 6.15

Perform the indicated operation:

x eslnx
J‘2

(a) () [, >

THE FUNCTION log x

The one-to-one property of Inx led us to the definition of e*. Revers-
ing the process will now bring us to the definition of log x. We first
observe that:

THEOREM 6.14 For any positive number a distinct from 1, the

function f(x) = a* is one-to-one.

PROOF: Consider:

(ax)’ = (exlna)r
Since the natural exponential function only takes on positive values,
e*na > ( for all x. Noting that Ina <0 if 0 <a <1 and that Ina >0

= e¢¥lna . ng

if a>1 (see Figure 6.1, page 223), we conclude that (a*)' <0 if
0 <a <1 andthat (a*)' >0 if a > 1. To put it another way:

4 is J @decreasing functionif 0 <a <1 _
. . . (see margin)
an increasing function if a > 1

In either case, f(x) = a* is one-to-one.



The graph of y = log,x

can be obtained by
reflecting the graph of

y = a* about the line
y = x. In particular:
J =
/

1V

g /—
———/

1
y/= log,x

Note that since the expo-
nential function «* has
domain (o, ) and
range (0,), its inverse,
the logarithmic function
log,,x , has domain (0, )

and range (—o0, ).

Answer: See page A-36.
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Bringing us to:
DEFINITION 6.3 For any positive number a # 1 :
log,x, read “log base a of x,” is the

inverse of the function a*.

NOTE: The logarithmic function log,x is our friend: the natural loga-
rithmic function Inx .

The logarithmic function loglox also has its own notation and name. It

is called the common logarithmic function, and is denoted by logx .

Since log,x and a* are inverses of each other, we have:
a8 = x  (forx>0)

x (forall x)

log ,a*
In addition:

THEOREM 6.15 For any positive numbers x and y and any
positive number a # 1 :

(a) log,xy = log x +log,y
(b) loga;—i = log,x —log,y
(c) log,x" = rlog,x
PROOF: We establish (¢), and invite you to verify (a) and (b) below.
Theorem 6.9(c)

. log x" V2
Since a 2@ = x and a’lo&* = (a'°%*)" = x* and

since the function a* is one-to-one: log x" = rlog x.

CHECK YOUR UNDERSTANDING 6.16

Prove Theorem 6.15(a) and (b).

As previously noted:
(e*) = e* and, forany a > 0: (a*)’ = a*lna.

There is also little difference between the derivative formula

(Inx)" = 1 and that for the general logarithmic function. Specifically:
x

THEOREM 6.16 For any positive number a # 1 :

1
log x) = ——
(log,x) xlna
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Compare with Example
6.1(a), page 224.

Answers: (a) )ﬁ

cos(logsx)

b) — =7
) 2xIn5, fsin(logsx)

PROOF: Accepting the fact that the logarithmic function is differentia-
ble throughout its domain, we have:

(aloga)C)r — x!
Oy — O ‘. . log,x r—
(a-) Ina-a=@)": lna-a (logax) 1

Ina - x(log,x)" = 1

A S ¢
(log, x) lna x
EXAMPLE 6.12 Differentiate
f(x) = log,(sinx)
SOLUTION: | |
inx)]’ = ———(sinx)’ = ——— . cosx = SO
[log, (sinx)] In2 - sinx(smx) In2 - sinx cos In2

the chain rule: (log,[])" = ﬁ '

CHECK YOUR UNDERSTANDING 6.17

Differentiate the given function:

(a) flx) = logyx? (b) g(x) = /sin(logsx)
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EXERCISES

Exercise 1-20. (First Derivative) Differentiate.

1. flx) = 5%
3. flx) = x33%

22x
5. g(x) = ™=

7. gx) = 5 sinx

9. f(x) = 5*sinx?2

_ Inx
1. g(x) = T

13. f(x) = 2*log,x
15. f(x) = In(log,x)
17. f(x) = log,(log,x)
19. f(x) = (3x)"

Exercise 21-26. (Integration) Evaluate.

21. Ixszdx 22. j
44lnx
24, jl—x—dx 25. j

10.
12.
14.
16.

18.

20.

Jx
27

Jx

V2
x2* dx
1

g(x) = 2%
f(x) = x22%°
_ x3+2
fix) = 523
f(x) = sin5¥

h(x) = cos(sin5%)

flx) = 2*Inx
f(x) = log,(Inx)
fix) = 308
flox) = xeosx

Sl/x
23, j — dx

/2
26. j 3cosxginy dx
0

27. (Half Life) Prove that in an exponential decay situation, if the half-life of a substance is H,

. L ~t/H
then the amount of substance present at time # is given by A(t) = A4 - 2 “H \Where A4,

denotes the initial amount present.

28. (Doubling Time) Prove that in an exponential growth situation, if the doubling time of a sub-

stance is D, then the amount of substance present at time ¢ is given by A(¢) = A4, -2

t/D

where 4, denotes the initial amount of the substance.
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Exercise 29-30. (Learning Curve) Learning curves are graphs of L
exponential functions of the form L(¢) = a(1 —b?) where a>0 and ¢

0<b<1. As you can see from the adjacent figure, while initially
rapid, the learning process levels off with time.

|

29. Practicing one hour a day, it took Bill 9 days to learn to type 30 words per minute. How
many days of practice will he need in order to get his speed up to 60 words per minute,
assuming that an average experienced typist can type 73 words per minute?

30. (a) Find the learning curve formula for Mary’s riveting abilities if it took her 5 days before
she could do 27 rivets per hour, given that the average experienced riveter can do 43 riv-
ets per hour.

(b) In how many more days will she be able to do 30 rivets per hour?

(c) How long will it take before she can be expected to do 40 rivets per hour?

1
31. (Theory: Change of Base Formula) Prove that for any a >0, 5> 0: log,x = logbx
og,a
32. (Theory) Prove: (a) Theorem 6.9(a) (b) Theorem 6.9(b)
(¢) Theorem 6.9(c) (d) Theorem 6.9(d)

COMMON LOGARITHMS

Common logarithms are logarithms to the base 10 and are typically
denoted by logx rather than by log,,x . These logarithms appear in

many scientific formulas, a few of which are featured below.

Exercise 33-35. (Sound Intensity) The intensity level L (in bels) of sound is defined in terms of the
common logarithm (base 10) of the intensity / (i.e. energy density) of a sound-wave when it hits your

eardrums. It is measured in bels: L = log[i where / is measured in Watts per square meter, and /,
0
is the constant intensity of 1012 Watts per square meter (roughly the intensity of the faintest audible

sound). In this logarithmic scale, when the energy of a sound is / = 10/, its intensity level, L, is

1 bel. When 7 = 100/, its intensity level is 2 bels, and so on. Every time the energy density

increases by a factor of 10, the intensity level increases by one bel.
Because the bel is a large unit, it is customary to express the intensity level in decibels [db], where
10 db = 1 bel. To summarize:

The intensity level of sound, in decibels, is given by:

1
L = 10log—
g 1
where 7 is the sound intensity in Watts per square meter, and /, = 10~12 %?
m

33. Find the intensity of the given sound.
(a) Heavy city traffic at 90 db.  (b) Dripping faucet at 30 db.  (c) Rustle of leaves at 10 db.
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34. What is the difference in the intensity level of two sounds, if the intensity of one sound is 70
times that of the other?

35. It is known that the sound intensity due to independent sources is the sum of the individual
intensities. Given that the intensity level of the average whisper is 20 db, how many students
would have to be whispering simultaneously in order to produce an intensity level of 60 db,
which approximates the intensity level of ordinary conversation?

Exercise 36-38. (Richter Scale) Like the intensity level L of sound, the intensity of an earthquake,
as measured by the Richter magnitude scale, is also defined in terms of the common logarithm:
The magnitude R (on the Richter scale) of an earthquake of intensity / is given by:

R = logi
1y
where /, is a “minimum” intensity used for comparison.

36. The 1985 earthquake in Mexico City measured 8.1 on the Richter scale, while the 1989 Cal-
ifornia earthquake measured 7.0. How much more intense was the Mexico City earthquake?

37. On August 16, 1999, an earthquake measuring 7.4 on the Richter scale struck Turkey. The
following day, an earthquake measuring 5.0 occurred in California. How much more intense
was the earthquake in Turkey?

38. If an earthquake has an intensity which is 300 times the intensity of a smaller earthquake,
how much larger would its Richter scale measurement be?

Exercise 39-40. (Chemistry-pH) The pH (hydrogen potential) of a solution is given by

pH = —log [H+] , where [H+] is the hydrogen ion concentration in moles per liter. The pH values
vary from 0 (very acidic) to 14 (very basic, alkaline). Pure water has a pH of 7.0 and is neutral, nei-
ther acidic nor alkaline.

39. Find the pH value of sea water, given that [H+] = 631 x107°.
40. (a) Find the [H+] value of lemon juice, given that its pH value is 2.3.

(b) Find the [H+] value of milk, given that its pH value is 6.6.

(c) How much greater is the hydrogen ion concentration of lemon juice than that of milk?
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In spite of its notation and

name, sin 'x is not the
inverse of the sine func-
tion. It can’t be, since the
sine function, not being
one-to-one, has no inverse;
it is the inverse of the sine
function restricted to the

. T
interval [— > 2} .

§4. INVERSE TRIGONOMETRIC FUNCTIONS

Since trigonometric functions are not one-to-one, they do not have
inverses (see page 12). We can, however, restrict the domain of each
trigonometric function to an interval on which it is one-to-one, and then
consider the inverse of the resulting restricted function.

SPECIFICALLY:

Restricting the sine function to the interval [—g, Tﬂ produces a one-
to-one function [see Figure 6.4(a)]. The inverse of that restricted func-
tion is called the inverse sine function (or arc-sine function), and is
denoted by sin 'x (or arcsin x). Reflecting the graph of the restricted

sine function about the line y = x yields the graph of the inverse sine
function in Figure 6.4(b) (see Theorem 1.3, page 14).

T y = sin x
: =x
1 g
I
~
! Z
| £ RV\y = sinx
I I | 1
T T T s s
N o | ——=<x<=
i 2 - 13 2752
| . | 2
11 ¥y = sinx o
Y T
—_<x < =
25% n
- T 13
(a) (b)

Figure 6.4
Restricting the cosine function to the interval [0, ] produces a one-
to-one function [see Figure 6.5(a)]. The inverse of that restricted func-
tion is called the inverse cosine function (or arc-cosine function), and
is denoted by cos 'x (or arccos x). Reflecting the graph of the

restricted cosine function about the line y = x yields the graph of the
inverse cosine function in Figure 6.5(b).

y y
y

___TE 1
\ = cos x

1

x
-1
> ¥=cos X X

|
|
|
|
|
|
o 1 T B 0 1 i

) y = cosx ! 1 !

b 0<x<m ¥=COSX Q<x«

®) Figure 6.5 ®)

Restricting the tangent function to the open interval (—g g) produces
a one-to-one function [see Figure 6.6(a)]. The inverse of that restricted
function is called the inverse tangent function (or arc-tangent), and is

denoted by fan ' x (or arctan x). Reflecting the graph of the restricted

tangent function about the line y = x yields the graph of the inverse tan-
gent function in Figure 6.6(b).
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| y“ | y“ y=tanzxz, _—yu%mx:mz
| | V=%
| |
| | e I\ g _
: : ? y = tan x
x 0 1 X _x 0 i3 >
Z 2 vy=tan = 2 Z
| e e—— A S " _
y = tanx | I 3
T T | |
7§<x<5 | |
a . b
@) Figure 6.6 ()
In summary:
DEFINITION 6.4 (a) The inverse sine function has domain

INVERSE SINE

INVERSE COSINE

INVERSE TANGENT

[-1, 1] and is given by:

T

5

(b) The inverse cosine function has domain
[-1, 1] and is given by:

y = sin x if siny = x with —g <y<

y = cos 'x if cosy = x with 0<y<m.

(c) The inverse tangent function has domain
(—o0, ) and is given by:

T

2

T

y = tan ' x if tany = x with — <y<2,

The remaining three inverse trigonometric
functions are similarly defined:

The inverse cosecant function has domain (-0, —1] U [1,00) and is

given by: y = csc 'x if cscy = x with —gﬁy<0 or 0<ysg [see

Figure 6.7(a)].

The inverse secant function has domain (—oo,—1]U[1,©) and is

given by: ¥y = sec 'x if secy = x with 0£y<g ornSy<37n [see

Figure 6.7(b)].

The inverse cotangent function has domain (—o0, ) and is given by:

-1
y = cot xif coty = x with 0 <y < [see Figure 6.7(c)].

SIERS

-1
y =csc x

Figure 6.7



252 Chapter 6 Additional Transcendental Functions
THEOREM 6.17 d, . -1 1 d, -l 1
(a) 6—1—(sm x) = (b) J-(csc X) = ——
X N1 —x2 * x| /x2 — 1
-1 d -1
(©) 2-(cos 'x) = L= (&) S-(sec x) = ——
x N1 —x? x xalx2—1
d -1 1 d -1 1
€) ——(tan x) = —(cot x) = —
@) filtn 0 = —= () (oot ') = ——
We will establish (a) and invite you to verify the rest on your own.
First, however, we want to point out how the derivative formulas of (a),
(c), and (e) are in total harmony with the graphs of their corresponding
inverse trigonometric functions of Figure 6.4(b), Figure 6.5(b), and
Figure 6.6(b), respectively:
| N ! 1
=] i |
! |
| | —_— _ _ __ __ 4 — — _ _— __ _
! A
. -1 -1 -1 1 — o]
y = sin x y = cos Xx y = tan x
-1 1
. 71 71 I = .
(sin x)' = L, (cos x) = — L. (tan "x) 5 ¢
«/172 «/172 1+x
o . Xt -X Derivative is positive everywhere and the
Derivative is  positive  in | perjvative is negative in (=1, 1) | graphdoes increase throughout the domain
(-1, 1) and the graph does | and the graph does decrease over | (—o0, 00).
increase over that interval. The | that interval. The derivative does )
derivative does not exist at =1 | notexist at 1 where the tangent Note that 1+x2 — 0 as x — +o0, reflecting
where the tangent lines to the | lines to the graph appear to be ver- | the fact that the slope of the tangent lines
graph appear to be vertical. tical. tend to zero as x —> 400

PROOF OF THEOREM 6.17(a):

Accepting the fact that the inverse

sine function is differentiable throughout the interval (-1, 1) (Theo-

rem 3.10, page 97), we start with the identity

sin(sin_lx) = x [see

Definition 6.4(a)], and differentiate both sides:

[sin[]]’ /? cos[_|-[]'": COS(Sin_

chain rule

[sin(sinflx)]' =

) - (sin ') =
|

. —1
(sin x)' —
cos(sin Xx)

(*)




. T_ .1 _m
Since —=<sin x<=
2 2’

cos(sinflx) >0. It follows
that:

[ 2, . -1 . -1
cos”(sin x) = cos(sin x)

Answer: See page A-36
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Now comes a tricky-trig maneuver:
Theorem 1.5(a), page 37: cosz(sinflx) + sinz(sinflx) =1
cos’(sin 'x) = 1—[sin(sin 'x)]*
Jeos?(sin x) = A1 - [sin(sin"'x)]?

. =1
(see margin): cos(sin x) = /1 —x2

Returning to (*): (sinflx)’ =

1
N1 =x2

CHECK YOUR UNDERSTANDING 6.18

Verify that:
d -1 _ 1
—(cos x) = —

x N

EXAMPLE 6.13 Determine the domain of the given function and
find its derivative.

(a) flx) = sin (x2—1) (b) g(x) = tan e
SOLUTION: (a) Definition 6.4(a) tells us that x is in the domain of
f(x) = sin '(x2—1) ifand only if =1 <x2— 1 < 1, which is to say:
-1<x2-1and x*2-1<1
x2>0 x2<2
(o0, ) x2 <2
| < /2
~2<x< 2

Conclusion: D, = [—/2, /2]

As for the derivative:

since (sinflx)’ = 117x2: [sin71|:| = 1j|:|2 T
£ = [sin (2 1)) = ———— . (22 1)’
N1 —(x2—1)2
2x 2x

JI=(x2=1)2  J—x*+2x?
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Answers:

(a) E, e} , G, e)

(b) (0, ), (0, )

J3/2 _ _
' i SOLUTION: (a) .[ 1[//; dx = sin x‘ = sin l?—sin l%

(b) Since e2* is defined for all x, and since the inverse tangent func-

tion is also defined for all x, the domain of g(x) = tan ' e2x s
(—o0, ). As for its derivative:

since (tanflx)’ - =1 A= 1 '
[+2 [tan LI = et [

\l/ 2
-1 2e*
! t 2x ! ZX

g'(x) = (tan €)' = —1 o ' T e

CHECK YOUR UNDERSTANDING 6.19

Determine the domain of the given function and that of its derivative.

(a) f(x) = cos ' (Inx) (b) g(x) = In(tan 'x)

It’s time to turn the derivative formulas of Theorem 6.16 around into

. . I . -1 -1
integral formulas. Actually, since the derivatives of sin "x and cos x
differ only by a negative sign we will just turn around

i(sin_lx) = ! . For the same reason, turning around
dx /1 N xz

fl—(tanflx) R fl—(sec*lx) = — 1 will accommodate
dx 1+ x2 dx (21

the rest:

. -1
dc = sin x+C

THEOREM 6.18 (a)j 1
N1 =x2

® [

(©) ij

dx = tan 'x+C

X = sec x+C

EXAMPLE 6.14 Evaluate:
(a) jm dx ) |

1/[

c dx
A1 —e2x
1
dx
xXAx2 -9

© [+ @ |

d
x*r+1 *

(see margin): =
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eX ex du |
(b) dx = |———=dx = ——— =sin u+C
‘[ 1 —e2x j-A/l —(e¥)? JA/I —u?
u=e = sin 'e*+ C
du = e¥dx
X X 1¢ du 1, -1
dx = | ———dx = | —— = =t +C
(C)J‘x4+1 .[1+(x2)2 20142 2an u
= 52
duu= 2);dx = %tan x*+C

-1
dx = sec x+C

L looks like | 1
xA/x2 -9 xA/x2—1

except for that “9” which we “turn into a 1” by dividing the numera-

(d) The integral .[

tor and denominator by [9 = 3:

3
u\=L)3—C:du=913£:>dx=3du% 1]!1/1—3;/
_1 u
Y 3 3um
= —sec u+C = —sec_lg—c+c
Check

CHECK YOUR UNDERSTANDING 6.20

n Evaluate:
Answers: (a) 7

11 1
d b) | ———=d
(b) %sin’1(2x+1)+c @ I°x2+1 ) © J-«/1—(2x+1)2 '
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EXERCISES

Exercise 1-6. (Domain) Determine the domain of the given function.
1. f(x) = sin ' (Inx) 2. f(x) = In(sin 'x) 3. flx) = etan
4. flx) = tan 'e¥ 5. f{x) = sin(sin 'x) 6. cos(sin 'x)

Exercise 7-24. (Derivative) Differentiate the given function.

7. f(x) = sin ' (x2) 8. flx) = —1 9. f(x) = cos ' (x2)
cos 'x
10. f(x) = (cos 'x)° 11. f(x) = tan '(cosx)  12. f(x) = cos(tan 'x)
13. f(x) = sec ' (e) 14. flx) = esec ' 15. f(x) = sin ' (e¥)
16. fix) = ;;_’12&2_) 17, fr) = tanTlx 18. f(x) = (sin 'x)(cos 'x)
19. f(x) = Jtan '2x 20. fix) = xsec 'x 21, flx) = sin” ()

22. f(x) = cot ' Jx+1 23 fla) = esc (241) o, ) = sin”' (x2)
(cos_lx)

Exercise 25-28. (Tangent Line) Determine the tangent line to the graph of the given function at
the indicated point.

25. y = sin'x atx = 0 26. y = xtan 'xatx = 1 27. y = sec71(2x) atx = 1
28. (Implicit Differentiation) y(tan_lx)+x2y2—4 = g at (1,2)
Exercise 29-46. Evaluate
2. [ & 30. [ & 31, [
J9—x2 5 —x?2 J3—4ax2
dx X dx
o 5. [ i Feeroe

36. [ 37. | dx

35, [—& __dx
(J1—x2)sin 'x N1 —x4 Jx(1+x)

38, IL 39, [ g 20. [ dx

2 -
xA/5x2-3 sin"x+9 e t+e™
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/4
d 1742 3
Ho| = 42, j 43. | 8 Sdx
0 J1—4x2 A/l— 1/[1+x
~2/.3
44, — 45. j #sin x 46. J’ _sinx
AN | «/1——362 0 1+cosx
Exercise 47-48. (Differential Equation) Solve for f(x).
! 1 . 1 1 ! _ 1 . _
47. f(x) = 1f]<—) = —. 48. fi(x) = —— iff(3J2) = &
1+3x? 3 J3 xfx2 -9

49. (Area) Determine the area of the region bounded above by the graph of the function
f(x)

=X 5 below by the x-axis, and on the sides by the y-axis and the vertical line x = 33/2.
x

50. (Volume) Find the volume obtained by revolving about the x-axis the region in the first quad-

1
N1+ x2
51. (Angle of Depression) A boat is pulled toward a dock by a rope attached to the bow of the

boat and passing through a ring on the dock that is 12 feet higher than the bow of the boat.

How fast is the angle of depression of the rope changing when there are still 20 feet of rope

out, if the rope is being pulled in at a rate of 1 ft/sec?

rant bounded by the graph of the function f(x) = over the interval [0, 4].

52. (Maximum Inclination) Determine the maximum angle of elevation of the tangent lines to
X

the graph of the function f(x) = .
x2+1

Exercise 53-56. (Theory) Establish the following differentiation formulas:

d -1 1 d -1 1
53. —(tan x) = 54. —(cs¢ x) = ———
dx( ) 1 +x2 dx ] /2 — 1
55. aii(sec_lx) -1 56. di(cot_lx) -1 5
. xa/x2—1 X 1 +x

Exercise 57-60. (Theory) Establish the following integration formulas by:
(a) The u-substitution method.  (b) Differentiating the right side of the equation.

dx . —1X
57. =sin =+C 58. = 1(2_9 +C
J- a? —x? a J.a 2+ x?
-1
59. J— _1 71(X+b)+C 60. I——d—x—— = lsec Iic
a2+(x+b)2 a a X x2_a2 a a

Exercise 61-63. (Theory) The Mean Value Theorem of page 121 assures us that if /is continuous
on [a, b] and differentiable on (a, b), then there is at least one number ¢ in (a, b) for which

flc) = Jiﬁ%:_]i(ﬁ_) .Find such a cin [0, 1] for the given function.

61. f(x) = sin ' (x) 62. f(x) = cos ' (x) 63. f(x) = tan ' (x)
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CHAPTER SUMMARY

THE NATURAL
LOGARITHMIC FUNCTION

The natural logarithmic func- Y
tion, denoted by Inx,

has '€~ ./
domain (0, ©), range (-, ), == ,

and is given by:

_(xl
Inx = |/ i
THEOREMS d 1
dx X
d 1
F =1 ==
orany x # 0 o n|x| .

jldx — Il +C
X

For any positive numbers x and y and any real number 7:
(a) Inxy = Inx+ Iny

(b) ln;—i = Inx— Iny

(¢) Inx” = rlnx

THE NATURAL
EXPONENTIAL FUNCTION

The natural exponential function,
denoted by e*, is the inverse of the
natural logarithmic function. As such,
its domain is (—o0, ) and its range
1s(0, ).

THEOREMS

—e*¥ = ¢ and '[exdx = e+ C

For all real numbers a and b
(a) e%el = eat?

(b) 5 = et
(©) (e1) = e

@ e =+

e

GENERAL EXPONENTIAL
FUNCTIONS

Forany a>0, a# 1, and any x:

a* = exlna
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THEOREMS

For any real number 7:(x")’ = rx"~1
For a positive and distinct from 1: (¢¥)' = a*Ina
'[axdx -2 4c
For any x and y: (a) a*a” = a**”
0) & = av
(©) (a*) = a¥

@a~ =L

a

GENERAL LOGARITHMIC

For any positive number a # 1

FUNCTIONS log,x is the inverse of the function a*.
THEOREMS For any positive number a # 1 : (log x)" = —11——
xlna

For any x and y: (a) log,xy = log, x +log,y

X
(b) loga)—} = log,x —log,y

(c) log,x" = rlog,x

INVERSE SINE
FUNCTION

The inverse sine function, denoted by &
sinflx, has domain [—1, 1] and is given -
by: o1
y = sin 'x ifsiny:xwith—ESyST—c. ,
2 2 n i
Tl
2
AN

INVERSE COSINE
FUNCTION

The inverse cosine function, denoted by

y
cosflx, has domain [-1, 1] and is given |
by: |
1

y = cos xifcosy = xwith0<y<m.
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INVERSE TANGENT
FUNCTION

The inverse tangent function, ¥

-1 :
denoted by tan x, has domain — — _ _TL_ _ _ _ _

2
(—o0, 0) and is given by:

-1 . .
y =tan x if tany = x with

2 2 )
INVERSE COSECANT | The inverse cosecant function y
FUNCTION | has domain (-0, —1]U[1, o) g__
|
and is given by: y = csc 'x if :\
cscy = x with 0<y<Z or -1 1 o
2 | | =
2
T
——=<y<0.
5 Y
INVERSE SECANT | The inverse secant function, y
FUNCTION | denoted by sec 'x, has ——— — - 3 -

domain (-0, -1]U ][I, )

and is given by: y = sec 'x

if secy = x g _____
. T 3n ﬁ
with y € [0, 5) v, [n, 7) 3

T
INVERSE COTANGENT | The inverse cotangent func- y
FUNCTION | tion has domain (-0, ©) and
_____ - — — — — _—
. . -1 .
is given by: y = cot x if \
coty = x withO<y<m.
X
THEOREM . - _
0 S (sin 1x)' = ! (tan 1x)' =1
N1 —x2 1+x2
(secflx)’ -1
xalx2—1
J- & _ sin x+C J. B an Tkt C
1 —x2 1+ x2
& seclx+C
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CHAPTER 7
TECHNIQUES OF INTEGRATION

§1. INTEGRATION BY PARTS

Shifting the chain rule into reverse brought us to the u-substitution
method (Theorem 5.12, page 189). Turning the derivative product rule
around takes us to another important technique of integration, called
integration by parts:

For fand g differentiable:  [f(x)g(x)]" = f(x)g'(x) + g(x)f'(x)
Integrate both sides: j [f(x)g(x)]'dx = j f(x)g' (x)dx + j g(x)f (x)dx

Reamange: | /(x)g' (x)dx = [[f(x)g(x)]dx — [g(x)f (x)dx
f(x)g(x) is an antiderivative
of e [flx)g (x)dx = f(x)g(x) - [g(x)f (x)dx
As we did in the development of the u-substitution method, we can
soften the appearance of the last equation by letting u = f(x), v = g(x)

and by symbolically replacing f"(x)dx and g'(x)dx with du and dv,
respectively:

'[udv = uv—'[vdu )
Basically, the above Integration by Parts Formula should be

invoked when you can’t evaluate Iudv but can evaluate .[vdu. The

[T3RTR

first obstacle, of course, is to be able to go from “dv” to “v”; which is
to say, that the “dv - expression” must itself be integrable.
TO ILLUSTRATE:

If

w=x dv=: vZJSinxdx\LZ—cosvaC
du = dx

dv - expression is integrable

u=2x dv = sinxdx
So:

du = dx YV = —COSX

And: jxsinxdx = Iudv = uv—jvdu = x(—cosx)—j(—cosx)dx

= —xcosx + sinx +C

Check: (—xcosx + sinx)" = —x(cosx)’ + cosx(—x)" + (sinx)’

— x(—sinx) — cosx + cosx = xsinx
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In the above, of all the antiderivatives of sinx ; namely —cosx + C, we
chose the simplest: v = —cosx. Suppose you are particularly fond of
the number 7, and decide to do this:
u=x dv = sinxdx
du = dx v = —cosx +7
No problem:
Ixsinx dx = Iudv = uv— Jvdu = x(—cosx +7)— J'(, cosx + 7)dx
= —xcosx + 7x — (—sinx + 7x) + C
= —xcosx + sinx + C <— same result

EXAMPLE 7.1 Evaluate: ,
J'x3 eX’dx

SOLUTION:

we needed to get to a “manageable dv”

Ix3ex2dx = Ixz(xixz)dx

7
e = [eerds = Motgy = Lovy o = Lo
dv=xe¥dx=v = Ixex dx 2J.e”du 2e”+ C 2ex +C
u = x2 dv = xeXdx
du = 2xdx = lexz

2

= %xzexz—jxexzdx
1 2 x2 1 X2

= = — e+
2x e 2e C

= Jet(x2-1)+C

Cheek: [2e°(2 - 1) | = (e~ DY
= %[ex2 2x+ (x2—1) - 2xe¥’]

= %(2)66"2 +2x3e¥ —2xeX’) = x3e¥’

CHECK YOUR UNDERSTANDING 7.1

Determine:
Answer: xsinx + cosx + C Ix cosx dx
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You already know that:
(e9)" = e, (Inx)" = l,and je"dx = e+ C
x

How does one integrate the logarithmic function? Like this:
THEOREM 7.1 I Inxdx = xInx—x+C

(xInx —x)’

PROOF: We could, of course, simply verify that (xInx —x)" = Inx
(margin), but inquiring minds may want to know where the formula
S SIS e came from in the first place. Alright then, have it your way:

X

lnx
J i

dv = dx

ld)c vV =Xx
X

= x(Inx)" + Inx - x’' —x’

u = Inx

du
J-lnxde Iudv= uv—J.vdu = xlnx—jx-}lcdx =xlnx-x+C

EXAMPLE 7.2 Evaluate:

T
2 :
LE cosxIn(sinx)dx
4
SOLUTION:
T

1
ﬁcosxln(sinx)dx = J‘l Inudu = (ulnu—u)H
6 2 2
u = sinx =(m1—1)—(1ml—l)

du = cosxdx

T .
X ===u = sin= =
6

ala
N —
Il
~
(@]
|
—
p—
|
VR
pr—
=
o=
|
N —

x=Zou=sink=1
2 2

I
|
N | —
|
=3
o=

CHECK YOUR UNDERSTANDING 7.2

1 3 Evaluate:

Answers: (a) — > + Zln3 | B
(@jxmuﬂ+1mx (mjmlxw
0

(b) xtan x — lln(l +x2)+C ; 1
2 Suggestion: # = tan x,dv = dx
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The integration by parts procedure may need to be employed more than
once to evaluate a given integral. Consider the following examples:

EXAMPLE 7.3 Evaluate:
(a) J.xzcosxdx (b) j e*sinxdx
SOLUTION: (a) j x2cosxdx
u = x2 dv = cosxdx
du = 2xdx v = sinx
szcosx dx = judv = uv—_[vdu = xzsinx—Iszinxdx *)

Then ij sinxdx:

u = 2x dv = sinxdx
du = 2dx V = —COSX
jvdu
v W \
Iszinxdx = —2xcosx — |[(—cosx)2dx = —2xcosx + 2sinx + C

Returning to (*):

Ixz cosx dx = x2sinx — J.2x sinxdx = xZsinx + 2xcosx — 2sinx + C

(b) J eXsinxdx

u = ex dv = sinxdx
J.exsinx dx = —excosx—J.—cosx(exdx) = —excosx+J-exc0sxdx (*)

Continuing the good fight: J-ex cosxdx
u=e* dv = cosxdx
du = e*dx v = sinx
.[ex cosx dx = e*sinx — j-ex sinxdx

Returning to (*):

J.ex sinx dx = —e*cosx + Iexcosxdx
= —e*cosx + e*sinx — jex sinxdx

Adding Iex sinx dx to both sides of the above equation brings us to:

Just in case you’re wondering: . .
Y C . .g 2Iex51nx dx = —e*cosx + e*sinx + C
To say that 5 is an arbi-

trary constant is the same o |
as saying that C is an arbi- J.e sinx dx = 5¢ (sinx —cosx) + C
trary constant.
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CHECK YOUR UNDERSTANDING 7.3

Answer: .
1 Determine:
Eex(sinx + cosx) + C J.excosxdx
The integration by parts formula for indefinite integrals:
judv =uy— jvdu
can be modified to accommodate definite integrals. Specifically:
b PR
I udv = uy| —I vdu
a
a a
EXAMPLE 7.4 Employ the above formula to Evaluate:
T
J. xsinxdx
0
7T
SOLUTION: j xsinxdx
0
u=x dv = sinxdx
du = dx Vv = —CO0SX
T . T T Y T
I xsinxdx = uv|, —I vdu = x(—cosx) lo —I (—cosx)dx
0 0 0
Y . T
= —xcosx|0 + s1nx|0
= —(mcosm—0cos0) + (sinm — sin0)
= —[=(-D]+0 ==
If you prefer, you may use the indefinite integral formula, as we
did on page 261 to arrive at: jx sinxdx = —xcosx + sinx + C
Then: .[nxsinxdx = (—xcosx + sinx)|g
0
CHECK YOUR UNDERSTANDING 7.4
Evaluate: -
Answer: -1 sz cosx dx
2 0
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The following theorem illustrates a procedure that can be used to
integrate powers of the sine or cosine functions.

THEOREM 7.2  For any integer n>2:

HIDIETIOL] _[ sin xdx = —8Xgin" 'y + 1= 1J‘sinnfzx dx
FORMULAS n
n sinx -1 n—1 n-2
Icos xdx = ===cos" x + .[cos x dx
n

PROOF: We derive the sine-formula

..n CoSXx . n—-1 n—1¢ .n-2
jsm xdx = ——=sin x+——|sin  xdx
n n

and invite you verify the cosine-formula in the exercises:
. n
I sin xdx

n—1 dv = sinxdx

1% —COSX

du = (n—1)(sin’~ x )cosxdx

jsinnx dx = J.udv =uv-— jvdu = sin' ' (—cosx) —j—cosx[(n — 1)(sinn72x )cosxdx]

.n—1 2 .n-2
—cosxsin x+(n—1)jc0s xsin  xdx

= —cosxsin” 'x + (n - 1)_[(1 - sinlzx)(sinln_zxdx)

___l___q/

= —cosxsin” 'x + (n— l)jsinnfzxdx —(n— l)jsin"xdx

Adding (n—1 )jsin”xdx to both sides of the above equation brings us to:

. n . .n—1 ..n-2
Ism xdx+(n— 1)[51n"xdx = —cosxsin x +(n-— 1)I5m" xdx
.n . n—1 ..n—2
nIsm xdx = —cosxsin  x +(n— I)J'sm xdx
. n cosx . n-1  m—1¢ .n-2
jsm xdx = ———sin  x + Jsm x dx
n n



7.1 Integration by Parts 267

EXAMPLE 7.5 Use areduction formula to determine:

4
.[cos xdx

SOLUTION: Appealing to the cosine-reduction formula a couple of

times:
Icos4xdx = S—iycos%c + é‘[coszx dx
4 4
sinx 3 3[sinx 1 0
7 cos’x 4[ > CcoSXx 2_[cos xdx}
sinx 3 3sinx 3
) cos’x 2 CcOSX 8J.dx
_sinx 3 3sinx 3x
= ——cCcosx + cosx+=+C
4 8 8
CHECK YOUR UNDERSTANDING 7.5
Answer: Use a reduction formula to deterrn3ine:
— %cosxsinzx — %cosx +C J-Sin xdx
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EXERCISES
Exercise 1-47. Evaluate.
1. Ixe‘xdx 2. Ixezxdx 3. jxsin3xdx
x .
4. I_zxcosidx 5. jxsmaxdx 6. Ixcosaxdx
7. Ilenxdx 8. J‘xe3xdx 0. '[x263xdx
10. Ixzexdx 11. x3 dx 12. jx3lnxdx
J-A/lerz
13. Ixze‘xdx 14. J-sin_lxdx 15. Iﬁlnxdx
16. [(Inx)2dx 17. [inlax 18. [In(x+c)dx
X
19. [xln(x + c)dx 20 I__x_e_zi__dx 21 [cos(Inx)dx
(1+2x)?2
) ) -1 2
22. Ism(lnx)dx 23. jcosxln(smx)dx 24. I(sm x) " dx
25. [(x? - 5x)edy 26. [x(Inx)2dx 27. [xtan’xdx
8. Iln—xdx 29. jcos3xdx 30. Isin4xdx
Jx
x? tan ' x D4l
31. Imdx 32. Ide 33. Ix tan xdx
34. Isin3xsin2xdx 35. jsin3xc052xdx 36. Icosxcos3xdx
1 T 1
37. Ixzexdx 38..[ xsin2xdx 39. Ixze‘3xdx
0 0 0
2 Inx L e
40. j—zdx 41. Itan xdx 42, Ilenxdx
1 X 0 1
2 n n
43. J‘izln(x+3)dx 44, IQSinxlncosxdx 45. J‘2xsin4xdx
0 0
T 1 3
: X
46. jzsin42xcos32xdx 47. jomdx

0
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48. (Area) Find the area of the region enclosed by the graph of f(x) = xcosx and the x axis for

3n
<xy<=—
0<x< >

49.(Area) Find the area of the region enclosed by the graph of f(x) = xsinx and the x axis for

0<x<3m.

50. (Area) Find the area of the region enclosed by the graph of f(x) = xsinx, and the lines

y=x,x=0,and x = g

51. (Volume) Find the volume obtained by revolving the region bounded by the graph of the
function f(x) = Inx, the line x = e and the x-axis about the x-axis.

52. (Volume) Find the volume obtained by revolving the finite region enclosed by the graphs of
the sine and cosine functions, the y-axis and the vertical line y = w about the x-axis.

53. (Velocity) A particle moving along a line has velocity v(¢) = te! feet per second. How far
will it travel during the first 3 seconds?

54. (Velocity) A particle moving along a line has velocity v(¢) = e’sinmt meters per second.
How far will it travel during the first 2 seconds?

Exercise 55-59. (Reduction Formulas) Derive the given reduction formula, where » is an inte-
ger greater than 1.

55. Ix”exdx = x”ex—n.[x”‘lexdx

n sinx n-1 n—1 n-2
56. Icos xdx = ——cos x +——|cos xdx
n n

n n-2 -2 n—2
57. I sec xdx see xltanx + 2 n sec  xdx
n— n—

¢ n—1 5
58. Itannxdx = fan 7 X Itann xdx
n J—

m n = xm*-ujnx)n_ L m n—1
59. jx (Inx)"dx — mHjx (Inx)"~dx

Exercise 60-64. (Integral Formulas) Derive the given integral equation.

n+1 xn+l

o (sin_lx)———l——'[
n+1 n+l1 [1 — 52
61. Iln(er Jx2+a?)dx = xIn(x+ Jx2+a2) - Jx2+a2+ C

62. jln(x+a)dx = (x+a)ln(x+a)—x+C

dx

60. Ix”sin_lxa’x =

ax

63. [ersinbxdx = ai 5 (asinbx —~beoshy) + C

64. Ie‘”‘cosbxdx — e¥(bsinbx +acosbx) , C
a?+ b?

65. (Theory) Show that uv — Jvdu =u(v+C)— _[(v + C)du for any constant C.
66. (Theory) Show that .[f(x)dx = xf(x) —Ixf'(x)dx.
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§2. COMPLETING THE SQUARE AND
PARTIAL FRACTIONS

Once we rewrite the quadratic polynomial x2+4x + 8 in the form

(x+2)2+4, we will be able to evaluate j— :
x2+4x+8

lavars oo ﬂ@
2

+2
2

=

,du = —dx:dx = 2du: =

u =

2 u2+1

1 _ 1 +2
Theorem 6.17(b), page 255: = Etan i+ c = Et (xz )+C

But how does one go from x% + 4x + 8 to (x +2)2 + 4 ? By using the
completing the square method, which we now describe:
When polynomials of the form:
(x+a)? and (x—a)? (called perfect squares)
are expanded, they take on the following form:

\%
(x+a)? = x2+2ax +a? < . |
> ) ) ) The square of 5 the coefficient of x
Note that for this tech- (x—a)® = x°=2ax+a* < |
nique to work the coeffi- A
cient of x> must be 1. In particular, to be a perfect square, the question mark in the expression:
. x2+4x+?

must be replaced by the square of one-half the coefficient of x :

x2+4x+4 = (x+2)2
Vv A
-

turn this piece into a perfect square

a6 AT 48 = (42

since we added 4, we must subtract 4

In particular:

The above completing the square method can be used to evaluate cer-

tain integrals involving ax2 + bx + ¢ . Consider the following examples.

EXAMPLE 7.6 Evaluate:

x—35
(a) X0
jJ—x2+10x 21 x2+2x+2
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SOLUTION: (a) We begin by molding —x%+ 10x—21 into a form
that contains a perfect square:

add the square of one-half the coefficient of x since we sublracted 25, we added it back

\i
—x2+10x-21 = —(1x2—10x)—21 = — x2—10x+25)—21 + 25
A
coefficient of x2 must be 1 = —(x—5)2 + 4
Then:
J‘ dx :J' dx :J' dx
J-x2+10x-21 T - (x—-5)2+4 /\/4[_(x—5)2+ 1}
4
motivated by IL = sin 'x+C = lJ- dx
N1 =x2 2

YT _ [__du
dx — J- I ——
Theorem 6.17(a), page 255: = sinflu +C
1(x— 5)
sin ( 5
(b) It would be nice if the numerator in the integral J.Z;de
+2x+2

were a 2x + 2, for we could then let u = x2+2x+2,du = 2x+2
and then go on from there. But it isn’t. So we first focus on getting
the 2x of 2x+2 into the numerator: 1 de; and then
20x2+2x+2
1e2x+2-12

221 or 10 dx . Breaking the integral into two

squeeze inthe +2:

integrals we have:
x—5 2x+2 - 12
J————————dx 2_[

x24+2x+2 x2+2x+2
_ _[ 2x+2 _l 12 i
2x2+2x+2 20x2+2x+2
No problem with the first 1ntegra1
2.[x22+x2-|)_ci2 T % %l - —1 ul + € = —1n(x2+2x+2)+C
u=x2+2x+2,du = (2x +2)dx note that x2 + 2x + 2 > 0 for all x

The second integral takes a bit more work:
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lJ- 12 dr = 6J' dx
20x2+2x+2 (2+2x+1)+2-1
N A
u=x+1 _ 6J' dx
du = dx 1+(X+1)2
= 6] % — 6tan'u+C = 6tan'(x+ 1)+ C
1 +u?
Putting it all together we have:
x—=35 _ 1 5 -1
mdx = Eln(x +2x+2)—6tan (x+1)+C
CHECK YOUR UNDERSTANDING 7.6
Answer: Evaluate:

dx

J-A/3x—)c2

sin”! @x — 1) +C

PARTIAL FRACTIONS

As you know, to perform the sum + L you first find the least
x+3 x-2
common denominator, and then go on from there:
2 1 _2x—-4+x+3 _ 3x—1
x+3 x-2 (x+3)(x-2) ((x+3)(x-2)

In this section you will need to go the other way:

Go from the rational expression %
to its so-called partial fractions form 3x—1 __2 + 1

(x+3)(x-2) Cx+3 x-2

The first step toward obtaining a partial fraction decomposition of a
rational expression (with the degree of the numerator LESS than that of
the denominator) is to factor its denominator into a product of powers
of distinct linear factors, ax + b, and powers of irreducible quadratic

ax?+bx+c is irreducible
if it cannot be expressed as
a product of linear factors
with real coefficients;
equivalently:
if its discriminant
b2 —4ac is negative.

polynomials, ax? + bx + ¢ . Next, obtain the general decomposition of
the given rational expression by writing it as a sum of rational expres-
sions of the form:

A Ax+ B
n or 2 n
(ax+b) (ax=+bx+c)

where 4 and B denote real numbers.
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The following table reveals the terms to be included in the general
decomposition to accommodate each factor in the denominator of the

given expression:

Powers of linear factors

Terms in the decomposition

(1) ax+b A
ax+b
(ii) (ax + b)? A " B
ax+b (ax+b)?
(iii) (ax +b)3 A B B B C

ax+b (ax+b)? (ax+b)?

Powers of Irreducible

Terms in the decomposition

quadratic factors

(iv) ax?2+bx+c Ax+B
ax?+bx+c

(v) (ax?+bx+c)? Ax+B . Cx+D

ax?+bx+c (ax?+bx+c)?

(vi) (ax%+bx+c)?

Ax+ B Cx+D n Ex+F

+

ax?+bx+c (ax?+bx+c)? (ax*+bx+c)’

Answer:
A o B . C
x=3 2x+1 (2x+1)2

+Dx+E+ Fx+G
x2+5  (x2+5)2

To illustrate:

Figure 7.1

see (ii) in above table—,

A n B +C)H-D

I

(2x— 1)2(x2+3) 2x—1 (2x—1)2 x2+3

I—irreducible—see @iv) ;r

CHECK YOUR UNDERSTANDING 7.7

Find the general decomposition for:

x—4

(x—3)(2x + D2(x2+5)2

The following example illustrates a technique that can be used to find
the final partial fraction decomposition of a rational expression.

EXAMPLE 7.7 Find the partial fraction decomposition of:

—4x+9 ) 2x2+3
2x2+5x-3 x(x—1)2

x2-2x+1
(x2_|_1)2
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SOLUTION: (a) Express the rational expression in general decomposi-

tion form:

—4x+9

Figure 7.1(i)
—4x+9 VA n B

22 t5x-3 (2x-D(x+3) 2x-1 x+3
Clear denominators by multiplying both sides of the equation:

-4x+9 _ A4 L B

2x2+5x—3 2x—1

by 2x—-1)(x+3):

—4x+9 = A(x+3)+B(2x-1)

x+3

(*)

Here are two methods that can be used to find the values of 4 and B:

By setting x equal to —3 in (*), the term
A(x+3) in (*) will drop out, and this will
enable us to easily find the value of B:

—4(-3)+9 = A(-3+3)+B[2(-3)-1]
21 =-71B=B = -3
By setting x equal to 1 in (*), the term

2
B(2x—-1) in (*) will drop out, and we can
solve for A4:

—4@+9 =A(%+3):>7 - %A:A =9

—4x+9 2

Rewrite the right side of (*) in polynomial
form:

—4x+9 = (A+2B)x+(34-B)
Equate the like coefficients of the polynomi-
als on the left and right sides of the equation:

—4 = A+2B

9 =34-B
You can the solve the above system of equa-
tions; and, if you do, you will again find that:
A=2B=-3
Note: Unlike the “easier” method on the left, this

method can be used to find the final partial fraction
decomposition of any rational expression.

L3 __2 3

Decomposition:

2x2+5xr—3 2x—1

x+3 2x—1 x+3

Figure 7.1 (i) and (iii)

(b)

2x2+3V_4, B c
x(x—1)2

+
(x—1)?

)_c x—1

Clear denominators: 2x2+3 = A(x—1)2+ Bx(x— 1)+ Cx (*)

Setting x

Setting x =

1:2(1)243=4-0+B-0+C-1=C =5
0:2(0)2+3=A+B-0+C-0=>4 = 3

We still have to find the value of B and could do it in many ways.
One way is to replace A with 3 and C with 5 in (*):
2x2+3=3(x—-1)2+Bx(x—1)+ 5x
Then substitute any value for x other than 0 and 1, say x = 2, and

2.2243=3(2-1)2+B-2(2-1)+5-2

solve for B:

Decomposition:

B =
2x2+3
x(x—1)32

3+2B+10
-1

1 n 5
x—1 (x-1)2

3_
X



1 x+1

Answer: - —

X x2+x+1
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Figure 7.1(v)
—2x+1VAx+B, Cx+D
(c) = +
(x2+1)2  x2+1  (x2+1)?

Clear denominators: x2—2x+1 = (Ax+B)(x2+ 1)+ (Cx + D).
Since no value of x will make a term drop out, we proceed by expand-
ing the right side (details omitted) to come to:

—2x+1 = Ax3+Bx2+(A+C)x+(B+D) (%

Equating the coefficients of like powers of x we have:

x3 -coefficients  x2 -coefficients x -coefficients constant coefficient
A=0 B =1 A+C = -2 B+D =1
| C =2 ,% D=0

Decomposition: X2+l 1 2x
(x2+1)2 x2+1 (x2+1)?

CHECK YOUR UNDERSTANDING 7.8

Find the partial fraction decomposition of:
1
x(x2+x+1)

[u =2x—1,du = 2dx|

v

d
25 =

1rdu
2 2!7
In|u| + C
In2x-1|+C

|u =x-1,du = dx|

5[ fx

\J; 5]@
(x—1)2 u?

SIu’zdu

= -Sul+C

Back to the calculus:

EXAMPLE 7.8 Evaluate: (a) ,[ —4x+9 5
2x2+5x-3
2x2+3 X —2x+1
b) | ——=d
().[x(x_l)zx ().[(2+1)2
SOLUTION:

Example 7.6(a)

_4x+9 \A ( D) 3 )
k.2 S A M 3 )
(@) j2x2+5x—3 * I2x—l 3"

- 2.[
2x—1 x+3
14r\1|2x—1|—3ln|x+3|+C

see margin

jxample 7.6(b)

2x2+3 31 5
LTS Y (22 +

®) J-x(x—l)zdx J.(x x—1 (x_l)Z)dx

3J‘dx_ dx

+ .[(x 1)2

31n|x|_1n|x_1|_i1+c

A .
see margin
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Example 7.6(c)

|u =x2+1,du = 2xdx| ( )J-x _2x1+21 \L j( 21 _ 22)( z)dx
.[ 2x dx\:lfj‘@ ) x2+1 (x*+1)
(X2+ 1)2 u? _ J_ dx _.[ 2x dx
= ju‘zdu 1 +x2 (x2 + 1)2
_ 1 _
e — tan 'x+ +C
i A x2¢+ 1
== +
x2+1 Theorem 6.17(b), page 255  see margin
Answer: CHECK YOUR UNDERSTANDING 7.9
In|x| — lln()c2 +x+1)
2 Evaluate: e
1 —-1( 2 1 —_—
—--—tan (——x ¥ —) C J-x(xz A 1)

NERINE

We remind you that the decomposition procedure summarized in Fig-
ure 7.1 can only be invoked when the degree of the numerator of the
given rational expression is LESS than the degree of the denominator.
What if that is not the case? The answer surfaces in the next example.

EXAMPLE 7.9  Evaluate: 3
x3—3x+2
SOLUTION: Since the degree of the polynomial in the numerator is not
less than that in the denominator, we divide (see margin) to arrive at:

dx

1
x3—3x+2x3

x3-3x+2 x—3 =1+ _3x=2
- 3x-2 x3-3x+2 x3-3x+2
Observing that 1 is a zero of x3 — 3x + 2 we apply Theorem 1.4, page
x2+x-2 19, to arrive at a factorization of the cubic polynomial (see margin):
x—1[x3+0xZ=3x+2
x3—x2 W -3x+2 = (x-Dx2+x-2) = (x-1)(x-1D(x+2)
- x2-3x+2 Bringing us to:
x2—x 3
- —2x+2 J‘———x————dx = I(l +L dx
x40 x3—3x+2 (x—1)3(x+2
—: 0
_ Idx _[ 3x-2 32 o
~1)A(x+2)

Referring to Figure 7.1, we have
3x—2 _ 4 L_B C
(x-1D2(x+2) x—1 (x—1)2 x+2
3x-2 = A(x-1)(x+2)+B(x+2)+ C(x—1)?
Settingx = 1: 1 = 3B=B = %
Setting x = 2: -8 = 9C = C = —g

Equating the x2 coefficients: 0 = 4 +C=>4 = C= 4 =

Nel fo )
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Returning to (*):

[322 _ Spdu _ Sy c 8 1 8
X*l 9 u 9 x3 § 5 §
=x-1 =8, ————dx = |dx+ + -
Zu =xdx 9ln|x 1+C J-x3_3x+2 X .[ x I o (x_1)2 o
== ilf@ 8 8
(x-1)2 342 margin: = x+ =In|x - 1| - 1 —=Injx+2|+C
T 9 3(x-1) 9
= =|u“du
,_3L+C
u
- _1 4 CHECK YOUR UNDERSTANDING 7.10
3(x—1)
Evaluate:
Answer: 2x2—4x+3
3 —dx
2x+41n|x—2|—§+c x2_4x+4
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EXERCISES

Exercise 1-16. (Completing the Square) Evaluate.

'[x2+2x+5

4. J'____‘_"’ﬁ____
x2-8x+17

_[ dx
4x2+ 8x+29

10. | dx
A/6x2 —24x + 32

13. —
I3 —5+8x 4x2

ferwrm
5 j‘ dx
A6x —x2
dx
i J‘9—2x—xz

X
X’
'[A/?a +2x — x?2

1
14. J‘ ax — x2dx
0

'[x2+6x+25
J' dx

A 10x — x2

'[x2+3x+5

) _[1 dx
0x2+4x+5

15j

16. I ,x i de Suggestion: Multiply top and bottom by ./x +a.
X

Exercise 17-52. (Partial Fractions) Evaluate.

17. j)ﬁ

20. dx

-[xz—Zx—S

X

1
26. | ———=d
sz(x—3)2 ’
2
29, J~4x +x+2
x3(x+2)

2
32 J(_x_j_zf_d

x2+1)2 g

3_3x249x-6

Tx
35.
I x*+3x242

J' x3+8 dx

Tx(x2+4)

dx

R e

x2
S [

J~x2+x+2 »
(2 + 17

2 _
7 J~5x +18x—1

—dx
(x +4)3(x-3)

x—1
30. jx4+x2dx

x—1
. [~=——a
33 -[x(x2+1) x

x3+2
36. | ————————d.
J-x3 3x2+2x)C

x3-3x2+2x— 3
39.j -

4x x2

19. | ————d

J.x2—3x+2x
3_

2. [l i
353

7x+3
25, j3 3x

1
28. j(x_ o 2)3dx

3

31, [X=X 4
.[(x2+1)2 X
2+2
34, [ T£4
.[x4_|_x2 X

x2+2
37. J-xz " 2xdx

xS
40. J.mdx
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41, [——"——dx 42, [ de 43 | dx
sin“x + sinx — 6 sin“x — 5sin(x) + 6 e —
ex 1 dx
44, | ———mmd .
Jasera® e o J116 32
22 1 3 2 —
47 J‘ PR 43, J- 2x+1 49, 2x3 +4x2+2x -3
16x°+5x—4 x2+x LA XA+
32 2 _ 1 2
50, J‘2x X +2x+1 51 J'Zx x+2 57 J‘ x*+3 »
x3+x 0x*+3x2+2
Exercise 53-54. (Differential Equation) Solve the given differential equation.
53. f(x) = ——— if(3) = 0. 54, fix) = —— if f2)=2
x2-3x+2 x
55. (Area) Find the area of the region below the graph of f(x) = 4——27—)%—5—— that lies above the
x4 —"Tx—
interval [3, 5].
56. (Area) Find the area of the region below the graph of f(x) = 3 12 3 tat lies above the
—3x°+t2x

57.

58.

interval [3, 5].
(Volume) Find the volume obtained by generating, about the x-axis, the region bounded by the

graph of the function f{x) = above the interval [3, 5].

x J—
(Volume) Find the volume obtained by generating, about the x-axis, the finite region bounded
by the graph of the function f(x) = 3 and the lines y = 0, x = l, X = 2 .
3x—x2 2 2

Exercise 59-60. (Formulas) Derive the given integral formula.

59. [& -1

d«  _ 1
a?—x2 2a

x+ta
xX—a

xX—a
xX+a

In

+C, a>0 60. j +C, a>0

x2—a? 2a
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§3. POWERS OF TRIGONOMETRIC FUNCTIONS
AND TRIGONOMETRIC SUBSTITUTION

The Pythagorean identity sin’x +cos’x = 1 can be employed to
evaluate integrals of the form Jsinnxcosmx dx when at least one of the

positive integer exponents, n and m, is odd. Consider the following
example.

EXAMPLE 7.10 Evaluate:
(a) Isin3x dx (b) Isinzxcossx dx

SOLUTION: (a) We could use a reduction formula, Theorem 7.2 (page

266) to evaluate .[sin3x dx (see CYU 7.5). Here is another approach:

. 3 . .2 . 2
Note that we “saved” Ism xdx = Ismxsm xdx = Ismx(l —cos x)dx
one of the three sines to ¢

accommodate the subse-
quent u-substitution.

see margin _ . . 2
= |sinx — | sinxcos xdx

. 2
—cosx—jsmxcos xdx
u = COSXx
du = —sinxdx: = —COSX — [—qudu]

u3
—cosx+?+C

3
= _cosx+L5 X, ¢

3 2 .
. = . .2 . .3
Check: (—cosx + %C) = sinx + w = sinx + (1 —sin"x)(—sinx) = sin"x

.2 5 .2 4
T s vp——— (b) jsm xcos xdx = _[ sin”x cosxcos xdx
cosx serves us well in
: .2 2 2
the subsequent u-substi- - Jsm xcosx[cos x] dx
tution.

Why would this method
fail had we used cos®x

5
rather than cos™x ?

.2 .2 2
= J.sm xcosx[1 —sin"x] dx
.2 .2 . 4
= J‘sm xcosx(1—2sin"x + sin x)dx

.2 . 4 . 6
= Ism xcosxdx—ZIcosxsm xdx +Icosxsm xdx

3 5 7
— = Juzdu—2ju4du+ju6du —w_w w0
L 305 7
u = sinx 3 o 5 4
du = cosxdx _Smm Xx 4ZSIm Xx + Sin x +C

3 5 7
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CHECK YOUR UNDERSTANDING 7.11

Evaluate: (a) j 2cos xdx (b) Isin3xcoszx dx
0

Answers: (a) %

3 5
COS X cos x
- ==+ +
(b) - S5+ X4 ¢

The above method for evaluating jsinnxcosmx dx will not work when
n and m are both even. In that case, you can turn to the identities:

See Theorem 1.5, page 37 (*) sinzx = —1 — (:2082x (*%) COSZx _ 1+ ZOSzX
EXAMPLE 7.11 Evaluate:
(a) jcos4x dx (b) j sin’xcos”x dx

SOLUTION: (a) We could use a reduction formula, Theorem 7.2 (page
266), to evaluate Icos4x dx (see Example 7.5, page 267). Here is a

direct approach:
k3

jcos4x dx = j(coszx)z dx v I(%}zdx

J‘( 2cos2x cos22x)d

= 2J-cos2xdx+4j(i(: 2xdx

n2x _[1 + cos\lzlx
4

% dx
1 1 ( sin 4x)
- +-lx+ -
4 sin2x 2 1 C

x+ ‘l‘s1n2x + 31351n4x +C

OOIUJ -lk|>< -I>|><

(b)
J-sinzxcoszxdx = Il —cos2x 1+ cos2xdx = }J(l - cosz2x)dx

2 2
_1 1+ cos4x)
= 4j(1 —— dx
= éj-(l — cos4x)dx

_ l(x— sin4x) L C
g 4

1 1
= - e — +
8x » sindx + C
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CHECK YOUR UNDERSTANDING 7.12

Evaluate:

Answers: (a) élg

2 . =
(b) &S0 c (a) js sin*xdx (b) [ (xsin’x2)(cos”x?) d

INTEGRALS OF THE FORM j tan"xsec” xdx AND j cot"xcsex dx

Integrals of the above form can be evaluated with the help of the
identities:

2 2 2 2
sec’x = l+tan"x and csc’x = 1 +cot' x

Which follow directly from the Pythagorean identity:

sinzx coszx 1 2 2
F = —=tan"x+ 1 =sec x

2 2
COS X COS X COS x

.2 2
sin"xtcosx = 1=
sinzx coszx 1 2 2
2+ 5 = = 1+cot'x = csc'x
sin"x sin"x sin”x

EXAMPLE 7.12 Evaluate:
(a) Itan3xsec3x dx (b) jcotsxdx (©) jtan6xdx
SOLUTION: (a) Motivated by (secx)’ = secxtanx we have:

3 3 2 2
jtan xsec xdx = Itan xsec xsecxtanxdx
2 2
= j(sec x — 1)sec”xsecxtanxdx

4 2
= Isec xsecxtanxdx — I sec xsecxtanxdx

u = secx 5 3 5 3

du = secxtanxdx — Iu4du _J‘uzdu = ug - u? +C = SG(; X Se; X +C

(b) Motivated by (cotx)’ = _csc’x we have:

Icot3xdx = J-cotxcotzxdx = .[cotx(csczx— 1)dx

I cotxcsczxdx - Icotxdx
u = cotx
—Iudu - J.w dx

sinx
~

2
du = —csc xdx

B u2 dv v = sinx
= ——=——|— <—dv = cosxdx
2 %

2
cot x

—Inp|+C

2
_ _cotx

— In|sinx| + C
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(c) Motivated by (tanx)’ = sec’x we have

jtan6xdx = J.tan4x tan’xdx = jtan4x(se02x —1)dx
= j-(tan4xse(:2x — tan4x)dx
= j-(tan4xse(:2x — tanzxtanzx)dx
B .[ [tan4xsec2x — tanzx(Seczx —1)]dx

4 2 2 2 2
Zj(tan xsec x —tan xsec” x + tan"x)dx

4 2 2 2 2
ZJ.(tan xsec x —tan xsec x +sec x — 1)dx

u = tanx
2
du = sec”xdx = J-u4du —qudu + Iseczxdx—jldx
5 3
=W _ W tanx—x+C
5 3
tansx tan3x
= 3 +tanx—x+ C

CHECK YOUR UNDERSTANDING 7.13

AT s Evaluate:
2 2(tanx J‘ —3/2 4
2 2(tan) ", o tanx sec xdx
A tanx B ( )
INTEGRALS INVOLVING a2 —x2, Jx2 + a2, and /x2 — a?
Here is some good advice:
If the integral involves use the substitution and the identity to replace
2
- n n . a? — x2 with a2cos”0

M Ja-x? x = asinb, —7<0<7 | 05670 = 1-sin°0

Note that cos0 is positive
in the specified range.

T 2 4 42 with a2sec?
Q) Jx2+a? x = atan0, —§<9<— ec20 = 1+ tan20 | X°ta* with a’sec”0
Note that sec® is positive
in the specified range.

0<0<= 2 2 . 2 2
X* —a* with a“tan” 0
3) Wx2—a? 2, 2
® X = asec es or tan"® = sec”6 -1 Note that tan® is positive
<0< S_E in the specified range.

Figure 7.2
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Consider the following example.

EXAMPLE 7.13 Evaluate:

dx

J‘xzm

(@) [ /4 - x2dx @” (c)

/ 2+4

SOLUTION: (a)

x = 2sin6, with fgseﬁg J‘A/4 —x2dx T jA/4c0529 2c0s0d0 = I4c0s26d6

de = 2co0s0d0O
sin@ = —:>6—s1n X
2
o
@
D
x —> |
N
i

//— \S)

Note that cos® > 0 when

T T
—_— <L < =
<0<

x = 2tan0, with

5 2
dx = 2sec”0d0
0= tanfl)z—cztane =
N4+ x2
X —>

2 o

0098
NI =

X+t

S}

x = 2secH, with0<9<§

L dx = 2secOtan0d0
0 = sec = = secO =

X
J/ 2 2
X %‘
] -
2
[2
sin@ = ¥ L

X

See (1) of Figure 7.2, and margin

do

_ 4J-1 + cos26

2](14—cosze)de

I b
<9<2

= 2[6 + Sigzej +C

20+ sin20 + C
20 +2sinBcosO + C

n_ 2
=2(sin_1§)+2[§- 4 x}%—C

2
_ 4 _ 2
= 2sin 1)—C+x—4 X +C
2 2
See (2) of Figure 7.2, and margin
(b) I ¢J‘ 2sec’0 _
= do = Isecede
NX 2+4 4sec’®

Theorem 6.4(c), page 227: = In|secO + tan0| + C

‘A/4+x2+)_c L C
2 2
x + 4+ x2

2
(where did

ln‘X+ N4 +x2‘ +C the 2 go?)

See (3) of Figure 7.2, and margin

2secOtan0

See the triangle in the margin: = |p

In +C

©l=F=" —do
4 (2sec0)24/4tan” 0
_ J‘ 2se§6tan9 Jo = J- e
4sec”0 2tan0 sec
4.[00896119 Zsme +C
See the triangle in the margin: = 4_x2+c

4x
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CHECK YOUR UNDERSTANDING 7.14

Evaluate:
Answer: J‘,\/ 9 x2 dx

x2

We offer some additional examples for your consideration:
EXAMPLE 7.14 Evaluate:
d. d.
@ ——= b [—=—
xAfx4 -

x2./4 — x2 Jxt—4

SOLUTION:

dx
SR ey e

:J‘ 2co0s0d0 _[_do
T(4sin29)(20039) 4sin’0

1 2
= 1 _E E = -
x = 2sinb, 2£9S2 4.J.CSC 0do
dx = 2cos0d0 1
= — +
J4—x2 = Ja_4sin’0 jeotd+C
:2,\/1—sin29 1 4 —x2
= _ = +C
= 2cosf 4 x
2
X x
From x = 2sin0: sin® = = 0
2 4—x2

(b) Our first step is to mold the +/x*—4 into the form +/u?—4 and
then hope for the best:

=x2=x = Ju, du:2xdx:>dx:@:—‘—i-u—
N 2x -2.Ju
J‘ dx :\J‘ du” ’
N
XAx*—4 JuJu2—4-2.Ju

do

2 MVM2—4/ 2 2secO 4tan26

S\(3) Figure 7.2

u
|

|

|

|

| 1 du  _ 1p 2secOtan0O
| 2 2

|

| u = 2secO, du = 2secOtan0dO

|

|

|

|

|

1 _ 0
sec@zgzezse{lg _Zjde_z_’_c
N 1 —1u
- - = = =+
- 35¢¢ 3 C
2
L — — — — — — — — — — > =lsec_1x—+C

4 2
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CHECK YOUR UNDERSTANDING 7.15

Answer: Evaluate:
2 2
T =8)Jx+4 -

3
X
dx
’ J.A/xz +4
Operating under the illusion that one cannot have enough of a good
thing:
EXAMPLE 7.15 Evaluate:
() [ W2+ 20+ 24 (b) [-2—5 X+ 1

( 2_|_4)2

SOLUTION: (a) Turning to the completing the square method of the
previous section we have:

jA/x2+2x+2 dx = N(x2+2x+ 1)+(2-1)dx = jA/(x+ 1)2+ ldx
A A
Motivated by the identity tan’0 + 1 = sec’0:
J-«/(x+ 1)2+ 1dx /? IA/tanze + 1sec’0dO = Isec39d9

x+1 = tan0 x+1 = tanB,x = tan®—1, dx = sec>0d0

Turning to the Integration by parts technique of Section 1:

jsec36d6 = jsec@lsec26d6/= Iudv = uv—_[vdu

I, 2
[+ 12+ u = sect dv =sec’0d0 = gsecOtanO —J‘secetan 040
du = secOtanb6d® v = tan0
x+1 D)
9 = secOtan6 —jsece(sec 6—1)do

= secOtan0 + Isec@d@ - Isec39d9

Focusing on the start and end of the above development we have:
J‘sec36d6 = secOtanf + j sec0d6 — Isec36d6

JZroxeo 2jsec39d9 = secOtan0 + Isec@d@ = secOtan0 +In|secO + tan0| +C
x+1 Theorem 6.4(c), page 227)
9 J-secsede = —(secetan8+1n|sec@+tan9|)+C
1
sec® = a2 +2x+2 see margin: = %[(x )2t 2+ 2+ In[ a2 F2x k2 +x+ 1|1+ C
Conclusion:

jA/xz +2x + 2dx
= S DA 2x 2+l S ax 2 e x il C
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(b) Turning to Figure 7.1(v) of page 273 we have:
x3+1 _Ax+B, Cx+D
(2 +4)2  x2+4 (x2+4)?

x3+1 = (Ax+B)(x2+4)+ Cx+D = Ax3 + Bx? + (44 + C)x + (4B + D)

Equating coefficients of like powers of x:
A=1 B=0 44+C=0 4B+D
4+C=0=>C =4 D=1

|
—

Bringing us to:

_[ 341 x:J‘ X+I 4x+1x
(x2 +4)2 x2+4 (x2+4)?

_ 1
- Jxl)i 4dx_j(x2 + 4)2dx+j(x2 +4)2dx

Then:
X 1¢du 2
— _[au 2 0
Ix2+4dx 37, j dx =I sec4 40
| (x2+4)2 16sec 0
= =] +C — x = 2tan0
2 nlu 2 = ljcoszede
u=x2+4 : dx = 2sec”0d0 8
du = 2xdx = = 2 4 4
ln(x H+c Theorem 1.5(ix): = lJ‘l_i@ﬁZQde
(page 37) 8 2
and 1
= E(jare+jcos26dm
[A4x g = _o[du
J‘(x2+4)2 X I_z 1 1
u = (6+—s1n26) +C
) 16 2
=Z+C 1
u Theorem 1.5(iv):= —(0 + sinBcos0) + C
_ 2 L. (page37) 16
x2+4 — - %(t 1)2C+ X 2 )+C
x<+ 2 2
\ ‘x Jx +4 Jx +4
1. -1x 1( 4)
= — =+ +
2 16" 273 ¢
A well-earned conclusion:
x3+1 _ 1 ) 2 1. —1x 1( x)
= = +4)+ + = +
j(x 4)2d SIn(x? +4) ENWABTRLEE R e C
CHECK YOUR UNDERSTANDING 7.16
Answer: Evaluate:
In(3x2+2x+1) J. 6x+ 11
9., -1(3x+1 T A X
+ﬁtan ("7)+C 3x2+2x+1
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EXERCISES
Exercise 1-35. Evaluate.
1. Isinzxdx 2. Jcoszxdx 3. Jsin33xdx
3 4 .2 2
4 Icoszxdx S.Icos 2xdx 6. I(sm 2x)(cos 2x)dx
sin” x
7. Isinzxcos4xdx 8. Isin4xcoszxdx 9. jtan3xdx
10. Isec34xdx 11. Icsc42xdx 12. Itan4xdx
4 3 4
13, J-sec xdx 14. Itanstec Sxdx 15. Itanstec Sxdx
cot x
16. jcot3xcscs3xdx 17. jxsecxtanxdx 18. jtan6xsec4xdx
19, Itansxdx 20. .[A/secxtanxdx 21. Icot3x05c3xdx
CcoSX
.3 2 .35 2,
22. jsm x A/ cosxdx 23 J-l tazn xdx 24. jxsm x<cos x=dx
sec x
4
25. J'A/tanxsec xdx 26. Isinxcos)—cdx Tf 3
2 217. _[ cos xdx
0
T, n ; n
28. J-OCOS 2xdx 29. J-3 sin43xcos 3xdx 30. j3tan5xsec6xdx
0 0
T n 2n oy
31 [2cot’xdx 32 [Ztan’3xds 33. | cos'xdr
Z 0

6

T T
i 3 i

34, j3xsin42xzcos 2x2dx 35. J-3 10sec®xdx
0 0

Exercise 36-68. (Trigonometric Substitution) Evaluate.

36. [ 37, | X2 38, [ &

N4 —x? J1-x2 X2+ 16
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3dx dx
39. L g 40. [ 41, [—9x
J.A/9—x2 ) J. szA/25—x2
Jx2 -1 43, L 44,
42. -[ x2 d J.xA/4x2 +9 J.A/16 x2
_ J’ dx
(9x2 _ 1)3/2

50. | Jxto4

X

45, [— 9 46.

J‘ dx
x2,J4x2 -9 x2x2 -9
48. [W1—4x2dx 4. |

X dx
N2 —x2
51 [dx2H16, 52. [—& 53. [J1-4x2dx

' I x4 * xAl5—x2

54. I./4_(x+2)2dx 55. .[ezxA/l—ez"dx 56. .[ dx
(x—2)J(x—2)2+9

57. J.A/21+4x—x2dx 58. J‘L 59. I;dx
Jx2—6x+13 JxZ+x+1
2

3_Qy2 _ 4. .3 2
J‘ X 61, J‘2x 8x*+20x-5 6. J~x +x° + 8x +15dx

60. dx dx
(x2+ 1)(x2+4)?2 —-4x+8 x(x2 +4)2

4 4 1 1 3
63. dx 64. [ xJ1—x2dx 65. [ —=——adx
J.ﬁA/xz—4 J‘0 J'OA/16+9JC2
1 4
dx - J10 2
6. J.02x2+3 67. [° 10 — 5 dx 68'! 2_1 T59%
1 (25x2-16)3/2 S (x2=1)

o _ 2
69. (Area) Find the area enclosed by the graph of the function f(x) = % .

2,2
70. (Area) Find the area of the region enclosed by the ellipse x_2 + 2’—2 = 1.
a

71. (Area) Find the area of the region between y = sinx and y = sin’x for 0 <x <2r.

72. (Volume) Find the volume of the solid obtained by rotating the finite region bounded by the
graph of the function f(x) = x/1 —x2 and the x-axis about the line x = 1.

73. (Volume) Find the volume of the solid obtained by rotating the region bounded by the graph of
the function f(x) =

over the interval [0, 2] about the x-axis.
x-+

74. (Volume) Find the volume of the torus obtained by rotating the region bounded by the circle
x2+ (y—4)% = 4 about the x-axis.

75. (Volume) Show that the volume of the torus obtained by rotating the region bounded by the
circle x2+ (y — R)? = r2 about the x-axis is given by 2n2Rr?, where r € R.
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Exercise 76-77. (Theory) Establish the given integral formula.
m-—2

76. For m a positive even integer: Itan"xsecmxdx = I(l + tanzx) 2 (tannx)seczxdx

(Note that since (tanx)’' = seczx, and since the above integral is of the form

J.p(tanx)seczxdx for a polynomial p, that integral can always be evaluated.)

77. For n a positive odd integer and m > 1 :

n—1

n m m—1 2
Itan xsec xdx = J‘sec x(sec’x—1) % secxtanxdx

(Note that since (secx)’ = secxtanx, and since the above integral is of the form

Jp( secx)secxtanxdx for a polynomial p, that integral can always be evaluated.)
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§4. A HODGEPODGE OF INTEGRALS

While we offer a few additional integral examples in this section, the
primary reason for its inclusion is the exercises. In each case we suggest
that you take a good look at the integral and ask yourself:

Is it a straight forward integral, like _[ Ssecxtanxdx ?

Will a u-substitution crack the case, as with j—é—sgl—x—-dx ?

3cos x
How about integration by parts: jx2e3xdx ?

r)

Completing the square: J‘%
X<+ 6x+

. . +
Partial fractions: #dx ?

x4+ 2x3 - 3x2
Will a trig-identity help: jsinzxcos4x dx?

How about a trig-substitution: JA/xQ —4dx?

And what if none of the above help?

Answer: GIVE IT YOUR BEST SHOT!

EXAMPLE 7.16  Evaluate:

dx
J.1+J;c

SOLUTION:
2 margin
SR [y L ij(z— 2 )a’u
Y 1+.Jx T 1+u u-+1
— 12
e :2(Id”+j du)
du = dx = dx = 2x!/2du 1 +u

1/2
2 = 2udu

2u+2In|l +ul+C
2.x+2In(1+ Jx)+C

EXAMPLE 7.17  Evaluate:

1/2
X
.[ dx
x1/3+4
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Note that x!/2 and x!/3
are powers of x1/¢,

u® —4ut + 16u2 - 64
uZ+4|ud
ud + 4ub
—4y°
—4u® — 16u*
16u*
16u* + 64u?
—64u?

— 64u? 256

256

1
PR oy rrry
x2—4x+5
1
Or, more simply:
x2—4x+6 _ (xX2—-4x+5)+1
x2—4x+5 x2—4x+5

Chapter 7 Techniques of Integration

SOLUTION: Our initial substitution x = u® will take us to an expres-
sion involving only integer exponents:

O= 712 = 78wl F/3 = o2

X=Uu
dx = 6uSdu
y172 J B
J-xl/3+4dx - 6J-u2+
8
_ u
- 6J‘u2+4du
see margin: = 6J‘(u5_4u4+ 1612 — 64 + 256 )du
u?+4
7 5 3
7 5 3

O

7 5 3 _
= 6(“7 —4”? + 16% - 64u) +384tan 1@ +C

7/6 5/6 172 1/6
- 6(x _4x?, T6x —64x1/6) + 384tan” (x—) e

7 5 3 2

EXAMPLE 7.18 Evaluate:
j- —4x + 6d
—4x+5

SOLUTION: Try partial fractions:

2

X —4dxt6 1+ 1 (see margin)
—4x+5 —4x+5
But that’s as far as it goes, since x2 —4x + 5 is irreducible.
. 1 _ Ax+B 1 : _ _
If you try: STy Zoanas you will just find that 4 = 0 and B = 1.
So: J‘x —4x+6 :J‘(IJF 1 )de +J‘ dx
2_4x+5 x2—4x+5 x2—4x+5
And then complete the square:
.[ dx _ J‘ dx _ J‘ dx
x*—4x+5 (x2—4x+4)+1 (x-2)2+1
u=x-2,du = dx: = J. du = tan_1u+C
u?+1
— tan ((x-2)+C
Conclusion: J.ﬂd =x+ tan_l(x -2)+C
4x+5
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EXAMPLE 7.19 Evaluate: ;
X
'[(x +3)/x+1

SOLUTION:

J' dx ‘ZI u du = du
— " 2| s = 2]
(X+3)WT (u*—1+3)u u=+2
u=Ix+1=>u?2=x+1 gJ' du
x=u2-1 2 u

2
( )+1
dx = 2udu ﬁ

-4 g _du. _ P dw

" NG " 2 ['[Wz—i—]
= ﬁtan71w+C
= ﬁtan_liJrC

J2

2

EXAMPLE 7.20 Evaluate:
jsin3xsin2xdx

SOLUTION: While one can use the integration-by-parts method, an
easier procedure for this (and other integrals) is available; namely:

To evaluate integrals of type:
Isinmx sinnx dx Isinmx cosnx dx Icosmx cosnx dx
use the identities (Exercise 63):
2sindsinB = cos(4A—B)—cos(4 + B)
2sindcosB = sin(A4 + B) + sin(4 —B)
2cosAcosB = cos(A—B)+ cos(A4+ B)

In particular:

s 1 R U
J.s1n3xs1n2xdx = 2j(cosx—cosSx)abc = 5sinx— 10sm5x+C

EXAMPLE 7.21 Evaluate:

J‘ dx
sinx + cosx
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If ¢ is a zero of a poly-
nomial p(x), then x—c¢
is a factor.

SOLUTION: This one also calls for a helping hand:

The integral of a rational function of sinx or cosx (or both) can be turned into

a rational function of u via the substitution ¥ = tan%c . How? Like this:

o 3t
—> sin= =

u
2 /u2+1 2 M2+1

u From Theorem 1.5(ii) and (iii), page 37:

Nu2+1
X

) ]
2 . 5 X . X X X . X
1 sinx = s1n(—+—) = SINzCOS= + cos=sIn= =
2 2 2 2 2 2 u?+1

From: tan

u
1 cCosx = COS()—C+)—C) = COSECOS)—C—Sin)—CSin)—C =
2 2 22 22 w41

2du 2du

2@ T u+1
seC | =

&
2

Also: u = tan)z—C:>du = %secz()—é)dx:dx =

. 2u
Ifu= tan%c then: sinx = ——, cosx =

In particular: J‘ dx } J‘ u?+1
2u

Summarizing:

.
1 u,anddxz 2du
u?+1 u?+1 u?+1

u = tan)—c
2 2du

du

_ I 2
sinx + cosx L1 —u? u?-2u—1

ur+1 u?+1 *)

We now set our sights on obtaining a partial fraction decomposition
of the rational expression (*). Applying the quadratic formula to the

polynomial #2—2u—1 we see that it has two zeros: 1+ /2. From

Theorem 1.4, page 19  (see  margin), we conclude that
u?—2u—1= (u—1-.2)(u—1+ 2). An so we have:
2 2 A B

= = +
W2 w1 u—1—ID)u—1+2) (u-1-2) (u—-1+42)

Clearing denominators:
2=A(u-1+.2)+Bu-1-.2)

lettingu = 1+./2: 2 = A1+ .2-1+.2)

1
2 = A2.J2 A= —
(242) = %

lettingu = 1—.2: 2 = BA-./2-1-.2)
1

2 = B(-2.2)=>B = -
(-2.2) = %
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Putting it all together, we have'
j_ﬂ_ - —f
sinx + cosx 2 2u-— 1

B 1/.2 1/.J2
- U(u—l—ﬁ I(u—l%—ﬁ)dJ

——1n|u—1+ﬁ|———1n|u—1—ﬁ|+€
J2

NG
tan(z) 1+ .2

Lople=1+0 02 Ly, +C

2 12 sz tan(z)—l—ﬁ

u = tan=
2

SOME CLOSING REMARKS

1. Though J- f(x)dx exists for every fthat is continuous on [a, b], an antiderivative of fneed not exist.

A case in point:
1 if x=1

If =
) {2 if x =
is not continuous, it has no antiderivative (Theorem 3.1, page 73).

2
. then J g(x) = 2 (Exercise 59. page 188). However, since g(x)
0

2. While the Principal Theorem of Calculus (page 178) assures us that every continuous function f* has

X ’
an antiderivative, U f(t)dt) = f(x) it does not guarantee that the antiderivative has to be “nice.”
a

A case in point:
Up to this point we have dealt exclusively with elementary functions: functions that can
be expressed as a sum/difference, product/quotient, and composition of polynomials,
rational, trigonometric, inverse trigonometric, exponential, and logarithmic functions
(along with a few others). As it turns out, while the relatively nice continuous function

f(x) = e* has an antiderivative, that antiderivative is not an elementary function. Later,
we will see how its antiderivative can be represented by an infinite series.

3. In the not-too distant past, every calculus book contained an extensive list of Integral Formulas (some
still do). Before then, there were also trigonometric tables, and even square-root tables. Now they are
gone. We’ve become digitalized, and rely more and more on graphing calculators or other instruments
to perform many routine tasks. A case in point:

[(/Z + 1) cost - sinca + [Z + 1] ]

-E1n|
|[~|§ l:l c.os(x)+s1n(><)+ﬁ— 1|

II("1/(31n(x)+cos(x)) )

TI-89 through TI-voyage TI-83 through TI-84+
Note that the above TI-89 integral looks quite different than the one we arrived at in Example 7.21:

{ tan()—zc)—l-i-ﬁ

Tln - |+ C versus
2 tan(@ -1- ﬁ

Appearances aside, unless we or the calculator made a mistake (not as likely), the two expressions can,
at most, differ by a constant (why?).

|(J2+1) - cosx —sin(x) + /2 + 1]
— 21
2 n(‘(ﬁf 1) - cosx — sin(x) + /2 — 1])
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EXERCISES
Exercise 1-62. Evaluate by any method.
x2-3x+2 x2 x?2
1. —=d 2. —d 3. —d
j x2 * J‘)cz—3x-|r2x -[x2+2x+5x
dx 5 '[ dx 6. jezxcos 3xdx
x*t+1 1+ 3x2
7. ije*x3dx 8 .[ e dx 9 J' AN,
' e’ +1 ' /1 — 2
10. [xevds 1. [sin(In2x)dx 1. J‘xtanflx i
13. jze—xdx 14. J.(2x2+ 1)edx 15. J‘(x+2)A/x—5dx
eX+et-2
Jx Jx 18, [— &
16. ijmdx 17. jl_xl/3dx fﬁﬁ 7
dx 2 2
19. | —— Axs—1 2 -1
20. |~— 21.
e U et J 5
dx x2 dx
22, | ——— 23 | —2F—dx 24, | ——
IA/x2—2x+ 10 I(x2+9)3/2 '[(4+9x2)5/2
2. | dx 26. j——-@c——- 27. j—-—d—x-—-—
(x2 —2x+10)3/2 9x2 —36x + 52 4x2 +8x +29
CcOSX -1 . 2
28. dx tan x sin x
29. B T
sinzx + sinx—6 ? -[ x2 dx 30 -[(1 + cosx)?
3 COSX 1 + sinx
1. —_ — o
3 Isec xdx 32. -[(5 T dcosy)’ 33. - sinxdx
34, J’ ‘ dx ‘ 35 J- gmxcost dx 36. dx
sin2x — sinx sinx + secx sinsx
secx 0 e d
37. dx 38 _COSX iy 39. _ax
2tanx + secx — 1 Iom le 1+(lnx)2
B3x2+x+4 ! dx n
40. j et 41. j e 4 [3 —_cosx
1 X’ +x 0x°+xs+x+1 T sinxcosx + sinx

2




T
3. [P
02+ cosx

1

46. .[2 sin” x dx
0
T

49. j S tan’2x dx
0

2
52 IL
1 J4x — x2
0
55. In sin2xcos3x dx
10

T

2
58 [4__S€€ X g
1 + 3tanx

61. J- COSX
02—cosx

63. Establish the given identity:
(a) 2sin4sinB
(b) 2sindAcosB =
(c) 2cosAcosB

44,

47.

50.

53.

56.

59.

Ne)

62.

7.4 A Hodgepodge of Integrals

2 2
I In(x + 3)dx 45. .[ xeXrdx
-2 0
Y T
= 2
szsin4xdx 48. Ln cos Sxdx
0
T 2
= dx
6 3 51. e —
Io sec” xtanx dx ‘[/i xzm
3n d n
4= 54. [*sin5xsin3xdx
T 11— cosx 0
2
Jn z
.[2 xseczx2 dx 57. IZ sin” 3xdx
0
0 1 16 [
x(x+ 1)3dx 60.
J e (v
-[0 3+ 2cosx

cos(4—B)—cos(4+B)
sin(4 + B) + sin(4 —B)
cos(A—B)+ cos(4+B)

297
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CHAPTER SUMMARY

INTEGRATION BY PARTS

Iudv =uy— Jvdu

Basically, the integration by parts formula should be invoked
when:

You can’t perform: _[f (Jé )g’ﬂ(x)dx
[uav

But you can this: .[ g(x)f"(x)dx

N
'[ Vv du
THEOREM J. Inxdx = xInx—x+C
REDUCTION FORMULAS .n cosx . n-1 n—1¢ .n-2
Ism xdx = —=sin x + J-sm x dx
n
i _ _ )
jcosnxdx = mcosn 1x + 2 J.cosn x dx
n n
COMPLETING THE SQUARE . .
Q To turn:  x2 + ax into a perfect square:

this has to be the square of one-half
1 . (a 2
the coefficient of x: (§>

PARTIAL FRACTIONS

To evaluate an integral of the form J.’Z—g—; dx it may be neces-

sary to represent the rational expression f]% as a sum of a

polynomial and rational expressions of the form:

A Ax+ B
(ax + b)" (ax?+ bx +c)"

If the degree of the numerator, p(x), is not less than that of
the denominator, ¢(x), then you should divide ¢(x) into

p(x); after which you can express the remainder in terms of
partial fractions of the form:

Al
ax+b
Ax+B,

ax?+bx+c

(ax +b)" generates

ax?+ bx + c)" generates

+... 7t

A

S
(ax+b)"
A,x+B,

(ax?+bx +c)

(See Figure 7.1, page 273, for details)
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POWERS OF TRIGONOMETRIC
FUNCTIONS

The Pythagorean identity sin‘x+cos’x = 1 can be
employed to evaluate integrals of the form Isin"xcosmxdx

when at least one of the positive integer exponents, n and m,
is odd.

In the event that both exponents are even, consider the iden-
tities:

.2 1 - cos2x 2 1+ cos2x
s1nx=T and cosx=T

For integrals of the form
J‘tannxsecmx dx and jcotnxcscmx dx
consider the identities:

2 2 2 2
secx = l+tan'x and <c¢sc’x = 1+cot'x

To evaluate integrals of type:
J sinmx sinnxdx, J sinmx cosnxdx, J‘( cosmx cos(nx))dx

use the identities:
2sindsinB = cos(4A—B)—cos(4+ B)
2sindcosB = sin(4+ B) +sin(4—B)
2cosAcosB = cos(A—B)+ cos(4+B)
The integral of a rational function of sinx or cosx (or both)
can be turned into a rational function of u via the substitution

u = tanz.
2

TRIGONOMETRIC SUBSTITUTION
The following table can be used to evaluate certain integrals that involve expressions of the form

Ja? -

xz, sz + az, and /x2 — a2

. T n 232 itk 420082
= _Z Z 2 .2 a* — x* with a*cos 0
1 la? — x2 asin® <0< —1_
M a X ’ 2 2 cos 0 I —sin"0 Note that cos0 is positive
in the specified range.
T T 2 4 42 with a2cect
2+ g2 = _= = 2 2 x*+ a* with a“sec” 0
@ Wx’i+a atan®, 2<9<2 sec’® = 1 +tan"0 o
Note that sec® is positive
in the specified range.
0<0<z 2_ 42 with a2tan>
X% — a* with a“tan” 0
3)  Wx2-—a? 2, 2
©) = asec0, or tan"0 = sec™0 -1 Note that tan0 is positive
<0< _3___7I in the specified range.
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CHAPTER 8
L’Hopital’s Rule and Improper Integrals

§1 L’HOPITAL’S RULE

A limit such as lim 2x+ 5

can be evaluated by direct substitution:

xo3x+

. 2x+5 .. 2.3+5 11
lim = lim = =
xr>3x+4 xr—>3 3+4 7

More interesting limits have previously been encountered and deter-

mined. For example:
. x3-2x2-3x_ 3
lim ==X —2X = 2 (Exam le 2.1, page 44
R S 5 ( p page 44)

lim 32X = (Theorem 3.5, page 90)
x—>0 X
The above two limits are said to be limits of indeterminate form of
type “g .” The following method, established in Appendix B, page B-1,

may be used to address such limits:

THEOREM 8.1  Let ¢ be a real number, or +oo. Assume that,

L HOPITAL’S RULE: 2Part from c, f'and g are differentiable on an

“0/0” TYPE open interval containing ¢ with g'(x) # 0. If:
lim f(x) = limg(x) = 0
X —>cC X—>cC
and if:
lim £ = 1
xX—>c g'(x)
where L is a real number or oo, Then:
lim 4 =
xX—c g(x)
For example:
lim $0% = fim (SO iy COSX iy o5y = 1
x>0 X x—>0 (x)' x>0 1 x—>0

(Compare with the proof of Theorem 3.5, page 90.)
Before turning to other examples, we want to emphasize that:

(1) When applying I’Hopital’s Rule to a limit, lim Jm, of
x—>cq (x )
indeterminate form, you differentiate f and g sepa-
rately, you do NOT use the quotient rule.
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Answers: (a) % (b) %
(c)1

(2) L’Hopital’s Rule only applies to limits o

form. In particular, lim 22X 0
x—>0x+1 1
EQUAL TO lim M - cosX _
x>0(x+1) x50 1

f indeterminate

= - = 0— IT IS NOT

l.

EXAMPLE 8.1 Use I’Hopital’s Rule to find:
COSX — % «
(a) lim (b) lim £=
xoE x— T x—>0 x
3 3
~4/3
(c) lim

SOLUTION: Noting that, in each of the above we are dealing with an

indeterminate form of type “g ,” we apply ’Hopital’s rule:
0
1 ’
COSX — l/ (cosx - 5) . Ne
(a) lim = lim ——~ = lim 3 = _4jpT = A2
x—)E X—E x—)E —T—E)' x—)E 3 2
3 3\ 3 \(F73 3
0
ﬂO
X _ X _ ’ X
by lim €= = qim oD = g € g
x>0 x3 x—0 (x3)’ x—>03x2’]\
&0 since lim e* = 1 and lim 3x2 =
x—>0 x—0
and —-e-)-c—>0 for x #0
3x2
0
7 473
x—4/3 . (x’4/3)' . 3
() lim = lim =—~— = lim

0
=X
= lim 3 - % -0
X —> ©
COS(;)
CHECK YOUR UNDERSTANDING 8.1
Evaluate: 1
@) lim B2 gy gy NG 3) o gy TP
x>0 X x—1sin(2x -2) x— o tan(x~1/2)
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L’Hopital’s rule may have to be employed more than once in an eval-
uation process. Consider the following example:

EXAMPLE 8.2  Evaluate:

. X — sinx
lim
x>02+2x+x2—-2¢*

SOLUTION: Observing that we are dealing with an indeterminate form

we have:

of type “g ”

X — sinx _ 1 (x — sinx)’

im
x>02+2x+x2-2e¥  x—50(2+2x+x2—2e%)

still indeterminate: = lim _1—cosx
x>02+2x—2e*

- 1 (1 —cosx)’
= lim ————~—
x—>0(2+2x—-2e%)

— i Six g, _(siny)’
x—>02 -2 x-0(2-2e%)

—

1 ind . /l — lim cosx 1
still indeterminate: - - 73
x—>0-2e% 2

CHECK YOUR UNDERSTANDING 8.2

) Evaluate:
Answer: : lim %
x>0 Sx

L Hopital’s Rule also holds for one-sided limits. Consider the following
example:

EXAMPLE 8.3  Evaluate:

111’1’1 COSX

x> (n/2) [T
2

SOLUTION: Observing that we are dealing with indeterminate forms of

type “g ” we have:

lim 598X _ i (cosx)’

x> (n/2) ,E—x x—>(n/2)*( ,E—x)'
2 2

_ . —sinx
= |lim ——
x—>(n/2) _ 1

2 % _x
N2

= lim 2(sinx) (E-x=2-1-0=0
x—>(n/2) 2
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CHECK YOUR UNDERSTANDING 8.3

Evaluate:

tanx
lim —=
Answers: —o x>0 x2

We offer, without proof, the “ 2> variation of Theorem 8.1:
o0)

THEOREM 8.2  Let ¢ be a real number, or +o. Assume that,

LHOPITAL’S RULE: 2Part from ¢, f and g are differentiable on an
The theorem also holds

! Iso “00 /00" TYPE open interval containing ¢ with g'(x) # 0. If:
for one-sided limits. lim If(x)l ~ Im |g (x)l — o
X—>cC X—>cC
and if:
lim f_'(x) =L
xX—c g'(x)
where L is a real number or +oo, Then:
lim L) = 1
X —>c g(x)
EXAMPLE 8.4  Determine:
(a) lim 12X b) lim S€X
x—o0r 1 x> (n/2y Insecx
X
3
(¢) lim X
x—> o e¥

SOLUTION: Observing that we are dealing with indeterminate forms of
type “Z” we have:
o0

1
- 2

(a) lim Inx _ i 09 i X = gim (—x )

x—> 0 x> 07 (x7 Y x>0 _1 x50\ X

X x2
= lim (—x) = 0
x— 07
li secx _ . (secx)’ _ . secxtanx

b m = lim & ———ae= lim & ————

x> (ns2y Imsecx oy (Inseex)” /oy  secxtanx

secx

= lim secx = o
x—=>(n/2)

3 2
© lim = 1im 3= fim %= 1im &=

x—>weX x—ow e x—weX x—ower




Answers: (a) 5

Answers: (a) 1

(b)

()0
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CHECK YOUR UNDERSTANDING 8.4
Determine:
. 5x241 . 1/x
(a) xlgnoo x2_3 (b) x1—1>rr(§* In (—x)

OTHER INDETERMINATE FORMS: “0 - o0, 0 — o0, 00, 00, 1°*

At times, these indeterminate forms can be evaluated by first rewriting
them as indeterminate forms of type «0> or «® » and then applying
Q0

I’Hopital’s Rule. Consider the following examples.

EXAMPLE 8.5  Determine:

(a) lim sinx - Inx (b) lim (l _ _1_)
x—> 0 x—0\X  SInXx
SOLUTION: (a) lim sinx - Inx oftype “0 - oo™ can be converted into
— 07
a “OO 29 t e: !
& pe
© L Hopital’s Rule 1
0™y -
lim sinx - Inx = lim 1nx £ lim —>X——
x>0 x—>07CSCX  x— 0" —CSCXCOtxX
N —sinxtanx
= lim —————

invert and multiply: x—0* X

- ( lim ‘Sinx)( lim tanx)
X

-0t X x—0*
= (D) =0
b [13 2 1 “0 2
(b) lim G — L) of type “o0 — o0 ” can be converted into a “= " type:
x—0\X SInx 0
0
. 1 1 _0 . sinx —x) _ .. cosx — 1
Iim|{--—] = lim|————| = lim| —————
x—=0 X SInx x— 0\ XsInx X — 0\XCOSX + SIn
L’Hopital’s Rule — = 1im ( - —Smx X)
x> 0\—XxsInx + cosx + cos

CHECK YOUR UNDERSTANDING 8.5

Determine:
(@) lim [(1+ tanx)sec2x] o) lim (- L)
X — _E x— 0 NX tanx

4
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Limits of the form lim f{(x)**) and lim f(x)¢*) may give rise to
X —>cC X —> 0

indeterminate forms of types 09,000, and 1°, which can often be
resolved by invoking the natural logarithmic function. Consider the fol-
lowing example.

EXAMPLE 8.6 Determine:

(a) lim x!/* (b) lim (1 + cosx)tanx
e x>
2
SOLUTION: (a) To evaluate lim x!/¥, an indeterminate form of type
X —> ©
Exercise 41, page 62: 0 .
If f is continuous at b and 0, we proceed as follows: |
if i = b, then: lim In(x!/x) lim —Inx
xl_r)nag(x) lim x!/* = lim elnG') = grow ( = pxo=X
lim f[g(x)] = /] lim g(x)] x>0 x>0 T oo (Inx)
x—>a x—>a m e
See margin = g7* X
1
lim =
— ex»ao — eO — 1

(b) To evaluate lim (1 + cosx)®™¥ (an indeterminate form of type

N
Y72
1°)welety = (1 + cosx)®@X (see margin). Then:
lim Iny = lim In(1+ cosx)®¥ = lim tanxIn(1 + cosx)
x> g x> gf x> 7{

. +
~ lim In(1 + cosx) <0
LT cotx 0
2
_ 1. [In(1+ cosx)]’
= lim :
N (cotx)
2
—sinx
~ Im 1 + cosx
T 2
x—>7  —escx
sin’x 1
= lim —— =-=1

n- 1+ cosx 1
32



Answers: (a) iz )1
e

8.1 L’Hopital’s Rule

From lim Iny = 1 we have: lim el = ¢!

x>z x>
2 2

Buty = (1 + cosx)®@1¥ So: lim (1+ cosx)@ = e

xoZ
2

307

CHECK YOUR UNDERSTANDING 8.6

Determine:
2 1

(@) lim (e*+1) ~ (b) lim (cosx)’—‘
X — 0 x—>0
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EXERCISES

Exercise 1-56. Use L’Hopital’s rule to determine the given limit.

1.

10.

13.

16.

19.

22.

25.

28.

T x3—5x+2
im —=2= =
x—>2 x4+ 6x2-40

.ooe¥—1
lim —
x—0 SInx

ln(l + -1-)
X

lim
X —> ©

x> 1 l_x

X—> 0 .

eX—e™*-2x
X — sinx

lim
x—>0

. sinx —xCOSx
lim >— >~
x>0 Xx—sinx

. x*—x
im ——=
x—>11—x+Inx

11.

14.

17.

20.

23.

26.

29.

. er—1 . x2—-5x+2
lim 3. lim ——— =
x>0 X x> wox4+ 6x2—40
i 1 — cosx 6 lim sinx
X —> 0 X X 0 ex — e*.x
lim —S10% 9. lim 10X
x—>0eX—eX x> [y

1 12, lim n(nx)
hm X — 1 X —> o0 X
x—>1 L
Inx
1n(1 N l) 15. lim 32X
lim * e 1T
_ 2
o sinl
X
lim 1+ cqs2x 18, lim 1 — cosx
. 1 — sinx x>0 x2
2
i Incos2x 21 lim x2+2x—-2e¥+2
x—)n(’}t—x)z . x—0 sinx —x
lim tanx — sinx 24, lim S98*— si.nx +1
x—0 x3 n cosx + sinx — 1
3
m In(tanx) 27 lim In(1—x)
x — 0+ In(tan2x) x— 1 COSTX

. X _ px 2
lim ¢ . sec x—2tanx
10 x 30. lim =>-——=~""=

n 1+ cosdx

x>




8.1 L’HoOpital’s Rule
31, fim EoS0_x 32. lim ln(escx) 33, lim 110X
T x50 sin°x x— 0" In(cotx) x—0SInx —x
34, lim 1—Inx 35. lim M 36. lim In(1—2x)
x>0 el/x x> Inx 1- tanmx
X _>§
37, lim G2+ ) 38, lim CosxIn(x—2) 39. limoox3e*)f2
x—>0* Inx X =2+ ln(ex_eZ) x>
40. lim (1 +x 1) 41. hmntanx- In(sinx) 4. lim( 1 1)
x—>o0\sinxy  x x5 r—08in2y X2
45. lim [In2x — In(x + 1
43.  lim (L _ L) 44. lim (L _ L) im [ln2x n(x+1)]
x— INnx x—-1 x> 1 —1  Inx
. i i sinx i 4+ oxy1/x
46. lim (e* +x)1/x 47 xll)n}ﬁ(smx) 48 xh_r)no(x 2%)
X —> ©
- 1)* 50. lim (e3%—2x)73/* 1
49, lim (1 " ‘) x>0 51, lim (cosx)®
X —> X e
r sins2dt refzdt refzdt
52. lim >——— 53 lim 20 54 lim 2
x—>0 x2 x—>wo X x>0 eX
2 2
55 lim &°X  and lim &5 56. tim MOt D) ng i G2 * D)
x—> o xe¥ x> -0 xer x>oln(x3+1) x—-—oln(x3+1)
Exercise 57-59. Use I’Hopital’s Rule to evaluate the limit of:
57. Example 2.1, page 44 58. Example 2.2, page 45 59. Example 2.3, page 45

Exercise 60-62. Use I’Hopital’s Rule to evaluate the limit /'(¢) = lim W+ﬂd of:
h—>0
60. Example 3.2, page 67 61. Example 3.3, page 68 62. CYU 3.1, page 69

63. Find all values of @ for which lim $239¥—1 — g
x—>0 X

: 3
64. Find all values @ and b for which lim SI2X +ax” + bx
x—0 x3

=0.

65. (Theory) Verify that for every positive integer n lim “ -

x— oo x"

309
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§2 IMPROPER INTEGRALS

Up to this point we have only considered definite integrals of the

b
form I f(x)dx , with f continuous throughout the closed interval [a, b].
a

What if the interval is not finite — as is the case with the

0 0 0
expressions: I xerdx j xe*dx, and J. xeXdx?
0 —0 —0

What if f'is discontinuous within the interval of integration
4

— as is the case with the expression ﬂl ?
0X—
Unencumbered by any sense of political correctness, such integrals
continue to be called improper integrals. Let’s “properize” them,
starting with:

DEFINITION 8.1 ) o .
Let f be continuous on [a, o) . If lim J. f(x)dx exists, then
IMPROPER INTEGRALS f—> 0,

(INFINITE INTERVAL) o
we say that J. f(x)dx converges to that (finite) limit.
a

a
Let f be continuous on (-, a]. If lim _[ f(x)dx exists,
t— —0%¢

a
then we say that I f(x)dx converges to that (finite) limit.

0
Any number ¢ can replace the Let /* be continuous on (—o, ). If both lim j f(x)dx and
t——w0%y

“0” in J’Of(x)dx and jt f(x)dx ; "
' lim j f(x)dx exist, then we say that j f(x)dx converges
t—> oY —0

0 t
to lim j A(x)dx+ lim j f(x)dx.
t— —o%y t— v

In the above situations, if the integral does not converge,
then it is said to diverge.
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EXAMPLE 8.7 Determine if the given integral converges. If it
does, find its value.

(a) j-jo)lcdx (b) jf evdx
(©) Iwoox3dx ) Iwwx21+ dx

SOLUTION: (a) Since:

0 1
Yax = tim [ Ly = tim x|’ = lim (nr—In1)
1 X t—>owv1 X t— oo t— oo

=1 = lim Inz = o
é(x) X t—> ©
Infinite area Ool : ST : :
= J‘ dx diverges, as the limit is not finite (see margin).
1 1 X
0 0 0
(b) Since: j e*dx = lim j e'dy = lim e¥| = 1— lim ' = 1
—0 t——0% ¢ t— —© t— -
flx) = e* 0 .
N J‘ e*dx converges to 1 (see margin).
Area = 1 —o0

(c) First: Jpo x3dx = IO

—00

00 0
x3dx +I x3dx . Since I x3dx diverges:
0 —o0

In Definition 8.1 f f(x)dx 0

0 0 4
o defined o be [ ¥ax = lim [ x3dv= lim %| = 2 lim —* = —o
X . t— -0 t—-o4 ; 45
limj x3dx, which turns
t—> Y _¢ 0 3 :
out to be 0 (verify). Rather, so does I x°dx . (See margin.)
00 —00
j f(x)dx is the sum of two
integrals, both of which need . 0 .
to converge in order for d J’ 1 dx = J‘ 1 dx + J‘ 1 dx
” (d) x2+1 x2+1 x2+1
I f(x)dx to converge. —®© - 0
- 0 Lo
= lim | dx+ lim dx
) t——o0v; X2+ t>wdgx2+1
Since f(x) =
x2 a1l t 1
is an even function: = 2 |im dx

t—>wdgx2+ 1

t
Theorem 6.17(¢): = 2 lim tan_lx‘o = 2 lim (tan_lt— tan_IO)
t— o t— ©

Figure 6.6(b), page 251: = 2(% — 0) =7
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Answer: Yes, 1

Answer: ©

CHECK YOUR UNDERSTANDING 8.7

o0
Does j- xe~dx converge? If so, find its value.
0

EXAMPLE 8.8 (a) Determine the area of the region bounded

on the left by the line y = x, below by the x-
axis, and above by the graph of the function

_ 1
f(x)—;-

(b) Find the volume obtained by revolving the
above area about the x axis.

SOLUTION:
1 0
1
(@) A4 = | xdx+| —dx y=x
I0 sz > =
X
1
) ¢
=X +1im'[x*2dx 1
0 t— 0] N
t x=1
2
-1, lim 1 x3=JIC
2 t— o xl _ 1

=1y lim(—l+1) =
2

t—>owoN [t

N1

1 0 3 t
®) y = TCJ- xzdx+n_|. ldx = 12| +7lim J-x‘4dx
- E+Elim(—l+l) = 2n
3 3t—>oo t3 3

CHECK YOUR UNDERSTANDING 8.8

While the area of the region lying to the right of x = 1 that is
bounded below by the x-axis and above by the graph of the function

fix) = 1 is infinite [see Example 8.7(a)], the volume obtained by
X

revolving that region about the x-axis is finite. Find that volume.

We have seen that j )lcdx diverges [Example 8.7(a)], and that
1

0

.[ la’x converges [see Solution of Example 8.8(a)]. In general:

] x?
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THEOREM 8.3

The integral j —l—dx converges if p>1 and
1 xP
divergesif p<1.

PROOF: We already know that the integral divergesif p = 1.
0 ! —p+1
Forp;tl:j -l—dx = lim j xPdx = lim X2
1 xP t—> 0] t—)oo—p-i-ll

1 )
= lim (¢
-p+ 1t—>oo(

—p+1

1)

Ifp>1,then lim (r * " '=1) = lim L-l) - _1.So:

t—> o t— oy 1
>0

1 xlpdx = (—p1+ 1) (-1) = pi T and the integral converges.

If p<1,then lim (¢ * "'

{—> ©

—-1) = and'[ ia’x diverges.
N 1 xP

o0

CHECK YOUR UNDERSTANDING 8.9

Answers: For what values of p and ¢ does the indicated integral converge?
(a)p>land g>1 © 1 1 ©r1 1 /xP
(b) ptg>1 @ | (—+—)dx ®) | (—-—)dx © [ Sy
(©)p-g>1 1P x4 1P x4 1 1/x4

b
Here is the _[ f(x)dx -story when fis not continuous throughout [a, b]:
a

DEFINITION 8.2 Let f be continuous on [a,b) and discontinuous at b. If

! b
IMPROPERINTEGRALS  |im j f(x)dx exists, then we say that _[ f(x)dx converges
a a

DISCONTINUITY) (b o .
( ) to that (finite) limit.

Let f be continuous on (a,b] and discontinuous at a. If
b b

lim I f(x)dx exists, then we say that I f(x)dx converges to
7t a

t—>a

that (finite) limit.
Let f be continuous at every point in [a, b] other than

c b
¢ € (a, b). If both J f(x)dx and J f(x)dx converge, then

b C b
we say that _[f(x)dx converges to J f(x)dx + I f(x)dx.
a a c

In the above situations, if the integral does not converge, then
it is said to diverge.
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EXAMPLE 8.9 Determine if the given integral converges. If if
does, find its value.

1 2
dx dx
(a) )| =
'[0 —x+1 '[—2x4
4
dx
C ——
( )II(X_Z)Z/S
SOLUTION:
1 t t
(a)j dx _ _ lim dx . Turning to j dx we have:
0 —x+1 =170, /—x+1 0 /—x+1
J’t dx__ _ _.[_t+lu—l/2du _ _2u1/2|"+1
0/—x+1 1 !
\ou=oxit] = 20t l=)
du = —dx
Yodx .
And so: = lim -2(J/—t+1-1) = 2 (converges
jom im =2(./ ) = 2 (converges)
If one does not spot the
discontinuity at 0, then one 2 0 2 2 2
might do this ) [y A [P i [t
- . 2
Wedke v g%h: flx) = )-c?‘ is an even function: f(—x) = f(x) = 2 lim _% = o
t—>0" 3x ;
) 2 dx . .
And so: _[ = diverges. (See margin.)
22X
|
J‘4 dx _ J'2 dx +J'4 dx
@) 2223 iGo22B Lh—2)23
= JJLﬁ- lim JAL (*)
(-2 Y1 (x—2)23 12t (x—2)2/3
d = ;
Sincefm N fuldu=3u"+C =3x-2)13+C:
u=x-2
du = dx
4
dx . t . 4
—= = lim 3(x-2)!3[, + lim 3(x—2)!/3
J.I(X—Z)ZB t—2- ( ) ‘1 t—2* ( ) "

3 lim [(1—2)3+1]+3 lim [213 = (r=2)1/3]
t— 27"

t— 2

3+3.21/3 = 3(1+21/3)  (converges)
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CHECK YOUR UNDERSTANDING 8.10
A :
(ar)lgfzrezsfges. Determine if the given integral converges. If if does, find its value.
(b) Converges: 3 J 2 I
5 X
2(34/5 _94/5 a b —_—
4( ) ()Il(x—3)2 ().[_3(x+1)1/5
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EXERCISES

Exercise 1-42. Determine if the given integral converges. If if does, find its value.

1.

4.

7.

10

13.

16.

19.

22.

25.

28.

31.

34.

37.

'[1 xizdx

Il de

dx

J.04+)C2

0

X
R S
reworsele

* 2
I xeXdx

—00

I eP*dx, p>0
0

8
J‘ 13dx
0

dx

31 +x
IRy

-1
j 8(x + 1)"1/5dx
-3

© ]
— g
jo Jx(x+4) *

1

X
40. -[,1 mdx

2. e *dx

J
0

5. [ —
w(2x—1)3

8. I ln—xdx

11. | ————dx
o (1 -1-)62)2

14. x
0 (ex+ 1)3

| Z 5w
| =T
17, J~°°lnx
20. Ilmdx
T

23. Iz tanxdx
0

1

26. [P —— i
ox(1—x)1/3
29. _xX*3
> (x— D(x2+1)
3
1
2. | —
3 on_zdx
T
35. Iz secxdx
0
8
1
38 Iomdx

41.]16%6(2_;[) e

3. IO xeXdx
6. Io sinxdx

9. I cosmxdx
0

00

12. I xe 3% dx
1

J'°° 6x2+ 8

15. X
0o (x2+1)(x2+2)

°
18. Lo4 +x2dx

0 16
. [ —16
Lo9x4+ 021

1
24. .[ Inxdx
0

—1
27.[ 3(x +3)2/5dx
-5

! 1
30. d.
J‘71 N1 —x2 )

33 r L
‘ 13/x-2

36, I:;Clzdx

1
39. I xInxdx
0

4 1

42. —dx
JL1 M1 +x/4—x
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Exercise 43-45. For what values of @ does the given integral converge?

1 0 00
a a 45, ( c— )d
43, .[Ox dx 44. Il x%dx '[0 211 3x+1 b

Exercise 46-48. For what values of n does the given integral converge?

1 1 0
46. [ x"inxdx 47. [ x"(Inx)2dx 48. | Inx o
0

0 1 x"
t

00 0
49. Show that I sinxdx and I sinxdx diverge, and that lim Isinxdx =0.
0 —00 t— ©
—t

50. Find the area of the region to the right of the origin that is bounded below by the x-axis, and
1

(1+x)?
51. Find the area of the region to the right of the origin that is bounded below by the x-axis, and
above by the graph of the function f(x) = e™.

above by the graph of the function f(x) =

52. Find the area of the region bounded above by xy = 1, below by y(x2+ 1) = x, and to the
leftby x = 1.

53. Find the area of the region above (0, 1] and below the graph of the function f{x) = x~1/4.

54. Find the volume obtained by rotating about the x-axis the region to the right of the origin that
is bounded below by the x-axis, and above by the graph of the function f(x) = e™.

55. Find the volume obtained by rotating about the y-axis the region to the right of the origin that
is bounded below by the x-axis, and above by the graph of the function f(x) = e™.

56. Find the volume obtained by rotating about the x-axis the region lying above (0, 1] and
below the graph of the function f{x) = x /4.

57. Find the volume obtained by rotating about the y-axis the region lying above (0, 1] and
below the graph of the function f(x) = x 174,
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CHAPTER SUMMARY

L’HOPITAL’S RULE

Let fand g be differentiable with g’(c¢) # 0 in an open inter-
val containing ¢ (except possibly at c). If:

limf(x) = 0 and limg(x) = 0

xX—c x—oc
OR
lim f(x) = too and lim g(x) = o
xX—>c xX—>c

then: lim 1) &
xocg(x) g'(c)

if the limit on the right exists (or is £o0).

The above also holds if “x — ¢” is replaced by x — ¢,
xX—>ct,x—>—0,0orx —>o.

IMPROPER INTEGRALS
(INFINITE INTERVAL)

!
Let f be continuous on [a, ©) . If lim I f(x)dx exists, then
t—> 0%y

we say that .[ f(x)dx converges to that (finite) limit.
a

a
Let f/ be continuous on (—o0,a]. If lim '[ f(x)dx exists,
t— —0%y

a
then we say that _[ f(x)dx converges to that (finite) limit.

[ —> -

0
Let f* be continuous on (—, o). If both lim J- f(x)dx and
t

t 0
lim I f(x)dx exist, then we say that I f(x)dx converges
t—> v —00

0 t
to lim j f(x)dx+ lim j f(x)dx.
t t—> %0

t—>—o

In the above situations, if the integral does not converge,
then it is said to diverge.

THEOREM

The integral I lpdx converges if p > 1 and diverges if
1 X

p=<1.
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IMPROPER INTEGRALS
(DISCONTINUITY)

Let f be continuous on [a, b) and discontinuous at b. If

t—b-
to that (finite) limit.

Let f be continuous on (a, b] and discontinuous at a. If

4 b
lim I f(x)dx exists, then we say that J- f(x)dx converges
a a

t—>at
to that (finite) limit.

Let f be continuous at every point in [a, b] other than

b b
lim I f(x)dx exists, then we say that I f(x)dx converges
t a

c b
¢ € (a, b). If both j f(x)dx and j f(x)dx converge, then
a C
b
we say that j f(x)dx converges to
a

Ic flx)dx+ I ' fix)dx .

In the above situations, if the integral does not converge,
then it is said to diverge.
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We remind you that |a— b
represents the distance on the
number line between the
numbers a and b. For exam-
ple: [2—7| = 5 isthe distance
between 2 and 7, while
|3+4] = [3—(-4)| = 7 is the
distance between 3 and —4 .

Compare with the spirit of
Definition 2.2, page 53

[ lim fix) = L]:

X—>cC

f(x) gets arbitrarily close
to L (within ¢ units of L),
providing x is close enough
to c: i.e. 0<|x—c| <8 for
some 3>0.
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CHAPTER9
SEQUENCES AND SERIES

§1. SEQUENCES

Formally:

DEFINITION 9.1 A sequence of real numbers is a real-valued

SEQUENCE

function with domain the set of positive inte-
gers: 2 ZF > R.

Formality aside, one seldom represents a sequence in function-form
but rather as an infinite string of numbers, or terms:

(ay,a,,ay, ...) or (an)zo=1 or simply (a,)

with a, representing the function value f(n).

Consider the three sequences:

(@) (1, % % ) (b) (’” 1)00 and (0) (1,2, 1,2, 1,2, ...)

n n=1

While the sequence in (a) appears to be heading to 0 and that of (b) to 1,
the one in (c) does not look to be going anywhere in particular, as its
terms keep jumping back and forth between 1 and 2. Appearances are
well and good, but mathematics demands precision, bringing us to:

DEFINITION 9.2 A sequence (an)zo= , converges to the num-

CONVERGENT
SEQUENCE

ber L if for any given € >0 there exists a
positive integer N (which depends on ¢)
such that:

n>N=la,-L|<e
In the event that (a,) converges to L we

write lima, = L, or lima, = L, or
n— 0

a, — L, and call L the limit of the sequence.
A sequence that converges is said to be a
convergent sequence. A sequence that does
not converge is said to diverge.

n— ©

In spirit: lim a, = L ifthe a,’s get arbitrarily close to L (within &

units of L), providing they are far enough in the sequence (n > N)

Note that in the above definition we speak of the limit of a sequence,
as opposed to “a limit.” That is as it should be, for:.

THEOREM 9.1 If a sequence (a,) converges, then it has a

unique limit.
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< E>|<E>
oo

( Y o)
T X 7

L M

Answer: See page A-48.

Note how N is dependent
on & — the smaller the
given €, the larger the N.

PROOF: Assume that lim @, = L and lim a, = M with L= M

n— o n— o
(we will arrive at a contradiction):
Let ¢ = w (see margin). Since lim a, = L, there exists
n— o

N, such that n >N, = |a,—L| <e. By the same token, since

nli_r>nooa” = M, there exists N, such that n >N, = |a, - M| <e.

Choosing n, to be any integer greater than both N; and N, , we
are led to the conclusion that |an —L‘ <¢ and |an —M <g;
0 0

but this cannot be, since no number lies both within € units of L
and € units of M (see margin again).

CHECK YOUR UNDERSTANDING 9.1

Prove that for any constant ¢ the sequence (c, ¢, ¢, ¢, ...) converges
to c.

EXAMPLE 9.1 (a) Prove that lim Z 1 1

n—>wo N
(b) Show that the sequence
(a,) = (1,0,1,0, 1, ...) diverges.

SOLUTION: (a) Let €>0 be given. We are to find N such that

n>N= n:l_l <eg.Let’sdoit:
We want: > N = n;:l—l <g
Let’s rewrite our goal: 7> N = ntlon g
n
again: n>N= |l <¢
n

, 1
and again: n>N:>];<8

1
and finally: n>N = n > -

n+1
n

So, to find an Nsuchthat n >N = —1| < ¢ isto find an N such

that n > N=n> -:; . Easy: let N be the first integer greater than % .



Answers: (a-i) See page A-48.

(a-ii)) N = 1010
(a-iii) N = 10,100
(b) and (c) See page A-48.

Compare with Theorem
2.3, page 55.

Actually, we need only
require that “eventually” no
b, = 0; which is to say that

for some integer N b, #0

for all n>N. After all,
whether a sequence con-
verges or not has nothing to
do with the start of the
sequence, but only on what
happens as n — .
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(b) We show that (a,) = (1,0,1,0,1, ...) diverges by demonstrat-
ing that no fixed number ¢ can be the limit of the sequence:

Let € = % For any N, both ay,, and a,,, cannot fall

within ¢ units of ¢, for the simple reason that the distance
between any two adjacent elements of (1,0, 1,0, 1,...) is 1,
NP B .
and any two numbers within 5 unit of ¢ are less than 1 unit
apart (see margin). So, no N “works” for ¢ = % .

CHECK YOUR UNDERSTANDING 9.2

(a) Let (a,) = (7— 1%) .
(1) Provethat lim a, = 7.
n— oo
(i) Find the smallest positive integer N such that
n>N=l|a,-7| <%
(iii) Find the smallest positive integer N such that
1
n>N=|a,—7| <100
(b) Prove that lim |a,| = 0 ifand only if lim a, = 0.
n— oo n— o

(¢) Find (a,) for which lim |a,|# lim a,.
n— oo n—» oo

THE ALGEBRA OF SEQUENCES

When it comes to sums, differences, products, and quotients,
sequences behave nicely:

THEOREM 9.2 Iflima, = 4 and lim b, = B, then:

(@ limca, = c4 ,forany c € R.

(b) lim (a,+b,) = A+B

(The limit of a sum (or difference) equals the sum (or differ-
ence) of the limits)

(c) lim (a,b,) = AB

(The limit of a product equals the product of the limits)

. ay A .-
(d) lim 5 iR providingno b, = 0 (see mar-
n
gin)and B#0.

(The limit of a quotient equals the quotient of the limits)

PROOF: We establish (a) and the (sum-part) of (b). Proofs of (¢) and
(d) appear in Appendix B, page B-2.
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(a) Case 1. ¢ = 0. If ¢ = 0, then each entry of the sequence

(ca,) is 0. Consequently: lim ca, = 0 = 04 = c lim a,.
n— oo n— o

Case 2. c¢#0 .Forgiven € >0 we will exhibit an N such that:
n>N=|ca,—cd|<e

ie: n>N=l|cl|la,—4|<e

£

!

Since lim a,, = A, we know that for any € > 0 there exists an N

iee n>N=> ‘an—A‘ <

such that n > N = |a, — 4| < & In particular, for g = ﬁ we can
c
choose N such that n > N = ‘an —A‘ < %, and we are done.
(b) Let € >0 be given. We are to find N such that

n>N=|(a,+b,)-(A4+B)<e (¥
Note that:
‘(an +b,)—(4 +B)‘ = ‘(an—A) + (bn—B)| < |(an—A)‘ + |(bn —B)‘

triangle inequality

So, if we can arrange things so that both |(a, — 4)| and |(b, - B)| are
less than ;_ , then (*) will hold. Let’s arrange things:

Since a, — A4, there exists N, such that:

n>N,= |a,—A| <§

Since b, — B, there exists Ny such that: n > Ny = |bn —B‘ < g
Letting N = max{N,, Ny} (the larger of N, and Ny), we find that
for n>N:|(a, +b,) (4 +B)| <|a,~A| +|b,~B|<Z+> =&

A similar argument can be used to show that lim (a,—-b,) = A-B.

The next result is reminiscent of the Pinching Theorem of page 89:

THEOREM 9.3 If the sequences (a,), (c,), and (b,) are such
PINCHING THEOREM  that  (eventually) a,<c, <b,, and if

FOR SEQUENCES . . .
Q lima, = limb, = L,thenlimc, = L.

PROOF: Let €¢>0 be given. We are to find N such that
n>N=|c,—L|<g, which is equivalent to finding N such that

n>N=-g<c,—L<e (why?). Let’s do it:

Since a,<c,<b,:a,-L<c,—L<b, —L (¥
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Since lima, = lim b, = L, we can choose N such that

n> N implies that both |a, — L| <& and |b, — L| < &, which is

to say that both —e <a, - L<¢ and —e<b, - L<eg.

Returning to (*) we have:
n>N=-e<a,-L<c,—-L<b, —L<ce

trimming the above we have: n >N = —e<c,—L<g

CHECK YOUR UNDERSTANDING 9.3

(a) Let (a,) and (b,) be such that, eventually, a, <b, . Show that if
a,—>A and b, — B,then A<B.

(b) Give an example of two sequences (a,) and (b,) with a, <b,

Answers: See page A-48 such that im a, = lim b, .

The following result offers a link between continuity and sequence
convergence.

THEOREM 9.4 Let (an):):1 be a sequence, and let the set

{an}:)=1 be contained in the domain of a
function /. If lim a, = L and, if f'is continu-

To put it succinctly: n— o

limfla,) = f(lim a,) ous at L, then lim f(a,) = f(L).
n —> ©

PROOF: Given &>0 we are to find N such that
n>N= |f(a,)-f(L)| <e.Let’s doit:
Since f'is continuous at L, we can choose o > 0 such that:
- L <8 = |fix) - AL) <& (¥)

We are given that lim a, = L. Letting 6 > 0 play the role of

n— ©
¢ in Definition 9.2, page 321, we choose N such that:

n>N=la,—L| <3 (**)
Putting (*) and (**) together we have:
n>N=la,-L|<d=|fla,) -A(L) <&
A A

**) *)

. 2
BT 2 Show that lim sin(n—n +210n) =1.
n— o n

SOLUTION: Since the sine function is continuous, we set our sights

2
on determining lim (TL”__J_F_IQE) . Taking advantage of Theorem 9.2,

2n?
we take the easy way out:
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Answers: (a) 1

. (mn?+10n\ _ .. mwn?, .. 10n
lim | ————— | = lim — + lim —
2n? 2n? 2n?

— limZ+lim2 = T40 = &

2 n 2 2

Applying Theorem 9.4 we have:

. . (mn?2+10n\7 _ . [, (m«n?+10n\7 _ . m _
hm[smT}—sm[hmT}—smE—l
n

CHECK YOUR UNDERSTANDING 9.4

Evaluate:

. n+1 . n+l1
(b) 0 (a) lim (b) lim ln(——n )

n— o© n n— o

I’HOPITAL’S RULE AND SEQUENCES.

L’Hopital’s rule can be a useful tool in determining the limit of cer-
tain sequences. Consider the following example.

EXAMPLE 9.3  Verify that
@ lim ™ -0 () lim (1+l)" — e

n—>wo N n— o n
SOLUTION: (a) L’Hopital’s rule deals with differentiable functions
and not sequences. But once we verify that lim Inx _ 0, we will be
x—>wo X
able to conclude that lim Inn_ 0, for we can let x “walk to infinity
n—>wo N
by stepping only on integer values.” Let’s verify:
1
lim 10 = fim (0" — iy [ 2] = jim L=
x—>wo X T x—>wo X X —> o0 1 xX—>owX

Theorem 8.2, page 304

1 x

In{ 1+
(b) Since (1 + l)x = e ( ¥, we first show that
X

) ns _ .. 1y _ .
lim ln(l +—) = [im xln(l +—) =1:

X —> 0 X X —> 0 X
_x_z
Y 1
In{1+- 1+-
lim xln(1+l) = lim i = lim X = lim i 1
X —> © X X —> © (l), x = 00 —x 2 x—)oo1+l
X X




In the exercises you are
invited to show that

n
lim (1+g) = e
n— o n

for every a e R.

Answers: See page A-50

Note that an increasing
sequence is bounded below
by its first element while a
decreasing sequence is
bounded above by its first
element.
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1

In particular: lim nln(l +—) =1
n— o n
nln(l-s—l)
Theorem 9.4:  lim e "= el
n — o
ln(1+l)n
lim e "o=e
n— o©

n
lim (1 + l) = e (see margin)
n—» n

CHECK YOUR UNDERSTANDING 9.5

Verity:

(a) lim n!/7 = 1
n— ©

(b) 1im (2)" = &2

n—> oo n—1

MONOTONE SEQUENCES

DEFINITION 9.3 A sequence (a,) is:

INCREASING Increasing if there exists an integer N such that
a,<a,,, foralln>N.

DECREASING Decreasing if there exists an integer N such that
a,za,  foralln>N.

MONOTONE Monotone if it is either increasing or decreasing.

BOUNDED Bounded if there exists a number M, called a

bound of (a,), such that |a,| <M for all n.

EXAMPLE 9.4 Show that the given sequence is monotone and

bounded.
® (%)

(@) (n Z 1)

SOLUTION: (a) To get a feeling for the sequence (n i

+ 1
1234 .
>3 45 It certainly appears that the

sequence is (strictly) increasing. Let’s prove it:
n n+1

<
ntl n+2

) , we look at

a few of its initial terms:

Snn+2)<(n+1)(n+1)
oSn?+2n<n?+2n+1
=>2n<2n+1 Yes!
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Why the derivative?
Because the sign of the
derivative can shed
light on whether the
function is increasing
or decreasing.

Answers: See page A-49.

Answers: See page A-49.

In terms of Definition 9.1:
A subsequence of the
sequence f: Zt — R isacom-
posite function foh: Z" — R

where 4: Z* — Z" is astrictly
increasing function.

Since 0 < —— < 1 , (L) is bounded.
n+1 n+1

(b) To determine if (_n_) is monotone, we turn to the derivative of the

e}’l

. _ X N _ (XY _ef—xet _ 1-x .
function f(x) = s f'(x) (ex) r prak Since

f'(x) <0 for x> 1, the positive sequence (ﬂn) is (strictly) decreas-
e

ing. Consequently 0 < ﬁ < ;1—1 , and the sequence is bounded.

CHECK YOUR UNDERSTANDING 9.6

(a) Show that a sequence (a,) with each a, >0 is:

ay+1

(1) Increasing if >1.

n

.. . . eS|
(1) Strictly decreasing if — <I.
n

n

(b) Use (a) to show that the sequence (%) is strictly decreasing for
n>1.

In Example 9.4 we showed that the sequences (n Z 1) and (%) are
e

monotone and bounded. As such, they must converge; for:
THEOREM 9.5 Every bounded monotone sequence converges.
A proof of the above result appears in Appendix B, page B-4.

CHECK YOUR UNDERSTANDING 9.7

Prove that if a sequence converges, then it is bounded.

SUBSEQUENCES
Roughly speaking, to generate a subsequence of (a,) simply pluck,
in order of appearance, some of its elements. Formally:

DEFINITION 9.4 (a,) = (a,.a,,a,,..) isasubsequence
SUBSEQUENCE

of (a,) if each a, is a term of (a,), and

For example, (1,3,5,7,9, ...) is a subsequence of (1,2, 3,4, ...).




Answers: See page A-51

Answers: See page A-50
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THEOREM 9.6 If the sequence (a,) converges to L, then

every subsequence of (a,) converges to L.

PROOF: Let (a nk) be a subsequence of (a,). We are to show that for
any € >0 there exists N such that n, > N = ‘ank —L| <g.Let’sdoit:
Since (a,) converges to L, we can choose N such that

n>N:>‘an—L| < ¢g. It follows that nk>N:>‘ank—L| <eg.

CHECK YOUR UNDERSTANDING 9.8

Construct a sequence (a,) with a subsequence converging to 0 and

another subsequence converging to 1.

THEOREM 9.7 |,

1 <1,then lim " = 0.
n—» o0

PROOF: Assume, first, that 0 <r<1. Since r>r2>r3>...>0,
(") is monotone and bounded. As such, (7") converges to some
number L (Theorem 9.5), as must the subsequence (72") (Theorem
9.6). We then have:

L= lim 72" = lim (#*"/") = lim (+") lim (+") = L2
n— o n—> o n— o n— o

Butif L = L?,then: L = 0 or L = 1

We can eliminate the L = 1 possibility, since 1 >r>r2>73, ...

To see that lim " = 0 for —1 < <0, use the above result and the
n— o

fact that for any sequence (a,):
lim @, = 0 ifand only if lim |a,| = 0 [CYU 9.2(b)].
n— o

n— 0

Finally, if » = 0, then surely lim " = 0.
n— 0

CHECK YOUR UNDERSTANDING 9.9

Show that () diverges if |[#| > 1 or r = —1, and that it converges
for-1<r<l.
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EXERCISES

Exercises 1-3. Find a formula for the general n term of the sequence (an);o: | » assuming that
the indicated pattern continues.

(122‘_‘ ) 2 (Z_éi_é_ ) 3 (l_‘_‘Q_&z_?}_@)
P 327 s VR R R VA T

Exercises 4-8. (a) Determine the limit L of the given sequence (a,) .
(b) Find the smallest integer N for which n >N = |a, — | < 1—16 )

1

(c) Find the smallest integer N for which n> N = |a, - L| < 100"

(d) Find the smallest integer N for which n>N=|a,-L|<e ,fore>0.

4, G) 5. (1+ﬁ) 6. (5’110+O3) 7. (2”5; S (20+5)

n—1

Exercises 9-12. Show that the given sequence (a,) diverges.

h n2 _ n 11 .1 1
a 10. = 11. a, = —— 12. (1 = L= 1,=-1,= )
n 10100 0 an 7+ 100 n 1100 529 539 549 559

Exercise 13-28. Establish whether or not the given sequence (a,,) converges. If it does, deter-
mine its limit.

_4 _n _ 1 —-1)"
3. q, = 2 14. a, = 15. q, = 5-1 16. a, = 1+
17. a, = 1+(-1)" ¢ __n _ (=D _ (=1)"n
. a, — 19. a, —— 20. a, I
21. a, = 2. q, = W=D g3, — Dt 244, = sinnn
n?+1 n n!
= 1 2
25. a, = cosnm 26. a, = sinn sin VT sin 1%
Jn 27. a, = 28. a, = 3
nm n nm
COS? COS —

Exercises 29-35. Employ the Pinching Theorem to find the limit of the given sequence (a,,).

29. a, = 5+(_l)" 30 q = CD 31 g, = 2tleosnl 5y, sinn
2 n n n
2 _ n
33. a, = 4+G) 34.q, = 2+ L 3”*(‘1)
- a " 3
35. a, =

" 5n
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Exercises 36-43. Employ Theorem 9.4 to find the limit of the given sequence (a,) .

Snm _ n+ 1) _ (en + 1)
P 38. a, = ln( - 39. a, = In

3n
40. a, = e"*!  41. a, = Inn?>—In5n? 42. a, = tan /——l—g;r 43. a, =

Exercises 44-51. Employ I’Hospital’s Rule to determine if the given sequence (a,) converges.

36. a. = sin®  37.a =

n n Sin

B

_n’ _ e’ _ 2)” _ (Inn)?
44, an—; 45. a”_lﬁ 46. an—(1+l; 47. a”_T
1 n?sin- |
48. a, = nsin—- 49 4 = n 50. a, = n(l—cos—) 5. a, = n—An%—n
n " 2n—1 n !

Exercises 52-59. Determine if the given sequence (a,) is increasing, decreasing, or neither.

_ Sn n 4n n
52. 0 = —=1 __ 53 4 = _ 4 55. 4 = 1L
“n T T00m £ 51 R P >4 a, = R
- (n+2)! _ _n _en _In(n+1)
56. a, - 57. @, = 5 8. a, = $9. a, = LIL

Exercises 60-62. Apply Theorem 9.5 to show that the given sequence (a,) converges.

2 2
60. a, = = 61.an=ln7n 2. a, = 2 I
n' n— n

63. Prove that the constant sequence -1, 1, —1, 1, ... diverges.

64. (a) Exhibit two convergent sequences (a,) and (b,) such that lim (a,+b,) = 5.
n—» o

(b) Exhibit two divergent sequences (a,) and (b,) such that lim (a,+b,) = 5
n—

65. Construct a sequence that contains two convergent subsequences with different limits.

66. Construct a sequence that contains infinitely many convergent subsequences no two of which
converge to the same value.

67. Prove that if »# 0, then ( ) converges to % .

rn+1

68. Prove thatif lim a, = 0 andif (b,) is bounded, then lim a,b, = 0.

n— © n—» o
69. Prove that if lim a, = L then lim |an| = |L].
n—» oo n—

n
70. Prove that lim (1 + 6—’) = e? forany a € R.

n— o© n
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One need not, of course,
choose the letter n as the
indexer of a series, nor start
thesumatn = 1;e.g:

o ©
Z a; and Z a,
i=1 n=0

Note, also that:

o0 0
zai: Zan—l

n=20 n=1
In general:
A change in the start of the
indexfromn = iton = itk

requires a change from «, to

anfk:

o0 o0
Zan and z a,_
n=i n=i+k

for any integer k.

§2. SERIES

We can certainly add the first three (or 3000) numbers of a given
sequence (an)zo= L
3000
ajtaytay and Y a, = aptaytazt o tagy.

n=1
0

But what about Z a,? Can we perform an infinite sum? Sometimes,

n=1
and in the following sense:

DEFINITION 9.5 An infinite series is an expression of the
INFINITE SERIES ~ form: 3
Z a; = a1+a2+ +ak+
i=1
TERMS The numbers a,, a,, ... are called the terms
of the series.

For any n € Z* the number

n
s, = Zai =a,ta,* - +a

i=1

n

PARTIAL SUMS is called the nth partial sum of the series.

0

CONVERGING SERIES The series Z a; is said to converge to the
i=1

0
number L, written Z a; = L, if the
i=1

sequence of its partial sums (sn);o: , con-
verges to L.

A series that converges is said to be a con-
vergent series. A series that does not con-
verge is said to diverge or to be a divergent

series.

As you can see, there is a small step that takes us from the concept of
a convergent sequence to that of a convergent series; namely:

Zai = L ifandonlyif lims, = L
i=1

n—)oo/]\

partial sums



9.2 Series 333

EXAMPLE 9.5 ®
(a) Show that Z Y =1.
A geometrical approach for (a). " o:o !
Start off with a square of length .
1, and divide it into two equal (b) Show that z (—1)" diverges.
pieces, each of area % : n=0
1 unit SOLUTION: (a) Focusing on the sequence (s,,) of partial sums we have:
— 1 1
= 1 4 Sl = -
2 3 1 2
|
: o lil 3ol
2 4 4 4
Divide one of the two smaller 1 N 1 N 1 7 | 1
regions again into two equal S, = =t+t=+==-=1-=
BI0nS 48 e 3724 8 8 8
pieces, each of area 3 Con- .
tinuing this process indefi- "
nitely we arrive at a s =1-— 1 - 1= (5)
decomposition of the original n on

square of area 1 into boxes of

area 1,11 etc.; bringing us 1 *® 1
R At Since lim(l__)=1,2—=l,
n
t0:1+l+l+~~~:1' n— o 2 /]\
2 4 8

Theorem 9.7, page 329 n=1

(b) A direct consequence of the fact that the sequence of partial sums
of Z“(—l)”,s0 =15, =1-1=0,s5,=1-1+1=1,...;
n=20

namely: 1, 0, 1, 0,..., diverges [Example 9.1(b), page 322].

0

You can also appeal to the following fact to conclude that z (=)

diverges: n=0
THEOREM 9.8 ®
DIVERGENCE TEST If lim a,# 0, then z a, diverges.
n—
n=1

PROOF: (By contradiction) If Z a, converges to L then, since

_ . n=1
a, Sp=Sn-1-

lima, = lim (s,-s, ;) = lims,—lims, | =L-L =20
n—» 0 n—» © TFZ—)OO n—» 0

Theorem 9.2(b), page 323

The above theorem tells us that in order for a series to converge, it is nec-
essary that its terms tend to zero. Necessary, yes; but not sufficient:
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EXAMPLE 9.6 Show that the so-called harmonic series:

Zl= 1+1+1+1+...
n 2 3 4
n=1

diverges.

SOLUTION: Grouping the terms of the series as follows:

2 terms 4 terms 8 terms 16 terms
1+l+(l+9+(l+l+l+l +(l+...+iﬁ)+(i+...+i)+...
2 3 5 6 7 9 1 17 32

v v v Y

> ® * >

B ol— N o)
[ [ | o

N — N = o1 Il
N =

we see that the sum of the entries in any of the above 27 -blocks of terms
exceeds % . As there are infinitely many such blocks, the series diverges

[despite the fact that a, = }1 —>0].

CHECK YOUR UNDERSTANDING 9.10

0

(a) Find the fourth partial sum s, of the series z (l — Jlr 1) .
non

Answers: (a) ;l (b) 1-—— ) ) ) n=1 .
n+t1 1 (b) Find an expression for the n'" partial sum of the series.

c)1 . ..
© (c) Does the series converge? If so, what is its sum.

GEOMETRIC SERIES o

A geometric series is a series of the form Z ar"= !, witha#0.

. . . n=1
Here is the whole geometric-series story:

THEOREM 9.9 The geometric series

Aspreviously noted, we can

rewrite | )
o o Zar”‘ =ag+ar+art+ ...
Z:ar”‘1 as Zar”. n=1
e n=0 is convergent if || < 1, with sum:

[e0)
1 _ a
Zar”l—m

n=1
The geometric series diverges if |r| > 1.
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0

PROOF: The Divergence Test tells us that z ar"-1 diverges if

_ -1
|7l > 1, because ar"~1-50. "

In the event that |7| < 1, we turn to the n™h partial sum:

s, = at+ar+ar?+---+arm-1

. . — 2 3 n—1 n
multiply by r: rs, = ar+ar-+ar’+ ... +ar"~ ' +ar

and subtract: S —rs. = a—arn
n n
s,(1=r) =a(l-r")

_a(l-—r)
S =T *)
Recalling that for any —1 <r<1, lim 7" = 0 (Theorem 9.7, page
329), we have: "o

VZO
; a(l— lim ")
lims, = lim@l=r) - no» 4
n—> o Tn—)oo 1-r /]\ 1—r 1—r
(@) Theorem 9.2, page 323

EXAMPLE 9.7 Determine if the given series converges. If it does,
find its sum.

0

0y o xR 0yl

n=1 n=1 n=1
o0

n—1
< 1, the series Z 5@) converges:

n=1

SOLUTION: (a) Since || =

n—1
(b) Since |r| = %> 1, the series Z 5@) diverges.

n=1
0 [e 0]

(c) While the series Z % is not exactly in the form z ar"1 it

n=1 n=1

i * n—1
can be molded into that form: z i = Z l(l) =

n=1 n=1

1
3

N

!
3
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CHECK YOUR UNDERSTANDING 9.11

o0

. . 2
(a) Determine the sum of the series z (-1 )”; .

n=1
Answers: (a) ] (b) Use the fact that 0.232323... = 0.23 + 0.0023 + 0.000023 + ---
B}
(b) See page A-50 is a convergent geometric series to show that 0.232323... = % .
THEOREM 9.10 * ®
If Z a, and Z b, converge, then, for any c € R:
n=1 n=1
Z (a,*+b,), Z (a,-b,),and Z ca,
n=1 n=1 n=1
converge; moreover:
Z (a,xb,) = Z a,+ Z b, and Z ca, = c z a,
n=1 n=1 n=1 n=1 n=1

PROOF: We establish the sum part of the theorem and relegate the
remaining two parts to the exercises.

0 o0

Let Sp.s Sn, and s, denote the partial sums of z a,, z b, ,and

n

o n=1 n=1

Z (a,+b,), respectively. Since

=1
Sy = (@ by (gt by) e+ (a, + b))

= (al+a2+'”+an)+(bl+b2+'”+bn) = Sna+snb

> (a,+b,) = lim (5,) T Jim (s,)+ lim (s,) = 3 ay+ 30 b,
n=1 n=1 n=1
Theorem 9.2(b), page 322
EXAMPLE 9.8

@ 9 2)}11
Evaluate z [; — 5( 3 J
n=1

SOLUTION: From Example 9.5(a) and Example 9.7(a):

i 1 _ 1 and 5(2)111: 15
Zzn z 3

n=1 n=1
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Thus:
® 9 2 n—1 B ® 1 ” 2 n—1 B B
S oz 2sf) o=
n=1 n=1 n=1
CHECK YOUR UNDERSTANDING 9.12
Answers: 4 Evaluate: Z [% + %}
n=1
ALTERNATING SERIES

An alternating series is a series whose terms are alternately positive
and negative; as is the case with the so-called alternating harmonic

series:
[o0]

1 1
-l =1--+
Z =1 n 2
n=1
While the harmonic series of Example 9.6 diverges, its alternating
cousin converges, by virtue of the following result:

THEOREM 9.11 If the alternating series

+ ...

W | —
i
[
AN =

No mention of a specific ATLTITIATIIN G SIS

limit appears in this theo- TEST z (=1)" 1an = ay-aytay—agt
rem. That’s okay, since in -1 (each a, > 0)

many applications one need e

only know whether or not a is such that:

given series converges. a,, <a, foralln,and lim a, = 0

then the series converges. "

PROOF: We first consider partial sums with an even number of terms:
Son = (ay—ay) +(az—ay) +(as—ag) + ... +(ay, | —ay,)
The condition a, , ; <a, assures us that the difference within each

pair of parentheses is nonnegative. Consequently:
SZSS4SS6338S~-- *)
Pairing off the partial sums with an odd number of terms as follows:
Sop+1 = @1 (ay—az)—(ay—as)— ... —(ay, —ay, )

and noting that the difference within each pair of parentheses is non-
negative, we conclude that:

512832852872 ... (**)
Moreover, since s,, , 1 — S,

n o a2n+1>0:

Son <Spp+1  (F**)



338 Chapter 9 Sequences and Series

Combining (*), (**), and (***) brings us to:
lower bound upper bound
Since (s,, 4, 5, --.) and (s, 53, S5, ...) are monotone and bounded,

both sequences must converge (Theorem 9.5, page 328):

lims, ,, =L and Ilms, =M
n— o n— ®©

From: L-M = lims,,, - lims,,
n— o n— 0

= lim (s,,,1-5,, = lma,, ., =0
n— oo n— o©

we see that L = M. Consequently lim s, = L, and the alternating
. n—> 0
series converges.

EXAMPLE 9.9 Determine if the given alternating series converges.

@ ¥ =

n=1
QU

®) 3 s

n=1
o 8]

n

D=

_ nfl___n___S__
© > D BCRETS

n=1

@) 1- Ly

32

S
16

< L and lim 1= 0, the alternating

(n+1) n! n— o n!

+ +

1
3

— N | —
N —
i
R
Np—
DN

SOLUTION: (a) Since

0
series Z (-nr- 1’% converges by the Alternating Series Test.
n=1

(b) Since lim = l,the series )" (~1)n-1

n—>w2n—1 2

n

2n—1

, regardless

n=1
of its alternating nature, diverges by the Divergence Test.

o0

-1, — w1 n=3 9
(c) For Z( r‘a, Z( 1)” 219 does a, > 07? Is
n=1 n=1
it true that a,, , <a,? For both questions we turn to the function
flx) = 2x;39 . Applying I’Hopital’s rule we find that:
X



While the initial terms of
a series might affect its
value, they have no
affect on whether or not
the series converges.

Think about it!
_° 4 C
—2 8

SIGN (—x-2)(x-8)

Theorem 9 9
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lim _x-3 _ lim _(x=3) lim 1 =0
xowox2—x—19 x—>oo(x2—x—19)' x—owl2x—1

Consequently: lim —2— 3
n—on?—n-19

=0.

Toseeif a, | <a, (eventually -- sec margin), we consider f(x):
( x—3 )' _ (2 =x+19)(1) - (x-3)(2x-1)
x2—x+19 (x2-x+19)2
_ —x2+6x+16 _ (=x-2)(x-28)
(x2—x+19)2 (x2—x+19)2
(cx-2)x—-8) .
(x2—x+19)2
ative and that its numerator is negative to the right of 8 (mar-
gin), we find that f'(x) <0 for x >8 and conclude that the

Noting that the denominator of 1S never neg-

terms a, = _n=3 decrease forall n > §.
n2-n+19
Conclusion: z (~1)n-1 5 n- converges by the Alternat-
nc—n-—
n=1

ing Series Test.
(d) Although

Z a, = _l l_l+l_l+l_i+l_i+

2 2 4 3 8 4 16 5 32

n=1

is an alternating series with lim |a | 0 there is no assurance that it
n—> 0

converges, as the condition |a, . | <|a,| of Theorem 9.11 does not

hold for all n, rendering it useless for this series. Indeed, the series
diverges:

Consider the positive and negative terms in the partial sum:

pLpr 1,1
2 2 4 3 8 4 16 n o 2n
The sum of its negative terms —(l+l+l+...+i) are
2 4 8 on

bounded below by —1 (see margin), while the sum of its posi-

tive terms 1 + % + % +... 7+ 1 tend to oo (partial sums of the
n

harmonic series of Example 9.6). It follows that lim s, = o
n— oo

and that the series therefore diverges.
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Answers: (a) Converges.
(b) Converges.

CHECK YOUR UNDERSTANDING 9.13

Determine if the given alternating series converges.
o0 o0

@ ¥ s (b) 3 (1!

n=1 n=1

n+3
n2+n

APPROXIMATING THE SUM OF AN ALTERNATING SERIES

Here is a useful addition to Theorem 9.11:

THEOREM 9.12 If the alternating series

ALTERNATING SERIES *
ERROR ESTIMATE > (=D la, = aj—aytaz—a,t -
n=1 where each a,> 0
is such that:

a <a, foralln,and lim a, = 0

n —> 0
then the error £, resulting by only summing

n+1

the first N terms of the series is less than the
(N + 1)1 term of the series:

Ey<ay,,

PROOF: By the Alternating Series Test, the series converges. Let
o0

z (-1)"~la, = L.Weobserve that L lies between any two consec-

n=1

utive sums s, and s, , ;:

Consequently: Ey = |L—sp| <|syi1 =5y = ayi



In a subsequent section we
will show that:
35 7
siny = x -2 + X X 4
31 57
As it turns out:

~ 0.0000027

Answers: (a) See page A51.
(b) 0.368
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EXAMPLE 9.10 Consider the convergent alternating series

n — 4 =L
z( )(2n+1)' 3157
n=20
(a) Use Theorem 9.12 to find an upper bound for
L—(l—l+l)‘
3t 5!

(b) How many terms need to be added to insure
that their sum falls within 0.00001 units of L?

SOLUTION: (a) Theorem 9.12 assures us that:

L—(l—l+l) !
3! 5!

<5 A 0.000198
(b) From the above we know that we will need to sum more that the first
three terms of the series to be within 0.00001 units of L. Four terms,
however, will certainly do the trick:

|L_(1_L+L_L)
3157

<L £ 0.000003

9!

CHECK YOUR UNDERSTANDING 9.14

o0

1 1.1 1 ..
(a) Show that z (—1)";? =1- m + TR + --+ converges.
n=0
(b) Approximate the sum 1 - —11; + % — ?—)17 + -+ to three decimal

places.
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EXERCISES

Exercises 1-6. Express the given sum using the sigma notation: Z Do this in two ways — one

with the index # starting at 1, and the other with n starting at 0. "~

1.l+l+l+l 7. 11,1 1.1 3. 1+10+ 100+ 1000 + 10000
3 5 7 9 2 4 6 8 10
4. 2+‘-‘+§+&+... 5. —§+Q—1_5+@—... 6. x_2_£+ﬁ_x__5+m
3 9 27 2 4 8 16 5 10 15 20

Exercises 7-8. Find the sum of the given series.

ws® wrl el
n=1 n=1 n=0

os® es® exd
n=1 n=1 n=20

Exercises 9-23. Determine if the series converges. If it does, find its sum.

5 n—1 5 5
9. (—) 10. = 11.
217 7" 2 Topr
n=1 n=1 n=0
1 2 3n—1
12. zznil 13. 23’171 14. z Y
n=1 n=1 n=1
15y & 16. Y sinnn 17. !
n! . NT
n=1 n=1 n,OSIHT
27 3n-1 3n—1
8. Z 3n-1 19. Z on 20. Z 52n+1
n=20 n=1 n=1
" @ 1 3,1 3.1 3.1 3
3 (LY n 23 s+ 24— 2424
21. [—JF(—)} S (_l 4 54
22114 22.22n+ 3 2 9 4 27 8 34 2
n=1 n=0
Exercises 24-32. Determine if the given alternating series converges.
0 5 0 w i
24. -1 25, -1 26. (-1)r—
> e > e zeUy

n=2 n=0 n=1
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1 Inn n
_ n____ _ n_____ _ N
27. Y ()" 2. Y (<)~ 2. Y (-1
n=2 n=1 n=2
30, 3 (<1 & 3.3 (<1 yr— - el/n
-2 D 3 = 2% (-1
SIn n n
n=1 n=1 n=0

Exercises 33-38. Determine the number of terms that need to be added to insure that their sum
falls within 0.0001 units of the value of the given convergent alternating series .

By (—1)'1}1 4. % (—1)% 35, Z(—l)n(zi)!
n=1 n=1 n=1

3600 1y 370o 1y 3800 1y
Y et NI Y sl
n=20 n=1 n=0

Exercises 39-44. Find the fourth partial sum s, of the given series, and an expression for its

n'h partial sum. Determine the sum of the series.

1 1 1 1 1 1

39. (— — ) 40. ( — ) 41. ( -

z Jno o Jn+1 Z n+2 n+3 Z In(n+2) In(n+1

n=1 n=1 n=1

1 3 2n+1

42, 43, 44, _

z(4n—3)(4n+1) Z(2n—1)(2n+1) an(n+1)2

n=1 n=1 n=1
Suggestion: Use partial fractions  Suggestion: Use partial fractions Suggestion: Use partial fractions

45. Let z a, and z b, be convergent series. Prove that:

n=1 n=1
(a) The series Z (a,—b,) converges, and z (a,—-b,) = z a,— Z b,
n=1 n=1 n=1 n=1

o0 o0 o0
(b) For any constant c, Z ca, converges, and z ca, = c Z a,

n=1 n=1 n=1
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o0 o0 o0

46. (a) If z (a,+ b,) converges, need both of the series z a, and z b, converge? Justify

n=1 n=1 n=1
your ansSwer.

(b) If z (a,+b,) and z a, converge, can z b, diverge? Justify your answer.
n=1 n=1 n=1
47. (a) Prove that if Zan converges and an diverges then Z(an +b,,) diverges.
(b) Show, by means of an example, that Z(an +b,) may converge or may diverge when

both »"a, and »'b, diverge.

48. Show that both the series consisting of the positive terms and the series of the negative terms
o0

+

(in order) of the convergent series z (=)~ 1}% =1- % + + .-+ diverge.

1
6

W
e
| —

n=1

49. A ball is dropped from a height of 60 feet. Each times it strikes the ground it bounces back two
-thirds of the previous height. Determine the total vertical distance traveled by the ball before
it comes to rest.

50. Find the sum of the bases, of the heights, and of the hypote-

nuses of the nested sequence of triangles depicted in the 60° |
adjacent figure.
: a
| &—— a/2 —>
51. Find the sum of the areas of the nested sequence of |« 2 ft —>|<—2 ft —|

squares depicted in the adjacent figure, wherein each
square gives rise to the included square obtained by join-
ing the midpoint of the sides of that square.

52. (Cantor Set) From the closed unit interval [0, 1] remove

the open interval G, %) to arrive at [0, ﬂ U E, 1} . Remove the middle third of each of

those two resulting closed intervals to arrive at [0, é} U [g, ﬂ U [%, g} U [g, 1} . Remove
the middle third of each of those four resulting intervals, and then the middle third of the
resulting eight intervals, and continue the procedure indefinitely. Show that the sum of the
lengths of all removed intervals equals 1, even though infinitely many numbers in [0, 1]
remain.
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§3. SERIES OF POSITIVE TERMS

We will say that Zan is a positive series if there exists NV such that

a,>0 forevery n>N.

While the sum of the first N terms of a convergent series may effect its value,
it will have no bearing whatsoever on whether or not the series converges. That
being the case, when concerned solely on whether or not a series converges,

we will let Z a,, represent the series, without indicating its starting point.

Consider a positive series Zan . Since, eventually, each term is posi-

tive, the sequence of partial sums (s,) is (eventually) increasing and
bounded from below by its first term. That being the case we have:

THEOREM 9.13 A positive series converges if and only if its
sequence (s,) of partial sums is bounded from

above.

PROOF: Clearly if (s,) is not bounded, then the series diverges to .

On the other hand, if the monotonic sequence (s,,) is bounded from
above, then it is bounded and must converge (Theorem 9.5, page 328).

Here is a particularly important consequence of the above theorem:
THEOREM 9.14 Let the continuous function f* be such that:
INTEGRAL TEST (1) f(x)>0 forall x> 1
Aies Ule M w2 1l a6 (i) f(x) > f(y) if 1 £x <y (decreasing)
throughout can be replaced

by any positive integer c. Let a, = f(n) forall n>1. Then:

Zan converges if and only if I f(x)dx converges.
1

PROOF: Suppose J‘ f(x)dx converges withJ‘ f(x)dx = L. We show
1 1
that the partial sums s, of Zan are bounded from above:

i
Since, for x> 1, f{x) > 0: j f(x)dx < L for any n.
1

[This Area] f(2)- 1 +/(3)- 1+ ... +f(n)- 1

Since f'is decreasing:
see margin

f2)+f(3) + - +f(n)§j"f(x)dx<L
N N l

\\7/;11#/ Consequently: f(1) + f(2) +f(3) + - +f(n) <f(1) + L (¥)
is less than [This Area]: I j/’(x)dxé L
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Since a; = f(1), a, = f(2), ..., a, = f(n) we have:
s, =a, ta,tas;+...ta,
=f(1)+f(2)+f(3)+...+f(n)%f(l)+L =a, +L
*)

The convergence of Zan now follows from Theorem 9.13.

[This Arear] f(1) +£(2) +f(3) + ..+ fln— 1)

Now suppose that .[ f(x)dx = . A glance at the figure in the margin
1

should convince you that »" a, = .

n=1

i greater than [ A% j:cf(x)dx - EXAMPLE9.11 Determine if the given series converges.

n Inn
(a) Ze—nz (b) 27
SOLUTION: (a) The continuous function f{(x) = 12 is certainly pos-
ex

itive for all x > 1. Moreover, since
, ! 2 2 . 2
£lx) = (eixz) _e¥—x(er2x) _ 1-2x

( exz ) 2 ex2

is negative for x > 1, f decreases over that interval.

Having observed that the hypotheses of the Integral Test are met, we

(¢ o]
turn to the improper integral I ixzdx.
1e

From jidx _1 etdu = —le_u+C -1 + C we have:
er’ T2 2 2e% ’
u = X2
du = 2xdx

J‘oo—x—dx = lim — L -1 1m(i—l) =1
? 21 2t—>oo etz e 2e

1 e¥ t—>o QeX
Since j —dx converges, so then does Z —, by the Integral Test.
1 e* e
nts (b) We first note that the positive continuous function f(x) = Inx is
X

T z :
n(n+4) .
decreasing for x > e:

) (ln_x) _ x(lnx)'z— Inx _1- ;nx <0.
X b X

From Il_n_xdx = Iudu - ”_24_(; - (lnx)2+c we have:
x 0\ 2 2

u = Inx, du= ldx
X
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2t
d = tim U070 — Ly a2 = o
1 X t—>00 2 1 25w

f&z

Since _[ 1nTxdx diverges, so does zln_n , by the Integral Test.
1 n

CHECK YOUR UNDERSTANDING 9.15

Use the Integral Test to show that the harmonic series zl diverges.
: n
Answers: See page A-52

(Compare your solution with that of Example 9.6, page 334.)

P-SERIES

Series of the form Z ip are called p-series, and here is their story:
n

THEOREM 9.15 ©
L SR ST SN S
CONVERGENCE OF nP 2P 3P 4P
P-SERIES n=1

converges if p > 1 and divergesif p<1.
PROOF: A direct consequence of Theorem 8.3, page 313, and Theorem
9.14.

The following result is a direct consequence of Theorem 9.13:

THEOREM 9.16  1f the positive series Zan converges and if
COMPARISON TEST ,
an is such that (eventually) 0<b,<a,,
then an converges.
If the positive series Zan diverges, and if

a,<b,,then » b, diverges.

EXAMPLE9.12

.2
(a) Show that ZZS;H " converges.
+n

(b) Show that Z L 154) diverges.
n(n

SOLUTION: (a) Since 0 < sin’x < 1 for all x:

.2
O<s1nn< 1 i
T 2n4p 2n4p QM
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n+5 .
For Zn nrd)

Answers: (a) Converges.
(b) Diverges.

In the EXERCISES you are
asked to Verify that:

If hm 2=0and Y'b con-
Jlim 3= 0 and 30,

verges, then Zan converges.

If lim 2=« and Sb,

n—o 0,

diverges, then ", diverges.
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n
Since the geometric series ZG) converges (Theorem 9.9, page

2
334), so must Z sin_n by the Comparison Test.

n+51 1
) > - and since the harmonic series

. n
(b) Since i

(+54>=(

z diverges, so must Z

, by the Comparison Test.
n(n 4)

CHECK YOUR UNDERSTANDING 9.16

Determine if the given series converges.

@Y

(b)zn_1

n?+n

Since the terms of the series Z

are less than the corresponding
n+n

terms of the convergent series 2—2 z must also converge, by

n?+n

whose terms

the Comparison Test. But what about the series Z
n*—n

1 . ,
5 are greater than — ? In a sense, “close enough is good enough:’

n“—n n

THEOREM 9.17 1f > a, and }'b,, are positive series and if
LiMIT COMPARISON a
TEST lim ==L>0

n— © n

then both series converge or both series diverge.

a
PROOF: If lim -2 = L >0, then there exists N such that:

n—» o n

L a
2

n_ 3L
b > forall n> N.

N

Leading us to: ]241)

2 <a, <3—2—b forall n> N (*).



2n2-500 .
o s

Answers: (a) Converges
(b) Diverges
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If Zan converges then so does Z%bn by the Comparison Test (The-

orem 9.16), as well as %ngn = an (see Theorem 9.10, page
336).
Similarly, if an converges, then so does Z %bn , as well as Zan ,

by the Comparison Test.
It follows, from the above argument, that if one of the series diverges,

then so must the other (think about it).

EXAMPLE 9.13 Determine if the given series converges.

nr-2n+1 2n2 - 500
DI 3n*+5n ® 2 50 n3+50

SOLUTION: (a) Recalling that as x — *oo, the graph of the rational

. anxn+an71xnil+'~'+a1x+a0 .
function f(x) = resembles, in shape,
b ox™+p xM-lipp
m m—1 0
a x .
that of g(x) = —— (see page 138), we might very well suspect that
bmxm
n2-2n+1 _. : ; 1
————— will behave like the convergent p-series — .
Z 3n*+5n s p an
Invoking the Limit Comparison Test, we find that it does:
n?—2n+1 | — 2 n 1
4 49,34 52 2
lim 22 F5n _ oy pfo2etet g, mont 1oy
n—> oo 1 Tn—)oo 3n4+5n Tn—)oo 3—}-2 3
n? invert and multiply divide numerator and 7
denominator by nt
1,
(b) We compare Z ey 50 and z e Z;
2n% - 500 7_ 500
3 3_
lim 230 i 22 =300m - 250
n—> 0 l n— o n3+50 n—>001+5_
n n3
2 _
Since the harmonic series Zl diverges, so does ZM , by the
n 3

Limit Comparison Test.

CHECK YOUR UNDERSTANDING 9.17

Determine if the given series converges.

1 5./n+100
(a)§:3n-1oo (b)zzN[—f—ggqf‘
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THE RATIO TEST

Comparing a positive series with a geometric series leads us to the
following important result:

THEOREM 9.18 et > a, be apositive series with
RATIO TEST vt _ g

lim
(FOR POSITIVE SERIES) n—w a,

L < 1, then the series converges
If {L>1 or L = oo, then the series diverges

L = 1, then the test is inconclusive

PROOF: Assume that L < 1, and let € > 0 be small enough so that:

L+e<l1
Ay

Since — L, we can choose N such that:

n

Ay + :
"—1<L+8 ifn>N
a}’l

We then have:
ay . <aN(L+8)ﬁ
4\
ayiyr<ay (Lte)<apy(L+e)(L+e) = ay(L+e)?

ayiy<ay (Lte)<apy(L+e) (L+e) = ay(Ll+e)’

ay i < ay(L +g)k
Since L +e< 1, the geometric series ZaN(L +¢)k converges. By
the Comparison Test, so must Zan converge, since eventually
a,<ay(L+e)k.

As for the rest of the proof:

CHECK YOUR UNDERSTANDING 9.18
Referring to Theorem 9.18:
(a) Verify that the series Zan divergesif L>1 or L = .

(b) Show that L = 1 for both the divergent series Zl and the con-
n

. 1
Answers: See page A-53 vergent series zn_z :
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EXAMPLE 9.14 Determine if the given series converges or

diverges.
() Y+ (b) T2
Zn! Z 10
SOLUTION: (a) Since:
1

lim 2241 = fi (DU _ gy !
n—>w d, n—> o _1_ n—)oo(n+1)!

n! | 1

= lim —%—— = lim =0<1

nowonl(n+tl) noon+l

Zi' converges, by the Ratio Test.
n!

(b) Since:
2n+1
/e -
F =
o ano hm an+l _ llm (l’l+ 1)10 _ . 2n+1 . ]’1_10
n—>w d, n— o on n—)oo(l’l+1)10 n
nl()

10
=1m2(”) =2.110 =251

n—> o n+1

the seriesZ—Z—InB diverges, by the Ratio Test.
n

CHECK YOUR UNDERSTANDING 9.19

Determine if the given series converges.

Answers: (a) Converges 3 21n)!
(b) Diverges (a) Z% (b) Z g(;,ﬁ))—z

THE ROOT TEST

Here is another powerful convergence test:

THEOREM 9.19 et >a, be apositive series with
ROOT TEST lim nfa, = L

n— o
L < 1, then the series converges
If {L>1or L = oo, then the series diverges

L = 1, then the test is inconclusive
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PROOF: Assume that L < 1, and let € > 0 be small enough so that:
L+e<l1
Since 7#/a, — L , we can choose N such that:

rya:<L+s ora,<(L+g)" forn>N.

Since L + ¢ < 1, the geometric series Z (L +¢€)" converges. By
n=N+1
the Comparison Test, so must Za . since eventually a, < (L +¢)".

As for the rest of the proof:
CHECK YOUR UNDERSTANDING 9.20

(a) Referring to Theorem 9.19, verify that the series Zan diverges if

L>1orL = .
(b) Show that lim ,JI =1 forany p>0.
n— N nP
Answers: See page A-54 (c) Establish the claim that the Root Test is inconclusive if L = 1.

EXAMPLE 9.15 Determine if the given series converges.
n 2"
" b) S =
(@) Z(n2+6)n (®) zn3

SOLUTION: (a) Applying the Root Test we find that Z L

(n?+6)"
1 (CYU 9.5(a), page 327

. n . nl/nz
converges: lim ,/———— = lim =0<1
n— o (n2+6)” n—>oon2+6§

(b) Applying the Root Test we find that Z 2—: diverges:
n

1 (CYU 9.5(a), page 327

lim,}\/QZIim 2 2 v2 .,
n— N n3 n—)oo(nl/”)3 [ lim nl/n]3 13

n—» 0

CHECK YOUR UNDERSTANDING 9.21

Determine if the given series converges.

Answers: (a) Diverges (2) 2(31’1 + 2) " (b) Z 1

(b) Converges 2n+1 (Inn)"
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We’ve presented several methods which may enable you to
determine if a series converges. Which should you use? Well,
one that works is certainly a priority. That said, we hasten to
point out that more than one of the methods might do the
trick. If you addressed the series in (a) of the above CYU,
chances are that you probably attacked it using the Root Test

« ” : . 3n+2\"
as the “n-exponent” stands out in the expression .

2n+1
That’s fine, for the Root Test will certainly do the job. But
n
you could have simply observed that a, = @Z JJ: 9 rather

dramatically does not approach 0 as n — o, and be done
with it, by the Divergence Test.

353
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EXERCISES

Exercises 1-3. Use the Integral Test to determine if the given series converges.
n 2. ! 3. 3L
L. Zn2+1 ZSOnlnn e”
Exercises 4-6. Use the Comparison Test to determine if the given series converges.
+1 6 1
4. Y2 5. 6.  ———
Z n2 26"4-3 Z(n+3)5/4
Exercises 7-9. Use the Limit Comparison Test to determine if the given series converges.

7. z 1 g Zni 9. ZW—Jrg

n%+5n -3 212+ 3

Exercises 10-12. Use the Ratio Test to determine if the given series converges.

n 2" n'

10. 3 11. 2 — 12. z =
Exercises 13-15. Use the Root Test to determine if the given series converges.

3n+5)" n 3n

13. Gnt3)" 14. — 15. —

z(?.n—l)” 5n znlo

Exercises 16-57. Determine if the given series converges.

1 1 Jn+5
16. 17. —
zﬁ/n2+ 1 Z:A/n(n—l) 18. Z n2

1
21.
9. Y —L_ 20. ¥ sint Lo
nan?—1 n
- 1 Inn
3n+7 23. _— 24,
22. Z Y Z:nln(nle) Z:n+l
n=1
2n n? 5n
25. 1?‘ 26. ; 27. zm
n 29. N ne2n 2\"
28. Y —% 2 30. (-)
Z(l + en)z Zn 3
(n1)> n’ .y lnz
31. Zm 32. Y 33 "
| Inn (k +3)!
34, 35. —_— 36. —_—
Z1 +Jn e 2 3kk!

n+1

n?+1
woyn(E) % Yae R XTETST
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0y 0y o y L

43, ZZ”_I 44, Z(H%}" 45, z(’;;—iog‘)n

46. Z% 47 Z% 48 zz::z

49, Z—H(zll;n)g 50. Ztlaljrnize 51, Z(n+1)[lr11(n+1)]2

52. Z(# * n3n42_ 1) >3. Z(n(hlm)z _,%) 54. 2(3,,;4134— 1 " n%/z)
syt sl ;s

58. Prove that (a) If l % = Oand an converges, then Zan converges.
b) If lim D — o and ' b, diverges, then S a, diverges.
(b) S Db, g D a, g
59. Prove that converges if and only if p > 1.
Z n(lnn)? s yup
n=2

p
60. For what values of p does the series Z( 2” 1) converge?
n

61. Let f(x) = sin’mx + lz . Note that fis positive and continuous for x > 1. Show that J- f(x)dx
X 1

[o0)
diverges while Z f(n) converges. Does this violate the Integral Test?
n=1

Exercise 62-67. Indicate True or False.

62. If a,>0 and Zan converges then ZIn(l +a,) converges.
63.If a,>0 and ZIn(l +a,) converges then Zan converges.
64. If a, >0 and Zan converges then Z sina, converges.

65. If a, >0 and Zan converges then Za,zl converges.

66. If Zan converges then so does Zp(n)an for any polynomial p.
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§4. ABSOLUTE AND CONDITIONAL CONVERGENCE

As it turns out, it is “easier” for a series Zan to converge than it is for

Z |a,| to converge:

THEOREM 9.20 1f >|a,| converges, then }"a, converges.

PROOF: Adding |a,| across the inequalities —|a,| < a, <|a,| wehave:
0<a,+|a,|<2|a,| (*)

Since Z |a,| converges, so does ZZ‘an‘ . Employing the Comparison

Test (page 348) we find that Zan +|a,| also converges [see (*)].

Noting that:
a, = (a,+ |an|) N ‘an|

we conclude that Zan converges [see Theorem 9.10, page 336].
Does the converse of Theorem 9.20 hold? No:

The alternating series Z“(—l)”ll1 converges, while the series

1

_ n_

> IED .
Bringing us to:
DEFINITION 9.6 A series >a, is absolutely convergent if

ABSOLUTELY AND %" |a,| converges.
CONDITIONALLY ) ) ..
A convergent series Zan is conditionally

CONVERGENT SERIES
convergent if Z|an| diverges.

= Z-l- does not (it is the harmonic series).
n

Note that if Z|an‘ diverges, no conclusion can be drawn about the

convergence or divergence of 2 a, . For example:
1

~1)'=
>l

diverges while Z(—l )"}l converges, and

diverges while Z—l = —Zl diverges.
n n

n




Answers:
(a) Converges Absolutely
(b) Diverges

9.4 Absolute and Conditional Convergence 357

EXAMPLE 9.16 Does the given series converge absolutely? If
not, does it converge conditionally?
sinn n—3
b e
OB I LD Y s

sinn

. 1 . .
SOLUTION: (a) Since <= and since the p-series Z iz converges,
n n

n

sinn

the positive series Z converges by the Comparison Theorem.

Z sinn converges absolutely.

(b) The convergence of the alternating series 2(—1 )t i_n=3 has
n2-n-19
already been established [see Example 9.9(c), page 338]. Does it converge
absolutely? No:
. ... . -3 n—3
Comparing the positive series S USSP NN RS o R Sl A
paring the p ) (G A w—r Zn2—n—19

with the divergent series Zl we have:
n

n—3 1_3
2, 2_ _
lim 2= =19 oy 223 o s
n— o _1_ n—owoni-n—19 n—)ool_l 19
n n n2
Since Z( 1)"”—319 diverges by the Limit Comparison Test,
Z( 1)" =3 5 is conditionally convergent.
— n —

CHECK YOUR UNDERSTANDING 9.22

Does the given series converge absolutely? If not, does it converge
conditionally?

(@ Yo 0) ¥ -

THEOREM 9.21 1f >a, is such that the series of its positive

terms and the series of its negative terms both
converge, then Zan converges absolutely.
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Why not use the Alternat-
ing Series Test of page 3377

Because |a,, , || <|a,| does
not hold here.

Answers:
(a) Converges (absolutely)
(b) Diverges

PROOF: Plucking the positive elements (in order of appearance) of
Zan we arrive at the positive series an. Let an = P.

Let an denote the series of the remaining (negative) elements of
Zan. Clearly, if 2qn = Q, then Z‘qn‘ = 0.

Since the sequence of partial sums of the series Z|an‘ is increasing

and bounded above by P-Q, Z|an| converges (Theorem 9.13,
page 345).

EXAMPLE 9.17 Does the alternating series

LS S R S S S
2 3 4 9 8 27 2n 3n
converge?

SOLUTION: Since both p-series z; and z# converge, the given

series converges absolutely and therefore converges.

CHECK YOUR UNDERSTANDING 9.23

Does the given series converge?

@lel 1oLy 1, 1 1 1,
2 4 8 16 on on+l n+2 on+3
ol L 1,1 1, 1 1,
3 32 2 33 3 3n

The convergence theorems of the previous section can be used to test
a series Zan for absolute convergence — just apply the test to the pos-

itive seriesz |a,| . In particular, we have:

THEOREM 9.22  For a given series Zan (not necessarily posi-

RO 1L tive), with lim |“21| = .

n-— o

a,

L< I:Zan converges absolutely.

ferstorl = oo:Zan diverges.
L = 1, the test is inconclusive

PROOF: For L < 1: Apply the Ratio Test of page 350, to the positive
series Z|an| .

For L>1or L = o: Assume that n+1

a

Ay

a,

—>L>1or

—> 00,

ay+1

a,

Let N be such that >1 for n>N. Since |a, , | >|a,| >0 for
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n>N, lim |a,|#0 which implies that lim a, =0 . That being the

n— o n— o

case, Zan diverges by the Divergence Test.
As for the inconclusive part of the Ratio Test, you can easily show that

1
= 1 for both th t = —1)n-
or bo ¢ convergent series Za Z( ) ”

a,+1
a

and the divergent series Zan = z- .
n

lim
n— o

EXAMPLE 9.18 Use The Ratio Test to determine if the given
series converges.

O TEE gy 1ye

SOLUTION: (a) Since, for Za Z( 100)".

(100)n+1
lim | 91| = (DY, (100771 !
noo a, n—wo  (100)" now (n+ 1)1 (100)"
|
" 100

= lim

n—o>on 1

=0<1

the series zw converges absolutely and therefore converges.
n.

_ n"@n)!.
(b) For Zan = Z(—’;) Tt
( 1 )"H[Z(n-i-l)]!
+1 +1)!
lim | L2t L] = fim (n* 1)
n—>w a, n— o (%)”(zn)l
n!
_ (2n+2)! n"(n)!
= lm .
n—)oo(n+1)n+1(l’l+1)! (2n)!
2n+2)n! n’
As n—oo: = [lim ( .
© (n+1)! +1
Qn+D@n+2) _4n? n—o 2o)l(n+ D! (n+1)
(n+1)(n+1) n? ~ lim 2n+1)(2n+2) ‘ n"
Asn—ow: n—> o0 (n+1) (n+1)(n+1)"
n\* 1 1 2 n
= - = . .. 4n*( n _ 4
(n+l) (1+%)n /Ke (see margin): = n]gnoo -;—1—2_(11+1) = -e->]

Example 9.3(b), page 326

n !
Conclusion: Z(—l) (ZnL') diverges.
n .
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CHECK YOUR UNDERSTANDING 9.24

Determine if the given series converges.

Answers: 50 )
(a) Diverges 2" 1y
(b) Converges (absolutely) @) Z( D 2n—100 (b) Z( D on

REARRANGING THE TERMS OF A SERIES

Surely 2+9+7 = 9+ 7+ 2, and so it is with any finite sum. But
how about rearranging the terms of an infinite sum Za , ? Here is the
surprising answer [at least for part (b)]:

THEOREM 9.23 (a)If >"a, converges absolutely to L, then
any series an obtained by rearranging the
terms of Zan also converges to L.

(b) If Zan converges conditionally then, for

any given L, the terms of the series can be
rearranged so that the resulting series con-
verges to L. The terms can also be rearranged
so that the resulting series diverges.

You are invited to consider proofs of the above claims in Appendix B,
page B-5. Here, we will content ourselves by showing that:

(a)If Zan converges absolutely then any series an obtained
by rearranging the terms of Zan also converges absolutely.

.. . 1
(b) Let Zan be the conditionally convergent series Z(—l)”};.

For any given L, the terms of the series can be rearranged so that
the resulting series converges to L. The terms can also be rear-
ranged so that the resulting series diverges.

For (a): If Z|an| = L, then the partial sums of the series Z |b,| are
bounded above by L, and the series therefore converges (The-
orem 9.13, page 345), as must an (Theorem 9.20).

(The argument does not establish the fact that Za n = Z b,)

For (b): We consider the two series consisting of the positive terms
and of the negative terms of the alternating harmonic series:

(i)1+%+%+%+... i) —L-1-1_



Answers: See page A-66
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Since (i) diverges to « (Exercise 48, page 344), starting at
any point in that series, we can add enough subsequent terms
to surpass any given positive number. Similarly, starting at
any point in (ii), we can add enough subsequent terms to
arrive at a number smaller than any given negative number.
That being the case:
For given L, we add enough of (i)’s elements to just get us
to the right of L on the number line (none of them if L <0).
We then add enough of (ii)’s elements to just get us to the
left of L.

Starting with the unused elements of (i) we again add
enough of them to just get us again to the right of , and
then pick up enouigh of the unused elements of (ii) to just
get us back to the left of L.

The above process can be continued indefinitely, with each
element of the original series appearing in the rearrange-
ment. Since both the elements of (i) and (ii) approach 0 as
n — oo, the amount by which the partial sums of the rear-
ranged series differ from L must also approach 0.

CHECK YOUR UNDERSTANDING 9.25

Find a rearrangement of Z(—l )"’% which diverges to «.
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EXERCISES

Exercises 1-33. Determine whether the series is absolutely convergent, conditionally convergent,
or divergent

I’IL _ n n _ n_l__
n 50 1
1+ a1 a1
7.3 (=D nzn 8. > b 9. >.(=1) ()2
10. 1y nsm(l/n) 1. a3 tn
z()nm 1.3 (-1 2D
s (so0y" e
13. Y1) (2 2+1) 14, 3 200 15, 3 (1S
16 107 tan ' n 18 (—1)" 1
D errew 17, 31y - 2OV
19. ~1)n31/n L sinn .
2D 20. Y (1St 20 Y ()=
nlnn nlnn n2+ 1\
2. 31 2. 31 2. Z(MH)
cos(nm/4) ; Jn "
2 Z n! 26. Z(_l) nzfl 27 z( 1) Inn
2 (2n)! 2t ; 1"
28 YL 20 gy 0. Y1) (1_5)
31,y (-1 2. 3D s T=dny 3305 1y n+ - )
n2"n!

n
34. Show that the series Zx—' converges for every real number x.
n!

35. Prove that if Zan diverges, then Z‘an| diverges.

36. (a) Prove that if Zan converges absolutely, then so does Za% .
(b) Does the convergence of Zaft imply the convergence of Zan ?
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37. (a) Prove that if Zan and an converge absolutely, then so does Z(an +b,).
(b) Does the absolute convergence of Z(an +b,) imply the absolute convergence of both

Zan and an ?
(c) Does the absolute convergence of Z(an +b,) imply that either Zan or an con-

verges?

(d) Does the absolute convergence of Zan and an imply the absolute convergence of
Zanbn ?

(e) Does the absolute convergence of Za »b, imply the absolute convergence of both Za "
and Zb n?!

(f) Does the absolute convergence of Zanbn imply that either Zan or an converges?

38. (a) Prove that for any |x| < 1 the series Zx” sinn converges absolutely.
(b) Prove that for any |x| < 1 and any y the series Zx” cosny converges absolutely.
39. (a) Prove that if Zan converges absolutely and the sequence (y,) is bounded, then Zanyn

converges absolutely.
(b) Give an example of a convergent series Zan and a bounded sequence (y,) for which

Zanyn does not converge.
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In the event that a = 0:

If chx” converges at x,# 0,
then it converges absolutely
for all x such that |x| < |x0| .

If 3 c,x" diverges at x,, then

it diverges for all x such that
x| > |x0| .

§5. POWER SERIES

A power series centered at 0, is a series of the form:
o0
n — 2 34,
Z c, X" = cotcxte,xttogxd +
n=20

A power series centered at a, is a series of the form:

o0
> c,(x—a)' = cote(x—a)t cy(x—a) +ey(x—a)+ -
n=0
Here is a particularly important result concerning power series:

THEOREM 9.24 ¢ >'c,(x—a)" converges at x,#a, then it

converges absolutely for all x such that
lx — a <|x0—a|.
If ch(x—a)” diverges at x = x,, then it

diverges for all x such that |x — a| > ‘xo — a‘ )

PROOF: If ch(xo —a)" converges, then ¢, (x,—a)"” — 0 (Theorem

9.8, page 333). In particular we can find N such that:

e, (xg—a)"| <1=]c,| <m for n>N.
-
So, forany x and n > N:
‘cn‘lx—a|”< x_—an”

It follows that the series ZCn (x —a)" converges absolutely for any x

such that |x — a| < ‘xo —a

, as the terms of Z ‘cn(x — a)"| are (eventu-
xX—alnh

ally) smaller than those of the convergent geometric series Z

(note that X =4 | < 1).
.xo —a

Now suppose that Z“cn(x0 —a)" diverges. Can ZCn(x— a)" con-
verge at some x such that |[x —al > |x, —a|? No, for by the previous

argument the convergence of ch(x —a)" would imply convergence

of ZCH(xO —a)".



converges
diverges | 4 ‘Qdiverges
| +
= =

The Ratio Test for »"a,,:

Ayt
ay

If lim = L then:

n—> o

L<1: Zan converges (abs.)

L>1: Zan diverges

L = 1: Testis inconclusive.
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One additional step is required to take us from the above theorem to the
one below — a proof of which appears in Appendix B, page B-6.

THEOREM 9.25  For a given power series ZCn(x —a)" there
CONVERGENCE are only three possibilities:

THEOREM FOR (1) The series converges absolutely for all x.

POWER SERIES (i1) The series converges only at x = a.

(ii1))There exists R > 0 such that the series
converges absolutely if [x —al <R and
diverges if [x —a| > R.

The number R in (iii) is called the radius of convergence of
ch(x—a)”.Moreover, in (i) and (ii) we write R = o and R = 0,
respectively.

The interval of convergence of a power series consists of those x for
which the series converges:

In (i): (—o0, )
In (ii1):
(a — R, a + R) with the possible addition of one or both endpoints.

In (ii): {a}

As is illustrated in the following examples, one generally employs the
Ratio Test (or the Root Test) to find the radius of convergence of a power
series.

EXAMPLE 9.19 Find the radius of convergence and the interval
of convergence of the given power series.

@YS O yre-2r @yt

SOLUTION: (a) Applying the Ratio Test to Zx—’: we consider:
n!

xn+1
Ay _ [t DY _ "D al |y
a, X" (ntDxln  n+1
n!
. . |x| . x"
Since, for any x, lim —— = 0< 1, the series Z— converges
n—> ol + n!

(absolutely) for all x.

. x" .
Conclusion: Z—' has radius of convergence R = o« and
n!

interval of convergence (-, o).
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In general, ch(x —a)"
will certainly converge if

x = a,as all of the terms
are 0, for n>1.

We remind you that |x—4]
denotes the distance between
x and 4 on the number line.
1 1
So: —€ . )

€ ?
3 4 5

Answers:(a) R = 1,[-1,1)
()R =0, {0}
(©)R=1,[4,-2)

(b) Turning to Zn!(x —2)":

a, +

_+DIx=2)t]
n!(x—2)"|

(n+1)lx-2|

an

Since, for any x#2, (n+1)x—2| >0 as n—> oo, the series
Zn!(x —2)" converges only at x = 2 (see margin).
Conclusion: Zn!(x —2)" has radius of convergence R = 0

and interval of convergence {2} .

— 4)n
c) For (—L—— we turn to:
(©) For Y=
(x_4)n+1
Ay (n+1) :|X—4|”+1. n__ _|x—4n
a | Je—a  @FD A el
n
Bringing us to: lim o+l = Qim |x— 4|— = |x—4
n—>ol a, n— o n+t1l

The Ratio Test assures us that z (r—4)" converges (absolutely) when

|x—4| <1 and diverges when |x —4| > 1. It follows that the series

3 (x—-4)"

n
Since the Ratio Test is inconclusive when |x — 4| =

has radius of convergence R = 1.

1, we need to con-
sider the situation at x = 3 and at x = 5 separately. Let’s do it:

x—4)"

Atx = 3: Z( Z( 1)” <— Converges

(alternating harmonic series)

Atx = 5: <— Diverges

(harmonic series)

x=4)" _ 1
)Pl Do

It follows that the power series Z (x—4)"
[3,5).

) has interval of convergence

CHECK YOUR UNDERSTANDING 9.26

Find the radius of convergence and the interval of convergence of:

@Y (b) 3 alx @yt
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POWER SERIES FUNCTIONS

Just as the algebraic expression +/x — 5 serves to define the function
f(x) = Jx—5 with domain [5, ), so then does the power series
ch(x —a)" lead us to a function f{x) = ch(x —a)" with its inter-
val of convergence as its domain.

Power series functions f{(x) = ch(x —a)" behaves nicely when it
comes to differentiation and integration. Specifically (proof omitted):

THEOREM 9.26  [f the power series > ¢, (x —a)" has radius of

It follows, from (i) and (iii),
that the function

fix) = Ye,(x—ay

has derivatives of all orders
ontheinterval (a—R,a+R).

EXAMPLE 9.20

convergence R > 0, then:
() fix) = ch(x —a)" is differentiable (and
therefore continuous) on (a — R, a + R), with:

@) = Slle,(x=a) 1)’
= Yle,(x—a)"]" = chn(x—a)”‘1
(ii) j f(x)dx = j (Y e, (x—a)")dx
= Zj‘cn(x—a)”dx

_ (x—a)"*!
D e

(i11) The power series in (i) and (i1) also have
radius of convergence R.

(a) Verify that m = Z (x—a)" for [x—a| <1.

n=20
1

x+3°
centered at 0, for |x| < 1; and centered at 1, for

x—1]<4.
(¢) Use Theorem 9.26(i) and (a) to find a power series

(1-x)

(b) Find a power series representation of f(x) =

representation of f(x) =

> centered at x = 0
for |x| < 1.

(d) Use Theorem 9.26(i1) and (a) to find a power series
representation of f{(x) = In(1—-x), centered at
x =0 for |x|<1.
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For |r|<1:

o0
a_ _ .
— Z ar
n=0
In a more general form:
For<1:

A point of interest:
If you “physically multiply”
the infinite polynomial

Lo axra2exdr
1-x

with itself you will also get

1
(1-x)?

=1+2x+3x2+ -

+x+x2+x3+...

7 K-
l+)?+x2+x3+...
x+x2+x3+ ...

x+x2+x3+ ..

x2+x3 +x4

1+2x+3x2+ -

This is no fluke, for the above
“product of two series” result
does hold in general.

SOLUTION: (a) Employing Theorem 9.9, page 334 (margin):
N
FOT|X|<1.— an (*)
Replacing x with x — a yields the desiréﬁ}%sult:
____1___ = — n sksk
= 2t
n=20

L into the form 1 ,
x+3 1

For |[x—a| < 1:

b) [Centered at 0] The trick is to mold

and then take advantage of (*) in (a):
1 _ 173 _ 1 1

e B
(= P (e -
1 (3 3 n—0

B

The above holds for - <1,1ie: |x| <3.

1. 1
[Centered at 1] We now mold 3 into the form 11 and then

take advantage of (**) in (a):
1

1
= 5 -G+

1

v 1

YT
() - T e
n(i)(z_ n=20

4
1
1-x

1

The above holds for <l,ie |x-1|<4

N—"

(¢) On the one hand, for f(x) =

roo = (75) = -

On the other hand, from (a) and Theorem 9.26 we have:

fi(x) = =y nx"~ 1 = 0+1+2x+3x2+

n=20 n=1

Consequently, for |x| < 1:

w

= an’“l = 1+2x+3x2+4x3+ -

n=1
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(d) For |x| <1:
dx
In(1—x) = —[-2
n(1-x) jl_x

From (a): = —.[ Z x"|dx
n=20

Theorem 9.26(ii): = _z Ixndx = _Z xn ! +C = _z My e
n+1 n
n=20 n=20 n=1
Evaluating In(1-x) = |— Z Y 1C atx = 0 we find that
n
n=1
C=0. .
Consequently, for x| < 1: In(1 —x) = — Xt
n=1

Note that if you differentiate the above power series representation of
In(1 -x), term by term, you end up with the negative of the power series

representation of ﬁ in (a). Not surprising, as [In(1 -x)]' = L

l-x’

CHECK YOUR UNDERSTANDING 9.27

Answer:
o0

. o 1 ) '
= S n(a—1yan-2 Find the second derivative of f(x) = T along with a power series

n=2

2
(1-x)3

representation centered at x = 0 for |x| < 1.

EXAMPLE 9.21 Find a power series representation for

flx) = tan 'x, for x| <1.

SOLUTION: Recalling that (tanflx)’ =1 5> we set our sights on

+Xx

finding a power series representation for

, and will then integrate
+ x2

. . . . -1
it to arrive at a power series representation for f(x) = tan x:
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Answers:

00

@1= 3 -1
n=0

o0

(d) > D+ Hx-1)"

n=0

Replacing x with —x2 in Example 9.20(a), we conclude that, for

|-x2| <1 (or |x| < 1):

1
1+ x2

_1—(x Z(—x

= (=1)"x27 = 1 —x2+x4
n=20
So, for |x| < 1:

-1 dx
tan x =
1+ x2

:I Z (_l)nx2n dx

n=20

Z( 1)jx dx

2n+1

Z( D' €

Il
TN
=
w
=
W
=
2
=
O

0

Evaluating tan 'y = z (-1 )”

2n+l

2n+1

n=20
that C = 0 (recall that tan 0 = 0).
Consequently, for x| <1:

2n+1
— _n +
tan ' x Z:()szlx3579
n=0

_x6_|_x8_

+C at x = 0 we find

CHECK YOUR UNDERSTANDING 9.28

(a)Represent f(x) = ! as a power series centered at 1,
X
|x — 1| < 1. Suggestion: Consider Example 9.20(a).
(b)Represent f(x) = lz as a power series centered at 1,
X

x—1]<1.

for

for
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EXERCISES

Exercises 1-15. Determine the radius of convergence and interval of convergence of the given
power series.

x" nx" nx"
1. zn+1 2. Z 3. z

n+ 1

4. Z% 5 ZW 6. S n(x-2)"
7 z(x+4) g Z(_l)n(;z’f)! 0 znznrf)i_ll)n
10, Z("Z—nl)" 11. z% 12, Z%
- Z(_I)M% 2t l)n(zn:ll)' D D

Exercises 16-24. Express the given function as a power series centered at 0 and denote both its
radius and interval of convergence.

_ _ 1 _ 1
16. f¥) = == 7. fx¥) = 4~ 18, f(x) -
19. fix) = £ 20. fix) = = 21 f) =
2. Alx) = 912)62 23. flx) = In(5-x) 24, fx) = an” '3

Exercises 25-26. Represent the given function in partial fractions form, and then express it as a
sum of power series centered at 0. Denote both its radius and interval of convergence.

59 = 5 %0 = T

Exercises 27-29. Use Theorem 9.26 to obtain a power series centered at 0 and denote both its
radius and interval of convergence. [See Example 9.20]

27. f(x) = In(1-2x) 2. fix) = —! 29. f(x) = In(1—x2)
(2x +3)2
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Exercises 30-32. Represent the given function as a power series centered at 0 and denote both its
radius and interval of convergence.

-1 -1 X
30. f(x) = tan 2x 31. f(x) = tan x> 32. flx) = I tan ¢ dt
0
33. Show that f(x) = Z x_’: is a solution of the differentiable equation f "(x) - f(x) =0.
n!
n=20
—_ n /"
34. Show that f(x) = z %E%Tx”’ is a solution of the differentiable equation /" (x) + f(x) = 0.

35.

36.

37.

38.

n=20
o0
(n+s)!

x", where s and ¢ are
nl(n+t)!

Determine the radius of convergence of the power series Z

... . n=20
positive integers.

o0 o0
Prove that if the power series z c,x" has a finite radius of convergence R, then Z c,x2"
n=20 n=20
has radius of convergence /R .

o0

Show that if lim ‘cn| Un = [ %0, then the power series Z c,x" has radius of convergence
n— oo
n=20

1
7.

0 xn
(Inn)"

Use the Root Test to find the interval of convergence of f(x) = z
n=2
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§6. TAYLOR SERIES

We know that if a power series ch(x —a)" has radius of conver-
gence R > 0, then the function f(x) = Z(zn (x —a)" has derivatives of

all orders on (a — R, a + R) (Theorem 9.26, page 367). As it turns out,
those derivatives can be used to find the coefficients ¢, of

ch(x —a)':
THEOREM 9.27 0
If f(x) = Z ¢, (x—a)" for |x—a| <R, then:
n=20
AR )
" n!

Where, for any positive integer n, [ " denotes the nth derivative

of f, and where f s used to represent the function f.
You are invited to establish the above result in the exercises. For now:
fix)= c0+c](xfa)+cz(xfa)2+c3(xfa)3+ e =ey = fla) = ﬁoﬂ!)
flx) = e+ 2c\§(xfa) + 303(x7a)2 + 404(x7a)3 too=e = fla) = ﬂl'ﬂ)

£x) = 26542 3e5(x—a) +3 - dey(x—a)2 +4 - Seg(x—a) + = ¢ =@ =f%2
@)
a

f(3)(x) = 2~303+2-3~4c4(x—a)+3-4-5c5(x—a)2+4-5~6c6(x—a)3+...2c3 = 3

)
F M) = 2-34¢, 7234 5c(x—a)+3-4-5 6cg(x—a)2 +4-5-6-Teg(x—a)*+... > ¢, =JJ4'£2

We know, from the previous section, that f(x) = iz has a power
X
series representation over the interval (0, 2) [CYU 9.28(b), page 370],

and that f(x) = has a power series representation over

—x)2

(-1, 1) [Example 9.20(c), page 368]. That being the case, we should

be able to arrive at those power series via Theorem 9.27; and so we
shall:

EXAMPLE 9.22

(a) Express the function f(x) le as a
X

power series, centered at 1, for [x — 1| < 1.

1
(1-x)?
power series, centered at 0, for |x| < 1.

(b) Express the function f(x) =

as a
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We know from CYU 9.28
that this power series has
radius of convergence 1, a
fact that could also be
addressed at this point.

We know from Example 9.20,
that this power series has
radius of convergence 1, a
fact that could also be
addressed at this point.

SOLUTION: "

(a) We are to find ¢, such that f(x) = lz Z —1)" for
"=

lx — 1| < 1. Theorem 9.27 tells us that ¢, = f( )(1)

. Grinding away,

n!
with the hope of spotting a pattern, we find that:
flx) = x72 ¢y =M - L _y
o o o
! - _ 73 ’ .
f(x) = -2x S I B
1! 1!
fx) = 2-3x4 L 23
2! 2'
) = —2-3-4x°5 0 o234,
3! 3!
fA) =2-3-4.50% My _2.3.4.5 _
4! 4!
Pattern: ¢, = (=1)"(n+1). Thus:

fx) = 5 = 3 C1n D=1y
n=20

0

(b) Weare to find c,, suchthat f(x) = ( 1

l—x)2 ~
fx) = (1-x)72 ¢y = _(_> _
]
flx) = 2(1-x)73 o f) _ 2 _,
THRY
fx) =2-31-x)"* oo [0) _2:3_ 4
2! 2!
o) =2-3-4(1-x)° _ 0 234,
R 31
F ) =2-3-4-5(1—x)6 ‘. _ L0
41

Pattern: ¢, = n+ 1. Thus:

f(x) = Z (n+1)x" = z nx"—1

n=20 n=1

(1— )?



Answer:

wxn
In(1-x) = 72 -
n

n=1

The bad news is that the
Taylor series of f need not
represent f. The good news
is that it will for all “reason-
able” functions.
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CHECK YOUR UNDERSTANDING 9.29

Use Theorem 9.27 to find a power series representation for
f(x) = In(1 —x) over (-1, 1). [See Example 9.20(d), page 367.]

At this point we know that if /" has derivatives of all orders at a, and IF
it can be represented by a power series centered at a with radius of
convergence R (as we knew to be the case with the functions of Example
9.22) then:

o
flx) = an—ga)(x—a)” for [x—a <R.
n=20
Turning things around we ask the following question:
If f has derivatives of all orders at a, and if
(1)
Z fn—fa) (x —a)" has radius of convergence R, need
n=20 .
that power series converge back to f(x) for
|x —a| < R? The answer is, NOT ALWAYS — but first:

DEFINITION 9.7 If f has derivatives of all orders at a, then the
TAYLOR Taylor series for fabout a is the power series

AND
MACLAURIN SERIES

" g
5 et
n=20
A Taylor series for fabout 0 has a special name

— it is called the Maclaurin series for f.

To illustrate, let’s find the Maclaurin series for f(x) = e*,as well asits

Taylor series centered at 2.

Since f(x) = f(x) = f'(x) = f7x) =

- = ¥, we have:

£U0) = ¢ = 1 forall n

F2) = €2 = foralln

Maclaurin series:

Taylor series about 2:

O 1 f<”>(2> e’
Z n! Z n'xn z ( z n'(x_z)n
n=20 n=20 = n=20
Using the Ratio Test, we can easily show that both of the above power
series have radius of convergence R =
el eX(x—2)nt!
| R DY) : NPT I RS (n+1)! k=2l 5o
ay x" n+l a, e2(x—2)" n+l
a for all x n! for all x
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Yes, both the Maclaurin and Taylor series of f{x) = e* converge
throughout (—oo, o), but the question remains as to whether or not they

converge to f(x) = e*. Generalizing our concern, we turn to the follow-
ing question:

For a given function f* with derivatives of all orders, when will

o0
(n)
foy = 3 e ayn
n=20
There is an easy answer:

THEOREM 9.28 If the Taylor series of /* has a radius of con-
vergence R, then

)
flx) = zf(n—f“)(x—a)n for x—a| < R

n=20
if and only if

N

- RSN € A

Jim |- ¥ = w-ay | = 0
n=0

PROOF: For any xin |x —a| < R:

sequence of partial sums converge to f{(x) (see Definition 9.5, page 332)

) J Yo
o=y e ayr e fiw = lim 3 Do

n=20 n=0

N— x©

o Tim | fix) - Zf (a)(x 2| =0

Unfortunately, the above limit is often difficult to evaluate. Fortu-
nately, help is on the way:

With reference to the Taylor series:

"y,
5 LDy
n=20
the partial sum

N
() 4
oy = ¥ ey
n=20
is called the Taylor polynomial of f of degree V.



Joseph Louis Lagrange
(1736, 1813).

When choosing the center a
for the Taylor series of f one
should take into account that
the magnitude of (x —a)V !
increases as one moves away
from a.
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Note that the difference E,(x) = f(x)-py(x) is a measure of how

well the Taylor polynomial of degree N of /" approximates the function
value at x. Focusing on that error, or remainder expression we have:

THEOREM 9.29 If f has derivatives of all orders in an open

LAGRANGE’S interval / containing a, then for each positive
REMAINDER integer N and for each x € [ there exists ¢
THEOREM between a and x such that
N+ 1)
[T A (3 PR
W = e

PROOF: Offered in Appendix B, page B-7.

Observe that the above expression for £y(x):

fLI)(C)(x_a)NJrl

(N+1)!
looks like the term preceding it in the Taylor series for f:
)
/I< ( )( X — Cl) N

with one notable exception:

The a in the derivative is being replaced by some
number c that lies somewhere between a and x.

That being the case, we often have to be content with finding a worst
case scenario for Ey(x); specifically:

THEOREM 9.30 If f has derivatives of all orders in an open

TAYLOR’S interval / containing a, and if |[f"" "\¢)| <M
INEQUALITY for every ¢ between x and a, then for each posi-
tive integer N and for each x € [:

()| €~y — g+

(N+1)!
N+1) (N+1)
. _ (c) _ A\N+1 V (c )| N+1
PROOF: |E ()| ] (N+1)!(x ) (N+1)! x —al
Theorem 9.29 < Lbc _ a|N+ 1

SN+ 1)
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Putting this all together we come to:

THEOREM 9.31

o0
") :
TAYLOR’S If Z ——(x—a)" has aradius of conver-
CONVERGENCE n.
THEOREM n=0

gence R, and if, for every 0 <d <R, there
exists M (which depends on d) such that

[F ™)l <M for all n, and x in |x—a| <d
then:

T )
flx) = an—fa)(x—a)” for |x—a| <R.
n=20

PROOF: Theorem 9.30 and the given conditions assure us that for
Ix—al<d<R:

|En(x)] < |x —a|N*1

M
(N+1)!

Since Zx—’: converges absolutely for all x [Example 9.19(a), page
n!

365], Z]\ilx_—'_aﬂ must also converge for all x. It follows, from the
n!

M|x —a|"

' — 0 as n —> o and
n!

Divergence Theorem (page 333), that

that therefore |E(x)| — 0as n — .

At this point we know that the Taylor series of f converges to f(x) on
(a—d,a+d) for any d<R. To see that it converges on
(a—R, a+ R) simply note that forany x € (a — R, a + R) there exists
d<R suchthat x e (a—d,a+d).

THEOREM 9.32 Forall x:

)
n 2 3 4
(1) eX = Zx_ = 1+x+x_+e_c_+x_+...

! 21 31 41

n=20
L x2ntl B0
(i) sinx =% (-1) Qn+ 1) T35 71

n=20

P x2n xz X4 X6

p— _— n = - -5
(iii) cosx = %" (1) 2n)! 1 TR

n=20
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o0

PROOF: (i) We already know, from page 375, that z x_’: is the
n!
n=0
Maclaurin series for f(x) = e* and that it converges everywhere.
Since f(")(x) = e* for every n, and since f(x) = e* is an increasing
function, for any d > 0:
7o)l < ?d for x| < d

the M in Theorem 9.31

o0

Conclusion: e* = z

n=0

xl’l
n!

for all x.

(i1) For f(x) = sinx we have:
f(x) = sinx £(0) = sin(0) = 0
f(x) = cosx £(0) = cos(0) =1
f(x) = —sinx £ (0) = —sin(0) = 0
fAx) = —cosx  0) = —cos(0) = -1
(Note that |f(")(0)| <1 for all )

Since /*(x) = sinx = f(x), the above value-pattern of 0, 1, 0, —1
will keep repeating:

F£0) = 0,7°0) = 1, £(0) = 0, £7(0) = -1, £(0) = 0, ...

Bringing us to the Maclaurin series of the sine function:

C ) _
f (0)xn _ 2x0+lxl + 2x2+_1x3+2x4+

n! 0! 1! 2! 3! 4!
n=20 0
x3 x5 x7 x2ntl
= y_ 4 T 4. = _yn =
ST TINE T 2. D"
n=20
Which is seen to converge (absolutely) for all x:
w2+ 1) +1
Ay + 1 [2(n+1)+ 1] — CZnt Dly2n+3
a, x2n+ 1 (Zn+3)!2n+1
(2n+1)! 1 5
= (2n+2)(2n+3)|x | 50<1lasn— o
(for all x)
Since, for all x and n )| < /}\
the M in Theorem 9.31
. x2n+1
= J— n—
sinx (-1) 2n T 1)1
n=20
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Answer: (a) and (c):
See Page A-59

T
==

(b) z< D'

In the exercises you are
invited to verify that if

f) = 3 e,

n=0
any positive integer m:

then, for

0

x"f(x) = Z c, xntm

n=20

+1
Answer: z w

n=0

As for (iii) (and beyond):

CHECK YOUR UNDERSTANDING 9.30

(a) As in the proof of Theorem 9.32(ii), show that, for all x:

B i x2n B x2 x4 x6

n=20

(b) Find the Taylor series representation of sin x, centered at g .

(c) Show that the term-by-term differentiation of the sine series yields
the cosine series.

EXAMPLE 9.23 Determine the Maclaurin series of:

fix) = x3 sin(@

o0

. _ x2nt1 .
SOLUTION: From sinx = Z (—1)”(—271—;—1—)—! , we have:
n=20
2n+1
2 2+l
Sm_ Z( (2 +1)! Z( 22n+1(2n+1)!

Consequently (see margin):

x3(x2n+

Z -1 )n22n+1(2n+ 1!

1) 2n+4

Z (_ )n22n+1(2 + 1)1

Sll’l— =

CHECK YOUR UNDERSTANDING 9.31

Determine the Mclaurin series of:
f(x) = e¥+2e2

THEOREM 9.33  For any real number , and any |x| < 1 :

BINOMIAL SERIES @

f) = (+xy = % @xk

k=0

where: (IO = ”(V—l)(l’—Zk)‘--.(r_kJrl)

o0

Le: (1+x)= Y (ka:1+rx+r(r2;1)x2+r(r 13)'(r 2) 3

k=0




!
3

[1+

100 = rr=Dr=2)(1 +x)" 3
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PROOF: For f(x) = (1 +x)” we have:
f(x) = (1 +x)" f(0) =1
fx) = r(1+x) 1 £(0) = r
f(x) = r(r—=1)(1 +x)r=2 7(0) = r(r—1)
£(0) = r(r=1)(r-2)

) =r(r=1)...(r—=k+1)(1+x)"k  fD0) = r(r-1)...(r—k+1)

2

18

The Mclaurin series of f(x) = (1 +x)" is therefore:

o0 0

D (r—k+1) ,
T D M A%

k=0 n=0
In the exercises you are invited to show that the above power series
does indeed converges to 1 for |x| < 1.

EXAMPLE 9.24 Find the Mclaurin series of f(x) = !
) ) N9 —x
and its radius of convergence.
. 1. .
SOLUTION: The first step is to express in a form that displays
A9 —x

the “(1 + x)”” appearing in the Theorem 9.33; namely:
(1+x)

- ()
ox Lz O 9
9

Applying the theorem with r = —% and with x replaced by —g we have:

e By Py
4o +(2X2X%!”(§”+ l)(;)n+ N

(1:3)/22 5, (3:5)/2% 5, . ,[1:3 ~5----~(2n-—1)]/2"xn+_n.]
2192 3193 719
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Answer: See page A-61

et

v
|EN(X)| < (]\7"'_1)!|x\_l/a|N+1

x—0/<4

Returning to Theorem 3.33 we find that the radius of convergence of

the above series is 9, for ‘—g‘ <1 when |x| <9.

CHECK YOUR UNDERSTANDING 9.32

Let n be a positive integer. Use Theorem 9.33 to show that for any a

and b distinct from zero:
n

(a+b)r = Z (Z)a"*kbk

k=0

APPROXIMATING FUNCTION VALUES

(n)
Iff(x) = Z fn—fa) (x —a)" over an interval /, then we know that for

n=20
any x € I we can get as close as we want to f(x) by summing enough
terms of the given power series (Definition 9.5, page 332). Our concern
here is to see how many terms need to be added in order to accommodate
all elements of / simultaneously. Consider the following example.

EXAMPLE 9.25 Find the minimum number of terms in the
series

er =

!
|><
I
+
_l’_
|><
+
|
_|_
I

n=0
that can be used to approximate e* on the
interval 0 < x <4 with an error no greater than

0.0001
SOLUTION: Noting that for 0 < x <4: 0 < e*<e* and that [x — 0] <4,

we invoke Taylor’s Inequality (margin) and set our sights on finding
the smallest N for which:

4
e N+1
[En)| < 4! < 00001

Being faced with a somewhat unmanageable inequality, we turned to a

4
( Ni 1)'4N *1 for increasing values of N and

calculator to evaluate

4
found that while (Ni 1)'4N+l>0.0001 for N<18;at N = 19:

4
ﬁ“m 1 % 0.00002 < 0.0001



Answer: 13

Truth be told:

MATHEMATICS THRIVES
ON ANOMALIES.

9.6 Taylor Series

Conclusion: Twenty terms are needed. Then:

2 3 19
ex_(l +x+x_+x_+...+x_)
21 3! 19!

<0.0001 for 0<x<4.

383

CHECK YOUR UNDERSTANDING 9.33

Find the minimum number of terms in the Taylor series of e* cen-

tered at 2 that can be used to approximate e* on the interval

0 <x <4 with an error no greater than 0.0001 .

EPILOGUE

Yes, if f has a power series representation, then /" has derivatives

of all orders within its radius of convergence, and, moreover:
0]

(n),
fo) = ¥ ey

n=20

Though somewhat of an anomaly, there do exist functions f* for

(n)
which the Taylor series z fn_$a) (x —a)" converges to some func-

n=20
tion other than f. Here is an example of such a function:

1

Letf{x) =4 e* forx=0
0 forx=0

Accepting the fact that f( ")(O) = 0 foralln

(a fact that is typically established in an Analysis course)

we see that the Maclaurin series of f converges to 0 everywhere:

AOY+£/0)x +£"(0)x2 + £ 0) 3+ ... = 0+0+0+0+...

0

Conclusion: The Maclaurin series of f converges to f(x) onlyatx = 0.
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EXERCISES

Exercises 1-10. Use the definition of a Maclaurin series to find the Maclaurin series of /* and its
radius of convergence. [Do not verify that £ (x) — 0.]

1. f(x) = In(1+x) 2. flx) = e~ 3. flx) = 1i
X
- L -1 6. flx) = e
4. f(x) - 5. f(x) T
7. fix) =X 8. flx) = x%e 9. f(x) = 100cosmx
ex

10. f(x) = Jx+4

Exercises 11-20. Use the definition of a Taylor series to find the Taylor series of f* and its radius
of convergence. [Do not verify that £,(x) — 0]

1. fix) =e¥,a =1 12. fix) =x3+2x-1,a =2 13. f(x) = cosx,aZg
14, fix) = é,a _ 3 15. fix) = Inx,a =1 16. f(x) = cosx,a ==
X
17. fix) = sinnx,a = &+ 18 fx) =x¥%,a =1 19. fixy =L, a=9
2 x
20. flx) = ——, a%—b
b+x

Exercises 21-35. Find the Taylor or Maclaurin series of / and the radius of convergence, using the

) ) : 1
Maclaurin series of e*, sinx, cosx, and et
—-X

,a =3 23. f(x) =

21. fix) =e*,a =1 22. f(x) = ,a=20

= 1w

x2+1

24, fix) = sinmx,a = & 25 fix) = tan 'x,a = 0 26. f(x) = Inx,a = 1

[\
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27, fx) = L axp 2B =IUFa =0 59 g 1,
b+x l+x

30, fix) = ——,a=0 31 flx) =%,a=0 32. flx) = x2¢%,a = 0
1—3x ex

33. flx) = cosx,a =7n 34, f{x) = x>cosx,a == 35. fix) = x%sinx,a = 0

Exercises 36-38. Use the binomial series to expand f as a power series. State the radius of con-
vergence.

1 37. f(X) — 1 38. f(x) = (1—)6)2/3

36. f(x) = T

;

Exercises 39-42. Find the minimum number of terms in the Taylor series of f centered at a that
can be used to approximate f on the interval / with an error no greater than 0.0001 .

39. f(x) = sinx,a = 0,1 = [0, n] 40. f(x) = cosx,a = 0,1 = [0, ]
-1 - (.11 -1 - (.11
4 f0) = . a = 0.1 [2,2J 2f0) = F—a=2.1 [2,2J

Exercises 43-46. [GC]. Instruct your graphing calculator to sketch, on the same screen, the graph
of f over the interval [ along with the first N terms of its Maclaurin series for N = 1,2, 3, and 4.

43. f(x) = sinx, I = [0, «t] 44. f(x) = cosx, I = [0, ]

45. fix) = ¥, 1 = [-1,2] 46. f(x) = Inx ,I=[1,¢]

47. (a) Find the Maclaurin series for f(x) = sinx2.

(b) Express J-sinxzdx as a power series.

1
(c) Use (b) to estimate j sinx2dx with an error of less that 0.001.
0
4
(d) Find a polynomial that will approximate j sinx2dx with an error of less that 0.001, for
0

any t € [0, 1].
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48. (a) Find the Maclaurin series for f(x) = ™.

(b) Express J‘e*xzdx as a power series.

1
(c) Use (b) to estimate J e~’dx with an error of less that 0.001.
0

4
(d) Find a polynomial that will approximate _[ e*’dx with an error of less that 0.001, for any
0

tel0,1].
49. Prove Theorem 9.27.
Suggestion: First show that:

dk 0 if n<k
ﬁ(x—a)" = k! ifn==rk
nn—1)--(n—k+1)(x—a)" *if n>k

And then consider the decomposition:

© k-1 ©

flx) = Z c,(x—a)' = z cn(x—a)"+ck(x—a)k+ z c,(x—a)"

n=20 n=20 n=k+1

0 0

50. Prove that if f(x) = Z c,x" with radius of convergence R, then x"f{(x) = Z c, xnrm

n=20 n=20
with radius of convergence R.
51. Verify that the power series > rr- l)"l'cgr —kED) ko > (Q xk converges to

k=0 k=0

flx) = (1+x)" for x| <1.
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CHAPTER SUMMARY

DEFINITION

A sequence (an);o: , converges to the number L if for any
given ¢ > 0 there exists a positive integer N (which depends
on ¢) such that:

n>N=|a,~L|<e

In the event that (a,) converges to L we write lim a, = L,
n—» oo

or lima, = L, or a,— L, and call L the limit of the

sequence.

ALGEBRA OF SEQUENCES

If ima, = A and lim b, = B, then:
(@ limca, = cA ,forany c € R.
(b) lim (a,+b,) = A+B.

(c) lim (a,b,) = AB.

(d) lim — = %, providingno b, = 0 and B#0.

I
bn

PINCHING THEOREM

If the sequences (a,), (c,), and (b,) are such that (eventu-
ally) a,<c,<b,, and if lima, = limb, = L, then

lime, = L.

SEQUENCES AND
CONTINUOUS FUNCTIONS

Let (an);o:l be a sequence, and let the set {an};o:l be

contained in the domain of a function /. If lim a, = L and,
n— o

if fis continuous at L, then lim f(a,) = f(L).
n— o

SERIES

DEFINITION

0

The series z a; is said to converge to the number L, writ-

i=1

o0
ten Z a; = L, if the sequence of its partial sums (sn)zo= |

i=1
n

(where s, = Z a;) converges to L.

i=1
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DIVERGENCE TEST

0

If lim a,# 0, then Z a, diverges.
n— ®©
n=1

GEOMETRIC SERIES

The geomgtric series

Zar”‘l—a+ar+ar Zar”

is convergent if |r] < 1 x with sum:

—lzi
Zar" —

The geometric series dlverges if|r|>1.

ALGEBRA OF SERIES

w a0

If z a, and z b, converge, then, forany c € R:

n=1 n=1

Z(anibn) = Z
n=1 n=

=1

[*8)

anianand annZCZan
n=1 n=1

n=1

ALTERNATING SERIES
TEST

If the alternating series

_1 _
Z(—l)” a, = a,—a,tay—a,+ -
n=1 (each a, > 0)
is such that:
a,, <a, foralln,and lima, = 0
. n—» oo
then the series converges.

SERIES OF POSITIVE TERMS

CONVERGENCE THEOREM

A positive series converges if and only if its sequence (s,)
of partial sums is bounded from above.

INTEGRAL TEST

Let the continuous function f* be such that:
(1) f{x)>0 forall x> 1
(1) fx)2f(y) if 1 <x<y
Let a, = f(n) forall n>1. Then:
Zan converges if and only if jjo f(x)dx converges.




Chapter Summary 389

P-SERIES

i = 1+l+i+i+..‘

n? 2P0 3P  4p
n=1

converges if p > 1 and divergesif p<1.

COMPARISON TEST

If the positive series Zan converges and if an is such
that 0< b, <a,, then an converges.

If the positive series Zan diverges, and if a,<b, , then
an diverges.

LiMIT COMPARISON TEST

If Zan and an are positive series and if

a
lim == L1L>0

n—xl,

then both series converge or both series diverge.

RATIO TEST
(FOR POSITIVE SERIES)

Let Zan be a positive series with

a
n—w a,
L < 1, then the series converges
If {L>1or L = oo, then the series diverges

L = 1, then the test is inconclusive

RoOOT TEST

Let Zan be a positive series with

lim nfa, = L

n—
L < 1, then the series converges
If 9L >1 or L = oo, then the series diverges

L = 1, then the test is inconclusive

ABSOLUTE AND CONDITIONAL CONVERGENCE

DEFINITION

A series Zan is absolutely convergent if Z‘an‘ con-
verges.

A convergent series Zan is conditionally convergent if
Z|an| diverges.
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RATIO TEST

For a given series Zan (not necessarily positive), with

Ap+1

a,

lim = L.

n —» 0

L< I:Zan converges absolutely.

ferstorL = oo:Zan diverges.

L = 1, the test is inconclusive

POWER

SERIES AND TAYLOR SERIES

DEFINITION

A power series centered at a, is a series of the form

Z Cn(X—a)" = CO+C1(X—G)+Cz(x—a)2+...

n=20

CONVERGENCE THEOREM

For a given power series ZC,I(x —a)" there are only three
possibilities:

(1) The series converges absolutely for all x.

(i1) The series converges only at x = a.

(ii1)There exists R > 0 (called the radius of convergence)
such that the series converges absolutely if |x —a| <R
and diverges if [x —a| > R.

DERIVATIVE AND
INTEGRAL THEOREM

If the power series ch(x —a)" has radius of convergence
R >0, then:

(1) f(x) = ch(x —a)" is differentiable (and therefore
continuous) on (¢ — R, a + R), with:

f(x) = le,(x—a)"])
= Y le,(x-a)"]" = Ync,(x—a)""!
(i) j f(x)dx = j (Y e, (x—a)"dx
= zjcn(x—a)ndx

_ (x—a)"”
ch—n+1 +C

(ii1) The power series in (i) and (ii) also have radius of con-
vergence R.
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THEOREM *
If f{x) = Z c,(x—a)" on (a—R,a+R), then:
n=20
.~ "
" n!
DEFINITION If  has derivatives of all orders at a, then the Taylor series

for f about a is the power series:

[*9)

(n)
Z f (a)(x —a)"
n!
n=20
A Taylor series for f about 0 has a special name — it is

called the Maclaurin series for f.

LAGRANGE’S REMAINDER
THEOREM

If f has derivatives of all orders in an open interval / con-
taining a, then for each positive integer N and for each x € /
there exists ¢ between a and x such that:

N+ 1)
Ey(x) = ngTl(;)(x— a)N+1

TAYLOR’S INEQUALITY

If f has derivatives of all orders in an open interval / con-
taining a, and if [ "(¢)| <M for every c between x and
a, then for each positive integer N and for each x € I:

‘EN(X)‘ < |N+1

M Ix —a
N+ 1)

TAYLOR’S CONVERGENCE
THEOREM

- @) . .
If Z —n—'——(x —a)" has a radius of convergence R, and if,

n=20
for every 0 <d <R, there exist M (which depends on d)

such that |f"x)| < M for |x — a| < d then:

0
filx) = Zf—nfg—)(x—a)” for [x—al <R.

n=0
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Curves in three-dimensional
space can also be accommo-
dated with the introduction of
a third parameter: z(7) .

10.1 Parametrization of Curves 393

CHAPTER 10
PARAMETRIZATION OF CURVES
AND POLAR COORDINATES

§1. PARAMETRIZATION OF CURVES

As you know, no vertical line can intersect the graph of a function
v = f(x) in more than one point. Some curves that fail the above “ver-
tical-line test” may be described by means of a pair of functions, x(#)
and y(t), where the variable ¢ assumes values in some specified inter-
val [. Basically, the idea is to choose 7, x(¢), and y(¢), in such a way

that as ¢ traverses the interval /, the points (x(?), y(¢)) trace out the
curve of interest. To illustrate:

One way of tracing out the points (x, y) on the unit circle C in Figure
10.1, is to let x = x(¢) = cost and y = y(¢) = sint, where
0 <¢t<2mn.How so? Like so:
To say that (x, y) € C is to say that (x, y) is one unit from the ori-
gin, which is to say that x2 +y2 = 1. Since:
[x(£)]2+ [¥(£)]2 = cos’t+ sin’t 5!
Theorem 1.5(i), page 37
each point (x(¢), y(¢)) lies on C. Indeed, Definition 1.8, page 32,
should convince you of the fact that as ¢ runs from 0 to 27t the cor-
responding points (x(¢), y(¢)) start at (1,0) (when ¢ = 0) and
move along the unit circle in a counterclockwise direction ending
up, once again, at the point (1, 0) when ¢t = 2m.

y x2+y? =1
(cost, sint) 4

T

0 t 2m

=

Figure 10.1
In general:

Let x(¢) and y(¢) be a pair of functions defined on an interval /.
To each ¢ in / we associate the point (x(z), y(¢)) in the plane. As

t ranges over I, the point (x(¢), y(¢)) traces out a path (curve) in
the plane. Such a curve is said to be a parametrized curve, and
the variable ¢ is said to be a parameter.

If I = [a, b], then (x(a),y(a)) and (x(b), y(b)) are said to be
the initial point and terminal point of the curve, respectively,
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An equation such as x2 +y2 = 1 issaid to be in rectangular form. As
is illustrated in the following example, one may be able to go from a
parametric representation of a curve to its rectangular form by eliminat-

ing the parameter ¢:

EXAMPLE 10.1 Find the rectangular equation of the curve
defined by the parametric equations:

x =t2-2tandy = t+1 for —o<t<o0,

Sketch the curve, utilizing arrows to indicate

the direction, or orientation,

of the curve for

increasing values of the parameter t.

SOLUTION: From y = t+1: t = y—1. Substituting t = y—1 in

x = t>—2t we come to the rectangular equation:
x=@-1)2-200-1)
=y’ -4y+3 = (-3)-1)
The above equation represents a parabola, y
opening to the right, with y-intercepts at 3 and ;3
at 1, and vertex at:
b —4

- b _ A,
YT e T 2 1

PR

'\&- X

x=22-4.2+3 =1

g\&

Note that as ¢ increases from —oo to oo the y-values, y = t+ 1 will
also increase — in harmony with the above displayed orientation.

CHECK YOUR UNDERSTANDING 10.1

equations:

Sketch the curve, indicating the orientation.

Find the rectangular equation of the curve defined by the parametric

x = 3cost, y = 2sint, 0<¢<2n

DERIVATIVES OF PARAMETRIZED CURVES

Returning to the curve of the previous example ¥

is positive, and that it is negative at (3,0). We
could proceed as we did with the unit circle on
page 103 to find those slopes, but choose,
instead, to turn directly to the fact that the curve

we see that the slope of the tangent line at (0, 3) <3

PR
) S

1

is parametrized by the equations x = 2—2¢t andy = ¢+ 1:



Leibniz form of the chain rule
(Theorem 3.8, page 94):

Ify = fix) and x = g(?)

dy _ dy ds
then = = 2x 7

Y

(1,2)<

2 2
Notethat &2 isNOT —%4—
dx? dx

It is:
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Applying the chain rule (see margin), we have:

dy
dy _ dt _ 1 *)
dx dx 2t-2
dt

To find the slope at (0, 3), we consider the equation y = ¢+ 1 and
observe that y = 3 only at # = 2. Turning to (*) we can calculate the

slope of the tangent line to the curve at (0, 3): ZJQ = m = 5
x f—

Setting y to 0 in y = ¢+ 1, we find that the point (3, 0) is encoun-

tered at + = —1. Turning to (*), we then have: dp 1 _ —l.
dx 2(-1)-2 4

The lower part of the curve in question (see margin) appears to be
concave up, and its upper part: concave down. To formally address the

2
concavity issue we turn to the second derivative Z—); , which, being the
X
derivative of the first derivative, brings us to:
dy
dldi
i@ @ i
dzy:dtd _ dt/) _ di\2i-
2 _
dt dt _ [(2t—2)"17
2t-2
_ 2(2t-2)7?
2t-2
-2 st e s
(2t-2)3 1

From the above, we see that the curve is concave up for —o <t <1

(the bottom part of the curve) and concave down for 7> 1 (the top part
of the curve), with the curve reaching the point (—1,2) at¢ = 1.

Let’s underline two of the above observations:.

For a given point (x, y) on a parametrized curve with x = x(¢)
and y = y(¢):

dy

d| di

dy di| dx
dx dx dx? dx
dt dt

Providing, of course, that the indicated expressions are defined.
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In CYU 10.3 you are asked to
sketch the curve of this example.
Here is the end product:

N

Note that the tangent line at
(3, 0) when the point is crossed
for the first time from right to left

[at ¢ = —./3 ] hasnegative slope,
while its slope is positive when
the point is crossed for the second
time from left to right [at

t= 31

Answer: Horizontal tangent
line at (1,+2). Vertical tan-
gent line at (0, 0).

See page A-61 for the concav-
ity issue.

EXAMPLE 10.2 Determine the slope of the tangent line to the
curve with parametric equations

x(t) = 12, y(t) = B -3t, —0<t<o©
at the point (3, 0).
SOLUTION: In order for the curve to pass through the point (3, 0),
x(¢) must be 3. Solving for ¢ we have:
x()=12=3=0=t=1+3
As it turns out, y(¢) = 3 —3¢ is 0 for both values of :
(31/2)3_3 .31/2 = 0 and (_31/2)3_3(_31/2) =0
Consequently, the curve crosses the point (3, 0) twice: once when
t = —ﬁ and again when ¢t = ﬁ . Turning to:

dy
dy _ dt _3:2-3
dx  dx 2t
dt

we see that when the curve crosses the point (3, 0) at 1 = —./3 the
tangent line has slope:

CHECK YOUR UNDERSTANDING 10.2

Referring to Example 10.2, find the points on the curve where hori-
zontal or vertical tangent lines occur.

Verify that the curve is concave down for —o < ¢ < 0 and concave up
fort>0.

EXAMPLE 10.3 Sketch the curve with parametrization:
x=t2—4,y =12+t for—o<t<om,

SOLUTION: (a) From x = 2—4:¢ = +./x +4.
Substituting in y = #2 + ¢ we have:
My =(H+4) + Jx+4 =x+4+ [x+4
and (2)y = (~Jx+4)2 - +4=x+4-Jx+4




x+4 vs Jx+4
—— ——

¢ e
(1) 0<c<l=c< e

Q) c>1=e> e
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Both (1) and (2) represent functions with domain [—4, ©) .

Turning to (1): Atx = -4,y = x+4+ ./x +4 assumes the value of
0. Moreover, as x increases the function values clearly increase, lead-
ing us to the anticipated graph in Figure 10.2 (a) below.

Turning to (2): At x = -4, y = x+4—.x+4 also assumes the
value of 0. The values of y are negative immediately to the right of
x = —4 [see margin (1)] and then are eventually positive [see margin
(2)], bringing us to the anticipated graph in Figure 10.2(b).

We merged (a) and (b) to arrive at the curve in Figure 10.2 (c), which
also displays the traversed direction as ¢ progresses from —oo to oo.
Why that particular direction? Because:

C
y=r2+i=> Qo241 SIGN: —— <+ oy
dt yo1ooN
as ¢ increases, from 2 as t increases from
—o0 to — %, y decreases 7% to o0, y increases

-4

(2)

Such an option need not be
available for other parame-
trized curves. (See Exam-
ple 10.4).

"N
I

X

4
y=x+4+.x+4 y=x+4-Jx+4 x=1-4y=1+¢

(b) ()
Figure 10.2

The lower portion of the curve in (c) corresponding to ¢ < 0 appears
to show a minimum just to the right of x = —4 (¢ = 0). While we
could certainly investigate the first derivative situation for the func-

tion of x depicted in (b) to verify this, we choose instead (see margin)
to focus on the curve in (¢).

dy
dy dt 2t+ 1 + C C +
- = = SIGN: . =
dx  dx 21 N 0 g
. 2
dt N% i
x=1-4: x:—14—5 x =4

We see that dy _ 0 when ¢ = 1 (at x = —15), and if you look at
dx 2 4

the above SIGN information you may conclude (incorrectly) that the

graph achieves a maximum when ¢ = —% (atx = —%).
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W

L
e

Answer: See page A-62.

The problem, you see, is that % = 2¢ is negative for <0, which

tells us that x and ¢ are heading in different directions: as ¢ increases,
x decreases; and as ¢ decreases, x increases. It follows that a positive
slope in one direction turns into a negative slope in the other direction
(see margin). FORTUNATELY, concavity is direction-insensitive:

looking in this direction looking in this direction
curve is falling and then rising curve is falling and then rising
either way we see a concave up curve

And so we turn to the second derivative:

dy
d|dr
i(c_i)_g dt| dx i(2t+1)
dYy _didy) o \dt) _ di\ 2t
dx?  dx 2t 2t
dt
2t(2)—(2t+1) -2
_ 412 _ 1
2t 413
concaveup down
SIGN: * >t
0
We already know that there is a horizontal tangent line when ¢ = —% .
Noting that ¢ = —% falls in a concave up region, we conclude that a

11 1 1 = _1_5_ 71
minimum occurs at (x(—i),y(fi)) ( T 4).

(Consider, also, Theorem 4.8, page 137)

CHECK YOUR UNDERSTANDING 10.3

Follow the procedure of Example 10.3 to sketch the curve with
parametrization x = t2,y = 3 — 3t for —oo < ¢t < oo of Example 10.2.

EXAMPLE 10.4 Determine the points on the parametrized curve:
x=8-12+1,y=08+2-1(—0<t<o)

where local maxima/minima and inflection
points occur.

SOLUTION: Turning to the first derivative, we have:

dy
dy _ dt _3£2+2t _ 3t+2
dx dx 312 _2¢ 3t-2

o dr . .
At this point we know tﬁ’at a horizontal tangent line occurs when
t = —% ; which is to say, at the point:
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wn = [ -+ ] - (73

Turning to the second derivative, we have:

dy
d| dt
dt| dx i(3t+2) 3(3t—2)—3(3t+2)
d%y _ dt _ dr\3t-2 _ (3t—2)?2
dx? dx 312 -2¢ 1(3t-2)
dt
= _—E—
t(3t—2)3
SIGN: — =5+ o = -t
N 0 :
f=_2
3
Since the second derivative is negative at ¢t = —% , a local maximum
occurs at (217, —%%) (Theorem 4.8, page 137). We also see that con-

cavity changes about # = 0 and ¢t = %, and even though the second

derivative does not exist at those points, they do correspond to two

Recall that: 2—3 7 )

[x(2), y()] inflection points on the curve; namely: (1,-1) and (

9 A~ )0
(Bl Pt 2727
(P—-t-+1,2+t2-1) . .
respectively (see margin).
The TI 84 has parametric graphing capabilities:
Flotl Flote FIots
~HAT BT 3-T2+1
Y BT34+T2-1
xﬁzr =
T =
SRET S E
“War= I'Il"'
nHYT = =-253
FAr=T 3-T e Mgr=T 3+ T 2 $
. ~ We instructed the unit to position
We zoom.ed in to get ¢ the cursor at the maximum point
a better view. which we know occurs at ; = —2/3.
/ T BEBLEET
H=.FEHEEHEE V= -.BELEELS

=T 3-T 2 Yp=T 34T 2]

WAr=T =T 2 V=T 3+T 2 RAr=T =T 2 V=T 3+ T 2

==
1]
[
-
1]
-
=z—
1]
m
]
-
]
]
[

¥=-.eEOZEO:

max point

. . . . 2
We then zoomed in on the two inflection points: when # ="0 and when ¢ = 3
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Answers: Local maximum at
(—12, i 3) . See page A-63
o2

for inflection points.

L =j: [1+(2 2dx

(Definition 5.7, page 209)

CHECK YOUR UNDERSTANDING 10.4

Determine the points on the parametrized curve:
x=0-12,y =1e+3 (—o<t<m)

where local maxima/minima and inflection points occur.

ARC LENGTH

We previously developed a formula for the length of the graph of a
function y = f(x) from ato b (margin). That formula cannot be

applied directly to curves which are not graphs of functions. We now
develop a formula for the arc length of parametrically defined curves.

Consider a curve C defined by the parametric equations
x=x(t), y = y(t) for a<t<bh

dx dy

a

closed interval [a, b] into n subintervals A? as is indicated below.

y

x=x(1), y = y(O)—
| AL g

—t+—>t Py

for which exist and are continuous on [a, b]. Partition the

f 1
2 L

1 ; Pb=Pn
1 ti n—1 X

||
T
atlt

Corresponding to the numbers a,t,....t; |, t, ..

points Pa = (x(a):y(a))9 Pl = (x(tl):y(tl))r"a Pb = (x(b):J’(b))
on the curve C. Here is the length, /;, of the line segment joining

Plp] = (x(tifl)oy(tF])) to Pi = (x(ti)aJ’(ti)):
1, = JIx(t) —x(t;_)I1*+ () —y(t; ]2

The sum of the lengths of those n line segments serves to approximate
the length, L, of the curve, C, in question:

1, 1, b, are the

n

LS Jix(t) —x(t,_ )P+ () -yt )P

i=1

_ Zn:J[X(ti)_Aifti_l)}2+[y(ti)_Ayzi(ti_l)TAti

i=1




The problem is that the
above sum is not quite a Rie-
mann sum, a difficulty thatis
typically circumvented in an
analysis course.

arch
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To make the approximation better and better, we simply let the Af’s
get smaller and smaller; bringing us to:

P Z ﬁx(m—x(n1>T+[y<t,~>—y(riI)T At

At 50 All. Ati
i=1

It may come as no surprise to find that the above limit can be expressed

b 2 2
in the following integral form L = I (?—D + (?—D dt (see margin);
a

bringing us to:

DEFINITION 10.1 Let x(¢) and y(¢) have continuous deriva-

tives on a closed interval a<t<b. The
length L of the parametrized curve

x=x(t), y = y(¢t) for a<t<bh

that is traversed exactly once as 7 increases
from a to b is given by:

L= G ()

Note: When you apply the above formula:
THE LENGTH YOU SEE MAY NOT BE THE LENGTH YOU GET.

It will be, as long as no part of the curve in question is traced out more than
once as ¢ goes from a to b. A case in point:

The parametrization x = cost, y = sinf for 0 <7< 2m traces out
the unit circle centered at the origin (see Figure 10.1). The parametri-
zation x = cost, y = sint for 0 <¢<4n will also trace out the unit
circle, but twice! Applying the formula of Definition 10.1 we have:

d_x)Z (@2 3 21‘[//#2 3 27 B
+ dt) dt = jo (—sin?)2 + (cost)2dt = jo dt = 2n

(the circumference of the circle)

On the other hand:
)2 (d )2‘” J. (—sinz)2 + (cost)2dt = I4 dt = 4n
' 0 0

(not too surprising since we traced out the circle twice)
While we’re at it, we also point out that the formula of Definition 10.1 yields
the same result for any two parametrizations of the curve, as long as neither
traces out any part of the curve more than once in the process.

EXAMPLE 10.5 Asacircle rolls along a line in a plane, the
curve described by a fixed point P on the cir-
cle is called a cycloid (see margin). Find a
parametrization for the curve and the length of
one arch.

SOLUTION: We begin with a circle of radius » and P a point on the cir-
cle. Let the line on which the circle rolls be the x axis, with P at the
origin [Figure 10.3(a)].



402 Chapter 10 Parametrization of Curves and Polar coordinates

|
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e
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R eh
- k|
N\ \
N |
X A
(b)

Figure 10.3

Figure 10.3(b) depicts the position of the point P after the circle has
rolled a bit, and where 0 denotes the angle through which it has
rolled. Since the length of the arc on the circle joining P to 4, namely
r0, equals the distance between the point 4 and 0 on the x-axis, we
have: A = r0. Referring to Figure 10.3(b) we then have:

x=A-k =r0—rsinb = r(0—sin0)

and: y = r—h = r—rcos® = r(1-cos0)
Bringing us to the following parametric equations for the cycloid:
x =r(0—sinB), y = r(1—-cosB) for —o0o<B <o

Noting that one arch of the cycloid comes from a complete rotation of
the circle: 0 <0 <27, we appeal to Definition 10.1 to find the length,
L, of one arch:

L —j ( ) (de) do —j Jr(l—cose)]2+[rsme]2de

27 2, .2
_[ Jrz(l —2c0s0 + cos 0 +sin"0)d0
0

27
rJ- 2 —2c0s0d0
0

Theorem 1.5(vi), page 37:

sin® = 4+ [L=cosb
2 2
27

" 0 . 0 . .
Since 0 < 5 <m, Slnz cannot (See margln) = 2,,! Slng de
0

2r(—2 cos -Q)
2

27
ﬁrj‘ 1 —cos0do
0

be negative. Thus:

sin@ = ﬂ , Or:
2 A 2

J1—cosO = ﬁsing

2

= 2r(2+2) =

0

CHECK YOUR UNDERSTANDING 10.5

Determine the length of the curve:

Answer: 12. . .
x = 3cost—cos3t,y = 3sint—sin3¢, 0<¢t<n
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EXERCISES

Exercises 1-12. Find the rectangular equation of the curve defined by the given parametric equa-
tions. Sketch the curve showing its orientation.

1. x=Jt+1,y =032 1>1 2. x =202, y=28,0<t<3

3. x 4. x=2e,y=1-¢",1t>0

7T
sect,y = tant, —g <t<3

5. x =3sint-2, y = 2cost ,0<t<2n 6. x = 1+2sint,y = 2—cost,0<¢t<2xn

7. x =8,y =1, —0<t<o 8. x =el,y = sint, —0<t<o©
9. x=12,y=AJt"+1,120 10. x = Jt+1,y = Jt,t>0

) _
I1. x = cos2t,y = sint,—g<t<7—r 12.x =1,y =2Int, 120

2

Exercises 13-18. Find the tangent to the given curve at the indicated point,
13.x=0¢"+1, y=08+t ,t= -1 14, x =3¢,y =22-1,t =1

16. x =10—-1,y =2e,t=2

15. x = 3cost,y = 4sint, t =

13

2
sec’t—1,y = tant,t=—§

17. x =£2-1,y = 2et,t =2 18. x

Exercises 19-24. Find the points on the given curve where the tangent line is horizontal or verti-
cal.

19. x =362,y = 3 -4t 20. x = 283 +312-12t,y = 283 +32+1
21. x = 2cost,y = sin2t 22.x=%, y =2
23.x=%,y=t2+3 24. x = 2+3sint,y = 3 —2cost

Exercises 25-28. Find the values of ¢ for which the curve is increasing, and the values of ¢ for
which the curve is concave up.

25. x = 2+4,y = B+12 260 x =3 -12t,y = -1
27. x = t—el,y =t+te! 28. x = t+1Int,y = t—Int

Exercises 29-32. Sketch the graph of the given parametrized curve. Label its (local) max/min
points and its inflection points.

29. x =32+1,y = 2£2+4, —-0<t<ow 30. x =302+¢t,y =212—t,-0<t<o

2 3 o a
31.x=%,y=%—6t,0§t34 3. x = e'—t,y = 2e',—0<t<o
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Exercises 33-36. Determine the length of the given curve
33.x =32+1,y =2683+4,0<¢t<1

3. x =eltet, y=5-2t,0<t<3

35. x = 3cost—cos3t,y = 3sint—sin3¢,0<¢t<x

36. x = 2sint—1,y = 2cost+1, 0<¢t<2x

Exercises 37-39. Express the length of the given curve in integral form.

37. x =t—12,y = 383/2,0<1<2 38. x = Int,y = JJt+1,1<¢t<2

39. x = 2cost,y = sint, 0<1<2mn 40.x = 4e2t,y = 2, -1<t<1



2= — —

Note that while in the rect-
angular coordinate system
each point has exactly one
pair of coordinates, that is
not the case in the polar sys-
tem. A case in point:

(13, (15+20), (1.4
NV

ln/ﬁ

Observe that these rela-
tions hold independently
of the quadrant in which
P resides. In the second
quadrant, for example:
xand cosO are both negative,

yand sin6 are both positive,

% and tan0 arebothnegative.
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§2. POLAR COORDINATES

In the familiar Cartesian (or rectangular) coordinate system, points in
the plane are represented by ordered pairs of numbers (x, y) (see mar-
gin. In the polar coordinate system, a point P in the plane is again rep-
resented by an ordered pair, (7, 0), where r is the directed distance
from the origin to P, and O is an angle in standard position, with termi-
nal side the line segment connecting the origin to P [see Figure

10.4(a)]. In particular, (3, %} and (2, —Tzc) are displayed in Fig-

ure10.4(b). The origin’s coordinates are (0, 0), for any angle 6.

(a) (b) (c)
Figure 10.4
Just as the angle 6 can assume both positive and negative values, it is
also convenient to allow 7 to assume both positive and negative values.
In general if 7 is positive, then the point (-7, 0) is obtained by reflect-
ing the point (7, 8) about the origin, or, equivalently by plotting the
point (7, 0 + ) [to put it roughly: walk r units in the “opposite direc-

tion.”’]. In particular, the point (—3, %) appears in Figure 10.4(c).

RECTANGULAR TO POLAR AND VICE VERSA

y
P =(xy) =(r0)
ar:
)

The adjacent figure reveals relations
between the rectangular coordinates
(x, y) and the polar coordinates (r, 0)
of a point P in the plane; namely:

X

x = rcos9 y = rsinf
r2 = x2+y2 tan® = ¥
X

EXAMPLE 10.6 (a) Find the rectangular coordinates of the
point P with polar coordinates:

(23 @]
W(2ZF) i3
(b) Find all possible polar coordinates of the
point with rectangular coordinates

(-1, J/3).
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Note also that:

pP= (73,%‘) = (3,n+§)
-6

and that:
3cosd® = _3 .
3 2
3sindk = —w
3 2
7 60°

Answers: (a) (=/3, 1)

(b) (ﬁ, - g 4 an) and

(ﬂ/i, §4E 4+ 2kn) for any

integer k.

SOLUTION: (a) We need the equations x = rcos0, y = rsin0.

(i) For P = (r,0) = (2, %“):

x = 2005% = 2(—0059 = —2(%} = -2 Y

_ -371_(.75)_(1)_
= 2sin3F = 2(sin%) = 2( =) = /2
y sin=; sinZ ¥ Nz

Conclusion: The point P has rectangular coordinates(—~/2, +/2).

1

(ii) For P = (r,0) = (-3,%‘):

x = —3cos§ = (—3)(%) = —%

2
V&
y = _3sinE = _ (_,\/_3) = _E
3 2 2 -
Conclusion: The point P has rectangular coordinates (—%, —%) .

b)Let P = —1,/\/§ . Turning to 72 = x2+ 2, tane—y— we have:
g Yy
X

r2=(-1)2+(3Y2)2 = 4,orr = 2, and tan = —[12 =_/3.

There are infinitely many 0 that can accommodate (-1, /3)

2

tan@ = if = —ﬁ . We know that we are dealing JE \
- n/3

| .

with a 60° reference angle (see margin). Since we
can arrive at the above terminal side by rotating any multiple of 21t we

have: 6 = 2?71 + 2kn for any integer k. It follows that P has infinitely

many polar coordinate representations:
P = (2, %E + 2kn) for any integer k

And if that isn’t enough (see comments directly below Figure 10.4):
P=(2 (2?“ +x) + 2kn)

= (_2, %—T + 2kn) for any integer k

CHECK YOUR UNDERSTANDING 10.6

(a) Find the rectangular coordinates of the point with polar coordi-
nates (—2, T,

(b) Find all possible polar coordinates of the point with rectangular
coordinates (1,-1).
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POLAR CURVES

(==}
Il
13

In the rectangular coordinate system, the curve in the plane associ-

ated with the equation x = 5 is the vertical line with x-intercept 5,
while y = 3 is the horizontal line with y-intercept 3 (see margin).

In the polar setting, the curve in the plane associated with the equation

r = 2 is the circle of radius 2 centered at the origin, while 0 = T is the

line of slope 1 passing through the origin (see margin). In general:

Equation Graph

= Circle of radius |a| centered at the origin.

r=a
0 = 0, | Line containing the terminal side of the
angle 0, in standard position.

When graphing a function y = f{(x) in the rectangular coordinate

system, one generally “observes” what happens to y as x assumes dif-
ferent values. The same can be said about graphing a curve » = g(0),
except that now one tries to “observe” what happens to the radius r as
0 assumes different values. Consider the following example.

EXAMPLE 10.7 Sketch, in the Cartesian plane, the curve with
polar equation » = 2cos0.

SOLUTION: (a) The graph of » = 2cos6 appears in Figure 10.5(a)
(note the labeling of the axis in that figure). The key that will enable
us to transform that graph to the rectangular coordinate system is to

realize that (7, 0), for » > 0, is associated with the point (x, y) in the

Cartesian plane that lies on the terminal side of 6 and is 7 units from
the origin.
Let’s position an adjustable ruler, with one end at the origin and a pen-

cil at its other end. We start off with 6 = 0 and with a ruler of length
r = 2cos0 = 2 to arrive at the point a in the margin [and in Figure
10.5(b)]. We then swing the ruler through an angle 6, diminishing its
length in accordance with the formula » = 2cos0. In particular,

when 0 = g, the ruler is of length r = 2cos7§r = 2-% =1 [see
point b in margin and in Figure 10.5(b)]. Rotating further we get to

0 = g, at which time the ruler is of length 0 [see point ¢ in margin

and in Figure 10.5(b)].
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Note that while the point
d= (1, 4_3_1:) lies on the curve

in Figure 10.5(c), it fails to
satisfy the equation
r = 2cos0:

2003%7_: = —1 (and not 1).
Your turn: Find a polar point
(=1, 0) satisfying r = 2cos6

that corresponds to the point d
in Figure 10.5(c).

(b) () ’
Figure 10.5

Rotating further to the angle 6 = g + g = 2?71 we are confronted with
a ruler of “negative length,” namely: r = 20052?7E = 2(—9 =-1.

Not to worry:

To find the polar-point (—1, Z?Tc) in the Cartesian plane

we mark off 1 unit in the “opposite direction” of 6 = 2

[see d in Figure 10.5(c)].

Continuing the good fight, we come to the polar point (-2, ), which

brings us back to the point (2, 0) in the Cartesian plane [see e in Figure
10.5(c)].

Note that the circle in Figure 10.5(c) will be retraced, over and
over again, as 0 runs over intervals of length = . In particular, if 6
runs from 0 to 27, then the circle will be traced out twice.

The polar curve » = 2cos0 of the previous example turned out to be

the circle of radius 1 centered at (1, 0) [Figure 10.5(c)]. As such, it has

a nice Cartesian representation; namely: (x—1)2+3y% = 1. Not all
polar curves are that fortunate. Consider the following example.

EXAMPLE 10.8 Sketch, in the Cartesian plane, the curve with
given polar equation.

(@) r = 1 —cos0 (cardioid).
(b) r = sin20 (four-leaved rose).

(c) 72 = 4co0s20 (lemniscate).
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SOLUTION: (a) Focusing on the graph of » = 1—cos6 in Figure
10.6(a) we observe that » > 0 throughout the interval [0, 27t]. Conse-
quently, as you can see in Figure 10.6(c), the distance r associated
with any 0 is measured along the terminal side of that angle (as
opposed to its “opposite direction). To help us construct that heart-

shaped curve (called a cardioid), we first plotted a few points [see
table in Figure 10.6(b)].

r

2+

r = l—COSG—\V
r

Ju—

(2)

The cardioid » = 1 — cos©

(©)

—

Yol w|Fa [«|¥|via oo
MW | 1o | roTw

(b)
Figure 10.6

(b) The graph of » = sin20, for 0 <6 <2n, appears in Figure
10.7(a).
T

2

, and then decreases back to 0 at g [see (b) in figure].

As 0 sweeps from 0 to = : r starts at 0, reaches a maximum length

n
4

As 0 goes from

of 1 at

T
2
r assumes negative values. As such, the length |7| is measured in

the opposite direction of the terminal side of 0 [see (c) in figure].

to 7 : r starts at 0 and again returns to 0, but now

For <0< 3775 : r again goes from 0 to 0. Since r is nonnegative, it
is now measured along the terminal side of 0 [see (d) in figure].
For 3775 <0 <2r (in the fourth quadrant), » is again negative. As

such, its magnitude is measured in the opposite direction of the ter-
minal side of O (appearing in the second quadrant) [see (e) in fig-
ure].
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B =T
rl // 4
3n
(a)r=sin29: l: T —'4— nm |
R RN I
, RN R ’\
/ / |\ \ 7

ezsn/ \e=7_TC

[y v / A \Q,y - )

\ / AANAN

W A/ >N X The four-leaved rose » = sin20
X

o m ©

Figure 10.7

We point out that the graph of » = sinn® or r = cosn0 is arose with 2n leaves if z is even and # leaves if n is odd.

(c) Turning to 72 = 4c0s20, we first note that  is undefined when

4co0s20 is negative; namely, for g << 3% [see Figure 10.8(a)].

As 0 sweeps from 0 to g : 2 decreases from 4 to 0. This will give

0<r2<4 rise to two branches of the curve: one corresponding to 7 increasing
D<r<? from —2 to 0, and the other for r increasing from 0 to 2 (see mar-
gin). These two branches are represented in Figure 10.8(b). You can
see how the “r-positive-ruler” decreases from 2 to 0 as 6 sweeps

from 0 to E; as does the “r-negative-ruler,” but now along the

4
opposite direction of the terminal side of 0 [see Figure 10.8(b)].
Y ~p==1
4
if r is negative -
2 l ) =
r - = X
4\ /Y In if%r is po%itive
s
T A ®)
4 2 /4
N . / y 0= T
~ 4
(a) r2 = 4cos20 ; -
A N
A X
-~
™~ N 3

The lemniscate 72 = 4cos26
(©)
Figure 10.8
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As 0 sweeps from ‘1473 to m: 2 increases from 0 to 4. This will

again give rise to two branches of the curve: one for 0 <r» <2 (sec-

ond quadrant of Figure 10.8(c)] and the other for -2 < < 0 (fourth
quadrant).

The TI84 has polar graphing capabilities:

Flotl Flokz Flobs WIHOON
~r1Bl-cos{dl Brin=g
= Brav=6, 2831853 /—\
P ES Bster=. 1388996,
Y= AMin= =3
wPE= Amax=1
RS nscl=1
Limin= -2
P1-:-l:Ei r:méazggts MéNDDMa
~r1Bsin rin=
aprz= Bma=t. 2531553 Q\ 0
s Bster=. 13B8996..
Y= Hwmin=-1
wpES= mmax=1
= nscl=1
Limin=-1
Flokl Flotz Flot: W IHOOL
s BT Cdcos (280 Brin=g
e Brax=6.2831853..
wpEs Bster=.HZ
Y= Aamin=-3
wPES AMEH=D
RS nscl=1
Limin=-1

CHECK YOUR UNDERSTANDING 10.7

Sketch, in the Cartesian plane, the spiral » = 6 for 6> 0.

Answer: See page A-64.

DERIVATIVES IN POLAR COORDINATES

To find dr for r = £(0) you would proceed in the usual manner (see

do
If » = 1+ sin® then:
dr

margin). But this is of no help if you are interested in finding the slope
o e of a tangent line to the graph of » = f{(0) in the x,y-plane. For that pur-

Z—y , which we determine as follows:
X

The graph of » = f(0) in the rectangular coordinate system can be
defined by the following parametric equations (with parameter 0 ):

x = rcos® = f(0)cosB, y = rsin® = f(0)sind
see page 405

pose, we need

As such:

dy
dy _ d® _ [f(6)sinB] _ f(6)sin6 +/(6)cosO
dx dx [f(0)cosO]  f(0)cos® —f(0)sind
do

EXAMPLE 10.9 Sketch, in the Cartesian plane, the curve with
polar equation » = 1+ sin@, labeling its
(local) maxima and minima points.
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Note that while a maximum
occurs at the origin, the deriv-
ative is not zero at that point.
Indeed, a vertical tangent line

occurs when 0 = 3771 , as well

as when with 6 = g and

0 = §6E — a consequence of

the fact that the denominator of
dy

= is 0 for those values of 0 :
dx

cos26 —sin® — sin29 0

(1 fsinze)f sinf —sin’0 = 0

(25sin@—1)(sin6+1) = 0
. 1 3n
e = - = —
sin 5 0 5
0="¢=2%
6 6
v v

ee figure

SOLUTION: The graph:

T 3 o¢
2

P 1§sine The cardioid » = 1+ sin®
Glancing at the above cardioid we observe that a (local) maximum
occurs at b = (0,2) (when 0 = g) and at d = (0,0) (when

3n

0 = =—). We also see that a minimum occurs at some x between
2
. . 3
points ¢ and d (when 6 is somewhere between m and TR) and at

some x between d and a (when 0 is somewhere between 2215 and 2m).

Let’s find them:
Forr = f(0) = 1 +sin0:

dy _ £(0)sin® + £(0)cos® _ cosOsinf + (1 + sinB)cos
dx  f(0)cos®—f(0)sin®  cosOcosO — (1 + sinO)sin0

cosO(2sin + 1)

2 ) .2
cos 0 —sin® —sin~ 0

The numerator, cos6(2sin0 + 1), is zero if either cos® = 0 or

sin® = —% ; which, for 0 <0 < 2m, occurs at:

9= 7

,0=32T0 =g = Llr
2 6 6

We already spotted the maximum points on the y

cardioid associated with © = g and 0 = 3n | |

2 b
namely (0, 2) and (0, 0). We now know that In |

NI

the two minimum points occur when 6 = % NN

and 6 = 11?71 , with corresponding lengths:

y=1+sinb = 1+sin%r=

1
2
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You can get to the rectangular coordinates associated with those min-
imum points by using the bridges:

x =rcos® and y = rsin0.
n

In particular, (—?, —}J is associated with 6 = ?:

6 2\ 2
and (—, _4_1) is associated with 6 = 11—ﬁ:
4 6

1o Um 103y _ /3

X = COST = 2( 2) T

L Um0 1y 1

y = =sin 2( 2) 2

Answer: Local maximum:
() = (2.25) CHECK YOUR UNDERSTANDING 10.8

Local minimum: Find the rectangular coordinates of the (local) maxima and minima

(x,y) = (,i, ,3_4@) points of the cardioid » = 1 — cos6 of Example 10.8(a).
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EXERCISES

Exercises 1-8. Find the rectangular coordinates of the point with given polar coordinates.

1. (2,0) 2. (-2,0) 3. (=3,7) . ( n)

27 3n -14
s (2-5) (%) (=23 (s an3)
3 6. |2, 3 7 2, ) 8. |5, tan 3

Exercises 9-12. Find the polar coordinates (7, 0), with 0 <0 < 27, of the point with give rectan-
gular coordinates.

9. (4,-4) 10. (2,-2) 11. (0, 1) 12. (1,0)

Exercises 13-16. Find all possible polar coordinates of the point with given polar coordinates.

13. (-1, 4/3) 14. (J3,-1) 15. (4.3, 4) 16. (3,-3./3)
Exercises 17-22. Find a polar equation for the curve represented by the give rectangular equation.
17. x2+y2 =9 18.x =5 19. x = 2
20. y? = 8x 21. x2+32+4x =0 22, x2+4y? =4
Exercises 23-28. Find a rectangular equation for the curve represented by the give polar equation.
23. r=4 4.0 =T 25. r = 3sin0
26. rcos6—-1 =10 27. r = cscB 28. r = tanOsecO

Exercises 29-40. Sketch, in the Cartesian plane, the curve with the given polar equation.

29. r=4 30 g = 3T 31. r = 6sin6 32 = Ly cosh
4 2

33. r = 2—-2cos0 34. r = 4+4cos® 35. r = 4sin30 36, = %Jr sin®

37. r = 2+4cosH 38. r = 1-2sinb 39 = 34cosp A0 = cos30

41. r = 2tan6 42. r = 2secH 43. r2 = 9sin20  44. r2 = 9cos26

45. r =20 for0<0<3m 46. r = 1+20for0<06<3n

Exercises 47-52. Find, at the given point, the slope of the tangent line to the curve in the Cartesian
plane with the given polar equation.

47. r = 2sin0, 0 = T 48. r = cosQ,B =I 49. r = cos20,0 = T
6 2 3 4
50. r = 1-sin0, 0 = n 51.r=é,9=n 52. 7 = 1+2¢050,0 = 2
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Exercises 53-58. Determine the local maxima or minima points of the curve in the Cartesian
plane with the given polar equation.

53. r = 4+4cos6 54. r = 1-sin0 55 5 = cos26

56. 5 = sin26 57. r = 1+2cos6 58. r = 2—-3sin6
Exercises 59-62. Find the intersection points of the given polar equations in the Cartesian plane.

59. r = sinB, r = —cosO 60. »r=1+cosO, r =1--cos0

61. r =1-cosH, r = cosH 62. r = 2sinB, r = 2sin206

63. Prove that the polar equation » = asin0 +b cos0 represents a circle,

64. Give a polar coordinate formula for the distance between two point in the Cartesian plane
with polar coordinates (7, 0,) and (7,, 0,).

65. Show that the graphs of » = cos0 and » = sin© intersect at right angles.
66. Prove that the area of a triangle with polar vertex coordinates (0, 0), (r,,0,), and (7,, 0,) is

A = 2ryrysin(0,-0,).
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A sectorisaportionofacircle
bounded by two rays:

e

Noting that the area 4 of the
sector is to the angle 0 as the
area of the circle is to a com-
plete revolution brings us to:

A

nr? 1
4 _ % o4 =12
o 27 2"

§3. AREA AND LENGTH

The procedure for finding the area of a region enclosed by the graph
of a polar equation » = f{(0) that lies between the terminal sides of two
angles a and B, is very similar to that discussed in Section 5.2 for
finding the area of a region bounded above by the graph of a positive
function y = f(x) over an interval [a, b]. The main difference is that
in the y = f(x)-case one approximates the desired area by summing

areas of rectangles [see Figure 10.9(a)], while in the » = f(0)-case one
sums areas of sectors [see margin and Figure 10.9(b)].

YA Area of rectangle = f{x)Ax

Area of sector = %[f(@)]zAG

(b)
Figure 10.9
And just as the area of the region in Figure 10.9(a) for a continuous
b b
function f'is given by 4 = _[ f(x)dx = lim z f(x)Ax , so then:
a Ax—> 0

a

THEOREM 10.1 If » = £{(0) is continuous and nonnegative

for a <0 <, then the area 4 of the region
enclosed by the polar curve lying between
the terminal sides of a and [ is given by:

p
CePr2 o] ,
A= j 57 d0 = lim 55" [f(0)]?A0

o

(03
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A point of comparison:

Finding the area of a circle of radius r

Rectangular Approach Polar Approach

Area: yAx = Jr?2 —x2Ax Area: lrer
v 2

i\ aVa
K/\rxu ¥ =2 K/ SSf(0) = r

a constant function

S et e
5 A 0 0 5
x = rsin0 by symmetry P
dx = rcos0d6 _ a2 2 w2 1, on
0Sx£r:0§egg - 4.[0[ re—rsin"0]rcos0do = EI’ J‘ do
g 2 _ l 2 0 2n
= 4r2J- [m]cosedﬁ 2r( o)
0
: = 32(m)
= 41”2!2 c0s>0d0
0 = nr?

. ) 2 l + cosZO Clearly the above polar approach
Theorem 1.5(ix), page 37: J- do is the better choice, but that is due
- to the circular nature of the region

in question. If you want a contest
that dramatically favors the rectan-

) SIIIZG gular approach, just try to find the

= 2 area of a rectangle using the polar

approach.

E
2

EXAMPLE 10.10 Find the area of the region in the plane
enclosed by the cardioid » = 1 — cosH.
y SOLUTION: The graph of » = 1 — cosO was constructed in Example
10.8, page 408(a) (margin). By virtue of symmetry, we double the
area of the top half of the cardioid (the area obtained by letting 6 run

x from 0 to m):

r = 1-cos0
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1 2 T 2
A= 2I =(1—cos0) do = J (1-2cosB +cos0)do
02 0

. T T 2
= (6—2s1n6)|0+.[ cos 040
0

/ ZTheorem 1.5(ix), page 37

T
_[ 1+ cos29a,6
0

T+

T

_ n+(9+ sin26)

CHECK YOUR UNDERSTANDING 10.9

(a) Find the area of the four-leaved rose » = sin20 of Example
10.8(b), page 408.

(b) Find the area within the inner loop of the (limacon)
r = 2cosO+1.

&

Answer: (a) g ®) n— )

°|

The procedure for finding the area of a region enclosed by the graphs
of two polar equations is very similar to that for finding the area of a
region enclosed by the graphs of two functions. The main difference is
that instead of summing the enclosed areas of rectangles [see Figure
10.10(a)], we sum the enclosed areas of sectors [see Figure 10.10(b)].

Area = %(U(G)]Z*[g(e)]z)Ae
>

Y

Area = [f(x)—g(x)]Ax Y = /) y
y = g(x)

|
| | r = f(0)
! : X r=g(0)
a b X
b B 1
A= [ ) -gWldr | 4= [ S([/0)12 - [g(6)12)d0
(a) (b)

Figure 10.10

Just as the limits of integration in Figure 10.10(a) are the x-coordi-
nates of the points of intersection of the curves y = f(x) and
y = g(x), so then are those of Figure (b) the 0 -coordinates of the

points of intersection of the curves » = f(0) and » = g(0).



2\
T 0

r =1+ cos6

-
2 — —

|

|

: 0

b
r = 1-cos0
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Please note that while both points of intersection in Figure 10.10(a)
satisfy the equation f{x) = g(x), not all points of intersection of two
polar equations » = f(0) and » = g(0) need satisfy the correspond-

ing equation f(0) = g(0). This is because every point in the plane has
infinitely many pairs of polar coordinates, and a point of intersection
may have no single pair of polar coordinates satisfying both equations.
Consider the following example:

EXAMPLE 10.11 Find the points of intersection of the two car-
dioids » = 1+ cos6 and » = 1 —cos®

SOLUTION: Equating the two r-expressions we have:
1+ cos® = 1—cosO= cosb =—-cosO = cosO =0
=0 =L+kn
2

(for any integer k)
Though the above solution does reveal two N
points of intersection of the cardioids, it KT%\
fails to reveal the third intersection point:

the origin! Why was that point missed?
Because the origin is not on the two curves = _ |~
for a common value of 0. Specifically,

with respect to the curve » = 1 + cos0, the origin is reached when
0 = n+2kn, while it is reached when 6 = 2km on the curve

r = 1—cos0 (see margin).

Moral: When determining the intersection points of polar coor-
dinate curves, sketch the curves to spot their anticipated number.

EXAMPLE 10.12 Find the area of the region that lies inside the
circle » = 3cos0 and outside the cardioid

r =1+ cosO.

SOLUTION: We want to find the area of the r = 3cosO
shaded region in the adjacent figure. Here is £
how we found the 0 values of the indicated /
points of intersections of the curves: /ign x
3cosO = 1+ cosH \27‘ ’ ’
2cosH =1
1

T
- = 4=
2:>6 3

r = 1+cos6

cos0

Taking advantage of symmetry, we calculate the area lying above the
x-axis and multiply by two:
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AN
|

T
= 2[2[(3c0s6)? - (1 + cos0)]d0
02

T

I3(8c0529 —2cos0—1)db
0

= jg[S(M) —2cos0— ljde
0 2

T
3_4n_mo_
0 3

= (40 +2sin26 —2sin® - 0)| 3

CHECK YOUR UNDERSTANDING 10.10

Answer: 2% 7.3 Find the area common to the region bounded by the cardioid
"3 8

r = 1 —cos0 and the circle » = %

ARC LENGTH

A polar curve r = f(0) is but a parametrized curve with parameter
o <0 < B, and parametric equations:

x = rcosO, y = rsin0 (¥)
As such (Definition 10.1, page 401):

- (&) (5

Applying the product rule in (*) we have:

dx dr . dy . dr
—_ = — — = —_— —l—
20 cos@ale rsin0, 70 s1n6de rcos0
Leading us to:
dx)2 (dy)z _ dr . 2 . dr 2
(d—e + 0 [cosed—e rsmOJ + [sm(?)d—e + rcos 8}

7117 . 2
-+ r2sin” 0

2
= (cos29 + sinze)(j—g) + rz(sinze + cosze)

, dr\? )
Theorem 1.5(1), page 37: = | — | +r
do
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Bringing us to:

THEOREM 10.2 If the curve » = f(0) is traced out exactly
once as o <0 <[, and if f has a continuous

first derivative on [a, B], then the length L
of the curve is given by:

L = Iz (r2+(%)2de

EXAMPLE 10.13 Find the total arc length of the cardioid
r = 1-cos0.

SOLUTION:

See Example 10.8, page 408.

ﬁ
27 27

\\J = J. J2 —2cos0d = ﬁJ. N1 —cos0dO
0 0

r = 1-cos0 Theorem 1.5(iiiv) — 1 — cos2x = 2sin2x

page 37 2
1 — cosx = ZsinZ)z—C: = ﬁj. i /2(sin29 do
0
2

21
L= j J(1 = cos0)? + (sin0)2d0
0

21 2 2
= .[ J1_20059+cos 0 +sin" 040
0

Note that since sing >0

T
for 0<0<2m, (sing)z = sing: = 2J.0 Singde
27
= 2(—2cos9 ] =8
2 0

CHECK YOUR UNDERSTANDING 10.11

Answer:
n Express the total length of the four-leaved rose » = sin26 [Example
4[(2) sin220 + (2c0s20)2d0 10.8(b), page 404] in integral form, and then use a graphing calcula-

tor to approximate its value to two decimal places.
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EXERCISES

Exercises 1-6. Sketch the curve with given polar equation and find the area it encloses.

1.
4.

r =1+ cos0 2. r = 3cos0 3. r = 2co0s20

r = 2-sech 5. 12 = 4sin’0 6. 2 = sin°20

Exercises 7-12. Sketch the curve with given polar equation and find the specified area.

7.

11.

r=02,0<0<Z. 8. r=3sinh,0<0<Z,
4 4
F = tan20.0<0< X 10. » = /sinB, 0<0<m.
b —_ _8'
— ,0/2
y = ll_cosejggegn. 12. r e ,TtgeSZTC.

Exercises 13-20. Sketch the two curves with given polar equations and find the area of the region
common to those curves.

13.
15.

17.

19

21.

22.

23.
24.

25.

26.

27.

r=2,r=2(1-cos0). 14. » = 3cosO,r = 1+ cosH.
r = cosf, r = sinf. 16. r = 2(1 —cosB),r = 2(1 + cosH).
r = —4sin®, r = 4(1 + cosH). 18. r = sin20, r = cos26.

.2 = sin20, 2 = co0s20. 20. r = asin®, r = bcos0,a>0,b>0.

Find the area of the region that is inside the cardioid » = 4(1 + cos0) and outside the circle
r=2=o0.

Find the area of the region that is inside the circle » = sin® and outside the cardioid
r =1+ cosH.
Find the area within the inner loop of the limacon » = 1 —2sin0.

Find the area of the region outside the inner loop and inside the limacon » = 2 +4cos0.

Find the area of the region that is inside the limacon » = 4 + cos0 and outside the limacon
r =2+ cosH.

Find the area of the region that is inside the circle » = 8cos6 and to the right of the line
r = 2secH.

Find the area of the region that is outside the circle » = 2 and inside the cardioid
r = 4(1+cos0).
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28. Find the area of the region that is outside the circle » = 3 and inside the cardioid
r =2(1+cos0).

29. Find the area of the region that is inside the lemniscate 72 = 4c0s20 and outside the circle

r=J2.

Exercises 30-35. Find the length of the given polar curve.

30. The circle 7 = 3sin0 O<6<E 31. The cardioid » = 1 + cosO.
) ,0=0<3.
: Y
32. The spiral » = 02, 0<0<./5. 33. The curve r = COSS@),osesg.
34. The spiral r = €39, 0<0<2 . 35. The parabolic arc r = L,OSGST—E.
1+ cosO 2

Exercises 36-37. Use a graphing calculator to approximate the length of the given polar curve to
two decimal places.

36. The three-leaved rose r = 2co0s30. 37. The four-leaved rose » = 4cos260
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CHAPTER SUMMARY

PARAMETRIZED CURVE

Let x(¢) and y(¢) be a pair of functions defined on some
interval 1. To each ¢ in / we associate the point (x(¢), y(¢)) in
the plane. As ¢ ranges over /, the point (x(¢), y(¢)) traces out
a path (curve) in the plane. Such a curve is said to be a

parametrized curve, and the variable ¢ is said to be a
parameter.

FIRST DERIVATIVE

SECOND DERIVATIVE

For the curve C = {(x(2), y(¢)) for a<t<b}:

dy
dy _ _dt
dx dx
dt

Providing % and % exist, and % =0

dy
d| di

% G
d?y _di\dx) _ \dt
dt dt

Providing Z% and Z—f are differentiable, and Z,—); #0

ARC LENGTH

Let x(¢) and y(¢) have continuous derivatives on a closed
interval a < ¢ < b. The length L of the parametrized curve

x=x(t), y =y(t) for a<t<bh

is given by:
b d)c)2 (dy)z
= = 4=
L Ia (dr d¢ dt

POLAR VERSUS RECTAN-
GULAR COORDINATES

X

y
P =(xy)=(r6)
C@ x

X = rcos0 y = rsin0

r2 = x2+y? tan@ = ¥
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AREA

If » = f(0) is continuous and nonnegative for a <0 <3,
then the area 4 of the region enclosed by the polar curve
lying between the terminal sides of a and B is given by:

B1 2

A=\ =rdo

02
The area of a region enclosed by two continuous polar
curves » = f(0) and r = g(0) for <6 < is given by:

p
4 = [ 2(A0)1 - [g(0)1)d0

y

/S T )
a‘j /) e i > X

p
4= f%’zd@ 4= %([f(e)]z—[g(e)]z)de

ARC LENGTH

If the curve r = f(0) is traced out exactly once as
a <0<, and if f has a continuous first derivative on
[a, B], then the length L of the curve is given by:

L= jz /r2+(§—g)2d8
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CYU SoLuTIONS A-1

CHECK YOUR UNDERSTANDING SOLUTIONS

CHAPTER 1: PRELIMINARIES
CYU11 (a)f(-2) = 3(=2)-5=—-11 (b)f(t+1) =3(t+1)=5=3t-2
(©) fl=2x+1) = 3(-2x+1)-5 = —6x-2

@r(2)=3(F)-5=-8-5-=6%

X

xth  x (x+h)(x+1)—x(x+h+1)

CYU 1.2 f(x+h)—f(x)=x+h+1 x+1 _ (x+h+1)(x+1)
h h h

_x2txthx+th—(x2+xh+x)
Gt htDxt i

h _ 1
(x+h+D)(x+1)h (x+h+)(x+1)

CYU 1.3 (a) For f(x) = /x+3 to be defined, x+3>0=x>-3, so that the domain is
D,= [-3, ) . The values of the square root are the nonnegative numbers, which

means that the range is R, = D, = [0,0).
N
(x+1)(x-2)
denominator is 0. Thus Dg = (-0, -1) U (-1,2) U (2, ™).

(b) The function g(x) = is defined except at —1 and 2 where the

CYU 1.4 Since -1<0, f{x) = -4x+1=>f-1) = -4(-1)+1 = 5.
Forx = 1 or5, f{x) = x2=f(1) = 12 = 1 and f(5) = 25.
Forx = 7, fix) = 2x > f(7) = -2(7) = —14.
The function f'is not defined at 10.
CYULS (a) 2%+ 3-7] =14 =4  (b) 10 |-3-7] =|-10| = 10
3 7 -3 7

4 units

(@ |7 3] =10l =10 (@t FT-(D =73 =4
-7 3 =7 -



A-2 CYU SOLUTIONS

1

CYU 1.6 For f(x) = x—3 and g(x) = 3 :
x_

1 _ x2-6x+10

3 3 Domain: all numbers except 3: (-0, 3) U (3, ).
p— x p—

f+e)(x) =x-3+
X

2_
(f—2)(x) =x-3- 1l _x'—6x+8 Domain: (-0, 3) U (3, ®).
x-3 x-3

(fg)(x) = (x—3)(;—i—§) = 1 Domain: (-0, 3) U (3, ©).

@(x)z xf = (x—3)? Domain: (—0, 3) U (3, o).
x-3

(5¢)(x) = 5 )% - ;%—3 Domain: (=, 3) U (3, ).

CYU 1.7 (a) For f(ix) = x2+2x—2 and g(x) = 4x+3:
(1) (fog)(-2) = flg(-2)] = fl4(-2) +3] = f(-5)
— (=52)+2(=5)-2 = 25-12 = 13
(i) (fog)(x) = flg(x)] =f[4x+3] = (4x+3)2+2(4x+3)-2

= 16x2+24x+9+8x+6—-2 = 16x2+32x+ 13

2
(b) From A(x) = 2x 3 = (gof)(x) = g[f(x)], we see one possibility:
x-+

fix) = x> and g(x) = xi3

CYU 1.8 f(x) = X is one-to-one:
x+1

fa) = fiby= 94— =5 abr1)y=blat1)>abta=ba+b=a=b
at+1l b+1




CYU SOLUTIONS A-3

CYU 1.9 For f(x) = ——:

x+1°

Start with: A1) = x Verifying that (fof !)(x) = x:
For notational X
comennte A0 ot = 100 = ()

t
: X _
Since f(x) = x_+ T t+1 lx

—X X
o == + = = =

Solve for ¢: t=(t+1x x_ L, x+ (1-x)

t=1tx+t x 1_«

I—Ix =X Verifying that (flof)(x) = x:
t(1-x) =x ( x
—1lo — —
- ¢onx = e = (=)
—X
Substituting !(x) X X
back for : f_l(x) = T _ x+1  _ X _
X |__X (x+1)—x
x+1

CYU 1.10 f(x) = /x—2 is one-to-one:
fla) = fib)= (Ja-2=Jb-2= Ja=Jb=a=b)

Findingf_l:
AfH0] = x
Letr= 1) i) =xft-2=xJt=x+2=1= (x+202=f (x) = (x+2)?
D,= [0,0) and R, = [-2, o0) . Consequently, Df,1 = [-2, ) y e = 422
andR,1=[O,oo). N =X
' -
The graph of 1 ~! can be obtained by reflecting the graph of f'about 4 ~ d
. o s flx) = -2
the line y = x: ~
e /
-2 4 x
z
CYU1.11 g —ZV
3x_2%5x gy oo x-l 3x_2+5x —x—1
>3 15 5 3 15
3x 2+5x -x—1
15(—— —1) = 15( ) (3x 2+ 5x ) (—x—l)
15 = - -1]<1
5 3 15 N3 3 <53
9x—10-25x—15 = —x—1 9x—10-25x—15<—x—1
—15x =24 ~15x <24
_ 24 _ 8 Y 24 8
15 5 > 15" s




A-4 CYU SOLUTIONS

CYU1.12 (a) 2x2+7x—-4 =0 (b)3x2-4x-3 =0

(x=D)(x+4) =0 x=4+A/42 4B - _4+2/13 _2+./13
x = 1 x = -4 1: 2-3 3
2’ quadratic formula
(c) x3+x2—-16x = 16

W+x2-16x-16 = 0
x2(x+1)=16(x+1) =0=>(x2-16)(x+1)=0=>(x+4)(x—4)(x+1) =

Solution: x = 4, x = -1

CYU 1.13 Since 1 is a zero of the polynomial p(x) = x3+2x2—7x+4, (x—1) is a factor.
x> +3x—4
Dividing: x— 1 3+ 2x2 - 7x+4 reveals the fact that:
WBH2x2-Tx+4 = (x—1)(x2+3x-4) = (x-1)(x—1)(x+4)

' , W22 -Tx+4 =0
Returning to our equation we have:
(x-1)2x+4)=0=>x=1,x = 4

CYU1.14 (a) SIGN (x—=3)(x+2)(—x+5): (b) SIGN (x+ 1)2(x+2)3(x —4)%:
S S
-2 3 5 -2 -1 4
(x=3)(x+2)(—x+5)<0: (x+ 1D2(x+2)3(x—4)2>0:
(-2,3) U (5, o) [-2, )

CYU 1.15 (x2+x—2)(x2—x+5)(—x2+x+5) = (x+2)(x—1)(x2—x+5)(—x2+x+5)

Since the discriminant of the quadratic polynomial x —x+5 is negative:

[b2—4ac = (—1)2—4(1)(5)], it has no zeros. As such, its signs cannot change, and
since it is positive at x = 0, it must be positive everywhere.

The polynomial —x2 +x + 5 does have zeros:

_ —b*xJb2—4ac _ —1£.21 _ 1+.21

2a -2 2

Bringing us to:
SIGN (x +2)(x — 1)(x2 —-x+ 5)(—x2 +x+5):

+
1

J21
S oo

(4
L ]
1

te®o
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__1 1 5__1
x—?a:>

CYULIG(@)X=2 S5__1 , x-2 L-2 ;
X X —

5
o4 4 x=3 (x+2)(x-2) 4

clear denominators: 4(x —3)—5(x+2)(x—3) = 4(x +2)
4x—-12-5(x2—x—-6) = 4x+38
~5x2+5x+10 =0
x2-x-2=0
(x-2)@+1) = 0

notasolution:QW% or x =-1

(b)3( X )+(x2+1) — 4
x2+1 X
Lety=x2’il: 3y+i =4=3y2+1 =4y=3y2-4y+1 =0=>CBy-1)(y-1) =0
|
!
3 y =1
x _1 X
x2+1 3 2+ 1 =1
41 = 3x x2+1=x
x2-3x+1=0 ;
L= 3%9-4_ 325
2 2
both are solutions
x+2 x+2 1 1
CYU1l17(a) ——20=> ———2>0 (b) =x< =>Xx- <0
CYU 1.17 (a) 2 _9v_3 (x=3)(x+1) (b) 3x+2 3x+2
2
x+2 3xc+2x—1
IGN —2—=——. =332 <0
SN e+ D a2
c,cC C Bx-1)(x+1)
— o T — ot = F— <0
.| 3
x+2 GBx—1)(x+1)
e > (): [-2, -1 3 SIGN :
Gonerns i E2hHuE @) 3x+2
-
2 1
3 3

| 2 1
(o -1) U (21
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CYUL18 O |sinO|cosO | tanO | cscO | secO | cotO
30
] o 1 J3 L Z 2
/2 { 30 2 | 2 3 2 NE B NE
45°| L | =
I L B B L 4
1 1 2 1
60°| 3 1 2 L I
. 5 3 A 2 7
T 21 n _m 180°
YU 1.1 = 120° = 120°  —— = =% -T_I = 30°
CYU1.19 (a) 6 0 0 T30° 3 (b) 6 c 6 = 30
CYU1.20 0 - sin® | cosO | tan® | cscO | secO | cotO
degrees | radians
0° 0 0 1 0 |undef | 1 jundef
90° g 1 O |undef| 1 |undef| O
180° T 0 -1 0 |undef| —1 |undef
270° 3775 -1 0O |undef| —1 |undef| O
CYU 1.21 Since — 29775 +4n = —g, 0 = _29771 is coterminal with _77: which lies in the fourth
quadrant. Therefore:
sin® < 0, cos® >0, tan6 <0, cscO = L <0, secO = 1 >0, and cot® = 1 <0
sin© cosB tan 0

CYU 1.22 (a) Since — 840° + 720° = —120°, —840° is coterminal with —120°. Since the refer-
ence angle of —120° is 60°, and since —120° lies in the third quadrant:

sin(~840°) = —sin60° = —

ol

(b) Since 1}Tn -2n = 3%, l% is coterminal with 3—} Since the reference angle of

31 is T and since 31 lies in the second quadrant: cotll—n = cot3—n = —cotZ = —1
4 4 4 4 4 4

(c) Since — 25771'- +4n = L —ZSTR is coterminal with —g. Since the reference angle

6 5

of —g is g and since —ZSTTE lies in the fourth quadrant:

SGC(—%?R) = SCC(—%E) = SGC(TEE) = 1 = %

(@]

o

)
A
=
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CHAPTER 2: LIMITS AND CONTINUITY

CYU 2.1 (a) As x approaches —1, 4x2+ x approaches 3 (4x2 tends to 4, and x to-1). Thus:
lim (4x2+x) =3
x—-1
(b) As x approaches 2, x+3 approaches 5 and x+2 approaches 4. Thus:
x+3_5

xo2x+2 Z

(c) As x approaches 3, x(3x2+1) approaches 3(3-32+1) = 84. Thus:
lim [x(3x2+1)] = 84
x—>3

2 _ . /
CYU 2.2 (a) lim X t3x-4 _ ,,GFHe—D) -, 4 5
T ST 201 s DEAD) st D) 2

by lim x3-2x2+2x-4 _ lim x2(x—2)+2(x-2)
x—>2  x2-x-2 x»2 (x=-2)(x+1)

= lim (%‘2)(’62*2) ~ m @22 6
xo2(x—=2)(x+1) xo2(x+1) 3
1 1 1
xh_r)no ()_c _x(x + 1))

lim(M)ZIim( L )z L _
x>0\ x(x+1) x>0+ 1 0+1

(b) limA/x+2—2: limA/x+2—2‘A/x+2+2
x—>2 x2-4 x>2 x2-4 Sx+2+2

= lim (A +2) 22
¥ 2(x2 —4)(Jx+2+2)

=1 x+2-4

= 1m
2 2x+2)(x - 2)(Jx +2+2)

= lim (x—2)
¥22(x+2)(x=2)(Jx+2+2)

1 1 1

= —

ib—‘

M=

TN

= —
|

=

[\e)

_"_ Pt

<
|

CYU 2.3 (a)

= lim

¥ 2(x +2)(Jx +2 +2) ) 4(J4+2) 16
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2 _
CYU24 (2) lim*=2 = fjm &F3IO23) i (x+3) =
x—>3x—3 x—3 x#3 x—>3
(b) lim _x=3 lim o = lim ! DNE (denominator goes to 0
x53x2-6x+9 x-3(x~3)(x-3) x-53(x-3) while numerator does not)

(c) Does not exist: lim f{x) = 5 while hm f(x) =38

x—3

(d) Since lim g(x) = 2 and lim g(x) = 2, lim g(x) =
x— 3" x— 3" x—>3

CYU 2.5

/ 2 5 7

(a) As you approach 0 from either side, the function values approach 1. Thus: hm f(x) = 1.

(b) As you approach 2 from the left, the function values approach 2, but as you approach from

the right, the function values approach 3. Thus: lim f{x) does not exist.
x—>2

(c) As you approach 5 from either side, the function values approach 1 (never mind that the
function is not defined at 5; for the limit does not care what happens there—it is only con-

cerned about what happens as you approach 5. Thus: lim f{(x)= 1.
x—=5
(d) As you approach 7 from either side, the function values get larger and larger, and cannot

tend to any number. Thus: lim f{x) does not exist, but we can write lim f(x)= .
x—17 x—5

X+l ifx<2. lim f{x)=2+1 = 3 and
2-1.001 if x>2 x—>2

lim f(x) = 4-1.001 = 2.999. The limit does not exist at 2 as f has a jump dis-

x— 2"
continuity at that point.

CYU 2.6 (a) For f(x) = {

x+1 if x<2
(b) For f(x) = 25 ifx=2: lim f{x)=2+1 =3 and
x— 27
x2—-1if x>2
lim f(x)= 22+1 = 3.Hence: lim f(x) = 3. Since f(2) = 25 (and not 3), f
x—2

x— 2
has a removable discontinuity at 2.
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CYU 2.7 To prove that lim 5x+1 = 21, for given € > 0 we are to find 6 > 0 such that:
x—4

O<|x—4]<d=|f(x)-21]<e <«
O<|x—4]<8d=|5x+1)-21|<e
O0<|x—4|<8=15x-20|<¢
O<|x—4|<8=5|x—4|<e

choose 6 =

hnim

ues

0<|x—4|<5:>|x—4|<§ - |

CYU 2.8 To prove that lim (x2+ 1) = 5, for given &€ > 0 we are to find 5 > 0 such that:
x—>2

0<|x—2<8d=|(x2+1)-5|<¢
O0<[x-2[<d=|(x+2)(x-2)| <¢
0<[x-2|<d=|x+2|x-2|<e (¥

Since we are interested in what happens near x = 2, we decide to
focus on the interval: (1,3) = {x|[x—2| <1}. Within that interval 5
|x + 2| < 5. Consequently, within that interval:|x + 2||x — 2| < 5|x - 2|.

We observe that (*) is satisfied for 6 = min(l, 9 :

e — €
O<|x—2|<6:>|x+2||x—2|<58<5(§) .

CYU 2.9 Let lim[f(x)] = L. To prove that lim [af(x)] = aL, for given ¢ >0 we are to find

X—>cC X—>cC
8> 0 such that: 0 < |x—c| <8 = |af(x) —al| <. In the event that ¢ = 0, then any
& >0 will surely work, since |af(x) —aL| = 0.1f a # 0, choose & > 0 such that
g

0<|x—cl<d=|f(x)-L| <m.Consequently, for0<|x—c|<d:

laf(x) —all = la(fix)-L)| = la|f(x)—Ll <lal= = ¢

lal

X—>cC

= fle) gle) = (f+g)(o)

CYU2.10 lim (f+g)(x) = lim [f{x) +g(x)] = limf{x) + lim g(x)

CYU 2.11 For given £ > 0 we are to find 8 > 0 such that 0 < |x —a| <8 = |[f[g(x)]-f(b)| <t.
Since f'is continuous at b, we can find 8, > 0 such that 0 <[y —b| <8, = [f(y) —f(b)| <&.
Since lim g(x) = b there exists 8 > 0 suchthat 0<[x—a| <8 = [g(x)-b| <38, .

X—>a

Consequently: 0 < [x—al <8 = [g(x)— bl <8, = |[f[g(x)] - /(D) <e.
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CYU2.12
(a) lim f{x) = oo: Forany given M > 0 there exists 0 >0 suchthat c—d<x<c=f(x)>M.

X —>C

(b) lim f(x) = oo: For any given M > 0 there exists 6 >0 suchthat c<x<c+d = f(x)> M.

x—>c'

(¢) lim f{x) = c:Forany &> 0 there exists N <0 such that x< N= |[f(x) —c| <¢.

x — —o

(d) lim f{x) = —oo: For any M < 0 there exists N >0 such that x > N = f(x) <M.

X —> 0

(¢) lim f(x) = oo: Forany M >0 there exists N <0 such that x <N = f(x) > M.

x = —o

(f) lim f(x) = —oo: For any M < 0 there exists N <0 such that x <N = f(x) <M.
X —> —o0

CHAPTER 3: THE DERIVATIVE

. ' 1
CYU 3.1 In Example 3.2 we showed that if f(x) = —~ ,then f (x) = —— —.
CYU 3.1 In Examp fl) = 52 then () =

In particular, the slope of the tangent line to the graph of fat x = —1 is

: 1
m=f(-1)= —— =1
S [2(-1)+1]?
To find the y-intercept of our tangent line y = 1 - x + b we need a point on that line.
Since the tangent line touches the graph at that point, the point

1

(-1, /(1)) = (—1, W} = (-1, 1) on the graph of f'also lies on the tangent line.

Substituting —1 for x and 1 for y in the equation y = x + b we can determine b:
1 =-1+b=>b = 2.Tangentline: y=x+2.

CYU3.2Fory = f(x) = 3x2—x+1:

4y _ iy fetA)-fle) . iy 3G AN - (x+Ax)+1-(Bx2-x+1)
dx  Ax—>0 Ax Ax >0 Ax

lim 3x2+ 6xAx +3(Ax)2 —x —Ax+1-3x2+x—1

Ax —> 0 Ax
= im AXCAXTOX-D) i 3Ax+6x—1) = 6x—1
Ax —>0 Ax Ax—0
and: 2| =6.2-1=11
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y = flx)

CYU3.3 CYU34

—
—_ = — 4
[\
w - — —

CYU 3.5 (a) Since the tangent line at every point on the line y = x equals the line itself, and
since the line y = x hasslope 1: x" = 1.

(b) For f(x) = x: f'(x) = lim ot ) —f) - X=X _ i ? =
h—>0 h h—>0 h h—0h
CYU 3.6 (a) (3x%—2x+5—5x4)" = 3(4x3)—2+0— 5(—4x5) = 12x3—2+2—(5)
x

(b) (@f;_sgg) _ (x+3)(4x2 - 525)" — (4x2 = 525)(x + 3)’

x+3 (x+3)?
(x4 3)(8x) — (4x2 — 525)(1) _ 4x2 +24x + 525
(x+3)° (x+3)°

CYU 3.7 Since horizontal tangent lines have a slope of 0, the points on the graph of the function
f(x) = 2x*—4x2 + 1 with horizontal tangent lines occur wheref'(x) = 0:

2x*—4x2+1) =0=8x3-8x = 0= 8x(x2-1) = 0=>x = 0,%1

Conclusion: Horizontal tangent lines occur at

[0,/(0)], [LAD], [-1,A=D]: (0, 1), (1, -1), (=1, -1)

CYU 3.8 For f(x) = x!/3: f(x) = (x!3) = ——  Thus:
3x2/3

2/3 ' 0.1 0.1
= + ~ + =8l/3 + = + ===
(8.1) A(8+0.1)~f(8)+/(8)(0.1) = 8 o 2+ % 2.008
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CYU 3.9 We find an approximation for the area error A4 resulting from a change of a radius mea-
surement from 50 to 50 + Ar cm, where Ar = 0.5 cm.

For A(r) = nr?: A'(r) = 2nr. Thus: AA~A'(50)Ar = 27(50)(0.5) = 50w cm”.

Relative area error: A S0n _ 1 _ 0.02.

A4 " r(50)2 50

CYU3.10 If n = 0 then (x%)’ = 1" = 0 and nx"~! alsoequals 0: 0-x0-1 = = = 0.

= 1O

Forn<0, x" = Ln where —n is a positive integer. Applying the quotient rule and the
-

result of Example 3.10 we have:

(xn)! = (L)’ — x—n_(l)'_l_(x—n)' = nx—n—l — nx—n—l+2n = nxn—l
x " (xfn)Z x72n

CYU3.11 (a) (x5)"" = (5x%)" = (20x3)" = 60x2

(b) Looking at (x1)" = —x2, (x~1)® = 2x3, (x1)® = 2. 354, ' H)® = 2.3 .45,
and (x*l)(s) = —2.3-4.5x, suggests that: (x 1)(") = (=1)plx—n-1

(c) Let P(n) be the proposition that (x~1)(") = (=1)2n!x—7-1,
I. Since (x ) = —x2 = (~1)!"1!x~1-1 the proposition holds at n = 1.
II. Assume P(k) is true; that is: (x 1)(®) = (=1)kklx— k-1,

III. We show that P(k+ 1) is true, namely that (x 1)kt 1D = (—1)k+1(k+ 1)1x k-2

(rHEED = [(x 1B 1 [(~DFkI A1 = (DFRN (= k= Dx k1]
by II = (—D)*kI(=1)(k+ 1)x k-2
= (=) 1k + 1)lx k-2

2 2 2 2
CYU 3.12 Since lim (1—x—) = 1im(1+x—) =land 1 - <h(x)<1+L: limhx) = 1.
4 4 2 x50

x—>0 x—>0

lim sinx

CYU 3.13 lim tanx = lim =% = 220
x—0 x—0cosx  lim cosx
x—0

=0.

=9
1
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CYU 3.14
. cosx—1 _ ;. cosx—1 cosx+1
lim ———— = lim .
x>0 X x—=0 X cosx + 1
2 .2 ) .
o cosx—1 _ . —sin'x _ 4. sinx . sinx
= lim ———= lim ———= —lim — lim ————
xo>0xcos(x+1) x—-oxcos(x+1) x50 x x—oo0cos(x+1)
__q. 800 _ 0 _
cos 1 cos 1
— Theorem 1.5(iii), page 37 -
. +h)— . — sinxsin A —
CYU 3.15 (cosx)’ = lim cos(x+h)—cosx _ . €0Sxcosh—sinxsinh— cosx
h—0 h h—0 h
. cosx(cosh—1)— sinxsink
lim
h—0 h
_ . cosh—1 . . sinh
= cosx| lim ——— | — sinx| lim —
h—>0 h h—0 h
Theorem 3.5, pgae 90 . .
and CYU 3.14, page 91 = cosx(0)—sinx(1) = —sinx
CYU 3.16
. . .2 2
, _ (cosx\" _ sinx(cosx)’ — cosx(sinx)’ _ —sin"x—cos'x _ -1 _ 2
(@) (cotx)' = | ——] = = = = —csc' x
sinx .2 .2 . 2
sin”x sin”x sin”x

(csex)' = (Lx), _ sinx- (1) —1-(sinx)" _ sinx-0— cosx

1 cosx
= ————— = —cscxcotx
sInx sinx

(c) (secx)’ = (Lx) = cosx: (1)'= 1 (cosx)t _ cosx-0-1" (=sinx)

cos (cosx)? (cosx)?
1 sinx
= ——— = secxtanx
COSX COSX

2 2
CYU 3.17 (a) (xsecx + tanx)" = (xsecx)' +sec’x = xsecxtanx + secx +sec™x

= secx(xtanx + 1 + secx)

' 2(si ; 2
(b) (smxcosx)’ _ x-(sinxcosx)’' — sinxcosx(x-)’
2 \/ x4 Theorem 1.5(iv), page 37

v

_ xz(coszx - sinzx) —2xsinxcosx _ x2(c0s2x)— xsin2x

x4 x4

X

_ Xcos2x — sin2x
3

X
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= tan( )+ ()
= tan + - sec
x+1 (x+1)2 x+1

( (sinxz)' _ cosx(sinx?)’ — sinx?(cosx)’ _ cosxcosx? - 2x — sinx?(—sinx)
cosx

2 2
COS X COS X

_ 2xcosxcosx? + sinxsinx?

2
COS X

CYU3.19 (a) [(x* + sinx)3]’ = 3(x*+ sinx)%(x* + sinx)’ = 3(x*+ sinx)%(4x3 + cosx)
(b) (sin3x3)' = [(sinx?)3]" = 3(sinx3)?(sinx3)’

= 3(sinx3)2cosx3 - 3x2 = 9x2sin”x3 cosx3
l ! 1 l_l 1 =
© [(sinxz)z} = 3(sinx?)?  (sinx?)’ = 3(sinx?) *(cosx?)(x?)

2
= L (cosx?)(2x) = XeOSX

2./ sinx? A/ sinx?2
CYU 3.20 With the chain rule:
(go/)'(x) = g'f(X)]-f (x) = g'(2x*~5) - 4x
g'(x) =2x: = 2(2x2—5)-4x = 16x3 —40x

Without the chain rule:
(gof)(x) = g[f(x)] = g(2x2-5) = (2x2-5)2+2 = 4x*-20x2+27

Differentiating: (gof)'(x) = [4x*—20x%+27]" = 16x3 —40x
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CYU321 x2+xy+2y? = MRS o vy byt 4y’ = 0

' ' , 2x +
xy'+4yy' = -2x-y=y =—x)i—4§
2:2+1 _ 5 2 4p

—= . Equation:
141 6 duatom ST g

Slope of tangent line at (2, 1): m = —

1

Il

[

i
\S)
+
S
S

Il

(SSEer)

i oyem = 22+ (2) 1 ion: y = L
Slope of tangent line at (2,-2): m 35 4(2) . Equation: y x+b

(98]

2=2ip—p=8
3 3

So:y = %x—%

CYU3.22 (0P+2x)' =)' =3y +2=y' =3y} -y = 2=y = 3y2-1

) = 2032 - D)) = 232 - 123y 1
_ 2(6w)
(3y2-1)?

2
12y(—3 2 _ 1)
y _ 24y

R T

2
3y2 -1

Then: y" = (—

Since y' =

3x2+2x
4y
2 Y
From y' = 3x”+2x _ x(3x+2) . The two points on the curve | T/

CYU3.23 2)2 - x3_x2 = ¢ differentiate, yo0r 302 9y = 0= =

4y y o

with x-coordinate —% do have horizontal tangent lines. The y- ! g h *

coordinate of those points can be found from the equation

(3 + 2 ) (75) +(*§) 2
292 -x3-x2=0:y =+ > ; specifically: y = ¢,/ ——— =+ 35 > S0 the

2 7
two points are (—g, — F) and (_2’ F) )
37 N27 3 N27
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From the above figure you can see that the curve cannot be approximated by a function
near the point (0, 0), so that the implicit differentiation method is not applicable when
3x2+2x

4y
point on the curve with that y-coordinate (if it exists) must be vertical. Substituting 0 for y

x = 0. Moreover, since y' = is not defined at y = 0, a tangent line at any

in the equation 2y2 —x3 —x2 = 0 we are able to find the corresponding x values:
0-x3-x2=0=x3+x2=0=x2(x+1) = 0=>x = 0 (irrelevant) and x = —1.

Conclusion: The tangent line is vertical at (-1, 0).

CYU 3.24 We are given that dr _ 3L and want to find dc , where C denotes the cir-
dt min | _,

. B dc _ ,_dr )
cumference of the circle. From C = 2nr we have: i 271;[; . It follows that, indepen-
dent of 7: ac _ 2n-3 = 6na=.

dt min
CYU 3.25 We find a relation between x and y: x2 +y2 = 102,
Differentiating both sides with respect to ¢ we have: Ciy; =? » 10 dx _
dx dy dy x dx ar__
2x—=+2y—= = - = _=. = | X
WA T

dy
dt

Pythagorean = Theorem we  find the corresponding value of y:
y2=102-62=64=y = 8.

We are given that % = 2, and are asked to find when x = 6. Turning to the

Conclusion: Atx = 6, = = —=.— = —=.2 = —é; which is to say that the top of
dt y dt 8 2

the ladder is falling at a rate of % feet per second.

CYU 3.26 At 4 PM, ship A has traveled 140 km and will be 20, s v, B
km west of ship B. That being the case, x will be @ >a T s
increasing with respect to time; specifically: ds _ o

dt A
%=35.A4PM: x =120, y=25-4=100,
and s = /202 + 1002 = 20./26. From Step 3 of Example 3.21:
dx,
ds _ YdiYdr _20.35+100.25 _ 160 4, ,km

dt s 20./26 J26 hr
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. dv _ RN
CYU 3.27 We are to find the constant ¢, given that i —c and that /—I\: 8
dk _ 2 when h = 4in. We need to find a relation T
dt mi r
| ro32
between V and 4. Turning to the equation V = gnrzh , we set f l h

our sight on expressing » in terms of 4. From the similar triangles
in the adjacent figure we have:

% 8:>r 4.Thus. Vv 3 h 3™ h 48h . Differentiating:
dV _ T 5,040
dt 48 3h dt
o = mhidh
16 dt

i dh 42 _
Substituting —2 for 7 and 4 for 4 we have: —c = 1—6(—2) = -2m.

Conclusion: Water is leaking out at a rate of 27t cubic inches per minute.

CHAPTER 4: THE MEAN-VALUE THEOREM AND APPLICATIONS
CYU4.1 (a)For f{x) = x*=2x2: f(x)=0=4x3—4x = 0= 4x(x2-1) = 0=>x = 0,+1 .
Conclusion: The graph of f has horizontal tangent lines at x = 0 and at x = 1. Note

that all three numbers fall within the interval (—ﬁ, ﬁ) .

(b) The Mean-Value Theorem assures us that in the interval [-2, 3] there will be at least
one point on the graph of the function f{x) = x3 —x2 where the tangent line has slope:

fib)-fla) _ f3)-f-2) _ 33 -32-[(-2)°-(-2)’] _ ¢

b—a 3-(-2) 5
Turning to the equation (x3 —x2)’ = 6 we have:
— (= -72)2 _ _
3x2_2x = 655302256 = 0= x = —CAENC2)2-4G3)C6) _ 1£./19
2-3 3
Note that both of the numbers — 3 2 are contained in the interval [-2, 3].
CYU4.2
y (a) Since lim f(x) #£(1),/ is not continuous on [—1, 1], and is not differentiable
x—>1

'_1_/(/ at 0 in (=1, 1) (Example 3.4, page 71).
| |

- (b)f(})__({(l_)l) = - 12_1 = —1 and f(¢) = —1 for any ¢ < 0. In particular:

1y = D)/
A
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CYU 4.3 (Proof by contradiction.) Assume that the function 4(x) = f(x)—g(x) is not constant
on the open interval /. It follows that there are two points in /, say a and b with a < b,
such that i(a) # h(b). The Mean-Value Theorem assures us of the existence of some

h(b)—h(a)

b—a

h'(x) = f(x) —g'(x) must be zero throughout /, since we are told that f'(x) = g'(x)

in / — a contradiction.

a<c<b such that h'(c) = which is not zero since h(a)# h(b). But

CYU4.4 Let f(¢) = lim w <0 . Letting —f"(c) > 0 play the role of € in the defini-
h—0

tion of the limit, we can find 6 > 0 such that:
0 <l <= {L2B=AD _pte)) < 1)
= f(e) AERAD - i) <1 (e)
= 2f(¢) ALMD

In particular, f(c + &) — f(c) must be negative for any 0 </ < d, while f(c+ h)—f(c)
must be positive for any -6 <4 <0

CYU 4.5 Suppose that f has a local minimum at ¢. Can f'(¢) be positive? No, for if it were posi-
tive then there would be x’s immediately to the left of ¢ with function values smaller

than f{¢) [Theorem 4.4(a)]. Can f'(c¢) be negative? No, for if it were negative then there
would be x’s immediately to the right of ¢ with function values smaller than f{c) [Theo-
rem 4.4(b)]. Since f"(¢) exists and cannot be positive or negative, it must be 0.

CYU 4.6 (Proof by contradiction.) Assume that 2x*—x+ 10 = 0 has solutions xy, x,, x5, with
x; <x,<x3. Consequently, for p(x) = 2x*-x+10: p(x;) = p(x,) = p(x;) = 0.
By Rolle’s Theorem (applied twice), there must exist x; <y, <x, and x, <y, <Xx;,

such that p'(y,) = p'(y,) = 0. But this cannot happen since the equation p'(x) = 0

has but one solution: p'(x) =0 = 8x>*-1=0=x3 = %:x = %

CYU 4.7 Consider the continuous function i(x) = f(x)—g(x). Since h(a) = fla)—g(a)<0
and h(b) = f(b)—g(b) >0, the exists a < c < b such that #(c) = 0; which is to say:

that f(c) = g(c).

CYU 4.8 Assume that f'is negative at some point in [a, b]. Theorem 4.7 assures us that f assumes
its minimum value at some ¢ € [a, b]. Indeed, ¢ must be contained in (a, b), for f'is
assumed to take on negative values in [a, b], and f(a) = f(b) = 0. Now proceed, as

before, to show that /'(c¢) cannot be either positive or negative, and that therefore f”(¢)
must be zero.
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CYU 4.9. (a) Since the leading term of f{(x) = x> —x is x3 the graph of f'will resemble that of
the cubic polynomial x3 as x — oo,

(b) Since f(x) = (2x3 +x)(x2-5x+1)(x—1) = 2x°+ ---, the graph of f will resem-
ble that of the polynomial 2x¢ as x — +oo (or more simply x¢, for the two polynomials
are the same shape as x — +o©).

CYU 4.10. (a) Graphing the function f{x) = 3x5 - 5x3
Step 1. Factor: f{x) = 3x5—5x3 = x3(3x2-5) = x3(Bx+ J/5)(J/3x - /5)
Step 2. y-intercept:  f(0) = 0.

x-intercepts: f(x) = x3(Bx+ 5 (B3x—5) =0:atx = 0, x = iﬁ.
c c c
SIGN f: -~ o o - o
~5/3 0 573

Step 3. As x —> too: The graph resembles the graph of g(x) = 3x7.

Step 4. From the above information, we have a pretty good sense of the graph of the function,
and can sketch its anticipated graph:

Anticipated Graph: Graph:

Step 5. (a) [Increasing, Decreasing; Maximum and Minimums] Differentiating, we have:
f(x) = (3x7=5x3)" = 15x*—15x2 = 15x2(x2 1) = 1522(x + 1)(x—1)

horizontal tangent line at 0

inc c dec n dec ¢ inc
SIGN f': t e ./ = +
-1 0 1
max min
Values: f(-1) = 3(-1)>—5(-1)3 = 2 A1) =3(1)3-5(1)3 = 2

Step 5 (b) [Concavity and Inflection Points] Taking the second derivative, we have:
7'(x) = (15x% = 15x2)" = 60x3—30x = 30x(2x2—1) = 30x(2x + 1)(/2x— 1)
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Concave Down c +Up ¢ Down ¢ Up
SIGN f": ~ o o« .
_1 0 1
2 T 2
Inflection points occur atl d)
1 72 1 2
values: ](_ﬁ) TA/— ](7_5) = —%

The above information is reflected in the final graph of the function depicted above.

(b) We can simply take the graph of f{x) = 3x°—5x3 and lift it 3 units to arrive at the graph
of g(x) = 3x°>—5x3+3:

Graph of f(x) = 3x5-5x3 Graph of g(x) = 3x3—-5x3+3
Y
2 _
L
1
AN
-1 Ny ! x
ﬁ |
e - (5
X
L
CYU4.11. (a) e~ — o + o — o te (b) e o — 8 T o
01 3 5 8 9 10 11 12 13
L R L R
SIGN f’ SIGN [~

(a) Since the graph is falling immediately to the left of 3 and rising to its right, /'has a local min-
imum at 3. It also has a local minimum at 8. Since the graph is rising immediately to the left of
5 and falling to its right, / has a local maximum at 5. The graph is falling immediately to the
right of the endpoint 0, so the graph has an endpoint maximum there. It also has an endpoint
maximum at the 9, since the graph is increasing to the left of that point.

(b) Since the graph is rising immediately to the left of 11 and falling to its right, / has a local
maximum at 11. A local minimum occurs at 12, since the graph falls to the left of 12 and rises to
its right. The graph is rising immediately to the right of the endpoint 10, so the graph has an

endpoint minimum there. It has a maximum at the endpoint 13, since the graph is increasing to
the left of that point.

2 2
CYU 4.12. Firstderivative test: f'(x) = G D@x)—x _ x7+2x _ x(X*2)  fynction is not

(x+1)? (x+1)2  (x+ 1)2/ defined at 1
SIGNf: *e = 4= o+
-2 -1 0'
max min

Second derivative test:
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_ (x+DRx)—x° _ x2+2x

, _x(x+2) . o
S(x) Gt 1) GIL? il Critical Points: 0, — 2, —1
' _ (x+1D22x+2) = (x2+2x)2(x + 1)
S (x) o ” |
@ DQx+2)-2(2+2) | 4y-2 /(0= rmaximumatd
(x+1)3 (x+1)3 f(=2) = D = 10: minimum at —2

f"(~1) is undefined

4
3x7+2x - 31 : a horizontal asymptote, with equation: y =
6x*-5 6 2

44
3x7+2x - 3 — 0: a horizontal asymptote, with equation: y = 0.

CYU4.13. (a) As x = *o0,

NI

(b) As x — o0,

6x°—5 6x
_ 4x3 -1 . . . 4x3 _
(c) As x > too,the graphof f(x) = will resemble, in shape aline of slope 2 (— = 2x).
2x2 +x 2x2
The actual oblique asymptote is the line y = 2x— 1. Why? Because:
2x—1
4x3 -1 x—1
2 3 =2x—-1+
2x +x|4x3 ) -1 252+ x 252 + x
4x’ + 2x L >0asx—>w
2xz -1
—2x2—x
x—1
6 _
(d) As x > oo, the graph of f(x) = 3692 5 will resemble, in shape that of the parabola
X+ 2x
6x°
= — = 2x2.
4 3x4
_ g
CYU 4.14. A glance at SIGN fabout —1: -1 reveals the nature of the
rtical asymptote at —1
|& ve

2
CYU 4.15 Graphing f(x) = ——.
x2-4

Step 1. Factor: f(x) x? x2
(Y . actor: X) = = .
P ¥_4 (x-2)(x+2)

Step 2. y-intercept: y = f(0) = 0.

x-intercepts: f(x) = 0: x = 0 .
Vertical Asymptotes: The lines x = -2 and x = 2.
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X2 4+ C

_ n _ ¢ +
I (x) = : 0 . 0
R ) TE) M S
2
Step 3. Asx > to0:y = x_2 = 1 is the horizontal asymptote for the graph.
X
| y !
| |
| l
| I
Step 4. Sketch the anticipated graph: | | 1'_
_____ |— -1 — — 4 — —=
ol o *
| |
| |
| I
| l
Step 5: Turning to the calculus: |
, x2 24y 2x—(x2-2 _8
f(x):(24):(x )2x (2x = - 2x 2
X - (x> —4) (x+2)*(x-2)
inc. inc. dec. dec.
SIGN f': +n o+ c. - n - Conforms with
’ 5 0 ) anticipated graph
neoN =8x ) _ (x2—4)2(-8) — (-8x)[2(x2—4) - 2x]
=g = Y
(x=—4) (x=—4)

pull out the common

factor 8(x2—4): = 8(x2 —4)[- (x2 —4) +4x?]

(a2~ 4)*
_ 8(3x2+4) _  8(3x%*+4)
(x2-4)>  (x+2)°(x-2)°
concave up down up
SIGN f": * § - c + Conforms with
-2 2 anticipated graph

CYU 4.16. Graphing f(x) = (x—2)1/3.
Step 1. Factor: Already in factored form.
Step 2. y-intercept: y = f(0) = —21/3.

x-intercepts: f(x) = 0: x = 2.
Vertical Asymptotes: None.

SIGN f(x) = (x—2)1/3: =

\SNN el

Step 3. As x —> o: f(x) = x!/3
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Step 4. Sketch the anticipated graph:

Anticipated Graph: Graph:
4 v

Step 5: Turning to the calculus:

cven

note the %/3 power

v

' ! 1 1 n
= _N/31 = Z(x=2)12/3 = SIGN f': + +

) = (=) = 36227 = f :

At this point we know that the graph is increasing everywhere (which we anticipated) but now find
that since the derivative is not defined at x = 2, a vertical tangent line must occur at that point.
Note also the concavity nature of the indicated graph (as is supported by the second derivative):

concave up down

, (1 a2 _ _ 2 "
re = (da-223) = 2o e sien g

inflection point

CYU 4.17 See the Problem: A= xp
$8/ft 8x + 6(x +2y) = 2800
14x + 12y = 2800
o _ 2800—14x _ 700 7
y="———=——_--x
\ X 7 12 3 6
T 700 7 700 7
$o/ft $2800 So: 4 = X(T—EXJ = Tx—gxz (*)
Then: (%)x— %xz) =0= @ — gx = 0=x = 100. At this point we know that a maxi-
mum area occurs when x = 100. Substituting in (*) we find the maximum area:
22100 - 100y = 230 ¢

CYU 4.18 SEE THE PROBLEM: W& Want to maximize ) = x2y,

Clearly the greatest volume can only be achieved when we
allow the sum of length-plus-girth to be as large as is allowed:

y+4x =108 =y = 108 —4x (*)
Bringing us to:

X V = x2(108 —4x) = 108x2 —4x3
length + girth < 108

4 |y

yI3u9|

girth

[
1T
N
b 1
X
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Then: V' = (108x%2—4x3)" = 0= 216x—12x2 = 0= 12x(18 —x) = 0 =FZ Hlorx = 18.
For maximum volume the length of a side of the square base should be 18 in. and the height [see
(*)]: vy = 108 —4(18) = 36 in.

CYU 4.19 SEE THE PROBLEM: Due to symmetry, the area, 4, of the triangle at
the left is twice that of the area, A, of the adja-

cent right triangle: X i
2x+y = 12 X X - | Y h
Ad=|=-L.p| =2 (*
[2 2 } 4 ©
[] one-half base times height v/2
y
Expressing yintermsofx: 2x+y = 12 =y = 12 -2x we
can replace y/2 in the above right triangle with 6 —x
And this enables us to also express 4 in terms of x: X h
x2 = (6-x)2+h?
h= J2—(6—x) 6—x
=2/3x-9
From (¥): 4 = (12—2x)42 “3x_9,and therefore: 4 = 24 = (12—2x)./3x—9.
1
Then: A" = [(12-2x)/3x-9] = 0= (12-2x) - —/——-3+J/3x-9(-2) = 0
[( ) ] > A
18 —3x
=2J3x-9
A3x-9
18-3x = 2(3x-9)
x =4

Maximum Area: = (12-2-4)./3-4-9 = 4.3 in’

CYU 4.20 SEE THE PROBLEM: Total time for the trip: 7 = ﬁ +§ hours.

<~ 10 — -
. P y We will replace both x and y with the indicated variable z:

o
3/1111 5/]rr\1i dock y=10—z and x = J32+2z2
S mi mi
“hr b Bringing us to:
T = A/32+22+(10—Z) _ A/9+22_Z+2

4 5 4 5
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=0=5z = 4,49 +2z2

2522 = 16(9 +z2)
922 = 16-9=z = 4

Then: T' = (

1
409+22 5

Conclusion: The point P should be 10—z = 10 -4 = 6 miles from the dock.

CYU 4.21 SEE THE ProLEm: (@) We find the time it takes for the object to hit the ground:
. : p

y oo y(t) = (Vysina)t— 162 = 0= 167 = Vysino =t = l—gsinoc
At that point in time:
« Voo Vo
i d | X x(t) = (Vocosoc)l—651noc = 1—6cosocsmoc
x(t) = (Vycosa)t 2 ' % |
»(t) = (Vysina)t — 1612 = 3—2-2smacosoc = 3—251n2a

and since sin2o is maximum when 2o = 90°: o = 45°.

.
(b) y(t) = (V,sin45°)— 16> = —21—16/2. Then:

J2
v S % 1%
@%—m@:a£43=0:t= 0
J2 J2 32./2
VO VO VO VO 2 Vg
Maximum height: y( ) = —( ) — 16( ) = — ft
32./2 J2\32./2 32./2 128

By definition: Profit = Revenue — Cost (P = R—C). Since

CYU4.22 SEE THE PROBLEM: Revenue is equal to the number of units sold times the price per

units sold

price per unit \Y ) x2 . .
~ x2 unit: R = x(SO - ———(—)) , and since Cost is equal to the cost per
P =0~ 5000 600

cost: $30 for each unit unit times the number of units produced: C = 30x.

2
Bringing us to the profit function P = x(SO — # —30x.

x2 ' x3 x2
TMm{%%———-—%ﬂ=ﬂk:@%% J —0=20- X = 0=x = 200.
600 600 2000

Conclusion: To maximize profit for the company, the company should produce 200 units.
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CYU 4.23 SEE THE PROBLEM:

price per unit
units sold A
"= 200-7000 = 200p — =~ 100,000 15,000,000 + 75

cost: 100,000+75,000 n

2
P = 200p — £— — 100,000 — 75,000(200 .
1000 100

Then: P’ = 200— £ +75 = 0 = £ = 275
500 500

— p = 275(500)

So: 200 £ = 200 2B000) _ 125 _ 655
1000 1000 2

Since the company can only sell complete boats, the number produced to maximize profit will be
either 62 or 63 boats. A direct calculation in (*) shows that the profit is the same for both options.

CYU 4.24 SEE THE PROBLEM: Combined Pollution Count (P) at a point that is x units from A4:
K K n K

X2+10 4[(12-x)2+10] 2(z2+ 10)

| 262+10) _ . _ . Do
The main task is to express z in terms of x. With this in mind
we turn to:
® 10
N X - 12— x—> 5 h z
K K ¥y | x=y\
x2+10 4(x2+10) | 12—y |

(You may choose to invoke the Law of Cosines instead of the Pythagorean Theorem))

Noting that 42 = 52 —y?2 and that 42 = 102 — (12 —y)? enables us to solve for y and A:

2532 =100~ 144 +24y—)2 =y = £~29 and h = /52-)2~./52-(2.9)2= 4.1

, On the left we augmented the shaded right triangle in the above figure. We can
4.1 now express z in terms of x: z =~ +/(4.1)2+ (x —2.9)? , bringing us to:

PzK( 1 + 1 + ! )
x2+10 4[(12-x)2+10] 2[(4.1)2+(x—2.9)2+10]

The constant K has no effect on the value of x which will minimize P. Turning to a graphing calcu-
lator you will find that the minimum solution count occurs at x = 8.8. So, the point is
about 8.8 miles from 4.
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CHAPTER 5: INTEGRATION

CYU 5.1 The most “obvious” antiderivative of f{x) = 8x7 is x®. Adding any constant to x8 will
yield another antiderivative.

w5t
-5+1

+C=x4+C

5
CYUS5.2(a) [5x*dx = 5 -xg+c =x5+C  (b) [~4xSde= 4.

3 6 3
i+ c=X+x4-L 1o+
3 3 9

5 3_ 10 _y X
(c)j(zx Haad -4 )dy = 24

W | —

CYUS.3

(@ [ (322~ 20+ D~ 5)ldx =[x 1762 + 11x - 5)dx = 34 73, 112 500c

4 3 2
x4 — 2x 6 6
(b) [ dx = I(——Zg—xﬂd’c

.[(1 —2x73 —6x4)dx

2 3
x—z-x——é-x_3+c=x+l2+£+c

) _ 2 i3

CYU 54 (a) I( sinx + 2cosx)dx = —cosx + 2sinx + C

3
(b) I(xz — secxtanx)dx = x? —secx+C

CYUS.5 f(x) = [(5x*-2)dx = x*~2x+C.Since f{0) = 1:1 = 05-2-0+C,or C = 1.

Thus: f(x) = x> —2x+1

CYU 5.6 (a) Differentiating the position function s(¢) = — 16¢2+ 641+ 80 gives us the velocity
function v(7) = —32¢+ 64 . Setting velocity to zero we determine the time it takes for the stone to
reach its maximum height: —32¢+ 64 = 0, or ¢+ = 2. Evaluating the position function at ¢ = 2
yields the maximum height: s(2) = —16-22+64 -2+ 80 = 144 feet.

(b) Setting the position function to zero (ground level) we determine the time it takes for the stone
to hit the ground:

— 1612+ 641+ 80 =
—16(12-4t-5) =
—16(t—5)(t+1) = o

t=50

Knowing it takes 5 seconds for the stone to h1t the ground, we can determine its velocity at

S O

impact: v(5) = —32-5+64 = —96% . Since speed is the magnitude of velocity, we conclude
that the stone hits the ground at a speed of 96 feet per second.
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CYUS.7
Object-one Object-two
vi(t) = =32t+32 vo(t) = =32t +v,
s1(8) = — 1642+ 327+ 128 s,(2) = — 1682 + vyt
First object reaches maximum height when v (#) = —32¢+32 = 0: at ¢ = 1second at which

time it is s;(1) = —16+32+ 128 = 144 feet from the ground. We need to find v, such
s,(1) = =16 +v, = 144. Answer: v, = 144 +16 = 160 feet per second.

CYU 5.8 Applying the Principal Theorem of Calculus:
X
T'(x) = U (32 + 2)7dt] = (3x2+2)7
3

CYU 5.9 Choosing g(x) = x>+ 2x+ 100 as an antiderivative of f(x) = 3x2+ 2, we again have:

Z 2
I (3x2+2)dx = (x3+2x+100)\1 = (23+2-2+100)—(13+2-1+100) = 9.
1

1 4 .2
CYUS.10 (a-i) [ (3 +x-1)dr = T+ 5 x| = (411+l_1)_(0) _ _411
0

4 2 2
. g . g 1 s T 1 1
(a-ll)j sinx dx = —cosx‘ = —[cos—— cos(——ﬂ = —(0——) = —
_g ,g 2 4 J2 J2

(b) Noting that the graph of the function f(x) = (x2+ 1)(x2+ 3) lies above the x-axis, we con-

clude that the area 4 bounded by its graph over the interval [—1, 1] is:

1 1 5 3 !
[ G2+ )2+ 3)dx = [ (x4 +4x2 +3)dx = %+4—§—+3x
1 -1

-1

= (l+‘_‘+3)—(_l_‘_‘_3) _ 136
5 3 5 3 15

CYU 5.11 For F and G antiderivatives of f and g, respectively, F'— G is an antiderivative of
f-g,so:

D b
[ ) - g)dx = [F(x) - G| = [F(b) - G(b)] - [F(a) - G(a)]

a

b b
= [F(b)~ F(@)]+[G(b) - G(a)] = | finde— [ gx)dx
a a

For any number ¢, cF is an antiderivative of cf, so:

b b b
[ efnydx = [cF()]| | = [eF(b)~ cF(a)] = c[F(b)~F(a)] = ¢ fx)dx
a a



CYU SOLUTIONS A-29

CYUS.12 If j cf(x)dx =5, jbf(x)dx = -3 and j bg(x)dx = 7, then:
ba
(a)[ 2f(x)dx+j g(x)dx = —2j f(x)dx — j gx)dx = —2(5)—(7) = -17
(b)_[ f(x)dx+j 2g(x)dx = j f(x)dx+j f(x)dx+2jbg(x)dx = 5+(=3)+2(7) =

30

30 t I 302
CYU 5.13 Barrels produced:j (75—— dt = (75t——0) =75-30—-=—=~2250
0 250 500 0 5000
Income: $(85 -2250) = $191,250
1¢du 1 1 (u 1
e A Ly - (o= - Ly
M(a)j see—107 7 25,5 T 10 u3du = 75( = 0o
u=x2—10:>du—2xdx3xdx=%du _ 1 +
40(x2 - 10)*
cosx . rdu_, o, _u’l _ 1 _ 1
(b)J.Z dx J-_Z J-I/l du j+C ;"‘C m"'c
u = sinx = du = cosxdx
AT : ( > —) WS e
CYUS5.15 Ix X+ dx—'[(u—l)udu—j u—m—m+C
”V”jd”_dx _2(x+1)52 2(x+1)32
x=u-1 - 5 - 3 +C

1
1 u3/? 1 1

= = 2 - .. = =(13/2 _ = =

CYU5.16(a)I XAIx2 — a’xT J‘ du 5 3/20 3(1 0) 3

u=x2-1=du = 2xdx = xdx = %du

V
x=1:>u=0andx=ﬁ:>u=l

12 5, 1 u
()jo(x ) I EIIuZdu_E.Li_ll

u—x2+1 x=1=2u=2
du =2xdx | x =0=>u =1

—_

xdx = %du
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CYU 5.17 SIGN f(x) = x>+ 2x—3 = (x + 3)(x— 1): + o - § +
1 1
) P —— A=j |x2+2x—3|dx=—j (x2+2x—3)dx
3 1 -3 -3

_[(%3 +x2 - 3) | }

-3

2 1 2
(b) 6—e T & 4= .[ Ix2+2x = 3|dx = —I (x2+2x—3)dx+j (x2+2x—3)dx
0 1 2 0 0 1

3 ! 3 2
Z—()C—+x2—3x) +(x—+x2—3x)
3 0 3 1

_[G+1_3)_(_T33+9+9ﬂ =

32
3

_ _K%+1_3ﬂ+[(§+4—6)—(%+1—3ﬂ

CYUS5.18
=>x=-1,2

32

2 2
A= j_l[(x+2)—x2]dx = %+2x—%

-1

3

-1 2
y=x+2
(x+2)-x? =(2+4—§)—G—2+

CYUS.19

1

3

= 4

y=x2 x2=x4+2=x2-x-2=0=>(x-2)(x+1)=0

)-

SIGN f(x) —g(x) = (x4 —x2) — (3 +x2) = x4 —x3 = ¥3(x—1): T

=N N

3 0 1 3
Aj [f(x) — g(x)|dx =j (x4—x3)dx—j (x4—x3)dx+j (x* - x3)dx
_1 -1 0 1

1 3
5 .4
+(x__)_‘_)
5 4 |

|
=
w7,
|
N
1%

I
|
|
=
|
=
|
7N
DNl
|
£1=
_|_
I/ <@
[O8)
)
|
NI
N
|
o
DNl
|
£I=
[
|
(e}
—
3|2

2 2 7
CYUS.20 y = nj (x3)%dx = n_[ xbdx = n(x—
1
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CYUS.21
x =2
2
14 j [82— (x3)2]dx = 7{64x—7

1
= 275_[ (—x3 +2x)dx
0

1

Shell: ¥ = 2nj0x[(—x2+4)—2]dx
1

} _ 3m

CYUS.22 4
NEN
4
=2n (—x—+x2)
4 0

411

3 4
Washer: 7 = nI 12dy+nj3(A/4—y)2dy = Tc(x|;)+7tj-3(4 y)dy

2
4
2 3n
T n( y > j >
CYU 5.23
Top half of circle: y = «/1 —x2, bottom half: y = —/1 —
So, side of triangle has length (5/1 —x2— /1 —x2) = 2A/
x2+y =1 yZZAll—xz 1
\/W — ‘/ answer y = J‘ A(x)dx
-1
The main task is to determine the area of an
7 equilateral triangle with side of length a:
Ax
al 1 1
a a A= Ebh = Eah
P 3 3a?
side of length 2./1 — x2 b=a sin60° = c_z = h= % =4 = «/_461
A(x) = (2«/ $2)* = 3(1-22)
sl } _ 4.3
—1 3

1 1
0 sz A(x)dx = ﬁj (1-x2)dx = .3
-1 -1

iy

dx‘w a‘m =

5J1+[(ﬁ+i)'J2dx= J‘;/l (lel/z_xz

CYU5.24 L = j
1

—dx
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2
CYU 5.25 yz‘%ﬁxsxz_ljj_yzzﬁxm: {H(;LD _ JiTs
X

Then: L = J‘:) 1 +(;%)2 dx = J‘;A/l + 8xdx T= %I?ul/zdu = %(%u”z 9}

u:1+8x3du:8dx:dx:édu 1

x=0=2u=1Lx=1=2u=9 12

CYUS5.26 force = k(displacement): | = k. (9 =k=2 lf;b
t
1/4 1

4
2 2 = — ft-l
; xdx = x |0 T b

I/

@w =] s = |

by W = f(x)dx = 2xdx = x? = (—) —(—) = = ft-1b
J.1/4 J.1/4 174 2

CYU 5.27 The bag is lifted a total of 4% - 8 sec = 32 ft. Partition that distance in T

Ax pieces. The weight of the bag when lifted through the indicated distance Ax is

32
the original weight of 100 pounds minus the weight of sand that leaked out in reach-

fi Ib o
ing that height: 1 1—(" J(l—=(1 —j;“)l. : K
ing that heig 00 1b TF ” 00 b. So !
32 —
32 2 2
W= | (IOO—Z—C)dx — 100x-X| = 1003232 = 3072 fi-lb
0 8 8
If the bag did not have a hole in it, then the work in lifting the bag would be
100 - 32 = 3200 ft-lb. If the bag’s weight were constant and equal to its weight of 92
pounds at the end of its journey, then the work would be 92 - 32 = 2944 ft-1b. Note that W is
the average (mean) of those two extreme situations: w = 3072 ft-b.
CYU 5.28 The work required to lift the shaded water-disk is =»— - o
1 <>
approximately equal to AW = (“"ZAX)(1000)(9-8)(95/?\L 1) T ™ !
force - distance X 3 j[ -
From the two represented similar triangles we have: 3 Ax
l=£3r=@:r=3_x_1_).£ h
3 h 3 3 3

Consequently:

3 3 X 2
W= 1000(9.8)nj (x+ 1)r2dx = 9800nj (x + 1)(1—3) dx
0 0

3 (x3 2 4 3.2
= 9800x ()‘——5—)‘—+’-‘+1)dx — 9800m| 2 —3X 4 X4y
09 9 3 36 27 6

3
J = 17,150m J
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CHAPTER 6: LOGARITHMIC AND EXPONENTIAL FUNCTIONS

CUY 6.1 (a) (x*Inx?)’ = x3(Inx2)’ + Inx2(x3)’ = x3[i2 - (xZ)'] T Inx2(3x2)
X

= x3(2—)2€) +3x2Inx2 = 2x2 + 3x2%1Inx?
X

1n2x(sec2x) — tanx(%)

(b) (tanx _ In2x(tanx)’ — tanx(In2x)" _

In2 (In2x)?2 (In2x)?2
1n2x(sec X)— tanx 2
_ X _ xsec xIn2x — tanx
(In2x)? x(In2x)?
S R
(¢) [In(Inx)] lnx(lnx) s I

7
CYU62 (a) |5o5 TSI du——1n|u|+C——1n|5x+z|+c

u=5+2=du = 5dx=dx = %du

_J' Ydu _ = In|u ||inS In|In5| - Inl = In(In5)-0 = In(In5)
xlnx T

u=Inx=du = dx

\l/ X
x=e=>u=1Ine=1,x=5=u= In5
CYUG63 Int = lnxy*IF Inx + Iny~! N Inx — Iny
Y Theorem 6.4(a) Theorem 6.4(c)

CYU 6.4 (a) J‘cotxdx = J‘COSX = J%du =/r Injul + C = In|sinx| + C = In|(cscx)!| +C
- = In|esex| 1+ C
du = cosxdx = —1n|cscx| +C
u = cscx + cotx
_Cscx + cotx

(b)Icscxdx = J-cscx

cscx + cotx du = —(cscxcotx+csc2x)dx

2
csc x + ¢cscxcotx
= j dx = —I@ = —Inju| + C = —In|cscx + cotx| + C
cscx + cotx u

CYUGS V =] K m(Inlx| +4.%)[

1
n[(lne+4.e)—(Inl +4)]
n[(1+4.Je)—(0+4)]

n(4.Je—3)

X

%#L 1)2— IQde = nJ‘jGC%-%)dx
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+2x + 1, then:

CYU 66 If f(x) = 5 1+1
X

_ 1 _1 2
fix) = j(2x+l+2x+l)dx = 2ln|2x+1|+x +x+C

Since f(0) = 1:1 = %ln|2‘0+1|+02+0+C = C.So: f(x) = %ln|2x+l|+x2+x+1.

ex
Inx - e¥— =

CYU 6.7 (a) (e_x N l)’ _ Inx(e")' —e*(Inx)" , o _ x _ xeflnx—e”
Inx (Inx)? (lnx)2 x(lnx)2
_ e*(xlnx-1)
)c(lnx)2
14 1
(b) (A/;C)' = {(xex)z} = %(xex) 2(xex)' = 2(Tx)l/z(xe’“rex)
_ S+l _ Jext)
2x1/2(ex)1/2 ZA/;C
(©) (xey = x(ey + () = x{edi ()T + e = T 4 o = 3¢ ()

2./x

CYU 6.8 (a) Iexsinexdx T: jsinudu = —cosu+ C = —cose*+ C

u=e*=du = e*dx

0
(b) j:cosxemdx ?Joe«ﬁ‘du =0

u = sinx = du = cosxdx
x=0=u =sin0 =0, x=n=>u=sint=0

CYU 6.9 Since the exponential function only assumes positive values, the function
f(x) = e~ 1 also assumes only positive values. We also know that the graph of / has

y-intercept f(0) = e0-1 = ! . Turning to the calculus we find that:
e
dec C inc
f1(x) = (e~ 1) = e’ 1(x2-1)" = 2xe*’~1 SIGN f" ——e
min

note that e¥* ~ ! is always positive

f'(x) = (2xer 7 = 2[x(e ) + e ()] = 2[x(e” T 2x) + e ]

= QX' - 1(2x2 +1)< always positive
concave up
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Taking the above into account:

a
CYU 6.10 By Theorem 6.4(b), page 226: ln(e—b) = Ine?—Ine® = a—b.
e

a
In addition: Ine? =% = a—b. Since ln(e—b) = Ine?~% and since the natural logarith-
e
. . e
mic function is one-to-one: = = et b,
e

CYU 6.11 We begin with the exponential decay formula A(7) = A,e*’ . Since the substance

loses % of its mass in four days, % of the initial amount 4, will be present when

t=4:
2A0:A0e4k:e4k2234k= InZ = = In2/3)
3 3 3 4
Here, then, is the specific exponential formula for the substance at hand:
[1n(2/3):| )
A(t) = Agye 4 . To find the time it will take for the substance to decay to %
of its original mass we solve the following equation for #:
In(2/3)
A ===
9= Aoe[ 4 }
10
[P 1 [In(2/3) 41n(1/10)
4 n n
—_ = h—==|——|t=>t= ———=227d
0 ¢ BT [ 4 } =T Th2/3) ays

CYU 6.12 We consider the exponential growth formula A4(7) = A,e*’ . Since the population

increases from 500 to 500 + % -500 = 575 in 9 years, we have:

575 = 500e9% = % = 23 — 9f = |n 23 — = n(23/20)
20 20 9
To find the time it will take for the population to triple we solve the following equation for #:
[1n(23/20)}
1500 = 500e- °

(R In(23,/20 91n3
3=eb 9 :>1n3=[_“_(___)}:>t___n__

9 = 1n(23/20)z70'75 years
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CYUG6.13 f'(x) = (x¢*1) = (e+ )x¢T1-1 = (e+1)xe
f'(x) = [(e+ Dx¢]" = (e+ Dex¢~! = (e2+e)x¢!

CYU 6.14  (xsinx)’ = [esinxlnx]’ — psinxInx[ginxInx]’ = xsmx[smer lnxcosx}
X
xsinx /I\
[
2 2u+l 2A/)_c+l
CYU 6.15 d—22”d =2- = +C = +
xtieds @) I " I ! In2 o= In2 ¢ In2
uf«/y—c:dufﬁd :{%deu
1
Su 4
——d = S“d ==_| = —(51- = T
® J; xﬁ Y7 s, ln5( 5 = 3
dx

u=Inx=du=—
X

x=1=>Inx =In(l) =0,x =e=>Inx = lne=1

CYU 6.16 (a) Since alogaxy = xy and since xy = q'°% ¢8> = 4087 F108Y [Theorem

6.10(a)], and since the function a* is one-to-one: log xy = log x +log,y.

log,x
(b) Since al°8(X/Y) = X 104 since ¥ = alo—gy = g'°8~" =102 "and since the function a* is
y Y o q" e
one-to-one: logai = log,x—log,y.
2x 2
CYU 6.17 (a)(log,x2)" = S(x2) = =
(a)(log3x") In3 - x2 %) In3-x2 xIn3

(b) [/Sin(logs0)]’ = 3[sin(loggx)] ™ 2[sin(logs)]

1 B cos(logsx) 1

= ———— . cos(log.x) - (log:x)" = .
2, /sin(logsx) > : 2, /sin(logsx) xIn5

CYU 6.18 Firgt: [cos(cosflx)]’ = x':>—sin(cosflx) . (cosflx)’ =1

(cos 'x) = ——L ()

sin(cosflx)
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.2, ] 2, -1
Then: sin“(cos x)+cos (cos x) =

sinz(cosflx) = 1—[cos(c0s71x)]2

«/sinz(cosflx) = «/1 —[cos(cosflx)]2
sin(cosflx) = J1-x2
Finally: (cos 'x)’ = L . __1

(i) sin(cos_lx) N1 —x2

CYU 6.19 (a) Since the domain of cos 'x is —1 <x<1, the domain of fx) = cos_l(lnx) is
—1 < Inx < 1. Applying the (increasing) function e* we arrive at the domain of f:
el<x<e.

1 1

JT—(lnx)? ¥

Employing the chain rule we have: [cosfl(lnx)]’ = —

In order for S S . 1 to be defined we must have:

J1=(Inx)? ¥
1 -(Inx)2>0and x>0
(Inx)2 < 1
-1<lnx<1

e‘1<x<e

Conclusion: (é, e) is the domain of [cosfl(lnx)]’

(b) Since the domain of Inx is x> 0, the domain of g(x) = ln(tan_lx) consists of
those x’s for which tan 'x > 0, which is to say [see Figure 6.6(b)]: (0, ).
1 1

_1 2"
tan x 1 tx

Employing the chain rule we have: [ln(tan_lx)] "=

In order for to be defined we must have: tan_lx >0.

1
tan x ltx

Conclusion: (0, o) is the domain of [ln(tanflx)]'

CYU 6.20 (a) Ll)x21+ dx = tan x|, = tan 'l —tan 0 = g_o _

- lJ‘L = l51n71LH—C = lsin71(2x+1)+C

UTﬂmw—z 2 2

du = 2dx



A-38 CYU SOLUTIONS

CHAPTER 7: TECHNIQUES OF INTEGRATION

CYU 7.1 .[xcosx de: =X dv = cosxdx
du = dx v = sinx

Then: Ixcosx dx = uv—jvdu = xsinx—jsinxdx = xsinx + cosx + C

CYU 7.2 (a) I;cln(2x2+ 1)dx T if Inudu = 1[(ulnu—u)ﬁ] = i[(3ln3—3)—(llnl - 1)]
0 1

¢4
u=2x2+1 x=0=wu=1 Theorem?7.1 = 1[31113_3_(0_1)]
du = 4xdx x=1=>u=3 4

3 1
= —1 — —
) n3 5
(b) J‘tanflxdx: u=tan x v = dx
du = 1 y =X
1+ x2
So: J.tanflxdx = uv—Ivdu = xtanflx—Jil _sz
u=1+x2
du = 2xdx
\11/ d 1
= -l Lpau _ -1 1
= xtan x—2J- » xtan x 2ln|u| +C
= xtan 'x— %ln(l +x2)+C
CYU 7.3 .[excosxdx: u = et dv = cosxdx
du = e*dx v = sinx
So: jexcosx dx = uv—jvdu = exsinx—jexsinxdx (*)
Now: Iexsinxdx: u= e dv = sinxdx
du = e¥dx VvV = —COSX
So: J‘e"sinxdx = uv—J‘va’u = e*(—cosx) —jex(—cosx)dx = —excosx+J‘excosxdx

Returning to (*):

J.excosx dx = e*sinx — [-e¥cosx + jexcosxdx] = e*(sinx + cosx) — jexcosxdx

. 1 .
= ZJexcosxdx = e*(sinx + cosx)+ C= Jexcosxdx = Eex( sinx + cosx) + C
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CYU 74 Since Ixcosx dx = xsinx + cosx + C (See CYU 7.1):

n n
szcosx dx = (xsinx + cosx)|2 (n sinZ + cos ) (0sin0 + cos0) = T

0 0 22 2

CYU7.5 .[sin3x de = — SB8% g%y 4 = jsinxdx -1 cosxsinx — 2cosx +C
0 3 3 3 3
Theorem 7.2
CYU 7.6
dx

J‘ dx :I dx
“/3x_x2 /\/(x23x+§)+§ Z—(xf%)z

. -1
d¥ =sin x+C =

since:
'[ N1 =x2

we set our sights on turning the 1 into a 1

2.
3

du = %dx I m (2

= sin u+C— sin gx—1)+C

CYU 7.7 Referring to Figure 7.1 we have:
x—4 -4 | B C_ | Dx+tE  Fx+G

(x-3)2x+1)2(x2+5)2 x-3 |2x+1 (Q2x+1)2| [x2+5 (x2+5)2
(i1) of Figure 7.1 (v) of Figure 7.1

== x(x2+x+1) x x2+x+1
1 = A(x2+x+1)+(Bx+C)x (*)
1 =0x2+0x+1

Evaluate at x = 0 (only 4 survives:) 1 = 4
— Equate the coefficients of x2: 0 = A +B =0

While it is easy to spot the constant coefficient on the right side of (*)

it will give us nothing new; namely: 1 = 4. So:
L Equate the coefficients of x: 0 = 4+ C=>0=1+C=C = -1

=1+B=B=-1

Conclusion: 1 =4+Bx—+czl+L:l_&
2rx+tl x 24x+1 X x2+x+1

x(x2+x+1) x
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See the above “Conclusion”
+ + 1 +1
1 xt1 ) Idx— X = In|x| — 2T ix

x2+x+1 x2+x+1

YUz j_......_ij(
x(x2+x+1) x xZ+x+1

To evaluate I 5 dx , we first set our sights on getting 2x + 1 in the numerator:
+x+1
_[ x+1 J~ 2x+2 _ J‘(2x+1)+1
x2+x+1 "2 x2+x+1 x2+x+1
1 2x+1 J-
S - S I
20x2+x+1 202+ x+1
(*) (**)
Continuing the good fight:
2x + 1 du
*): =—1 + —1 Z+x+1)+
©) 2~[x2+x+1 ﬁ 2J- lul + € = 3In(x ¢x )+e

w=x2+x+1,du = (2x+1)dx notethatx2+x+1>0forallx

1 dx 1 dx 1 dx
e 55 =3l =35 C
xc+x+1 (x2+x+%)+l—l (X‘i‘l) +§ J.1+x2
4 2 4 |
1 dx é sopgllout
= - =] et
2 2 T 4
36+ 3) )
4\[ 3 2
3 (i +L)2+1
33
2 1 2 2 B¢ du 1
= — +—,d = —d = - — = — +
u ﬁx 7 u A/§x 3 2Iu2+1 ﬁtan u+C
1 1( 2 1)
= —tan +C
3 5 [
Putting it all together we have:
dx 1 1 1
o |x|——ln x2+x+1)-—tan (-—x+—) +C
Ix(x2+x+1) ( N
2
2 2
2 U ~ x?—4x+4 12x*—4x+3
cYuzio [E—23g % (o B3 )y, 262 8r+8
x2—4x+4 x2—4x+4 - 4x-5

= [2dx+ | AX-5 e = 2x+ | AX-5 g
(x—2)? (x—2)?
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Tumingtoj4x_52dx: x-S _ 4 . _ B
(x—=2) (x=2)2 x-2 (x-2)2

4x -5 = A(x-2)+B
x=2: 8-5=B=B =3

equating x-coefficient: 4 = 4

4x—5 4 3 3
. = —_— =+ = — — — +
So: I(x— 2)2dx Ix_zdx I(x—2)2dx 41n|x - 2| X—/I\z C
|

= x-2
PR | L | Y e
du = dx u2 u

2— —
Hence: de=2x+j4x 5dx=2x+4ln|x—2l—i+C
x2—4x+4 (x—2)2 x-=2

T T T
CYU 7.11 (a) chossxdx = I; cosxcos xdx = .[(2) cosx(1— Sinzx)dx
T T
= Iz cosxdx — Iz cosx(sinzx)dx
0 0 |

. u = sinx, du = cosxdx
BT
= s1nx|0—J‘ u“du
0

sin0 = 0, sink = 1
2

3 1
= (sinlt — sinO) _w
2 3 0

.3 2 .2 2 . 2 2
(b) Ism xcos xdx = jsmxsm xcos xdx = Ismx(l —cos x)cos xdx
. 2 . 4
= J-smxcos xdx—jsmxcos xdx

U = COSX

3 5
du = —sinxdx — = —juzdu+.[u4du — —”—3—+“?+C

3

- (1—0)—(;-)—0) -

cos’x , cos
_ X X

2
3

+C
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T

CYU7.12 (a)j sin*xdx = j (sm X) dx = I (ﬂc} dx

n 2
_ J'z (1_2c0s2x+cos Zx)dx
4 4

T T T
2dx 1¢2 |

= _ = + =
I 1 2I0 cos2xdx 4I0 cos 2xdx

T

. 2 1
_ ()_c 3 stx) L1 dx
a2 | A

T
J‘z 1+ cosdx

(b) Ixsin2x2c052x2dx n %Isin2uc052udu T %(%u—isin4u+ C) =X _

u=x2

o = Gl Example 7.11(b)

CYU 7.13 J.(tanx) secxdy = I(tanx) Y21+ tanzx)seczxdx

= I((tanx) sec’x + (tanx)"” seczx)dx
u = tanx

du = seczxdx 2
- J'(uf3/2+ u'ydu = —2u~1/2 + §u3/2 +C

2 2(tanx)3/2

tanx 3

+C
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1- sin26 = 00529

CYU7.14 J‘A/9;x J‘I\/9 9sin’ 9 05040 l J-A/9cos 0
X

9sm 0 9sm 0
—— x = 3sin® 3cos0
dx = 3cos0d0 = _f 3cos0d0
9s1n 9
= j cot’0d0

2
sin”0 + cos’0 = 1 = cot"0 = csc’@—1: = I(CSC 0-— l)de

= —cotf—-0+C
3
X 3
9 —x2
J' j 8tan 0 2 J‘16seczetan36
CYU 7.15 dx = | —————=2sec"0d0 = | ————db
Nxttd N 4tan’0 + 4 4sec’0
__ x = 2tan®
dx = 2sec26d6 — 3
= 8Isec9tan 0d0
= SItanzesecetanGdG
= SI(secze— 1)secHtan0d0
— = 8j(u2— 1)du
3
= 8(“—— ) +C
3
u = secH SeC3e
du = secGtanGdG%= 8( - Ce) +C
244\’
Jx2+4 ( 5 ) /\/ 5 4
x—> =38 I C it J VG
0 : 3 2

/2 2
= ot +43(x 4 4 2va+cC
_ (2-8)K2+4,
3
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6x+ 11 (6x+2)+9 6x+2 dx
CYU7.16 = | ———mmdx + 9| —— (*
-[3x2+2x+1 -[3x2+2x+1 J‘3x2+2x+1 '[3x2+2x+1 ©)
noting that (3x2+2x+1)" = 6x+2
Then: I-—36—X—J—r—2——dx du _ = Influl +C = In(3x2+2x+1)+C
3x2 4 2x+ 1 u never negative
And:
J-3x2+2x+1T 3j +l 3J-( 2+ X+ )+-—l 3J‘ ) +2
3 9 9
completing the square method
moti i AS— y - 1 dx
ivated by the 1 in the formulaJ'1+ > tan x+C: 29 3
} (ix+L) +1
N2
-3+
CETR 2L e
3 23 u?+1
du = —dx
” = L‘[an_ILH—C
J2
1 —1(3x+ 1)
= —ta +C
2 N2
Returning to (*): [~ 1Ly = In(3x2+2x + 1)+itmf1(3"+ 1) e
3x2+2x+1 J2 J2

CHAPTER 8: I’Hopital’s Rule AND IMPROPER INTEGRALS

1 2
1 3 ! 1 3
L [(8+x) —2J L+
CYUS.d (@) limB°=2 _ L ] _ 3~ _ 1y
x—0 X x—>0 x' x—0 1 3 12

2
3.1

tan(3x—3) _ lim[tatn(3x—3)]’ ~ lim secz(3x—3)-3 _133) _3

b
()x—>1$1n(2x 2) xo1[sin(2x-2)]" x->1cos(2x-2)-2 1(2) 2
1/2 1/2 a2
somtan(x?)  roeftan(x2)] xow o (x—1/2)( ; —3/2)
= lim —1—— =1

x—>oosecz(x71/2)
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I—cos2x _ ;. (1—cos2x)" _ sin2x-2 _ .. sin2x
—_—r = Im e = ————= = lim

lim lim
CYus2 TN x>0 (5x2) x—0 10x x>0 S5x
— Jim $020)" _ gy, COs2x -2 2
x—>0 (5)6)’ x—0 5 5

1

5, 7

CYU83 |y tanx _ lim (tanx)’ _ lim S€¢X_ _
x—> 0" x2 x—> 0" (xz)' x—=0-  2X

0 (from the left)

2 2 ’
Sx241 _ o (524 1) 10x

CYUS84 (a) lim = lim5=>5
xow x2-3 X — o (x2—3)’ x> 2X X — ©
1
“1yr 2
) lim 2% = fim —O) — jim X = m L =
x-0 In(—x) x50 [In(=x)]" x>0 1 x>0 X
X

1+ tanx} ~ lim (1 + tanx)’

. + — 1
CYUS8.5 (a) lim [(1+ tanx)sec2x] lim . [ cos0x e (cos2x)
4

x—-2 x—>-I
4 4

2
— lim Secx _ («/E)2 — 1
“n—2sin2x  -2(-1)
4

X —>

(b) lim (l — L) - ljm BOX =X (tanx — x)’

x—>0\x tanx x—0 xtanx x—0 (xtanx)’
2
T sec x—1
= lim —=
x>0 ysec”x + tanx
2 2
. CoS Xx T 1 —cos™x
multiply by 5 lim —————
cos x x—0 X+ SInxcosx
2
(1 —cos™x)’

= lim - -
x>0 (x + sinxcosx)

s 2 cosxsinx _
= lim =

2 2
*>0 1+ [—sin"x + cos x]

=0

[\ ) Raw]
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2 2
CYU 8.6 (a) To determine lim (e*+ 1) * we set our sights on finding lim In(e*+ 1) *:
x—>® X —> 0
2
lim In(e*+1) ¥ = lim —2In(e*+ 1) = —2 lim (" + 1)
X —>®© x—>owo X X —> © X
= 2 lim [ln(ex:i— D
X —> 0 X
= 2 lim —&
x> weX + 1
= 2im =€) — Him € = -
x—>o(eX+ 1) x — og¥
2
- lim In(e*+1) *
Then: lim (e*+ 1) ¥ = exgnw n(e+ ) = e¢2 = lz
X —> © e

1
(b) To determine lim (cosx)*, we set our sights on finding lim In(cosx)!/*:

x—>0 x>0
. .1 . ' -
lim In(cosx)!/* = lim -In(cosx) = lim _[ln(colsx)] — i ZfADX _
x—0 x— 0X x—0 X x>0 1
. 1 lim In(cosx)!/
Then: lim (cosx)* = ex~? =0 =1
x—0

CYUS8.7 Noting that: [xedx 7" xe ¥+ [erdx = —xe T - e+ C

u=x dv = e*dx

du = dx vy = _¢x
00 . t . ;
We have: J. xe¥dx = lim J. xe¥dx = lim (—xe‘"—e—")‘O
0 1> ®©%0 t— oo
= lim(—te!—e'+1)
t— ©
— _ lim L1 l+1 = _lim L+1
t>wel  t—og! {— o0l
0
!
Invoking I’Hopital’s rule: lim Y — lim A lim 1 _ 0
x> wel x—)oo(et)’ x> wel
00

o0
Conclusion: J‘ xe*dx converges, with _[ xeXdx = 1.
0

0
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CYUS8.8 Revolvingtheindicatedadjacentregionaboutthex-axis we have:

t : S0 - :
. 1 B N 1 _
V= tli)mooTEJ.l (;) dx = 7Tt11_>moo(—x )|1 ntlimw(_ ; + 1) - T ]\ Infinite area

[ 1

CYU 8.9 By Theorem 8.3:

(a) In order for J- (l 1)a’x to converge, both p and ¢ must be greater than 1.

1 P x4

e -1 (55
(b) In order for '[1 (xp = dx J‘l Wy dx to converge, p + g mustbe greater than 1.

©1/xP %
¢) In order for dx = ( )dx to converge, p — ¢ must be greater than 1
(©) | et =155 ge,p—q g

!
CYU810(a)'[ = dim [ —E_ — him —e-3)1 = < him (L4 D) < o
1(x— 3)2 t—31(x=3)2 >3 ) t—>3 =3 2
The integral diverges.
¢ 2
b [ = — tim [ —E i gim [ &
S+DHYS Y3+ DS s (x+ DY
5 t 2
= lim >(x+1)*5] + lim —(x+1)4/5
t—>-1-4 5 to-104 ,

=2 fim [(e+ D5 (-2)¥5]+2 Tim [34/5 — (¢ + 1)4/5]
4t—)f 4[_>,

= 4_1(_24/5 + 34/5)

The integral converges.
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CHAPTER 9: SEQUENCES AND SERIES

CYU9.1 Let (¢,) = (¢,¢,c,¢,...). Weshow lim ¢, = c:

n— oo
For given € >0, let N = 1.Then:n>N:>‘cn—c‘ =lc—c = 0<e.
CYU 9.2 (a-i) Let & >0 be given. We want to ﬁnstuchthatn>N:>‘(7—-lg—l)—7 <e
101 101
S —<eSon>—
n €

From the above, we see that if N is any integer greater than or equal to %, then

n>N:>‘(7—&)—7 <g
n

(a-ii) If & = T16 then 191 — -1-(111— ~ 1010. It follows, from (i), that N = 1010 is

€
10
the smallest integer for which n > N = ‘(7 — m) — 7’ < % .
n
(a-ii) If & = ﬁ , then LU S ) S 10,100. It follows, from (i) that
€
100
N = 10,100 is the smallest integer for which n > N = ‘(7 — &) — 7‘ < ﬁ .
n

(b) For given €>0: |a, - 0| <e < |a,| <e < ||a,| - 0| <e.

(c) (One possible answer) The sequence (a,) = (1,-1,1,-1,1,-1,...) diverges,
while (‘an‘) = (1,1,1,1,1, 1, ...) converges to 1.

CYU9.3 (a) Suppose, to the contrary, that 4 >B. For ¢ = BfA, let N be such that

n>N=la,~A|<eandn>N=|b, - B|<e.

by A
It follows that a,,, | > by - (& l.; &) & él & ) — a contradiction.

(b) (One possible answer) (a,) = (0,0,0,...) and (b,) = (1,

lima, = limb, = 0.

1 .
'3 ...):a,<b, and

NI—
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CYU 9.4 Since lim 2% Ll 1 (Example 9.1), and since both the square root and the logarith-
n—>o Nn
mic function are continuous on (0, ©), we have:
(a) lim [21 m Lo 1=

(b) hm[ln( 1)] - ln[lim(nzl)} — Inl = 0

CYU 9.5 (a) For a, = n'/": From Example 8.6(a), page 306: lim x!/* = 1. Consequently:

X —> 0

lim nl/7 = 1.
X — oo

n
(b) For a, = (Z i D :Ina, = nln(n n D Applying I’Hopital’s rule to the indeter-

minate form x1n C%—D we have:

1 ‘(x-irl),
wely =) e

_ _ + —1)2
lim xln(’il) = limx—1 = lim = 1 = limw
x> x—1 X —> 0 (1), X—© _l X—© —x2
x x2 9
= lim (x> —1)
x>o 1
¥2
2
= 2 lim —— =
x—)ooxz—l

lim nln(” ki l)

n+ l)n _ enliinmln(ZiDn

It follows that lim (n ; = e V= 02
n— o -
. an 1 3 al’l 1
CYU 9.6 (a-1) 2l=a,, 2a, (a-11) <l=a,, <a,
n n
enN . dps1 _ (e"TH/(n+ ) _ (e"TH n! e
(b) For (n') - _—y T — <1 (for n>1).

CYU 9.7 Assume that lim a, = L. Taking € = 1 in Definition 9.1, we choose N such that
n>N= |an —L‘ <1.Then: -1+ L<a,<1+L for n>N;which, in turn, implies that
|a,| <1+|L| for n>N. It follows that M = Jap], THILIY is a
bound for (a,).

CYU 9.8 (One possible answer) (a,) = (0,1,0,1,0,1,...).
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CYU99 If |[r{>1 then lim " = oo and the sequence (r?) diverges. If r = —1, then

n— o
(r");,.ozl = (-1,1,-1,1,...) diverges (Exercise 63). If » = 1, then (+*) = (1,1, 1,...)
converges (CYU 9.1).

The above facts, and Theorem 9.7, tell us that (#”*) converges if and only if -1 <7 <1

(o8]

CYU 9.10 For z( !

n nt+1

) we have:

n=1

(@) s, = (1—%)+(%_%)+G_B+Gf%) B 1_% - g'
©s, = (-3 G-+ G-9 GG -

() Z (l - Jlr 1) = nli_r)nwsn = nli_r)noo(l - Jlr 1) = 1. The series converges and its sum is 1.
n=1
CYU 9.11 (a) We first mold z (-1 )”% into the form of Theorem 9.9 Z ar"~! and then go
n=1 n=1

0 o0

on from there: Z( 32n ) (_9(_%}"—1 T _(3_1) - _%_

0.23 +0.0023 + 0.000023 + ---

23(1) 23(1) 23(1)3+
100 100 100

(b) 0.232323...

» 23
O (I L T R &
EDIRTTINT A 199
n=l 100

w0 o0 .1_
1 _ 1 1 _ net_ o2 _
CYU 9.12 From Example 9.7(c): Z T Also Z i ZE = = = =1.

n=1

o0 [*8)

Thus:Z[;n 2n}—2z_+3 l—2®+3(1)=4.

n=1 n=1 n=1
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0

CYU 9.13 (a) Theorem 9.11 assures us that the alternating series Z (—l)"% converges:

n=1
2 Sg since 37 <37*1 and lim 2 - 0. Indeed, we were able to show in
3n+l " n—ow3n
CYU9.11(a) that 3" (~1)n2 = L
' 2 3n 2
(b) For " (-1)""la, = ¥ (—1)’11;211 we have:
n=1 n=1
1,3
2
lima, = lim 253 = gim 22,0 _ 9.
n— o noopitn  noo g1 1
n

To see that the condition a, ,  <a, is satisfied we consider the derivative of the
x+3 ) = (x2+x)—(x+3)2x+1) _ x>+6x+3

X+ x (x2+x)? (x2 +x)2

Noting that the denominator (x2 + x)? is never negative and that the numerator has

J— 2_ - _
b+ Jb2—4ac _ —6+ 236 12 _ _34./6, we find that [ is

function f(x) =

zeros at x =
2a
d 0 . /\/_ _ C + C _
ecreasing to the right of —3+ J/6: 3 R It follows that
SIGN X t6x+3
(x? +x)?

a, . <a, forall n. Thus the series converges by the Alternating Series Theorem.

w

CYU 9.14 (a) Z (—1)”l =1- 1,1 1, satisfies the conditions of Theorem 9.11:
n! 20 3
n=0
1 1 |
< —_— —_— =
(n+1)!_n!’andnlg>noon! 0-

(b) You can easily verify that % <0.0002 . It follows, from Theorem 9.12, that:

[*9)

(_l)nl_(l__+i_l+l_l+l) <0.0002
n! ! 516!

n=20

1,1 1.1 1.1

Noting that 1 - — + —— —+ — — — + — ~ 0.368, we conclude that, to within three
2t 3t 4 5! 6!

0.9)

. ) 1
decimal places: Z (—1)”; ~0.368.
n=20
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CYU9.15 As f(x) = )lc >0 and decreasing for x > 0, the Integral Test applies:

. © dx . ! dx . t . .
Since | = = lim | = = lim 1n|x||1 = lim (Inf—Inl) = lim Inf = oo,
1 X t—>oo] X t— © t— t—

Zl diverges.
n

CYU9.16 (a) Since converges, by the Com-

1 . 1 1
< — and since — converges
n2+n n? ZnZ ’Zn2+n

parison Test.
—“/—;l——>“—[’—1 =1 and since Zl is a divergent p-series (p = %),

n—1 n Jn Jn
zﬁz

—~— diverges.
n—1

(b) Since

CYUO9.17 (a) As n—> o :

1 1 . . . 1 (1)”
~—. K that th t — = =
100" 3 nowing that the geometric series 2371 z 3

1
37—-100

will do the same. Let’s make sure:

converges we anticipate that Z

1
lim =100 _ iy 3"~ im L — 150

n—> o 1 n—wo3" - 100 _n—>ool_

37 37
1

37 —-100

(b) As n— o : 5/n 1100 ~5ﬁ= 5 -3
n

.A/n3—3n+1~«/n_3 %—%

converges, by the Limit Comparison Test.

Conclusion: Z

1 . .
~ -. Knowing that the harmonic
n

5./n+ 100

will do the same, and it does:
Jnd=3n+1

series Zl diverges we anticipate that Z
n
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5.Jn+ 100
3_ 3/2
i A =3n+1 L a(S5/n+100) _ o 523/2+ 100n
n— o l n—> o /n3_3n+1 n— © /n3_3n+1
n
5 1007
3/2
divide numertor and denominator by #n3/2: = lim S
">, Jn3 - 3n+1
n3/2
5 1007
w2 = i3 = lim n3
n>© p3 _3p+1
n3
5 1007
o n32
= lim =5>0
n— oo 1_i+i
n? n3
Conclusion: ZM diverges, by the Limit Comparison Test.
Jnd3=3n+1
a a a
ntl ntl . Let N be such that 1> 1 for
an

an
w

CYU9.18 (a) Assume that — —>L>1or

n

n>N.Since a, ,;>a,>0 forn>N, lim a, #0 and Z a, diverges, by the Diver-
n— o
n=1

gence Test.

a
(b) For the divergent series Zl lim 2 = lim nJlrl = lim le 1
n n-oowo a, n—ow 1 n—>wohn
n

a
For the convergent series Zi lim 21 = i
n2 n—w a, n— oo i n
n2
(n+1)°
3 a +1 3
CYU 9.19 (a) For T : Since fim 220 = fim —— ~ fim l(””) -1,
57 n—o>w a, n— o n> n—wd\ N 5
5}’1

3
Z% converges, by the Ratio Test.
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(2n)!

(b) For ZW Since
[2(n+1)]!
lim Gtl = [ D2 @nt ) (n!)?
n—ow a, n— o @ n—)oo[(n+])!]2 (271')
(n!)?

~ lim 2n+1)2n+2)
n— o (n+1)2

- 4n2+6n+2 _
nowon2+2n+1

4>1

2(2—7))2' diverges, by the Ratio Test.
n!

CYU9.20 (a) Assume that L >1, and let € >0 be small enough so that L —&> 1. Since

%—)L , we can choose N such that 7/a, >L—¢ or a,>(L—-¢)" for n>N.

Since L —¢ > 1, the geometric series Z (L —¢)" diverges. By the Comparison

n=N+1
Test, so must Zan , since eventually a, > (L —¢)".

If lim rda_n = oo, then a, — o, and the series diverges by the Divergence Test.

n— 0

. 1. \Vn | 1 1 _
(b) lim ,/— = lim | — = lim = = — =1
n—wohNpP  n— o \nP n—o(pl/myr lim (nl/m)P T 17

n— 0
CYU 9.5(a), page 327

. 1 . 1 1 : 1

c) Both lim ,/— = 1and lim »,/- =1 [see (b)]. Y — converges while Y -

© n_)@rk/; n—)oon n : ®)] an veses W Zn
diverges.

. 3n+2\" ..
CYU 9.21 (a) Applying the Root Test we find that Z diverges:
2n+1
lim [ 2252)" = fim (3222) = 35
n—)oon 2n+1 n—oo2n+1 2
1

(b) Applying the Root Test we find that Z

( " )n converges:
nn

lim ,/—— = lim 4— = 0<1
n— o (lnn)n n—wlnn
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CYU 9.22 (a) Since |20
n

2 2
< % , if we can show that Z% converges, it will then follow that

n2cosn : .
ZT converges absolutely; and we can, via the Ratio Test:

(n+1)>
+1 2
lim Yl — pim 23"~ i l(””) 1
n—>owo a, n— o n_2 n— o n 3
3}’1

n
(b) We could apply the Ratio Test tozn—n to show that Z(—l )"n— fails to converge
n! n!

n
absolutely. That conclusion, however, follows directly from the fact that Z(—l)"%

does not even converge conditionally by the Divergence Test:
1 all greater than 1
b s N
n" _n _n n_..
n n—1 n-2

> 1

NS
—13

CYU 9.23 (a) Observe that the absolute value of each element in the two series composed of the
positive and the negative terms of the given series
Ll 1y 1Ly 1 1 1
2 4 8 16 on pntl on+2 on+3

are elements of the converging p-series Zzip As such both of those positive series

converge. Employing Theorem 9.20 we conclude that the given series converges abso-
lutely, and therefore converges.

(b) The series of positive terms of %— 1 T I VR S TR . ... 1s the

322 33 3 3" n
convergent p-series 23%) The series of negative terms —Zl diverges (negative of
n

the harmonic series). That being the case, Theorem 9.20, is of no help to us; but Theo-
rem 9.10, page 336, which tells us that if ) 'a, and an converge then so must

Z(an —b,) converge can save the day. How? like this:

Assume that the given series which we will now label Zan converges.

Since the series an = 23% converges, their difference Z(an—bn)

would have to converge. But it doesn’t since Z(an -b,) = —Zl .
n

Conclusion: the given series diverges.
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2n—50
CYU 9.24 (a) Since, for ¥a, = Z(_l)ni%a—:(—)(—):
921 +2-50
2n-48 _
lim | %nt1| = fim 20422100 _ 27777 27— 100
n—>o - a, n—> o 22n-50 n— oo 20 —98 22n-50
2n—100
. 2n—100
= lim 22.=¥—— =4>1
nE)noo 2n—98 >
. 22;1750 ) )
the series Z(—l )"m diverges, by the Ratio Test.
2
: n
(b) Since, for Zan = Z(_l)nﬁ:
(n+1)2
lim |21 = im 2"l lim l(nJrl)z -1
n— o a, n— o n n— o 2 n 2
2

2
the series z (-1 )"Z—n converges absolutely by the Ratio Test, and therefore converges.

CYU 9.25 Consider: (i) 1 + % + % + % +... and Giy—Li-1_1_ ... Start with 1 — % and

add enough of the terms of (i) to arrive at a sum S, >2. Add (—9 to S, along with

enough of the remaining terms of (i) to arrive at a sum S5 > 3. Add (—41—1) to S; along

with enough of the remaining terms of (i) to arrive at a sum S, > 4. Continuing in this
manner one arrives at a rearrangement of the original series which diverges to «.

An initial impression might be that we are adding a lot more positive then negative terms of the original
series. Not so. All terms of the original series will show up in the above rearrangement. Think about it.

xn+1
CYU 9.26 (a) For e, = S tim |%21| = fim [2F1] = im |x|( n ) — I
: Z " Zl’l.n—>oo a, n—m| xn n— o n+1 ’

n

It follows, from the Ratio Test, that Zx_” converges absolutely for -1 <x< 1, so
n

R = 1. As for the endpoints, we note that at x = —1 the series Zx_” = Z(_l)n
n n

n
converges (alternating harmonic series), and that it diverges at x = 1: Zx— = Zl
n n

. . . x" . L.
(harmonic series). Conclusion: 2— has a radius of convergence of 1 and its interval
n

of convergence is [-1,1).
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(b) For Zan = Zn!x”:

|
a,

(n+1)x+1
nlx"

= lim [x|(n+1) =
n— o©

= lim
n— ©

lim
n— ©

0 ifx=0
o if x#0

Conclusion: Zn!x” has a radius of convergence of 0 and its interval of convergence

is {0}
(c) For z(”?’) :
(x+3)”+1 1
— +
lim | o1 | = fim |0 D=2 | o gy (G =2 )
n>o a, n—o  (x+3)" n— o n—1 (x+3)" n—wo
n—2

The Ratio Test assures us that ZQ—%)—n converges (absolutely) when |x+3| <1

and diverges when |x + 3| > 1. It follows that the series has radius of convergence

R=1.
Here is the interval |x +3| < 1: g I 2) . Challenging the endpoints for
convergence we find that Z(x 32) converges at x = —4 and diverges at x = —2:

Z (=4+3)" _ z( )" — converging alternating harmonic series.
n—2 n-2

z( 2+ 3)" Z 1 5 — diverging harmonic series.
n —

+
Conclusion: z(x 3)" has a radius of convergence of 1 and its interval of conver-

gence is [—4,-2).

ovuear 1w = (1) ] = aa-»11y = 10-021 = 20 -0 =

1
(*)

2
(1-x)3

Applying Theorem 9.26 to (*) we have:

0

[(1-x)72] = z (nx"—1y = z (n—1)nx"—2

n=1 n=2

= Z“n(n—l)x”*2 =2+3-2x+4-3x2+5-4x3+ ...

n=2

2
(1-x)°

So, for |x| < 1:

=2+ 6x+12x2+20x3 + ...
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w

CYU 9.28 (a) We know that IL = z x"_for |x| -1 [Example 9.20(a)]. Replacing x with
—X

=0
1 —x we have: !
1 _ 1 _ no_ n
P m = Z (I-x)" = z [(D(x-1)]
n=20 n=20
= Z -Dr(x-1)", forlx—1|<1
n=20
(b) Starting withl2 = —G) , we turn to (a) and Theorem 9.26 to arrive at:
X
i DI CCER U IR S C DTS
n=20 z

= nio(_l)wrln(x_ 1)”‘1

n=1

= 3 D DE- 1)
n=20
=1 2xr—N+3Ur—12_4(x—1\3+
CYU9.29 For f(x) = In(1 —x) we have:

f(x) = In(1-x) e =00 _
o o1 0!
fw) = = = —(1-n e = A0 -
l—x 1! 1!
f(x) = ~(1-x)72 e =[O _ -1 _ 1
22 2! 2
f¥=2(1-x)3 S () S |
3! 3! 3
Pattern: ¢, = 1 forn>1,and f(x) = Z ¢, x" becomes:
n
n=0

_ R I i _
f(x) = In(1 —x) Z - (note that ¢, = 0).
n=1

Ayvi| —

a,

Moreover, since

%llxl — |x| as n — oo, the Ratio Test tells us that the
n

above power series representation holds for |x| < 1.
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CYU 9.30 (a) For f(x) = cosx we have
f(x) = cosx f(0) = cos(0) =1

f(x) = —sinx £(0) = —sin(0) = 0
f(x) = —cosx  f(0) = —cos(0) = -1
x) = sinx  f0) = sin(0) = 0

Since /*(x) = cosx = f{(x), the above value-pattern of 1, 0, —1, 0 will keep repeat-
ing; bringing us to the Mclaurin series of the cosine function:

f(n)(o)xn — _1_x0_|_ 0x1+f_1 2 4 0 34 1x4_|_...

n! TR T TR TR
n=20 o0
x2  x* x x2n
= |-+ _* 4+ = _1)\
21 41 6 z D (2n)!
n=20
Which is seen to converge (absolutely) for all x:
x2(n+1)
Ayl _ |[2(n+ D] = _Cn)! |x2n+2
a, x2n 2n+2)! 2n
= x4l—>0<lasn—> o
2n+1)2n+2) (forall )
. n) < 1 . — in
Since, for all x and n, ) =X : COSX z (—1)"(2n)!
the M in Theorem 9.31 n=0
(b) For f(x) = sinx we have
f(x) = sinx /(n) . (n) _
> sin > 1

f(x) = cosx f(g) _ cos(g) ~ 0
f(x) = —sinx f(%t) _ —sin(g) N

x) = —cosx f(z(g) _ _COS(@ _ 0

Since f(x) = sinx = f(x), the above value-pattern of 1, 0, —1, 0 will keep repeating.

Bringing us to the Taylor series of the sine function about g :
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T T
sinx = > 2 Ty Tty Ty Tylity)

n=20
5 4 2n
-5 (-3 G
_ g 2 SR
21 41 2 (2n)!
n=20
oo ° "
x— =
idently, it follows that: sin x = iy (1
Incidently, it follows that: sin x - Z Q2n+1)! Z (2n)!
1 n=20 l n=0
Theorem 9.32(ii)
follows also from Theorem 9.32(iii) and the fact that sinx = cos( 79
(C)

x2n+1

7 [
S X _x_+X__x_+...)
(sinx) Z( (2n+ 1) (x 3151 70

Theorem 9.26, page 367: = | — —/— + — — —
3t st 7
S LS X cosx
21 41 6!
CYU 9.31 Starting with e* = Z x—n,we have e = Z 20" _ 2 . Employing
n! n! n!
n=20 " nL=)UO nw=0
_ 2 _ x" 2y (2nt 1+ 1)xn
Theorem 9.10, page 336: f(x) = e*+2e** Z 3 +2 Z — Z =
n=20 n=20 n=20

CYU 9.32 (The binomial Theorem):

SCRGUC R TE RIS
k=0 k=0 k=0 4

(k):n(nfl)(n 2)- (klll n..(n- k+1)*0fork>n

CYU 9.33 Noting that for 0 < x <4: 0 < e* <e* and that |x — 2| <2, we invoke Taylor’s Inequal-
ity and set our sights on finding the smallest N for which:

En(x)] < 2N+1<0.0001

_(N+1)'



CYU SOLUTIONS A-61

4
Turning to a calculator we found that while (Ni 1)|2N+1 >0.0001 for N<11; at
) !
e
= 12: —=212+1 40, .0001 .
N 27 D) 0.00007 < 0.000

Conclusion: Thirteen terms are needed. Then:

ex—ez(l +(x-2)+ (x;!2)2+ (xg!2)3 + o+ ______(x122')12)

<0.0001 for 0<x<4.

CHAPTER 10:
PARAMETRIZATION OF CURVES AND POLAR COORDINATES

2 2
CYU 10.1 From x = 3cost, y = 2sint: cost = ;—C, sint = Jé :>coszt = %, sinzt = yz

Employing the Pythagorean Identity: cos’t+ sin’t = 1 (Theorem 1.5(i), page 37),
we arrive at the rectangular equation:

¥ att = =
2, & 2
oy /\M atr =0
—+= =1: X
9 4 —3\\J3
-2
dy
2_ _
CYU 10.2 Setting Z]—y = jt = 3t2t 3 _ 30+ 12)t(t D to 0, we conclude that a horizontal
X X
dt

tangent line occurs when ¢t = *1. Turning to x(¢) = 2, y(¢t) = 3 -3¢, we find the
corresponding points on the curve namely:

[(-1)% (=1)*=3(-1)] = (1,2) and [(1)% (1)*-3(1)] =(1,-2)
Noting that the denominator in the above expression for % is zero at ¢t = 0, and the

numerator is not zero at ¢ = 0, we conclude that a vertical tangent line occurs at the
point (x(0), y(0)) = (0,0).
As for concavity:

g’z
i dt
dt| dx 3123 3 ( 1)
42 E ( 2t ) E(Z_til), 3 1+t_2 3(12+ 1) Down ¢ Up
) = = = = = SIGN: ——o—+—¢
dx? dx (£2)’ 2t 4t 4¢3 0

dt



A-62 CYU SOLUTIONS

CYU 10.3 From x = 2: ¢ = +,/x. Substituting in y = 3 — 3¢, one option at a time:
(1) Fort = x1/2:y = (x1/2)3_3x1/2 = x3/2_351/2 = xl/z(x_3)_

Domain of: f(x) = x!/2(x~3): [0,0). SIGN f %=2—=>X_ Asx >0
f(x) will resemble, in shape, that of y = x3/2 — all of which brings us to the
anticipated graph in (a) below.

(2) For t = —x1/2: y = (=x1/2)3 - 3(—x1/2) = —x3/2+3x1/2_ Its graph, which is
simply the “negative” of the one in (a) appears in (b) below.

y y y
3 X 3 X X
y = x!2(x-3) y = x3(x-3) x =1y =13t
(a) (b) ©
We merged (a) and (b) to arrive at the curve in (c). As for its indicated direction:
A _ 32 3 = 3(+1)(1—1) SIGN: " o — o + o4
dt J -1 1

as ¢t increases from — oo to —1, y increases to 2

for — 1 << 1,y decreases, and then increases again.

We could use the calculus to challenge the functions in (a) and (b), but choose, instead,
to analyze the directed curve in (¢).

d_)_’ dec inc dec inc
dy _ dr _32-3 _30+D-1) ggN: St & ¢+
dx dx 2t 2t -1 0 1

dt x=£: x=1 = 1

Something “special” happens at ¢+ = £1; which is to say, at
x = (£1)? = 1. Tracing the curve in (c) we see that a max-
imum occurs when ¢ = -1, and a minimum at ¢t = 1.
Indeed, from the above SIGN-chart we see that the slope is
positive for ¢ between —1 and 0, and negative for r<-1,
indicating that a maximum occurs when ¢ = —1. Similarly,
the SIGN-chart tells us that between t = 0 and ¢ = 1 the
slope is negative, and that it is positive for > 1, indicating that a minimum occurs at
t=1.
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dy
o 2 ,t t t t
MForx=t3—tz,y=t2ef+3:@}= dt _ tel +2te =te(t+2)=e(t+2)'
dx  dx  32_2; 13i=2) 3i-2

dt
At this point we know that a horizontal tangent line occurs when ¢ = —2; which is to
say, at (x,y) = (—12, % + 3) . Turning to the second derivative we have:
e
dy
d| dt
d| dx i[re’+2e’} (3t—2)(te! + el + 2e!) — 3(te! + 2e)
d’y _ dt /- dil 3t-2 ] _ (3t—2)2
2 2
dx dx i(t3_t2) 3t° -2t
dt dt . ,
et(3 2+41— 12)"& using the quadratic formula:
B t(3t-2)>3 =
3
SIGN: —+ « = 5+ § = G+
—2-2./10 0 % —_2+42,/10
3 3

From the above sign information we conclude that a local maximum occurs when

t =-2 [at (x,y) = (—12, iz + 3) ~(—12,3.54)], and that inflection points occur
e

when: ¢ =0 t:% t:_2—2«/i) t:—2+2m
3 3 3

T 2 2
CYU 10.5 In integral form we have L = .[ ((a%) + (Q) dt.
0

d¢
From x = 3cost— cos3¢, y = 3sint— sin3¢ we have:
2 2
(Cé—);) +(Z—)D = (-3sint + 3sin3¢)2 + (3 cost — 3 cos31)?

9[(—sint + sin37)% + (cost — cos31)?]

.2 L .2 2 2
9(sin"t—2sintsin3¢+ sin" 3¢+ cos ¢t —2costcos3t + cos” 3¢t)

9[(sin2t + coszt) + (sin23t + c0523t) —2(cos3tcost + sin3tsint)]
9[1+1—-2cos(3t—1)] = 9(2—2cos2t) = 18(1 — cos2t)

Bringing us to:

T
L= j J18(1 = cos2t)dt
0

JIB[ (1~ (cos’ 1~ sin’s))d
0

T
3ﬁj «/(1 - coszt) + sinztdt
0

T 7T
3ﬁJ. /\/ZSinztdt = 6J- sintdt = 6(—cost|g)
0 0

—6(cosmt—cos0) = 12
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CYU 10.6 (a) Let P = (—2, —g) . Turning to the equations x = rcos0, y = rsin0:

X = —2cos(—z) = —2(£) = -3 5

2

y = —2sin(—’6‘) - —2(—;_) — 1 NE ‘

we find that P has rectangular coordinates (=3, 1).

(b) Let P = (1,-1). From r2 = x2+)2, tan® =¥ , we have:
x

ﬁ, and tanOZ_TIZ—l

r2=(1)2+(1)2=2o0rr

Since tan(—g + 2kn) = —1 for any integer £, all of the follow- 1

ing are polar representations of the point P: 2

(1,-1)
P = (ﬁ, — E + 2kn) for any integer k.

In addition (see comments directly below Figure 10.4): T

P = (—ﬁ, %t + 2kn) for any integer k.

N
) J
(1,-1)
CYU 10.7 The adjacent spiral figure pretty much speaks By
for itself. As the angle 0 gets larger and larger,
so does » = 0. In particular: //\ \
When 6 = 0, » = 0, and (0,0) is on the Ja
-3n - 4n x
curve. &j
When 6 = n, » = m,and (0, —m) lies on the
curve (mark off w units on the terminal side
of the angle 6 = 7 in standard position). r=0for620
Note that the curve intersects the y-axis when
=127 with corresponding y = r-values: = 3n om
27272)"'7 p gy '2’2327
CYU 10.8 The adjacent curve of r = f(8) = 1—cos6 displays two ' Y}
local extreme points. Let’s find them:
-2
dy _ £(8)sin®+£(0)cos® _ sinBsinO + (1 — cosH)cosH e
- = - ’

dx  f(0)cosO—£(0)sin0 sinBcosO — (1 — cos0)sin0O

sin29 + cos0 — 00529
2sinBcosO — 1

Intent on finding where Z—y = 0, we determine where the numerator is 0:
X
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As for the top question mark

) 240 _
s1r21 0+ cose—00526 =0 in the above figure:
(1—cos"0)+ cosO—cos™@ =0 622?”with
2¢05°0 — cosO—1 = 0
1 F=1-cos2E =3
(2cos0+1)(cosO—1) = 0= cosO = ) and cosB =1 3 2
The bottom question mark:
2 L= 2n A
B (2 3 0 = 37[ with
161, _4n
6—? 9=0 r—l—cos%zg

You can use the bridges x = rcos0, y = rsin0 to find the rectangular coordinates of

those points. The rectangular coordinates of the local maximum @ 23“)

) = (Feos2 i) = (0. YD) - (220

By symmetry, we conclude that (—% —M> are the rectangular coordinates of the

4
.o 3 4n
local minimum (E’ ?) .
CYU 10.9 (a) Taking advantage of symmetry, we quadruple the area of y o=1
the leaf in the first quadrant: \ 4
Y T

Py 2
4 = 4[23(sin26)"d0 = 2[ *sin’(20)d0 x
- Y

_ .2
P 0=¢=00=-=¢=n _'[o sin” (¢)dd
1¢7
Theorem 1.5(iiiv), page 37: = E-[ (1 —cos2¢)do
0
_ 3 51112(])) _ T
5(0 :
0
(b) As you can see from the construction of the curve below, the loop in question is
2n . 4m
traced out as 0 runs from 3 to 3
r y

3
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Taking advantage of symmetry, we choose to double the area of the inner loop lying

below the x-axis (as 0 runs from 2?71 to m):

= 2 [L(2cos0+1)2]d0 = [ (4c0s0 + 4cos0 + 1)d0
= L_n[z( cos )J = Lﬁ( cos cos )
3

= Ln( 1+ cosZO +4cos0 + l)dﬁ

= Ln(2 +2c0s20 +4cosO+ 1)do
3

= (30 +sin26 +4sin6) |,
3

CYU 10.10 By symmetry, the area in question is

two times the shaded region in the r = 1-cos6 =%
adjacent figure: coso = 1
i ﬁ :
z 2 g = +F
A= {j —(1—cose)2de+jn%(l d@} 3
[ 3] !
n /! 2
= I3 (1 -2cosH + cos e)de +I 4d9 r - 1 — cos© [Example 10.8(a)]

N 3

T T
[(6—2sin6)|3j i 1+ cos20 o, |0

T

0 0 2 41
3
T
) 3
= E—2sin£+(9+smze) +I
3 3 \2 4 6

0
_ﬁ+(E+ﬁ)+E—2“ 7“/3
6 8 6 3 8

CYU 10.11Taking advantage of symmetry, we quadruple the length of y
the leaf in the first quadrant:
n 5 n
L= 4]2 12+ (@) do = 4j2 /sin220 + (20s20)2d0 ~ 9.69 m x
0 do 0
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ADDITIONAL THEORETICAL DEVELOPMENT

THEOREM 8.1, PAGE 301

Theorem 8.1 Let ¢ be a real number, or +oo0. Assume that, apart from c, fand g are dif-
L’HoOpital’s Rule: ferentiable on an open interval (a, b) containing ¢ with g'(x) #0.
“0/0 type If lim f(x) = limg(x) = 0 andif lim £ = 7 Then:
X —c xX—=c x—)cg'(x)
lim X = [
x—>cg (X )

The following result will be used in the proof of the above theorem:

GENERALIZED | If fand g are continuous on [a, b] and differentiable on (a, b) and if
MEAN VALUE g'(x)#0 for x € (a, b), then there exists d € (a, b) for which:
THEOREM ’
[(c) _ f(b)—f(a)

g'(c) g(b)-gla)
(Reduces to the Mean Value Theorem of page 121 if g(x) = x)

PROOF: The Mean Value Theorem assures us that since g'(x)#0 on (a,b),
g(b)—g(a) # 0. That being the case, we turn our attention to the function

F(x) = fix) - fla) - %[g(x) ~g(a)]

Noting that F satisfies the conditions of Rolle’s Theorem (page 121) we conclude that
F'(¢) = 0 for some ¢ € (a, b). Turning to F'(x) we have:
(r) = a0 —fa) _ PN [ () e (GO I
F@) = (0 -y - T8 ) g(a)) = o - Tl e )
Consequently, for some ¢ € (a, b):
oy = o JOY=fa) o~ o [(e) _ f(b)—fla)
=IOty —e@® @ ™ " g(0) ~ ab)-g)

PROOF (of Theorem 8.1): Let us first consider the case where c is a real number. Since the state-
ment of the theorem does not assure us that either f'or g is defined at ¢, we introduce functions F

and G which agree with fand g away from ¢, and are continuous on (a, b):

F(x) = {f(x) if x#c¢ G(x)z{ g(x) if x#c
0 ifx=c 0 ifx=c

We now show that lim [ _ L (asimilar argument can be used to show that lim ) _ L):
x—>c*g(x x—>c*gx)
Noting that /" and G are continuous on [a, x] for a < x < ¢, and that they are differentiable on

[c, x], we apply the Generalized Mean Value Theorem to find y with a <y <x for which:
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F(y) _ F(b)-F(a)

G'(y) G(b)-(Ga)
Taking into account the fact that for x#c : F(x) = f(x) , G(x) = g(x), and that as x
approaches ¢ from the right so must y (since a <y <x) we have:

im 28 = gim £ = gy EG) =gy L)
x—)c*g(x) x—ct G(x) y—>ct G(x) y—>c+g’(x)

Turning to the case ¢ = oo, we introduce a new variable ¢ such that x = % . Then:

1
Jim 123 - z“nsf%

t

1 !
/)]
by previous argument: = ]im

RO ORC

.
ast—>0", x>0 _ limf,(x) -7
andx=% x—>oog'(x)

g

Q6 )

A similar argument can be used for the case ¢ = —©.

THEOREM 9.2 (C) AND (D), PAGE 323

Theorem 9.2 If lima, = 4 and lim b, = B, then:
(¢) and (d) (c)lim (a,b,) = AB

(d)lim — = %, providingno b, = 0 and B#0.

an
bn
PROOF: (c) Let € > 0. We are to find N such that:
n>N=l|a,b,—af|<e
In order to get |, — o and |b, — B| into the picture (for we have control over those two expres-
sions), we insert the clever zero —a,3 +a, in the expression ‘anbn — ocB| :
a,b,—op| = |a,b,—a,B+a,p—ap|
= |(anbn - anB) + (anB - O(‘B)‘
s ‘anbn _anB| + |anB N OLB‘ - ‘angn N L)’| + |B”an B OL‘

N—— S — e’

) (i)
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The next step is to find an N such that both (i) and (i) are less than g )

Focusing on (i): |a,||b, — B|:

The temptation is to let Ny be such that n>Ny=|b,—B|< (yielding

allb, —Bl<l|a £ - £ ). No can do. For one thing, if a, = 0, then the expression &
n

‘a 1S

n\

undefined. More importantly: 1S NOT A CONSTANT! We can, however, take advantage of

&
2|a]

the fact that there exists an M >0 such that |an| <M for every n (CYU 9.7, page 328), and

€ ] g
choose Ny such that n >Ny = b, —B| < N Then: n2 Ny = |a,||b, — B <M— =5
Focusing on (ii): |B|a, — o .
Wanting |B[|a, —a| to be less than %, one might be tempted to choose N, such that

n>N, = |a 0c| < ——. But what if = 07? To get around this potential problem we choose

2|[3|
N, such that n >N =la, -0 < 2|BT+ 7+ No problem now:
3 &
nx=N,= |B||an—oc| < |B|2|B| 155
since——'—EL—<-|-E|—

2Bl +1 2|
Letting N = max{N_, NB}’ we see that, for n > N:

@b, —oB| <[a,||b,— B[ +IBlla, —a| <2+ = 2

a
(d) Appealing to (c), we establish the fact that lim Z)—" = %, by showing that lim bi = % :
n n
Let € > 0 be given. We are to find N such that:
n>N=|— _Poh (*)
bn B TeIBT
Since b, —> B #0, we can choose N such that n>N, = |b,—B| <=-. Noting that for
n>Ny: |b |> Bl we see that, for n > Ny :
= LB Bh 2, g
BB b B B 1B R

2
Since b, — B, we can choose N, such that: n > N, = |bn — B‘ < %s (***)
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Letting N = max{N, N, }, we find that, for n > N:

B-b 2 2 2
u<|B?‘bn—m<_'u8 = g

[,]1BI

i b IBI>
By (**) By (***)

thereby establishing (*).

THEOREM 9.5, PAGE 328

Theorem 9.5 Every bounded monotone sequence converges.

As previously noted axioms are “dictated truths” upon which, with the cement of logic, math-
ematical theories are constructed. One such axiom, called the Principle of Mathematical

Induction, was introduced on page 83. Here, we will need another axiom, the so called Com-
pletion Axiom:

Every nonempty subset S of ‘R that is bounded from above has a least upper bound.

You may be able to anticipate the meaning of the terminology appearing in the above axiom
on your own; but just in case:

a is an upper bound of Sif a > s forevery s € §

and: a is the least upper bound of S, denoted by lub S, if it satisfies
the following two properties:

(1)a 1s an upper bound of S, and:

(ii)For any given € > 0 there exists some s € S (which depends on ¢) such that s >a—c¢.
(That is: o —¢ is not itself an upper bound.)

For example: lub{1,2,5} = 5, and lub(—o, 7) = lub(—o, 7] = 7

PROOF (of Theorem 9.5): Let (an);o= , be increasing and bounded from above. The completion

axiom assures us that the set {a,} has a least upper bound: o.. We show that (an);o: , con-
verges to o

Let € >0 be given. Since o is the least upper bounded of {a, }, and since a. — €
lies to the left of o, there must exists a term a, such that ay > o —¢. Since
(a,),_, 1s an increasing sequence: a,>o —¢ for every n>N, and since

o = lub {a,}: a,<a forevery n. It follows that |a, — o <& for every n>N.

A similar argument can be used to show that every decreasing sequence
bounded from below converges.
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THEOREM 9.23, PAGE 360

Theorem 9.23 (a) If Zan converges absolutely to L, then any series an obtained by
rearranging the terms of Zan also converges to L.

(b) If Za , converges conditionally then, for any given L, the terms of the

series can be rearranged so that the resulting series converges to L. The
terms can also be rearranged so that the resulting series diverges.

m

n
PROOF (a): Let 5, = Z a; and ¢, = Z b;. We show lim ¢, = L by showing that for
m —> 0
i=1 i=1
any given ¢ > 0 there exists N such that m >N = |t, —L| <e:

Let Ny be such that n> N, = |s, — L| < g Since Zan converges absolutely, we can

n
also choose N, such that for all n>m>N,: z |, < g Consider
k=m
M = max{N,, N,} . Next, we choose N such that each term {a,, a,, ..., ay} is con-
tained in {b, b,, ..., b,,} (note that N > M). Putting all of this together we have:
n>N= = L] = (6, =5, 45, LI <[t, =5, +|s,~L| <555 =
(b) We first show that:

If Zan is a conditionally convergent series, and if ch and Zd" denote

the series composed of the positive and negative terms of Zan, respectively, then:
> ¢, diverges to oo and »"d,, diverges to —oco.

PROOF: Can both »"c, and »"d, converge? No, forif »"¢, = Land »'d, = K,
then the sequence of partial sums of Z‘a n‘ would be bounded by L + K, indicating
that Zan converges absolutely (a contradiction).

Can exactly one of the series ch and Zdn diverge? No for if, say, ch diverges

to oo and that Za’ , converges to —K, then surely Za , would diverge to oo (a contra-
diction).
For any L >0, we now construct a rearrangement an of the terms in the series Zan

converging to L:
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Let c; denote the kth positive term, and d, the k™ negative term of the series Zan,

respectively. Since Zan converges we know there exists N such that n > N = |an‘ <Eg.

It follows that ‘ck‘ <¢ and |dk‘ <g for k>N.

Since ch diverges to oo we can choose 7, such that:
cpte, .. +cn1 >L but ¢, +c,+ ... +cn1_1 <L
(add just enough of the positive terms to end up to the right of )
Since Zdn diverges to —oo we can choose 7, such that:
(citey,t .. +Cn1)+ (d)+d,+ ... +dn2) <Lbut(c,tc,+... +Cn1) +(d,+d,+ ... +dn2) >L
(add just enough of the negative terms to end up to the left of L)

The next step is to add just enough of the remaining positive terms to end up to the right of
L, and so on.

Let s, denote the n™™ partial sum of the above constructed rearranged sequence. For n large
enough so that at least N of the ¢;'s and N of the d;’s appear in s, we have |s, —L| <e.
A similar arguments can be used for L <0 or L = 0.

THEOREM 9.25, PAGE 365

Theorem 9.25 For a given power series ch(x —a)" there are only three possibili-
Convergence Theo- ties:
rseer;li es for — Power (1)The series converges absolutely for all x.

(i1)The series converges only at x = a.

(ii)There exists R >0 such that the series converges absolutely if
|x —al < R and diverges if [x —a| > R.

PROOF: We show that if neither (i) nor (ii) is satisfied, then (iii) must hold:

Consider the set § = {x # a|20n(x —a)" converges absolutely}.

Theorem 9.24, and the assumption that (ii) does not hold, assures us that S # & .

Theorem 9.24, and the assumption that (i) does not hold, assures us that S is
bounded from above.

The Completion Axiom, introduced in the proof of Theorem 9.5 (page B-4),
assures us that S has a least upper bound R.

Can Z:cn(x0 —a)" fail to converge absolutely if |x, —a| <R ? No, for
R is an upper bound of S.
Can ch(xo—a)" converge if |x,—a|>R? No, for R is the least

upper bound of S.
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THEOREM 9.29, PAGE 377

Theorem 9.29 If f has derivatives of all orders in an open interval / containing a,
Lagrange’s then for each positive integer N and for each x e I there exists ¢
. between a and x such that
Remainder
N+ 1)
Theorem _ f< (c)(x N+

Ex) =570
PROOF: We want to find an expression for £,(x) in
70) = fla) + £ @ -a) +ED 0 ay v+ Dyt gy

With that in mind we note that for any fixed x € 7, there is a number L (which depends on x)
for which:

' N)
70) = fla) £ @4+ L L@ T )

We now consider the function F', given by:
' N)
Py = 0 [0+ £ 060+ L0 L0 G oY ] e

with domain a <t<x if x>a and x <t <a x <a. F is differentiable, with:
P = 0+ [r0-El 0] [Hle-n - 02]+
(N) N+1
|:(f (1;'()6 l‘)N 1 ﬂ (t)(x Z)N:| !(x—t)N
—f%(x — )N+ %(x — )N forall ¢ between a and x

From (*) and (**) we have: F(a) = F(x) = 0. Rolle’s Theorem (page 121) tells us that
there exists ¢ between a and x for which F'(c) =

—fw+Tl!)(d(x—c)N+]%(x—c)N =0
L = f™V*D(c)

Setting ¢ = a and L = fV"D(¢) in (**), we have (recall that F(a) = 0):

fi];\](T‘l_)(x — a)N+f_(.{_V_J.r_l.)_(f.)(x_ a)N+ 1}

0 = [l +f @ - + B -ayp . e

EN(X)
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APPENDIX C

ANSWERS TO ODD EXERCISES

1.1 SETS AND FUNCTIONS (PAGE 9)
1. (—o0, ) 3. (-0, —100) U (=100, 1) U (1, ) 5.[-7, )

7. ((+8)(2) = 6,(/-2)(2) =8, (fe)(2) = - (0(2) = -7,2N(2) = 14, O’og)(2) = 1
(goN(2) =

9. (f+2)(2) = 6,(f-2)(2) = 6, (fe)(2) = ( (2) undefined, (2/)(2) = 12, (fog)(2) = 0,
(goN)(2) = —4

(9@ = 3. (-0 =2 002 = 3@ = g ene) =2
(fog)(2) = 10 (g)(2) = 2_72.

13. (f+g)(x) = —x+4,(f~g)(x) = 3x+2, (fg)(x) = - 2x> - 5x +3

( (x) = - “3 T (2N(x) = 2x 16, (fog)(x) = = 2x + 4, (go/)(x) = = 2x =5

15. (f+2)(x) = x2+2x+2,(f—g)(x) =x2—4, (fo)(x) =x3 +4x2 +2x -3

( ()—x L (2)() = 262+ 252, (fog)(x) = X2+ Tx + 11

(gof)(x) = x2+x+2

—x34+2x2-3x+7 x3-2x2+3x-5
17. (f+ == _ =
(F+2)(x) 2 (- gy = R
_ x2+3 (l)(x)z 1
—x+2' \g —x3+2x2-3x+6
3x2-12x+ 13
o) = ,(go —x"—lax+ 15
@N() = == — (N = E =

19.(a) —6x+3 (b)-9  21.(a)x2+3x+2 (b) 12
23.f(2) = 15,f(2+h) = 3h+15,fix+h) = 3x+3h+9
25.f(2) = -1, f(2+h) = —h2=3h—1,f(x+h) = —x2+(1 —2h)x— (K2 —x—1)

h>+4h+4 _ x2+2xh+ h?

+ 29. 1 2x+1-h
Y RS Al vy -3 3l.-2x

27. (2) = a,f(2+h) =

2
33. i" ++22}le;6’2‘++3§’ 35./(0) = 0,/(1) = 2 37./(-1) = -8, (1) = LAT) = -14
(2x )(2x+3) 10 is not in the domain of f'
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39. Since ab = |a||b| or ab = —|al|b|:
labl = |lal[b]] = lal|b| or |ab| = |-|al|b|| = ||al|bl| = |al|?]
In either case we have: |ab| = |al|b]|.

41. |a| = [(a—b)+b|<|a—b|+|b| = |a—b| >|al - |b] 43.0dd 45.Even 47. Neither

triangle inequality

1.-5a-1=-5b-1 3.a3+1 =b3+1 5, 2a—3_2b4—3
sa = 35b a’ = b 8h-12 = 8a— 12
a=b a= 8b = 8a
b =a
T.dat1+2 = Jb+1+2 9. 25?—1: 22?1
Ja+1l = b+1 34 3p
a+1=>b+1 2a+1  2b+1
a=>b 6ab+3a = 6ba+3b
3a = 3b
a=>»b
11. No unique answers ~ 13. No unique answer  15. f 7l(x) =1-x 17. 7l(x) = 5x24;3
19. £ ) = 3x+2 M. ) = 223 23,
x—5 4

25. 27.
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1.3 EQUATIONS AND INEQUALITIES (PAGE 27)

4 4
1.(a) 12 (b) (-, 12) (¢) [12, o) 3.(a) 3 (b) (—oo, _5}
5.(2)0,3,-2 (b)[-2,3] (c) (—o,—-2) U (3, )
1+./5 1-./5 1+./5 — /5 1+./5

@)L= (b)(_"o’_l]u[ 2 2 } ()( 2 )U( ’OO)

3 3 3 3
9.(a) -2, B 1 (b) (—2, _E) U (1, ) 11. (a) -2, > 1 (b)[l,o)uU { 5}
13.(a) —2,0,1 (b) [—3 1} 15. (a) +[ +./5 (b) [ } [ 3 [5]

2 2’

17.(a) 1 (b) (-1,0) U (1,©) (c) (-0, —1)U (0, 1]
19.(a)-1,2 (b)) [-1,0)uU[2,0) (c)(-,-1]w(0,2] 21. No unique answer
23. No unique answer 25. No unique answer 27. No unique answer

1.4 TRIGONOMETRY (PAGE 38)

1.2 3.1 5. 20 7. 21 9. 45° 11. =30° 13. 90° 15. 210°
6 3 3 6

17. 1 19.0 21. -1 23.0 25. L 27. -3 29. 31.

2
V2 J3

33. tanx  35.1 37. %tanzx 39.2 41. secx + tanx

1
J3

2.
1.

LIMITS: AN INTUITIVE INTRODUCTION (PAGE 51)

1
2 10 ) 1 2
3 3.2 5. 7 7. Does Not Exist 9. 5 11.0 13. 3

15. -2

17. % 19. Does Not Exist 21. % 23. —% 25. 3x2 27.0 29.0

31. xli_r)n2f (x) = 4 Removable discontinuity 33. Jump discontinuity

35. lim f(x) = 5 Removable discontinuity 37. Jump discontinuity
x—3

39. No unique answer 41. No unique answer
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2.2 THE DEFINITION OF A LIMIT (PAGE 61)

1. 3.1 5../5-2 7. (Largest) 0 = 9. (Largest) 0 = ¢

\O N RUS]

€
5
11. (Largest) 6 = 2¢ 13. (One possible answer) 6 = min(l, g)

15. (One possible answer) 6 = min(l, %) 17. Let € >0 be given. If & = 1 (or any positive
number): 0< |x—c|<8=|f(x)-d| = |d—d| = 0<¢

19. lim 3x2 = 31limx?2 = 3limxlimx =3-2-2 = 12

x—2 x—>2 x—>2 x—>2

21, lim (2x+ 1) = [ lim 2x+ 1)]? = [2 lim x+ lim 1]3 = [2(=2)+1]? = -27
x—>-2 -2

xX—=>-2 x—=>-2 x—=

23. lim (x* —25)3 = [lim (x3-25)]% = [(limx)3 - lim 2513 = [27-25]3 = 8
x—3 x—3 x—>3

x—>3
25. Any a, b = —% 27. No unique answer 29. No unique answer
31. Suppose that L # M. Let ¢ = |—L—_ZM > 0. Choose 8, >0 and &, > 0 such that:

O<|x—c|l<d, = [flx)-Ll<eand 0<|x—c|<d,=[flx)-M|<e
For & = min(d,, 5,) we have:

O<|x—c|<d=|L-M| = |[L-M+ f(x)—f(x)|

Tiangle Inequality: < If((x) _M)| + If(x) —Ll<e+e = 2|L ;A/[I = L _ZM

A contradiction, since |L — M|

L — M|
Ee=s

33. We first show that lim 11 :

x—)cg(x) M

For given £ > 0 we are to find 6 > 0 suchthat0<|x—c|<8:‘%—iM‘ = Mg <.
g(x

Mg(x)

Since lim g(x) = M, there exist 8, > 0 such that:

I
2
= M = M- g(x) + g < [M—g()] + [g0x)| < 2L+ g
M 12
R R PTe
1 1 12 2

0<lx—c|l<d;,=lg(x)-M| <
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Since lim g(x) = M, there exist 8, > 0 such that:

X—>cC

0<|x—c|l<d,=l|g(x)—M| <A%28

Let 8 = min(3,, 8,). Then, for 0 < |x—¢| <3:

‘L—A%‘:M_g(x)<l'%28:8
g(x) Mg(x) | M?* 2
Applying Theorem 2.3(c) we then have:
. . . 1 L
hmf(—x)z lim . 11mH=L.—-:_
x—>cg(x) [x—>cf(X)] —>cg(x M M

35.If lim f(x) = f(c) and lim g(x) = g(c) # 0, then, by Theorem 2.3(d):
X—>cC X —>cC

lim f(x)
S - xoe — _flo) (L
e limg(x)  g(c) @(6)

37. A consequence of the fact that:

f(x) -0l <e = [flx) <e = [0l <e = [[f(x) -0 <e

39. A consequence of Exercise 38 and Theorem 2.4(d).

3.1 TANGENT LINES AND THE DERIVATIVE (PAGE 75)

.16 3.-1 50 7.1 9. i 13.1 15 6x
2.7 3
1 1 —x2+1
17. —4x+1 19. — 21. 23, ——— 25. - 2x-1
(x+1)2 2./x+3 (x2+1)?
1 ! ! !
27— 29.y = 4x -1 31. ' (2)= 1, f'(4) = f'(7) = 0
PTEIEE y f(2) f(4) =77
33.(a) No limit at 3 and 4 (b) Not continuous at 1, 2, 3, and 4
(c) Not differentiable at 1, 2, 3, and 4. 3S. L A A S A LLF
of LT
37. No unique answer  39. No unique answer | I B
W*I* [ .
a1, po fRER ) o~
m p 1 23 456 7 8
2l
lim G -f2)_ 4
/] 2 h— 0t h
43. po SR A
) h—0-
¥ lim A+ _
1 h—0* h
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3.2 DIFFERENTIATION FORMULAS (PAGE 86)

1. 15x4 + 12x2 3,212+ 10x—4- 2 5. Tx6tdx+ L2 733246y
X x2 X3
2 _

g, L g 32 A1 ya 0 230X s g6t 1245 4+ 254 + 2453 + 9x2 4 2

2./x (x +4)2 (3x2+1)2
17— L 19. 154 21.96 23.8 25. 3 273 29.13

Jx(fx-1)? 2

17 7 _ s s (_l ﬂ) ( l)

3.+ 3. 35y = Sx—4 37y = —5x—8 3. (2.5 (15

41. (—l 3—7) (2,-1) 43. The equation 3x2+2x = —4: 3x2+2x+4 = 0 has no solution.

45. Slope of tangent line at x = c: L Equation of tangent line at x = ¢ with b = —4:
24c

y = —x 4 . Since the point (¢, /c +2) on the curve must also be a point on the tangent

2.Jc

line, we have JE +2 = Lc — 4. But this equation has no solution:

2.4Jc

Je+2 = e am Jera=Lan o= 6
2.Jc 2 No!

47.(-3,-3) 49.p(x) = 3x2+5x-12 51.p(x) = 3x3-2x2-2x+1 53.y = —%x-iri‘;
fx+h)  fx)
ss. [L0] = i EUTD) £G) iy 2Ot )gte oh)
g(x) h—0 h h—0  hlg(x)g(x+h)]

— im &fx*h) — g(x)f(x) + g()AX) —Ax)g(x + h)
h—0 hlg(x)g(x+ h)]

— i R+ - )] ) [gx + h) —g(¥)]
h—0 hlg(x)g(x+h)]

R B At )~ f()] [g(x+ ) —g(x)]
hlfo[gu)g(wh)][g(” im ==—, ~f) lim p }

_ g0 () - fin)g' (x)
— )]2[g( 0 ()= flog (0] = SR

57. (fgh)'(x) = (F)eg()]h(x))" = [fx)g(x)]h'(x) + h(x)[[x)g(x)]'
= [(x)g(x)]h'(x) + h(x)[f(x)g' (x) + g(x)f"(x)]
= f()g(x)h'(x) + f(x)g' (x)h(x) +f (x)g(x)h(x)
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59. Let P(n) be the proposition that the sum of the first n integers equals w .

I. Since the sum of the first integeris 1 , P(1) is true.

II. Assume P(k) istrue;thatis: 1+2+3+---+k = ﬂ%)

III. We show that P(k+ 1) = (—lij—llz(—k—t—z—) , thereby completing the proof:

(A+2+3+ - +k)+(k+1) = ’ﬁ—l";l +(k+1) = (k2+k);2(k“)

_ P +3k+2 _ (k+1)(k+2)
2 2

61. Let P(n) be the proposition that if the functions f}, f,, ..., f,, are differentiable, then so is
their sum, and that [f;(x) +f,(x) + ... +f,(x)]" = fi'(x) ' (x) + ... + 1, (%)
I. Theorem 3.2(d) assures us that the proposition is true for n = 2.

II. Assume P(k) is true: [f(x) +fo(x) + ... +f,(x)]" = fi' () + 5/ (x) + ... + £/ (x)
II1. We show that P(k + 1), thereby completing the proof:
where A(x) = fi(x) +f5(x) + ...+ fi(x)
1) +(x0) + o+ () + e 1 (0] [h?X) 1 (0]
byl = () +fisy ()
1) + (0 + o /T + 1y (1)
by I = f)'(0)+f5' () + ..+ (D) + /iy (%)

63. Let P(n) be the proposition that the nth derivative of x" is n!, for any positive integer Inte-
ger n.

I. P(1) is the proposition that the derivative of x is 1, which follows from Theorem 3.2(b).

k
II. Assume that P(k) is true: i.e. dd—k(xk) = k!
x

k+1
III. We show P(k+ 1) is true: i.e. (xk+*1y = (k+1)!
dxk+1
gkl 4~ 4k dF
dxkﬂ(xk“) = a—k(xk“)' = a;{[(kJrl)xk] : (k+ 1)@0&) (k+ D)k = (k+1)!

=l

Theorem 3.2(c)
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3.3 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS AND THE CHAIN RULE (PAGE 100

3x2+2 3x+6
BN T2(x+1)32

. 2 .3
2sinxcos x + sin”x

1 15(x2+3x—10)42x+3) 3 7. 4xcos(2x2 + 1)

9. —sinxcos(cosx) 11. —xcosxsin(sinx) + cos(sinx) 13 >
cos x

15. (2x + 1)cos(x% +x — l)secz[sin()c2 +x-1)] 17. J/sec(2x + 3)tan(2x + 3)

2 . . 2
19. —2cos(cos x)cosxsinx 21. 4xsinx2cot(cosx?)csc”(cos x2)

2

23. gxsinxz co‘[(cosxz)[csc(cosxz)]3 25.-9 27. 6x+1

o 1)2 29.4 31.2 33.18
xc+x+

2
T 42, 1) 4.y =Ly mit2

i 45.
6 T 4 5.0

35.y = —-20x-36 37.y =1 39. g
47.Forx>0:-1< sinl <1 :—xstinl <x. It follows that lim xsinl =0.
X X x— 0+ X

Forx<0:-1< sinl <1 :—xkxsinl > x. It follows that lim xsinl =0.
X X x—0- X

49.For any x#1: —1<sin <l=—-(x-1)2<(x—1)%sin 100 (x— 1)%. Noting
(x—1) x-1)
that lim [-(x—1)2] = lim (x—1)%? = 0, we apply the Pinching Theorem and conclude
x—>1 x—>1
that Tim [(x— 1)2sinﬂJ =0
x—1 (x - 1)
7 r\ 1
5.3 53.3 55. 3 57.4 59. 1 61.0 63. (1+ E)

65. (hogof)'(x) = [(hog)of1'(x) = (hog)'[f(x)] - f(x) = h'(g[Ax)])g'[f(x)] - f(x)
= h'[(g°NH¥)] - g' ()] f(x)

3.4 IMPLICIT DIFFERENTIATION (PAGE 108

-1 G oD
I\\m:_L — <~ m:—L
1. 3 | b 5 A’\: A
| _ m:L 4‘/ m—ﬁ

‘s " -9

G ’
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A3 @wh _mT
7. — | 9.y = -2x+4 1.y =4x-8 13.y = -x+6
| |
/’ﬁ:% TS =4 m:—l
T (-4.-43) “G-B T B
3n-2  3nm 4 n2
Ly =-2x+2 1Ty = —4x+9 19.y = +28 21y = = S
15. y 2x+2 17.y 4x+9 19.y 7 X > 21.y = x 23.y 2_ﬂx —
2
25.(0,2) 27y = -2y l3 g9 ¥ H2¥3 4y Y
300 30 2xy—x2+2 2x2y +4xy +2y —x2—x
39,4
33. L 35.2 37,4 39, B 2X 4. X
yZcosy +2ysiny — 1 64 P2 9x2
43. Finding the points of intersection of xy = 2 and x2—32 = 3:xy = 2=y = z
x

45.

Substituting in x2 —y% = 3:
2
xz—()%) =3=2x*-3x2=4=0=>(x2-4HH2+1)-0=>x = +2
When x = 2,y = 1 and when x = -2, y = —1. Points of intersection: (2, 1), (-2,—-1).
Differentiating xy = 2 and x2—y2 = 3 we have:

xy'+y=0=y" = —i—: and 2x—2yy’ = 0=y’ =<

<

It follows that the slopes of the tangent lines at the points (2, 1), (=2, —1) are negative recip-
rocals of each other.

Finding the points of intersection of x2 +y2 = 4 and 2x +3y = 0:
2x+3y = 0=y = —%x. Substituting in x2 +y2 = 4:
2
X2+(—Z ) = 4:>£x2 =4=>x = ii
3 9 J13
6 2 6 4 6 2 6 4
When x = —, y = - — = — andwhenx=——,y=——(— )Z—.
J13 3 /13 13 J13 3\ 3 13
. . . 6 4 6 4
Points of intersection: ( , — ), ( , )
J130 13N 13 /13
Differentiating x2 +3y2 = 4 and 2x +3y = 0 we have:
2x+2yy" = 0=y' = X and 2+3y'=0=>y" = —%
Y

6
g —@ = % which is the negative reciprocal of —%.
v _4

= % which is again the negative reciprocal of —% .
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47. Differentiating both sides of the equation (x—x,)%+(y—y,)? =r> we have

2(x—=x0) t2(y—yo)y' = 0=y" = - 0, So, the slope of the tangent line to any point

Y—=JYo
(x,y) on the circle is m = —; :;0 . Moreover, the slope of the line passing through the center
of the circle (x,, y,) and a point 0(x y) on the circle (the direction of the radius) is given by
p i iz Since m, = —% the tangent line is perpendicular to the radius.

3.5 RELATED RATES (PAGE 115)
3 2 3 3 2 3
1. (a) 75002 () 600 () 12002 3. (a) —10,000n  (b) —4007 % () —1600m
min min min min min min

. 2 2 .
5. 4on—ft— 7. (a) 12n£[— o 2L 9 .-10 o g3 ()él‘l— (b) 3=
min sec T sec sec min min
. . 2 .
radians 1 radians 3 in’ 3in~ 1 radians
©0 min 15. "9 sec 17.(a )___ ®)3 2min " 12 min
dv _ Hdr dr _
21. We are told that i = —kS for some positive number k. So: 47r— i —k4mr? ;I—t = —k
2 ft 1 ft 8 ft dr _ 4 ft
23.-@ Tin ® Zmin () n1/3(420)2/3min and ©1/3(420)2/3min
1 Ibfin.” 657,5000 ft 962,500 ft
25, —— 27.(a) ———=272— (b)) —=—~=320—
160 min /5,822,500 min 9,062,500 min
o
200 ) ft 5 ft
e +3— —_— . i
29. (a )( n+3 (b )2 31. (a) smin (b )2mln

4.1 THE MEAN VALUE THEOREM (PAGE 129)

1.c =0 3.¢c = — 5.¢ = — T.c = 9.c=—l+ﬁ

1 >

2 3 4

11. f(x) = lz is not defined throughout the interval [-2, 2].
X

13. (a) (b) No: not differentiable at 2. (c) No

2
15.If there exist a <x, <x,<b with f(x,) = f(x,) = 0, then, by Rolle’s Theorem there exists
x; <c<x, such that f(c) =



17.

19.

21.

23.

25.

27.

29.
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Let f(x) = x3 4+ 6x2+ 15x—23. Since f(—1) <0 and f(2) > 0, by the Intermediate Value The-
orem we know that there exists —1 < ¢ <2 such that f{c) = 0 (c is a solution of the equation
x3+6x2+15x—23 = 0). Assume, now, that there are two solutions a and b with a < b (we
will arrive at a contradiction). Since fis differentiable everywhere and since f(a) = f(b) = 0
there must exist c € (a,b) such that f'(¢c) = 0 (Rolle’s Theorem). However:
f'(x) = 3x2+ 12x + 15 is never 0, since the discriminant of 3x% + 12x + 15 is negative.

Let f(x) = 2x—1—sinx. Since f(0)<0 and f(2) > 0, by the Intermediate Vale Theorem we
know that there exists 0 <c<2 such that f(c) = 0 (c is a solution of the equation
2x—1—sinx = 0).

Assume, now, that there are two solutions @ and b with a < b (we will arrive at a contradiction).
Since f is differentiable everywhere and since f(a) = f(b) = 0 there must exist ¢ € (a, b)
such that f'(¢) = 0 (Rolle’s Theorem). However:  f'(x) = 2 — cosx is never 0, since
|cosx <1 for all x.

Assume that x* + 50x2 — 300 has three solutions x,, x,, x; with x; <x, <x; (we will arrive ata

contradiction). Consider the function f{x) = x*+ 50x%—300.
Since f(x;) = f(x,) = f(x3) = 0 we can apply Rolle’s Theorem twice to arrive at ¢, ¢, with

x|, <c <X, X,<cC,<xy,suchthat f(c;) = f(c,) = 0.
But f'(x) = 4x3+ 100x = x(4x%+100) = 0 has but one solution; namely: x = 0

If a = b then surely |sinb — sina| < |b — a| ; indeed both sinb — sina and b — a are 0. Assume,
therefore that a < b. Applying the Mean Value Theorem to the function f{x) = sinx we con-

clude that there exists a <c < b such that f'(¢) = M; or: cosc = w Tak-

b—a —-a
ing the absolute value of both sides brings us to [cosd = Slnﬁjﬂ . Noting that |cosx < 1
—a
for all x, and that |SiNb—sinal Isinb — sina| we have: 12> |sinb — sina| )
b—a |b—al b~ al

|sinb — sinal <|b —al .

Let s,(¢) and s,(¢) denote the distances of runner 1 and runner 2 from the starting line t sec-
onds after the start of the race, and suppose the finish line is reached at time #,. Consider the
function S(t) = s,(¢) —s,(t). Since S(0) = S(t,) = 0 there must be a 0 <¢,<¢, such that
S'(¢,) = 0, or that s,'(z,) —s,'(¢,) = 0. The desired conclusion now follows from the fact
that the derivative of displacement with respect to time is velocity.

The Mean Value Theorem tells wus that there exists 0<c¢<2 for which

f'(c) = f(22) —fO(O) = f(2)2_6. The condition that f"(x)>1 for 0<x<2 leads us to the

inequality: ]_”(_2_)5:_§ >1;o0r f(2)=8.

Consider the function 4(x) = f(x)— g(x). Being the difference of two differentiable functions,
h is differentiable on [a, b]. Since h(a) = h(b) = 0, there exists ¢ € (a, b) such that
h'(c) = f'(c)—g'(c) = 0 (Rolle’s Theorem); which is to say: /'(c) = g'(¢).
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4.2 GRAPHING FUNCTIONS (PAGE 146)

y 32 g
(55
eIV 5
1. /4\ A 3. /7‘ X 5.
\\-// /(z 19)
(_Z _H) 3’27
4 8
7 Y
j| K
7. 9.-——|Tl ————— 11. - . _ o . T— .
N 3 : 1
A (-2,-4) ’ 2

25.

(2,6 - 21/3)

X

15.

|
—_

jurod uonOd[FUL

A

—

(-232,4.2)
N

AR

63/2

,?23/29 _4/\/5)

X
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X 31. | (—2+.3,4+2.03)
(—2-.3,4-2.3)
y

N
\©
|
N1~
|
I
g
(98]
N—
NI

.

33. Absolute Minimum at —1, Absolute Maximum at 0.

35. Absolute Minimum at -3, Absolute Maximum at 3.
37. Absolute Minimum at 2, Absolute Maximum at 3.
39 through 50: No unique answers. 51. 5 weeks
-1 _G@rDE-D _ &+l for x # 1, the function has a removable discon-
2+x-2 +t2)(x-1) (x+2)

tinuity at 1. Since the denominator is 0 at —2 and the numerator is not, a vertical asymptote
occurs at that point.

53. Since

55. (a) The derivative of a cubic polynomial is a quadratic polynomial which cannot have more
than two zeros.

(b) No unique answer.
(c) Suppose that f(x) = ax3 + bx? + cx +d assumes a (local) minimum at x, and at x, , with

xq <x,. It follows that the SIGN of f'(x) must be positive immediately to the right of both

points, and negative immediately to their left: — % + _x2+ . But for this to happen, there

must be a sign change between x, and at x, ; which is to say, an additional zero x; of f'(x)

with x; <x; <x,. This is not possible since f'(x) = 3ax?+2bx + ¢ can have at most two
ZEros.

57. (a) The second derivative f'(x) = (ax3+bx?+cx+d)" = (3ax2+2bx+c)' = 6ax+2b

has but one zero: x = —?,i . Concavity will change about that point. (b) No unique answer.
a

4.3 OPTIMIZATION (PAGE 160)

1. 200 units 3. P hours 5. minimum: 475b_act63r1a , maximum: 875 b_actesna
3 cm cm
7.x = %a 9.x = 10 11. $725 13.1 15. % 17. 4in?

19. 36 inches wide by 48 inches high.  21. 64 in. by 128 in. by 96 in.

23. 150 ft by 100 ft, with the inner fence parallel to the 100 ft side.

25.338 milesnorth of A, 27.One hourand 32 minutes. 29, 27 = —C—ft h = —>_f
4+ 4+
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31. 4 machines. 33. The strongest beam of depth d and width w is realized when d = 2w .
35. The perimeter P = 2/+ 2w of a rectangle of length / and width w, subject to the condition

that / x w = 4, is to be minimized. From the given condition we have [ = 4, and therefore

w
P = 24 +2w. Setting the derivative of P to zero and solving we have:
w
QAW +2w) = 24w2+2 = 0wl =Ad=w=J4d . Then: I =4 = 4L = /1.
w4
37. A \x;wL y? =r> We want to maximize 4 = 4xy (note that xy is the area of the rectangle
(x,»)

lying in the first quadrant). From x% +y2 = r2 we have: y = Jr?2—x2; or
~ A = 4xJr? —x2.

To simplify calculations we find x for which 42 = 16x2(r2 —x2) = 16(r2x2 —x*) is greatest:

P

[16(72x2 —x*)]" = 0= 16[2r2x —4x3] = 0=>x = Qorx = ié

Since x has to be a positive number (x = 0 would yield a minimum area), we conclude that

2
maximum area occurs when x = -, and that, consequently: y = [r2— (L) =L,
V2 S22
39. 0.43 41. 0.75 43. 9.3 miles from plant A.

5.1 THE INDEFINITE INTEGRAL (PAGE 175)

5
L. 3x+C 3. 30+ x5+ C 5. 243 4 ¢ 7.3+ 4 1 ¢
25 4x4 5 3x3 2x*
4 3 4 2
0. S, X X ple 1ol o s loy, 11406
2 3 4 2 6 2x 10x3 2 X 2x2
17. Ex +C 19. = +§x —2x<+C 21. Bx +5 +C 23. secx — tanx + C
25, sccx—tanx +x+ C 27, flx) = 3 X2+ 5x —153 29, f(x) = x3+§ 2 ;
_ 14 5, 3 5 .15 3 1, L
31. f(x) = R —2x+1 33.f(x) = —;_2_xz+? 35. f(x) = x + 3 ~3x 6
5 14 ft 225
3252 4 - __|__ ikl ce-
37. flx) = x X7 a3 43. f(x) = 3 45 320[2sec 47 =t
. 1 1 1
49. (a) e — (b)Right: > —sleft: 0<t<— (c)t>—
2.3 0 J3 J3 J3
IRatr = 1/.3 [ 1936
(d) +120m 51, —ft
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— 162 +vyt = h

Vg : : , 162 —vyt+h =0
53. (a) @ft (b) Time when object reached a height 4:
Vot ./ voz— 64h

32

l‘:

Velocity at height # when object is going up:

— Jv2-eah - Jv@-6an
v[v—o 0 ] - —32[v—° 0 on = v 64h

32 32 N

Velocity at height 4 when object is coming down:

+ v 64n + Jv2-64h
v[w} - —32[w] tvy = — Jvi— 64h

32 32

5.2 THE DEFINITE INTEGRAL (PAGE 186)

35 27 4./2-2 46
1.3 3.6 5. = 7.4 9. 4 11 % 13. 25 15. 2
17.1+-L 19.2-.2 21.0 23.% 25, 422 27. 2
5 4 3 2
29. (a) $6,381 (b) $2,765 31. 200 days 33. The $3,000 machine 35.27
37.6 39,0 41. Sxr+1 43. i“f“l 45. X2+ x
X

47. H(x) = T[g(x)] where T(x) = jxf(t)dt- So: H'(x) = T'[g(x)]g'(x) =flg(x)]-g"(x).

49. 2./48x4 + 1 51. Czosx — 42x 53. 2x5 — 10x3 55. xcosx + sinx
sinx+1 x*t1

2
57. 4x2sec”x2 + 2tanx?

2
59. ] (1x)=g()dx

-1 1+

+= 2
= lim | [ (AN —g@lde+ [ ) —gldet [ ) —g()]dx

n— o

1+

- 1
= lim o+j ;’D’(x)—g(x)]derO}
1—-=

[(1+3)-(1-3)

}<limg=0

n— ohn

< lim {maxlf(x) —g(x)|

]
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5.3 THE SUBSTITUTION METHOD (PAGE 194)

16 2 16 [z.2
1.M+C 3._—1+C 5.(X+—5)+C 7.M+C
16 28(2x —5)!4 32 5

2
9. l(3)@ 1 Vic 1. Ltan?x+ ¢ 13, 3" F3xFl, o
2 (x2-3 2 3(x+1)3

15. %(x—3)5/2+13—4(x—3)3/2+22(x—3)1/2+C 17. % 19. %(ﬁo—ﬁ)

1 1

4 2
L . .- . — + .= —
21— 23.0 25. 5 27 15([2 1) 29 9(11A/11 27)

5.4 AREA AND VOLUME (PAGE 205)

1 9 9 4 7
1.9 3. i 5. 5 7. : 9. 3 11. 16 13.2 15. : 17. 3
51 2 4+ .2 26m 2871 n
) .= .= . . L == L == . —
19.1 21 n 23 3 25 3 27. -1+ .2 29 3 31 T 33 e
4 3 27 5127 T 727 64w
35. 87 37. S 39. 5 41. 1 43. 3 45. : 47. B
T ok 3 T T 32n l6m
49. 167 51. 5 6(96 13) 53. 3 55. 3 57. = 59, 5 61. 1
35m 2121 1, 16 , 4
63. 87 65. = 67. T 69. 31 h 71. 3 73. 3

5.5 ADDITIONAL APPLICATIONS (PAGE 214

b) 9 1 VA
1.] J1+ 4x2dx; 24.40 3.j 1+ dx: 5.35 s.j J36x2 +48x + 17dx; 27.27
1 4 2x-5 )

8 59 3 a b2x2
L — — L= L= . =z
7. 5 (19419 - 1) 9. 3 1. 3 13 4jM/1 a2(a2—x2)dx

15. The unit circle has perimeter 2n. The graph of the function f(x) = /1 —x2 over the interval
[-1,1] is the wupper half of the wunit circle xZ+y%2 =1. It follows,

1 2 . 1 1
that: «/1 +[(J1-x%)']"dx = m. The claim that
.[71 J.fl /1 )
observation that:

— w12 _ 1 o 2 _ x2 1
J1+ (1 —x2)] «/H[z—ﬁ——ﬂ (2x)} J1+

dx = 1 now follows from the
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25 25 3 103
17. (a) ZJ (b) RJ (c) 80 cm 19. Efeet 21. =y m 23.3W
25. (a) 15,552 ft-lbs (b) 36,288n ft-lbs (c) 2,963.45n ft-1bs
27. %ft-lb 29,1400 fi-lb 31, % = —% 33. % pounds 35 %ft 37.(-1,3)
34 _&2_) (é i) (1 Z) (§ )
39. (5 % N2 5 43.(3:3 45. (3.2 47. 22w b
49. (27+18.3)wlb 51.576w Ib 53.28,912 1b
6.1 THE NATURAL LOGARITHMIC FUNCTION (PAGE 229)
1. 3x%lnx + x2 3. 2+ 2Inx 5. Inxcosx + 30X 7. —tanx 9, Ylnxcosx — sinx
x x(Inx)?
2 2 _
IRt G ) R Rl R (= SR T I R JR
x*+1 2.JxInx X x? x(Inx)
1 + (Inx)? 6x+1 1+ 6Inx 3 ’ 1
23, ——) 25. 1 +54x2 4+ 12x + 1 e
3 PTRISE 5. (a) S (b) — (c) 108x3 + 54x x (d) 9—
27.y = 2x-2 29.y =0 31. (e, 1) 33. %ln|x3+2| +C 35. %ln|lnx| +C
2 2
37. sin(Inx) + C  39. —2In|csc /x| + C 41 %mz 43. w +2 45— %(ml) + %
X
! Y
J | T 1 +e2 eS—6 9
47. | N 49. 51. T 53. In= 55.e
j |75 2 5 2
|
57. Since (Inx")" = lr crx™=1 =L and (rlnx)’ = r- L_r , the two functions can differ only
X X X X

by a constant (Theorem 5.1): Inx” = rlnx + C. Evaluating this equation at x = 1:
Inl=rnl+C=0=0+C=C = 0= Inx" = rinx

6.2 THE NATURAL EXPONENTIAL FUNCTION (PAGE 239)

_ 2x
1.2¢2*  3.x2e%(x+3) 5.2¢%(e*— 1) 7. (—2—’32—12)—6— 9. 5(x +e¥)*(1 +e¥)
X

. 22 2

1. 10x(x2+e2)* 13, cosxes™ 15, e¥(sinx? + 2xcosx?) 17, 2X(EC e tanx”)
e
x2 _ oy
19, X1+ e”) Moeerr 23, Y2EZE) s (42 27. -1 1)
x2+e* xye¥ + 1 x2
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29.

33.

41. -
S1.
55S.

57.

65.

69.

73.

75.

—e2%(5cos3x + 125in3x) 31 (a) (6x+ 1)e3 4% (b) eX(6e* + 1)
(c) 108x3 +54x2+ 12x+1 (d) e® ™
1 3
y = detx—Te*  35.y = e™2x + e"/z(l —g) 37. G, e4) 39. % +C
L
el/x + c 43.x—e*+C 45 sine*+C  47.Inle*—eM+C  49.¢V2-1
3 53. —etyx,3
flx) = fer+3 flx) = o +143
(de X+Bxe_x)” = (-Ade™+Be*-Bxe™) = Ae ¥ —~Be™ + Bxe ¥ —Be* = Ae™ + Bxe™ - 2Be*

and 2(4de X+ Bxe ™)' = 2(—Ae*+Be X —Bxe™¥) = —24e ¥+ 2Be X —2Bxe™
So: (de™+ Bxe™)" +2(Ade™* + Bxe ™)' + (de ™™ + Bxe™)

= Ae ™+ Bxe*—2Be*~24e*+2Be ¥ —2Bxe ¥+ Ae X+ Bxe™ = ()

/V T geé) lé(eyz’zjm)
61 T 9

2,3 59. . 63. =
=l I 8
e2+1 f(x) = e = f(x) = 2xe™* : }2/1/22/@4 x ”‘(ﬁ -

T 0: in\ﬂection pOi;ltS
2 f (x) = —2e(1+ J2x)(1 - fzx) A= 2vev o g = 20222
eX
Then: 4" = O atx = i%
$8,187.31 71. (a) 6.91 billion (b) 2030
Since In(e?)? = blne? = ba and Ine? = ab, and since the natural logarithmic function is

one-to-one: (e9)? = el

For g(x) = e*¥f(x): g'(x) = e*f'(x) —e*f(x) = 0. Applying Theorem 4.3(c), page 124,

we have: e™f(x) = ¢ for some constant ¢, or: f(x) = £ = cer.
e*x

6.3 a* AND 198X (PAGE 247)

1. 2In5 - 5%¢ 3. x23%(xIn3 + 3) 5.

22x+1[(2In2)In16 — 1] 7. 55X cosxIns

xZ
9. 5%(2xcosx? + In5sinx?) 11, L= (n3)xInx 13. 2x(L " 1n210g2x)
x3* xIn2
5. —L 47— e 3vtmiy 2124
In2 - x(log,x) (In2)2xlog,x In25
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51/x 1
+ 25. —
In5 ¢ S In2

27. Turning to the formula 4(¢) = Aye*’(*) of Theorem 6.8, page 236, we substitute H for ¢ to

23. -

arrive at: 5 = Ayet, or: et = 3 Applying the natural logarithmic functions to both sides

we have: kH = ln(%) ,or: k = _1r172 Substituting in (*):

ln2 t
A(t)—AOe N —A(elnz)H—AZH

log x
29.29.3 days 31. 5% =y = log,,b'°8* = log, x = (log, x)(log,,b) = log,x=> log,x = 1 gab
og,
33.(a) 1073 Watts/m” (b) 10 Watts/m” (c)10-1 Watts/m”
35. 10,000 37. 251 times more intense. 39.8.2
6.4 INVERSE TRIGONOMETRIC FUNCTIONS (PAGE 256)
1 2x 2x
1. [—, e] 3. (—o0, ) 5. [-1,1] 7. 9. —
€ J1—x4 ﬂ
: 2x _ 2Vtan
11, S0 _ 13, —2 15, —2¢ 17, iUt )@n
1 +cos'x Je2x -1 N1 — e x7(1+x7)
1 1 2x
19. 2], —mM8M8M8 — 23. — 25.y = x
(1 +4x2)A/tan*12x e+ 1 2x + 1 | (2 + 1) /32 +2
.- 1 2x . -1
27.y = + 5 “/— 29. sin I(J—C) +C 31. =sin ( ) +C 33.sin (e¥)+C
ﬁ 3 2 V3
35 Infsin A+ ¢ 37 2tn ' x+C 39, ltan (Smx) rc 4L gl
3 3 12 3
2
45. ;E—z 47. f(x) = Etan (ﬁx) + 1—{? 49, étan_l9 51. 83_0 radian/sec
53. tan(tanflx) =x= [tan(tanflx)]’ = 1= secz(tanflx) : (tanflx)' =
= (tanflx)’ = ! = !
2, -1 2
sec”(tan x) T 1 +[tan(tan x)]

1
1+ x2

. 2 2 _
since sec’x = 1 +tan"x =
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55. sec(secflx) =x= [sec(secflx)]’ = 1= sec(secflx) : tan(secflx) : (secflx)’ =1
1

sec(secflx) . tan(secflx)

T

= (secflx)’ =

1
= —tan(sec x

2
since 1 +tan"x = sec

57. (a) Let a be the positive square root of a2. Then:

ax —J‘ :J du — sin 'u+C = sin T+ C
Ja? —x? 2[1_(0) } [1_(;) J T N1 —u?
w="%du= &
a a
(b) sin )—C L !
/1 a [2 2
59. (a) Let a be the positive square root of a2. Then:
'[ = '[ dx Ll dw 1o i - ltan_l(erb) +C
>t (x+ by’ a? 1+(’Lb)2 T“ 1+u?> a a a
5]
u = b du = 2
a’ a
(b) [ltanl()ib)J 1 1 2.(X+b) = iz ! 5 = 1 5
¢ ¢ Core(z) e @ | (xrb)? a?+(x+b)
a a?
61, 4124 63. [A=T
- o
7.1 INTEGRATION BY PARTS (PAGE 268)
[ _xt1,~ 5 sin3x—3xcos3x , - g, Sinax—axcosax , ~ = x3(3lnx—1)+c
T . 5 . > e
9 (9x2—6x+2)e3x+c 1 A/1+x2(1+x2—3)+c 3 _x2+2x+2+c
. > . 3 S
2x3/2 1 1 2 2 1 ) 1
15. 17.x{In-+1|+C 19. E(x —c )ln(x+c)—Zx +§cx+C
X

21. %x[cos(lnx) + sin(lnx)] + C 23. sinx[In(sinx) - 1]+ C 25. (x2-7x+7)ex+ C



27.

33.

39.

49.

57.

59.

61
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xtanx — In|secx| — %xz +C 29. sinx — lsin3x +C 31. l[tanlx -

+
; ; Jre

x2+1

%[ln(x2+1)+2x3tan_1x—x2]+C 35, —%sin3xsin2x—%cos3xcos2x+C 37.e-2

L( _1_7) 1o _ T 1y
572 = 41. 7(n-2In2) 43. 5In5—4 45, 2 47. 32 J2)

On 51. n(e—2) 53.2e3+1 ft. 5S. Ix”exdx = x”ex—n_[x””exdx

u = x" dv = e¥dx
du = nx"~ldx y = e
=2

_ n 2
w=gEe X dv = sec xdx

du = (n—2)(sec"72x)secxtanxdx v = tanx

Isecnxdx = J‘(secn - 2x)seczxalx \i (sec” 2x)tanx —(n- 2)J‘(secn - 2x)tanzxabc
tan’x = sec’x—1: = (sec” 2x)tanx —(n—- 2)I(sec”x —sec” 2x)a’x
= (sec" “x)tanx — (n—2)[sec"xdx + (n - 2) [ (sec” “x)dx

Thus: Isecnxdx = (sec"” 2x)tanx —(n— 2)Isecnxdx +(n— 2)I(secn - 2x)abc

Isecnxdx +(n— 2)jsecnxdx = (sec” 2x)tanx +(n— 2)j(secn - 2x)a’x

n n-2 n—2 -2
J‘sec xdy =S¢ xtanx j(secn X)dx
n—1 n—1

u = (Inx)" dv = x"dx
du = n(lnxy =1 dy v = ;:11
\l/ +1 m+h n-1
Ixm(lnx)"dx 2 < (Inx)” —Ix  2(Inx) dx
m+1 m+1 %,
_ xm+ l(lnx)n B

n
—= — ljxm(lnx)”*ldx

u = In(x+ /x2+d?)

du = &

e
In(x + ~/x2 + a?)dx

v = dx
V=X

xIn(x + J/x%+ a?) —J. L __dx w=2+4d
Jx2 + a? dw = 2xdx

1
= xln(x + Jx2+a?) - %Iw 2dw

1
xIn(x+ X2+ a2)— w2+ C = xIn(x + Jx2 +a?) - Jx2+ a2+ C




ANSWERS C-22

. dv = e%*
u = sinbx
du = bcosbxdx v = ée“x b — ol dv = e™dx
63. . \l/ 1 ) b du = —bsinbxdx , = Leax
J.e“x sinbxdx = —e?*sinbx — —J-e“xcosbxdx a
a a

le‘”‘ sinbx — ZZP e cosbx + ]—).[e“x sin bxdx}
a ala a

1 ax qq b ax b2 ax g1
= —e%sinbx — —e**cosbx — ——je sinbxdx
a a? a?

2
Thus: (1 + b—)je“"sinbxdx = eﬁc(sinbx— lzcosbx) +C
a2 a a
ax
= je‘”‘sinbxdx = aze+ bz(asinbx —bcosbx)+C

65. u(v+C)—.[(v+ C)du = uv+uC—J.vdu—deu = uv+uC—J-vdu—Cu = uv—J-vdu

7.2 COMPLETING THE SQUARE AND PARTIAL FRACTIONS (PAGE 278)

1 —1(x+ l) 1 —1(x+3) . —1(x—3) 1 —1(2x+2)
° 5 + .= + . — |+ L +
1 2tan > c 3 4tan ) C S.sin 3 c 17 1 Otan 5 C
9. =2 tan—1(2x+3) +C 11. —A/3+2x—x2+sin_1()£—_—l) +C 13. -~ 15.
J11 J11 2 24
_9)\2
17.llnx;2 +C 19. 1n(_x___2_)_+c 21.11n|(x+1)(x—1)3|— 1 rC
3 0k +1 [x — 1] 4 2x -2
23. ZIn3x—2| + ~Inf2x+ 1|+ C 25. In|x=3)% 4 ¢
21 14 2+ x

2
27. In|(x +4)3(x—3)2 + —— + C 29. h{ X }— Lo L +lpwern+c
x+4 241 2

(x+2)2] 252 X2+
33. %ln(xz +1)—Infx| +tan ' x+C 35. %ln(xz +2)+ In(x2+1)—3tan 'x+C
2 .
Mox+ln|—* |+ 39— _3x+lim@2+y+c 4n linfsiny=2 4 ¢
(x+2)3 2 2 sinx + 3
1, ler—1 —In2 497
43. =In +C 45, —= 47. In(4.41) 49. 3+ /3 - In3 + 22
e+ 1 6 12
51. In4—tan '2+ 2 53. In|2(x—2) 55. éln‘2—1+ln3 57. n(£+llnl—5)
4 1 413 105 8 7
1 _ 4 ,_B _ _ IO IR |
59. G D is x+a:>1 =A(x+a)+B(x—a) = a=x=-a: B 5 % a: A 5
dx I ¢ dx 1 ¢ dx 1 1 15—
= — —— = —Inlx—a|l—-—Inlx+4d|+C = —|X_4| +
J-xZ_aZ ZaIx—a 2a-[x+a 2a nl—dl 2a nletal+C 2a|x + ¢ ¢
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7.3 POWERS OF TRIGONOMETRIC FUNCTIONS AND TRIGONOMETRIC SUBSTITUTION (PAGE 288

1 1 . 1 3 1 3 1. 1 .

Lox— = - .= —= - Lox - + = +

1 2x 4s1n2x C 3 9cos 3x 3cos3x C 5 8x 8s1n4x 6451n8x C

7. Lx—is1n4)c+ism 2x+C 9 ltanzx—lnlseclerC 11 —lcot2x—lcot32x+C
16 64 48 "2 T2 6

13. étan6x + %tan“x +C 15. %tan 5x + %)tan 5x+C 17. xsecx — In|secx + tanx| + C

5
19. lsec X — gsec3x +secx+C 21. lcs<:3x — lcscsx +C 23. lsin2x +C
5 3 3 5 2
2 ) ! 5.2 3In
= 242 24 . s : VIR .
25. S (tanx)” + = (tanx)” + C 27. =2 29.0 ORVCESIE
_ )
35.48./3  37. %(sin ox T2+ C 39.-J9-x2+C 41.——“2255x+c
X
[1v2 _
43.11n|—v4xz+9+3 e 45, 439, ¢ 47.-—* ¢
3 2x 9x A9xZ -1
3
3 -
= 2 2 _
49._2A/2_x2+%(2_x2)2+c 51.—%+C 53. isin l2x+%x41—4x2+c
X
3
55.—%(1—e2x)2+C 57. 2755 1(’%2)+(x22)/21+4x X2+C
59, A/x2+x+l—%ln‘A/x2+x+1+2x+1|+C
61. x2 + 2In(x2 - 4x+8)+—tn (x 2)+C 63.41n(2+ﬁ) 65. In2
2 2 1+ .2
2
5 3n T T
el 21 1.4 L
67 % 69. > 7 73 ) >

y =R+ ur 7x2
75. & _ d 2 N2 B 2 242 X = rsin6
6} 14 2nj0[(R+ Jr2=x?) = (R 2 =x)Ydx “
\ NG n e
—% = ZnIZ [(R+7rcos0)2—(R—rcos0)2]rcos0d0
0

T T
275_[2 (4Rrcos0)rcos0dd = Snerjz c0s”0d0
0
T

= 4nRr2j2(1 +c0s20)d0
0

n/2

= 4nRr? [6+—s1n26|0 } = 2n2Rr?
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n m n—1 m—1 m—1 n—1 .
77. '[tan xsec xdx = Itanxtan Xsecxsec xdx = J‘sec xtan  xsecxtanxdx. Since n

isodd, n—1 iseven,say n—1 = 2k. Then:

n—1
tan" " 'x = tan*'x = (tanzx)k = (seczx— l)k = (seczx— 1) 2
n—1
Consequently: jtannxsecmxdx = Isecm_lx(seczx— 1) 2 secxtanxdx
7.4 A HODGEPODGE OF INTEGRALS (PAGE 296)
1. - 3Injx| +x— Z, C 3.—Inlx2+2x+5|- §tanfl()ir—l-) +x+C 5. —l—tanfl(ﬁx) +C
X 2 2 J3
3
7. — %(_x__er_}_l_) +C 9. sinfl(ex) +C 11. g[sin(ln2x) —cos(In2x)]+C
e
13 ble=1l o 15 Z(r— 5P+ 20)4
.3nm .ls(x—)(x )
61 62 ¢ 16 2x -3
17. - 2x6 - 2x6 _6x6 +3In[LEX 0 2, 4 C 19.sin_1( Al )+C
7 5 1 _xl/6 3
21 52— T—tan ' A2-1+C 23 |2+ 9+a - —X—+C

x2+9

/T ik BTG EY ) —l-tan_l(

9./x2-2x+10 10

1
2x5+2)_|_c h9, _fan x . |x| L C

31. %[secxtanx + In|secx + tanx|] + C 33. 2tanx + 2secx —x + C
1 tanZ
35. sinxcosx — In|sinxcosx + 1| + C 37.=In +C 39. In(J/2+1)
tanZ + 2
2
1 T ﬁn 1 4 T 1
.=In2+ 2 A== . =(3et + . .=(33-

R 455G+ 41F 49.20.3-n)
sLA o) s32—2  ss 2l 514 s0.-0 61, E(3./3-9)

2 5 2 10 9 28 18

63. (a) cos(4—B)—cos(A+B) = (cosAcosB + sindsinB) — (cosAcosB — sindsinB) = 2sin4sinB
(b) sin(4 + B) + sin(4 — B) = (sindcosB + cosAsinB) + (sind cosB — cosAsinB) = 2sin4cosB
(c) cos(4—B)+ cos(A+B) = (cosAcosB + sindsinB) + (cosAcosB — sindsinB) = 2cosAcosB
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8.1 I’HOPITAL’S RULE (PAGE 308)

1. -;- 30 50 7.1 90 1.1 13.0 151 17.4 19 %
1.2 23, % 5.2 27.0 29 Ina—Inb 3L —é 3.2 35.0
3.1 39.0 4.0 431 45.m2 471 49. ¢ 51. L

2 Je

3 1 1
53. © 55. Oand « 57. 5 59. E 61. 6 63.a = +4

65. Using the facts that (e¥)’ = e* and that the n** derivative of x” equals n! (Exercise 64, page

88), we apply L’Hopital’s rule » times to go from lim a to: lim g 0,

x— oo x" x—>on!
8.2 IMPROPER INTEGRALS (PAGE 316)
1.1 3.-1 S. —i 7. g 9. Diverges 11. % 13.0 15. n(1 + ﬁ)
4

17. Diverges 19.6 21. 4n 23. Diverges 25.-10-2° 27.10-23/5
29. tan "2+ In5 - & 31.2 33.-3  35.Diverges 37. 2 39, L

2 2 2 4
41.3(1-22/3) 43.a>-1 45. 3 47.n>-1

0 4
49._[ sinxdx = lim I sinxdx = lim (—cosx)|t1 = lim —[cost—cos0] = lim [—cost+ 1]
0 t—> () t— t— © t— ©
which diverges since the cosine continues to vary from —1 to 1.
0 0
. ) : . 0 . .
.[ sinxdx = lim J‘ sinxdx = lim (—cosx)|, = lim [-cos0—cosf] = lim [~ 1+ cost]
—w t—>—09; {——o I s w t——o

which diverges since the cosine continues to vary from —1 to 1.

t
lim .[ sinxdx = lim (—cosx)|t = lim —[cost— cos(—¢)] = 0, since cost = cos(—t).
t—> 0¥ t— o T 5w

4 T
1.1 .= .2 .=
5 533 55.2n 577

9.1 SEQUENCES (PAGE 330)

2
n w1l : S
1. 7 3.(-1) CP— 5. (a) 1, (b) 50, (c) 5,000, (d) smallest integer > Y
2 . 1
7. (a) 5 (b) 2, (c) 20, (d) smallest integer > 5 9.As n —> o, 10100 — ®

n L. ﬁ
Jn+100 2n 2
13. Convergesto 0 15. Converges to 5 17. Diverges 19. Diverges 21. Converges to 0
23. Diverges 25. Diverges  27. Diverges 29. Converges to 5 31. 1 33.2

11. For n> 100, a, =

, which tends to o« as n — .
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3

1
S.
35

37. 1 39.1 41. lng 43.2 45. Diverges 47. Converges to 0

J2

49. Converges to % 51. Converges to % 53. Increasing ~ 55. Decreasing  57. Decreasing

59. Decreasing 61. Sequence is decreasing and bounded. 65. No unique answer.
1 1
67.a = L = —)—asn—)OO,sincel—>0(asn—>oo).
norn+1 1 r n
r+ -
n

69. For given &>0 choose N such that n>N=l|a,~L|<e. Since |a,~L|>|a,|~|L|:
n>N=|a,|-ILl|<e.

9.2 SERIES (PAGE 342)

4 3
1 — 1 + 15n + 5
Tm 3 3. Z 107 Z 107 5. Z( 1)" Z( 1)" YIS
- n=0 n=1
5 1 5 7 500
7. (a) 1 (b) 1 (c) 1 9. Converges to > 11. Converges to — 99 13. Converges to 3
15. Diverges 17. Diverges 19. Converges to é 21. Converges to —13—0

23. Converges to —% 25. Converges 27. Converges 29. Diverges 31. Diverges

1
33. 10,000 terms 35. 3 terms 37. 108 terms 39.5,=1- 7 sum = 1
n
41.sn=—L+;, sum:—L 43.sn=-3-(1—;), sum=§
In2 In(n+2) In2 2 2n+1 2
o) N N N 0
45.@2) ¥ (a,-b,) = lim ¥ (a,~b,) = lim Fa,-lm 3 b, =Y a,- b,
n=1 n=1 n=1 n=1 n=1 n=1

Theorem 9.2(b), page 322
0

N N
(b) ZCan =Nli_r>nooz ca, T ¢ ]\}inooz a,| = cZan

n=1 n=1
Theorem 9.2(b), page 322

n=1 n=1

47. (a) Suppose that Z(an +b,) converges. By Exercise 45(a), Z [(a,+b,)—a,] = an
would also converge — contradicting a given condition.
(b) No unique answer.

49. 300 ft 51. 32 ft°
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9.3 SERIES OF POSITIVE TERMS (PAGE 354)

1. Diverges 3. Converges 5. Converges 7. Converges 9. Converges

11. Converges 13. Diverges 15. Diverges 17. Diverges 19. Converges

21. Diverges  23. Diverges 25. Diverges 27. Converges 29. Converges

31. Converges 33. Converges 35. Converges 37. Converges 39. Converges
41. Diverges 43. Converges 45. Converges 47. Diverges 49. Diverges

51. Converges  53. Converges 55. Converges 57. Converges

59. If p = 0, then the series is the divergent harmonic series. The series also diverges if p = 1

(Exercise 21). The function f(x) =

is continuous and positive for x > 2. Moreover,

x(Inx)?
, -1
since f'(x) = ()P~ (p + Inx) is negative for x sufficiently large, say for x > N, f is
x2(Inx)2r

decreasing for x > N. Applying the Integral Test we have:

00 t Int In¢
[ =& —tim [ =%~ tim [ wrdu= lim !

N x(Inx)? 1>y x(lnx)? >0y t—>o(1-p)(Inx)? 1|,

_ [ 1 1 }
(>l (1=p)[In(InP~1 (1-p)(InNy-1

1
(1-p)(InNy—1’

If p < 1, the above integral diverges to infinity, and so the series diverges.

If p > 1, the above integral converges to — and so the series converges.

61. Does not violate the Integral Test, since f'is not a decreasing function.
63. True 65. True

9.4 ABSOLUTE AND CONDITIONAL CONVERGENCE (PAGE 362)

1. Conditionally Convergent 3. Conditionally Convergent 5. Absolutely Convergent

7. Conditionally Convergent 9. Absolutely Convergent 11. Absolutely Convergent

13. Absolutely Convergent 15. Divergent 17. Absolutely Convergent 19. Divergent

21. Conditionally Convergent 23. Conditionally Convergent 25. Absolutely Convergent
27. Conditionally Convergent  29. Conditionally Convergent 31. Diverges  33. Divergent

35. If Z‘an| converges, then so must Zan (Theorem 9.20). Consequently, if Zan diverges,
then so must Z|an‘ :

37. (a) Since Y’ |a,| and 3" |b,| so does 3’ |a,|+|b,|; as must »'|a, +b,
|la, +b,|<l|a,| +1b,|- (b)No (¢)No (d)Yes (e)No (f)No

, since

39. (a) Let M be such that |y,| < M. Since |a,y,| < M|a,| , the convergence or Z|an| implies the
convergence of Z |a,y,|- (b) No unique answer.
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9.5 POWER SERIES (PAGE 371)

LR=1,[-1,1) 3.R=2,(-22) 5.R=5,(-5,5 71.R=2,(-6,-2)
9.R=%,(%,§ 1M.R = 1,[-5,-3] 1B.R=1,(-1,1] 15.R=1,[-1,1]
17. 3 (-1, R = 1, (-1, 1) 19. 22 LR = 3,(-3,3)
n=20
( l)nx2n+1 _ B B ﬂ _ _
21. z S R = 3,(3.3) 2.5 Y S R = 5,(-5,5)
n=1
it len x" -1 ( N _1 (_l%)
25,3 (I S R = 1L (LD 27. -y =x R = 5, (5,
n=20 n=20 1
2n l)nx4n+2
20 5" po1,(-11) 31 S EDYT p o (11
z n ( ) Z 2n+1 ( )
3B = 5 X = ) = _ oy ! iy = 5 DX 35 p
= ¥ S S e -y U oo
n=20 n=1 n=1 n=2
xn- 2 B xn
Z(n 2)! Z:n!
Since f(x) = f"(x), (f (x) —f(x) = 0) n=2 n=0
37. lim |cnx”‘”" = lim |c,|""[x] = |x[( lim |c,|!/") = |x|L. By the Root Test, the series
n—> © n— o
Z c,x" converges for |x|L<1:>|x|<%.
n=20
9.6 TAYLOR SERIES (PAGE 384)
1)”+1x” 1
Ly ED X r o 3 S (clyn, R =1 5. % 3men, R = X
Z > (D >3 3
n=1 n=20 n=20

( l)nxn+1 _ ( 1)”1007‘[2" _ B
Z R = 92 P n. R = oo 11'2—1 , R =
(2n) n!

o (_1)n+1(x_g)2n+l o (_l)nﬁ(x_g) " o

R=o0 15 % (G DR € D L
n

13. +
3 Z 2(2n+1)! Z 2(2n)!
n=20 n=20 n=1
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(—1)%2"( 1)2'1 ~ 1 (=D"[1-3-5--(2n—1)] -
03 G ke ey GRS oy, -
n=20 n=1
2n+1
2. 7 L Ro 23 Yyt R=1 28 2( 12)%;'; , R=1
n! "
n=0 n=0
1 (_l)n(x_a)n _ _ (_l)n +1 —
) R = la+b| 29. -1)"x", R =1 31. X" R =
27 a+bz (a+b)" ’ ja+ bl 2( )", z o OO
n= n=0 =0
Y lr-m? G Sy ( ) SYEE
33. Z ) , R = 35, Z T R Z 2k+3,
n=20 n=0 -

39. 7 terms 41. 7 terms

(=Drxdnt2 (=1)rxdn3 11
47. (a) z W DY (2n+1)!(4n+3)+c (¢) and (d) 3 - 75 = 03095

k
49. As suggested, we first show that f—k(x —a)"is(1)0ifn<k,(2) k! it n = k, and
X

3) n(n=1)...[n—k+1](x—a)" % ifn>k:
(1) Every time you differentiate (x — a)" the power of x —a is reduced by 1. So, the nh
derivative is a constant, and higher order derivatives are 0.
(2) (Using Mathematical Induction, page 83)
I.Validatn =k =1:(x—-a) =1 = 1!

m
II. Assume validityatn = k = m: d—(x—a)m = m!
dx™

m+1
I1I. We establish validityatn = k = m+1: (x—a)"tl = (m+1)!:
dxm+l
dm+1 m+1 anrd m+1 dar m
S al = ﬁ[a(x—a) ] = (m+ D)7 (x-a)

Byll:= (m+1)m! = (m+1)!
(3) (Using Mathematical Induction)
LValidatk = 1:[(x—a)"]' = n(x—a)" !

m
II. Assume validity at k = m: 6j—m(x—a)” =nn-1)...(n—-m+1)(x—a)* ™
X

m+ 1

III. We verify that o

S(x—a)" = n(n- )...(n—m)(x—a)r~(m+1):;
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n — n E d n—m
dxm+1(x—a) = Ec[dx—m(x—a) J = Ec[n(n—l)...(n—m-irl)(x—a) ]

nn—1)...(n—m+ 1)%(x_a)nm

=nn-1)...(n—-m+1)(n—-m)(x—a)r-m-1
» k-1 w

And so we have: flx) = 3 ¢,x—a)" = ¥ ¢,(x-a)" ter—a)f+ F e (x—a)”
n=0 n=20

n=k+1
k-1

2f(k)(x) = Lik ¢, (x—a)"+c (x—a)k+ . c (x—a)"
’ xk z n k Z n

n=0 n=rk+1

c, (x a) +c —(x a) + c _k(x a)
Z K Z

n=k+1
= 0 +c k! + Z cn(n—1)...(n—k+1)(x—a)y"*
n=k+1
k)
Evaluating at x = a we have fF)(a) = ¢, k!, or: ¢, _ [ kga)
51. Applying the Ratio Test, we first show that the Binomial series converges for |x| < 1:
r(r—l)---(r—k)xkﬂ ro
e+1| — (k+1)! = |(r=k)x| = x| — |x| as k — oo
a r(r—1)---(r— k+1) k+1 1+l
k! k
We now establish the fact that g(x) = z GD xk = (1 +x)” by showing that the function
n=0

h(x) = (1+x)7g(x) = 1.

Step 1: (1 +x)g’(x) = (1+x)[2r(r_l)“z;§r_k+l) k] = (1+x )zr(’ S

k=0

o0

M 8

Fr-D)erok+ 1), 4 rr=1)e ok + 1), 4
i fxk—1 +x z i kx
k=1 k=1
r(r=1)...(r—=%k), r_4 r(r=1D)..(r=k+1), 4
Z —k! kx + Z i kx
k=1 k=1
lower the index by 1 in the first series B
and add O to the sum in the second series: = Z[I’(V l)k'(%]}k/l) k+ [}"(}" 1) (V k+1)]kk
k=0 =
Z [r(r=1)..(r=k+DI(r—k+k)

A \x/:rg(x)

=~
I
(=}
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Step2: A'(x) = (1 +x)7"g'(x)—(1+x)"""lg(x) = 0 (by Step 1).
Step 3: h(x) = ¢ (by Step 2).
Step 4: h(x) = h(0) = g(0) =

10.1 PARAMETRIZATION OF CURVES (PAGE 403)

Ly=@x-1)¥%x22,y21 3. x2-)2=1,x2>1 So(xt2)? v
y 9 4 y
Yy (_252)
S
-5 - 1
2, 1) ! \N/
(_2’_2)
X
7. y = x2/3 9. y = Jx2+1 11. x = 1-2)2
y y S
1
// 1 /
o (-1, -1)o—7"
2 2
13.y = —x 15.y=—§x+4ﬁ 17.y=€2—x+%

19. Horizontal: ( 16f) Vertical: (0, 0)

21. Horizontal: (£4/2,—1), (£4/2, 1), Vertical: (£2, 0)

23. Horizontal: none , Vertical: none 25. Increasing: ¢ > —%, Concave up: t> 0

27. Increasing: nowhere , Concave up: ¢ <0

29. v y 31. Ng(8,8)
/ / =0 /
N\

(1,4) (1,4)
| * | *

—0< (<0 0<t<ow 1=27(2,-8)

2 271
33.4.2-2 35. 12 37. j J 1+ (625-) {1+ 482t 39, j JAsin’t + cos’tdt
0 0
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10.2 POLAR COORDINATES (PAGE 414)

1L.(20)  3.(3,0) 5(C-LJ53) T.(2-2) o (4[2, %") (—4&, 3{)

1. (1, ’—‘) (—1, 3—“) 13. (2, n 2kn), (—2, Sl 2kn) 15. (8, n 2kn), (—8, L 2kn)
2 2 3 3 6 6

17.r =3 19. r = —cotBcscOd 21.r = —4cosO 23.x2+y2 = 16

SRTONEES S
29. 31. 33.
N -
(™
35. 37. 39,
> =
| -, A
41. 43. Q 45. G
47. /3 49. 1 51. —n 53. Maximum point: (3, 3./3), Minimum point: (3, =3 /3)
2./6 %) 4206 255)
) 9 9/

55. Maximum points: (iT

25.x2+y2-3y =0 27.y=1

, Minimum points: (

57. Maximum points: (

3+ @, 53.60), (# 212.50) ,

4

Min. points: (% 306.40), (# 147.50) 59. (0, 0), (—% 1) 61.(0,0), (i J_r?)

63. r = asin® + bcos® = r2 = arsin® + brcos® = x2+y2 = ay+bx => x> —bx+y%2—ay = 0

b2 a? b2 a? b\? a)? a?+ b2
= x2—bx+—+y2— +_=—+—:>(—) +(_) =
SR R E 2 VT3 4

A
circle centered at (l—), g) of radius %A/az + b2

2



ANSWERS C-33

65. r = sin® From the figure, we see that the circles » = cos and » = sin0 intersect

= . : . . 1
=0 ot the origin and at the point with polar coordinates ( o).

2 4)‘

cos® = sin@=>tan® = 1 =0 = Z=r = cosk = L
4 4 1
, ) .2 2
For 7 = cos0 = f(0): dy _ f(0)sin6 +f(6)0956 _ —sin '6+cos 0 _ c9526 *)
dx  f(0)cosO—f(0)sind —2sinBcos0O sin20
And, for » = sin@ = g(0): d _ g:(e)sine+g(6)cgse — 2sinbcosh _ sin20 (**)
dx  g'(0)cosO—g(0)sin®@ 29 _gin2g  €0s20

At the point (0, 0), the curve » = cos9 has a vertical tangent line [denominator in (*) is 0],
whereas the curve » = sin0 has a horizontal tangent line [numerator in (**) is 0].

At the point (L E) , the curve » = cosO has a horizontal tangent line [numerator in (*) is

7

0], while that of » = sin0 is vertical [denominator in (**) is 0].

10.3 AREA AND LENGTH (PAGE 422

21

21. lgﬁ —4n 23. M_T:;“/g 25. 127 27. 401 +342«/§ 29, 6«/33— 2n

3.8 33 7%3 35.3[/2+In(1+42)]  37.3875
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INDEX

A

Absolute Convergence, 356

Absolute Value, 1, 577

Acceleration, 171, 527

Alternating Series, 337
Test, 337

Angle Between Vectors, 503

Antiderivative, 167
Arc Length, 208, 309, 534

Area, 177, 449
Between Curves, 158
Polar, 378
Surface, 633

Asymptote
Horizontal, 138
Oblique, 138
Vertical, 139

B

Binomial Series, 380
Binormal Vector, 536
Bounded Sequence, 327
Boundary Point, 578

C

Center of Mass, 216, 451
Chain Rule, 94, 555

Circle of Curvature, 542
Composition, 7

Comparison Test, 347
Concavity, 131

Conditional Convergence, 356
Conservative Field, 605, 612
Continuity, 57, 430, 432
Continuous Function, 50, 57, 430
Cross Product, 506

Critical Point, 125, 575
Curl(F), 626

Curvature, 539

Cylinder, 437

Cylindrical Coordinates, 472

D

Decomposition of Vectors, 504
Decreasing Function, 123
Decreasing Sequence, 327
Definite Integral, 177

Density, 450

Derivative

At a Point, 66

Directional, 560

Geometrical Insight, 71

Higher Order, 85

Of Functions, 29

In Polar Form, 373
Partial, 467

Higher Order, 551

Determinant, 505
Differentiability, 553
Differential, 82
Difterential Equation, 172
Discontinuity 48

Jump, 49

Removable, 49
Directional Derivative, 560
Distance, 5, 14

Div(F), 628, 656
Divergence Test, 332
Divergence Theorem, 654
Domain, 3
Dot Product, 501
Double Integral 440

In Polar Coordinates 457

E

Elliptic Cone 440
Elliptic Paraboloid, 438
Ellipsoid, 439

Endpoint Extremes, 137

Exponential Function
General, 242
Natural, 231
Exponential Growth and Decay, 235
Extreme Values
Absolute 577
Local 574
Subject to a constraint, 580
Subject to two constraints, 583

F

Flux, 652
Across a Curve, 636
Across a Closed Curve, 620
Across a Surface, 536
Force Field, 612
Free Falling Object, 171, 529
Function, 2
Absolute Value, 35
Composition, 7



I-2 Index

Continupus, 50, 57, 430 Intermediate Value Theorem, 126
Decreasing, 123 Inverse Function, 13
Domain, 3 Graph, 14

Graphing, 131

Increasing, 123 Inverse Trigonometric Functions, 250

Inverse, 13 J

One-to-One, 11 . o
Piece-Wise Defined, 4 Jump Discontinuity, 11
Range, 3

Vector Valued, 523

Fundamental Theorem of Calculus, 180, 605 Lagrange Theorem and Multipliers, 580

G Lagrange Remainder Theorem, 339
L’Hopitals’ Rule, 301
Generalized Power Rule, 95 “0/0” Type, 301
Geometric Series, 334 “o0/0” Type, 304
Gradient (Vf), 561 Other Forms, 205
Graphing Functions, 131 Level Curve, 566
Polynomlal, 132 Level Surface, 566
Radical, 143 Limit, 55

Rational, 138
Graphing functions of Two Variables, 435
Green’s Theorem, 617, 622, 630

Definition, 55, 427, 431
Geometrical Interpretation, 47
Intuitive, 43

H One-Sided, 46
Uniqueness, 53
Helix, 523 Limit Comparison Test, 348
Higher Order Derivatives, 85 Line, 514
Hyperbolic Paraboloid, 441 Parametric Equation,514
Hyperboloid, 441 Vector Equation, 514
Horizontal Asymptote, 138 Line Integrals, 591 )
Of Scalar Valued Functions, 591
I Of Vector Valued Functions, 597
o o Alternate Notation, 599
Implicit Differentiation, 103 Linearization, 82
Improper Integral, 310 Local Extremes, 121, 574
Discontinuous, 313 Logarithmic Function,223
Infinite Region, 310, 272, 275 Common, 2441
Increasing Sequence, 377 General, 233
Increasing Function, 123 Natural, 223
Indefinite Integral, 167 M
Induction, 83 ) )
Inflection Point, 131 Maclaurin Series, 375
Instantaneous Rate of Change, 70 Mass, 450, 594
Integral Center, 451 .
Defini Mathematical Induction, 83
efinite, 178 : ..
Double, 444 Maximum/Minimum Theorem, 127, 574
In Polar Coordinates, 449 Mean Value Theorem, 121
Improper, 310, 316 Monotone Sequence, 327
Indefinite, 167
Triple, 464 N

Integral Test, 345
Integration by Parts, 261
Interior Point, 125

Natural Exponential Function, 231
Natural Logarithmic Function, 223
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Net Change, 184
Norm, 502
Normal Vector, 536

O

Oblique Asymptote, 138
One-to-one function, 11
Optimization, 149, 574

Using a Graphing Utility, 157
Orthogonal Vectors, 503
Osculating Circle, 542
Osculating Plane, 538

P

Parallel Planes, 518
Parametrization of Curves, 392
Arc Length, 400, 401

Parameter, 393
Parametrization of Surfaces, 638
Partial Derivatives, 549
Partial Fractions, 272
Partial Sums, 332
Path Independent, 604
Pinching Theorem, 89, 324
Plane, 516

Normal, 565

Tangent, 565

Equations

General, 516
Scalar, 516
Vector, 516

Point of Inflection, 131
Polar Coordinates, 405

Polar Curves, 407
Area, 416
Length, 420
Power Series, 364
Functions, 367
Interval of Convergence, 365
Radius of Convergence, 365
Principal Theorem of Calculus, 161
P-Series, 347
Pythagorean Theorem, 14
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Quadrant Angle, 31
Quadratic Formula, 19
Quadratic Surfaces, 437
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Rate of Change, 70
Average, 70

Instantaneous, 70
Ratio Test, 350, 358

Related Rates, 110
Removable Discontinuity, 49
Rolle’s Theorem, 121

Root Test, 351
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Second Derivative Test, 137
Second Partial Derivative Test, 575
Sequences, 321

Bounded, 327

Convergent, 321

Decreasing, 327

Divergent, 321

Increasing, 327

Monotone, 327

Subsequence, 328

The Algebra of, 323
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Absolute Convergence, 356

Alternating, 327
Error Estimate, 340
Test,337
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Conditional Convergence, 356
Rearranging Terms, 360
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Divergent, 232

Divergent Test, 332

Geometric, 334

Maclaurin, 375

Of Positive Terms, 347
Comparison Test, 347
Integral Test, 307
Limit Comparison Test, 348
Ratio Test, 350, 358
Root Test, 352

P-Series, 347

Partial Sums, 232

Power Series, 364
Interval of Convergence, 365
Radius of Convergence, 365

Taylor, 373
Polynomial, 376
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Smooth Curve, 591

Spherical Coordinates, 475
Stoke’s Theorem, 644
Subsequence, 328
Substitutuion Method, 189, 192
Surface Area, 633, 639

Surface Integral, 635, 640

T

Tangent Line, 65

Tangent Plane, 565

Tangent Vector, 527, 536

Taylor Convergence Theorem, 378

Taylor Inequality, 377

Taylor Polynomial, 376

Taylor Series, 373

Techniques of Integrations, 261
By Part, 261
Completing the Square, 270
Partial Fractions, 272
Trigonometric substitution, 280

Trigonometric Identities, 37

Triple Integrals, 454
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Unit Vector, 493
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Vector, 487
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Component, 504
Angle Between Vectors, 503
Cross Product, 506
Right-Hand-Rule, 508
Decomposition, 504
Dot Product, 501
Initial Point and Terminal Point, 487
Norm, 493
Orthogonal Vectors, 504
Projection, 504
Scalar Product, 489
Standard Position, 487
Subtraction, 491
Tangent, 527
Unit, 493
Unit Binormal, 536
Unit Normal, 536
Unit Tangent, 536
Vector-Valued Functions, 523
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Continuous,523
Derivative, 523
Integral, 523
Limit, 523
Vector Field, 604
Conservative, 605
Path-Independent, 604
Velocity, 171, 527
Vertical Asymptote, 139
Volume of Solids of Revolution, 195
Disk Method, 199
Shell Method, 202
Volume (Slicing), 203
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Zeros and Factors of a Polynomial, 19



	§1. Sets and Functions
	Functions
	Answers:
	(a) (b)
	(c) (d)
	EXAMPLE 1.1
	The Domain and Range of a Function


	The range of h is not so easy to determine at this point. You will be able to do so once you know how to graph such a function.
	Answers:
	(a)
	(b)
	Piecewise-Defined Functions
	EXAMPLE 1.2

	Answer:
	No, 10 is not in the domain of the function.
	DEFINITION 1.1
	THEOREM 1.1
	DEFINITION 1.2 Distance

	Answers:
	(a) ; 4
	(b) ; 10
	(c) ; 10
	(d) ; 4
	The Arithmetic of Functions
	DEFINITION 1.3
	EXAMPLE 1.3

	Answer:
	Composition of Functions
	DEFINITION 1.4

	Note that composition is not a commutative operation:
	EXAMPLE 1.4
	EXAMPLE 1.5

	Answers:
	(a-i) 13 (a-ii)
	(b) One possible answer:
	EXAMPLE 1.6
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
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	13.
	14.
	15.
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	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28.
	29.
	30.
	31.
	32.
	33.
	34.
	35. Evaluate the function at and at .
	36. Evaluate the function at and at .
	37. Evaluate the function at: , , , and at (Are you sure? What is the domain of f?).
	38. For and determine:
	39. Theorem 1.1(a)
	40. Theorem 1.1(b)
	41. For any numbers a and b:
	42.
	43.
	44.
	45.
	46.
	47.
	§2. One-To-One Functions and their Inverses

	DEFINITION 1.5 one-to-one
	Figure 1.1


	Horizontal Line Test:
	No horizontal line can intersect the graph of a one-to-one function at more than one point.
	Figure 1.2
	EXAMPLE 1.7

	Answer: See page A-2.
	Inverse Functions
	Figure 1.3


	Do not confuse with .
	Figure 1.4

	Only one-to-one functions have inverses (see Figure 1.3).
	DEFINITION 1.6
	EXAMPLE 1.8

	Answer:
	and see page A-3,
	Graph of an inverse function
	EXAMPLE 1.9
	Figure 1.5


	Answer: See page A-3.
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
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	25.
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	§3. Equations and Inequalities
	Polynomial Equations
	EXAMPLE 1.10

	Answers: (a)
	(b)
	(c)
	Zeros and Factors of a Polynomial

	If
	then:
	EXAMPLE 1.11

	Answer:
	Polynomial Inequalities
	EXAMPLE 1.12
	Figure 1.6


	Answers:
	(a)
	(b)
	EXAMPLE 1.13

	Note: If a quadratic polynomial has a positive discriminant then it has two distinct zeros, and they are both odd-zeros.
	EXAMPLE 1.14

	Answer:
	Rational Equations
	EXAMPLE 1.15

	Answers: (a)
	(b)
	Rational Inequalities
	EXAMPLE 1.16

	We are adopting the convention of placing a “hole” where the denominator is zero (function not defined).
	EXAMPLE 1.17

	Answers:
	(a)
	(b)
	1. (a) (b) (c)
	2. (a) (b) (c)
	3. (a) (b)
	4. (a) (b) (c) (d)
	5. (a) (b) (c)
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	16. (a) (b)
	17. (a) (b) (c)
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	19. (a) (b) (c)
	20. (a) (b) (c)
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28.
	§4. Trigonometry
	Trigonometric Functions of Acute Angles
	DEFINITION 1.7
	Two important right triangles


	Answer: See page A-6.
	Figure 1.7
	Radian Measure
	EXAMPLE 1.18

	Answers: (a) (b)
	Oriented Angles
	Figure 1.8

	Trigonometric Functions of Oriented Angles
	DEFINITION 1.8

	The hypotenuse has length 1 as it coincides with the radius of the circle.
	DEFINITION 1.9
	Trigonometric values of quadrantal angles
	Figure 1.9


	EXAMPLE 1.19
	EXAMPLE 1.20

	Answer: See page A-6.
	Trigonometric Values of Non-Quadrantal Angles
	Figure 1.10

	EXAMPLE 1.21

	Answer: cosine and secant are positive, the others are negative.
	Figure 1.11
	EXAMPLE 1.22
	EXAMPLE 1.23

	Answers: (a)
	(b) (c)
	Trigonometric Functions of a Real Variable
	DEFINITION 1.10
	Figure 1.12


	A vertical asymptote for the graph of a function is represented by a dashed vertical line about which the graph tends to either plus or minus infinity. In particular the graph of the tangent function has vertical asymptotes at odd multiples of .
	Figure 1.13
	Trigonometric Identities
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
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	24. sin
	25.
	26.
	27.
	28.
	29.
	30.
	31.
	32. sin
	33.
	34.
	35.
	36.
	37.
	38.
	39.
	40.
	41.

	CHAPTER 2
	Limits and Continuity
	§1. The Limit: An Intuitive Introduction
	EXAMPLE 2.1
	EXAMPLE 2.2
	EXAMPLE 2.3
	Figure 2.1
	Figure 2.2

	DEFINITION 2.1
	EXAMPLE 2.4
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28.
	29.
	30. where:
	31. where:
	32. where:
	33. where:
	34.
	35.
	36.
	37.
	38. and
	39. and
	40. and .
	41. and .
	42. f is:
	§2. The Definition of a Limit

	DEFINITION 2.2
	THEOREM 2.2
	Figure 2.3

	EXAMPLE 2.5
	EXAMPLE 2.6
	THEOREM 2.3
	THEOREM 2.4
	THEOREM 2.5
	Figure 2.4

	DEFINITION 2.3
	1. ,
	2. ,
	3. ,
	4. ,
	5. ,
	6. ,
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16. for any number c.
	17. for any numbers c and .
	18.
	19.
	20.
	21.
	22.
	23.
	24. For what values of a and b is continuous at 2?
	25. For what values of a and b is continuous at 1?
	26. is continuous at c.
	27. is continuous at c.
	28. is continuous at c.
	29. is continuous at c.
	30. Theorem 2.1
	31. Theorem 2.2
	32. Theorem 2.3(b)
	33. Theorem 2.3(d)
	34. Theorem 2.4(b)
	35. Theorem 2.4(d)
	36. Theorem 2.4(e)
	37. if and only if . That is:
	38. Every polynomial is a continuous function.
	39. Every rational function is a continuous function.
	40. Prove Theorem 2.1, page 46.
	41. If f and g are continuous functions and if , then: .
	§1. Tangent lines and the Derivative
	Figure 3.1
	Figure 3.2
	Figure 3.3


	DEFINITION 3.1
	EXAMPLE 3.1
	DEFINITION 3.2
	EXAMPLE 3.2
	EXAMPLE 3.3
	Figure 3.4

	EXAMPLE 3.4
	Figure 3.5
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28. at
	29. at
	30. (Graphs of Functions and their Derivatives) Pair off each function [A] through [F] with its corresponding derivative function [1] through [6].
	31.
	32.
	33.
	34.
	35.
	36.
	37. f does not have a limit at 0; it has a limit at 1 but is not continuous at 1; it is continuous at 2 but not differentiable at 2.
	38. f is not defined at 0 but has a limit at 0; it is defined at 1 but does not have a limit at 1; it has a limit of 5 at 2, but is not continuous at 2; it is continuous at 3 with function value 6, but is not differentiable at 3.
	39. Where f is differentiable in , f has a positive derivative. f has a negative derivative between 2 and 4. f is not continuous at 1. f is continuous at 2 but not differentiable at that point.
	40.
	41.
	42.
	43.

	§2. Differentiation Formulas

	EXAMPLE 3.5
	EXAMPLE 3.6
	EXAMPLE 3.7
	Approximating Function Values
	Figure 3.6


	EXAMPLE 3.8
	EXAMPLE 3.9
	Mathematical Induction



	The Principle of Mathematical Induction might have been better named the Principle of Mathematical Deduction, for inductive reasoning is used to formulate a conjecture, while deductive reasoning is used to rigorously establish whether or not the conj...
	Figure 3.7

	The last integer in:
	The sum of the first 3 odd integers is: The sum of the first 4 odd integers is: Suggesting that the last integer in the sum of the first k odd integers is:
	EXAMPLE 3.10
	Higher Order Derivatives
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23. at
	24. at
	25. at
	26. at
	27. at
	28. at
	29. at
	30. at
	31. at
	32. at
	33. at
	34. at
	35.
	36.
	37. at
	38. at
	39.
	40.
	41. ; slope: 2.
	42. ; slope: 1.
	43. Show that no tangent line to the graph of the function has a slope equal to .
	44. Show that there is but one tangent line to the graph of the function with y- intercept equal to 4. Determine the equation of the tangent line.
	45. Show that there does not exist a tangent line to the graph of the function with y-intercept equal to .
	46. Show that for any there exists a unique tangent line to the graph of the function with y-intercept equal to b.
	47. Find the point(s) on the graph of the function which have as tangent line.
	48. Show that the line is tangent to the graph of the function at some point. Determine the point of tangency.
	49. Find a second degree polynomial such that , , and
	50. Find a second degree polynomial such that its graph passes through the point , the tangent line at has slope 1, and the tangent line at has slope 3.
	51. Determine a, b, c, d such that and are the tangent lines to the graph of the polynomial function at and , respectively.
	52. at
	53. at
	54. Theorem 3.2(c)
	55. Theorem 3.2(f)
	56. Use Theorem 3.2(f) to establish the following reciprocal rule:
	57. Show that if f, g, and h are differentiable, then:
	58. Show that if is a factor of a polynomial , then is a factor of . Is the converse true? Justify your answer.
	59. Prove that for every integer ,
	60. Prove that for every integer ,
	61. Prove that the sum of n differentiable functions is again differentiable.
	62. Prove that the product of n differentiable functions is again differentiable.
	63. Prove that the derivative of equals for any positive integer n.
	64. What is wrong with the following “Proof” that any two positive integers are equal:

	§3. Derivatives of Trigonometric Functions
	and the Chain Rule.

	EXAMPLE 3.11
	EXAMPLE 3.12
	The Chain Rule

	EXAMPLE 3.13
	EXAMPLE 3.14
	Figure 3.8

	EXAMPLE 3.15
	Proof of the Chain Rule:
	f I
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28.
	29.
	30.
	31.
	32.
	33.
	34.
	35.
	36.
	37.
	38.
	39. Determine the numbers where the tangent line to the graph of the function is horizontal.
	40. For what values of x is the slope of the tangent line to the graph of parallel to that of ?
	41. Show that the line is tangent to the graph of the function at some point. Determine the point of tangency.
	42. at
	43. at
	44. , given that for .
	45. , given that for .
	46. , given that for .
	47.
	48.
	49.
	50. (Theory) Prove that for any . (Suggestion: Make the substitution )
	51.
	52.
	53.
	54.
	55.
	56.
	57.
	58.
	59.
	60.
	61.
	62. (Investment) If $100 is invested at an annual interest rate r compounded quarterly, then the future value (in dollars) accumulated after 10 years is given by: . Find the rate of change of the future value with respect to r.
	63. (Investment) The effective rate of an annual nominal rate r compounded monthly is given by: . Find the rate of change of the effective rate with respect to the nominal rate.
	64. (Sales) A baseball stadium has a capacity of 35,000 fans. Attendance starts falling off when the temperature rises above 90 degree Fahrenheit, in accordance with the formula , where x is the (average) number of degrees above 90 during the game. T...
	65. (Theory) Derive the chain rule formula for three differentiable functions f, g, and h:

	§4. Implicit Differentiation
	Figure 3.9
	Figure 3.10


	EXAMPLE 3.16
	EXAMPLE 3.17
	EXAMPLE 3.18
	1. The points and on the parabola .
	2. The points and on the parabola .
	3. The points and on the circle .
	4. The points and on the circle .
	5. The points and on the ellipse .
	6. The points and on the ellipse .
	7. The points , , and on the hyperbola .
	8. The points , , and on the hyperbola .
	9. at
	10. at
	11. at
	12. at
	13. at
	14. at
	15. at
	16. at
	17. at
	18. at
	19. at
	20. at
	21. at
	22. at
	23. at
	24. at
	25.
	26.
	27. at
	28. at
	29.
	30.
	31.
	32.
	33.
	34.
	35. at
	36. at
	37. at
	38. at
	39.
	40.
	41.
	42.
	43. and
	44. and
	45. and
	46. and
	47. (Theory) Prove that the tangent line at any point on the circle is perpendicular to the radius of the circle at that point.
	48. (Theory) (a) Prove that the tangent line at any point on the circle is given by .
	§5. Related Rates

	EXAMPLE 3.19
	EXAMPLE 3.20
	EXAMPLE 3.21
	EXAMPLE 3.22
	Figure 3.11
	1. (Cube) The edge x of a cube is increasing at the rate of . Determine:
	2. (Circle) The radius r of a circle is increasing at the rate of . Determine:
	3. (Sphere) The radius r of a sphere is decreasing at the rate of . Determine:
	4. (Cone) The radius r of a cone is increasing at a rate of 2 inches per second while its height is decreasing in such a way that the volume remains constant at . At what rate is the height decreasing when the radius is 1 inch? Note: .
	5. (Cylinder) The radius r of a cylinder is decreasing at the rate of and its height is increasing at the rate of ? Find the rate of change of the volume when the radius of the cylinder is 2 feet and its height is 3 feet.
	6. (Cylinder) The radius r of a cylinder is increasing at 2 inches per second. When the radius is 4 inches, the volume is and is increasing at . How fast is the height of the cylinder increasing at that instant?
	7. (Circular Ripples) A stone is dropped into a pool of water creating a series of concentric circular ripples.
	8. (Rectangle) One side or a rectangle is 5 cm longer than the other side. Both sides are increasing at a rate of .
	9. (Rectangle) The length l of a rectangle is increasing at a rate of and its width w is decreasing at a constant rate . Determine c if its area is increasing at a rate of when and .
	10. (Rectangle) The length l of a rectangle is increasing at a rate of . Find the value of l at which the area of the rectangle starts to decrease if the perimeter of the rectangle is held fixed at 20 cm.
	11. (Rectangle) The length of a rectangle is increasing at 2 inches per second. Determine the rate of change of the area when the rectangle is a square, if the perimeter remains constant at 42 inches.
	12. (Rectangle) The length of a rectangle is increasing at 2 inches per second. How fast is the perimeter increasing when the length is 6 inches if its width decreases in such a way that the area remains constant at 24 square inches?
	13. (Equilateral Triangle) At a certain instant of time the sides of an equilateral triangle are 1 inch long and increasing at a rate of . Determine:
	14. (Shadow) A man 6 feet tall is walking away from a 24 foot lamppost at a rate of 3 feet per second. At what rate is the end of his shadow moving away from him?
	15. (Ladder) A ladder 12 feet long is leaning against the side of a building, and its foot is being pulled away from the building at the rate of 1 foot per second. Determine the rate of change of the angle formed by the ladder and the ground when the...
	16. (Equilateral Triangle) The area of an equilateral triangle is and it is increasing at the rate of . At what rate is the side of the triangle increasing at that time?
	17. (Triangle) The base of a triangle is increasing at the rate of 3 inches per minute, while the altitude is decreasing at the same rate. At what rate is the area changing when:
	18. (Triangle) The altitude of a triangle is increasing at a rate of and its base is increasing at a rate of . At what rate is the area of the triangle increasing when its height 15 cm and its area is ?
	19. (Isosceles Triangle) The base of an isosceles triangle is held constant at 24 inches. At what rate is the vertex angle changing at the instant of time when the altitude is 12 inches and is increasing at the rate of 1 inch per minute?
	20. (Balloon) A spherical balloon is expanding in such a way that its radius is increasing at a rate proportional to its surface area. Show that the surface area is increasing at a rate proportional to its volume.
	21. (Mothball) A spherical mothball evaporates in such a way that its volume decreases at a rate proportional to its surface area. Show that the radius decreases at a constant rate.
	22. (Balloon) A balloon rises vertically at a rate of 200 feet per minute, from a point on the ground that is 500 feet from an observer. Determine:
	23. (Sand) The volume of a cone is increasing at a constant rate of 2 cubic feet per minute in such a way that the height of the cone is always equals to its diameter. (Note: .)
	24. (Boat) A boat is pulled toward a dock by a rope attached to the bow of the boat and passing through a ring on the dock that is 6 feet higher than the bow of the boat.
	25. (Boyle’s Law) A gas occupies a volume of 1000 and is subjected to a pressure of Find the rate at which the pressure is changing at the instant when the volume is if the gas is being compressed at a rate of .
	26. (Two Ships) At noon ship A is 200 km west of ship B. Ship A is sailing south at and ship B is sailing north at . How fast is the distance between the ships changing at 2:00 PM?
	27. (Walking) At 1 PM a man starts walking north at a rate of from a point P. Five minutes later, a woman starts walking east at a rate of from a point Q that is 1000 feet west of P. How fast is the distance between the two individuals changing at:
	28. (Particle) A particle moves along the curve . Find the points on the curve at which the x-coordinate is increasing 9 times faster than its y-coordinate.
	29. (Water) Water is leaking out of an inverted conical tank of height 120 inches and radius 10 inches at a rate of , while water is being pumped into the tank at a constant rate. (Note: .) Find that constant rate if:
	30. (Water) Water is pumped into a tank at the rate of 75 cubic feet per minute. The tank consists of a cylinder of radius 2 feet, centered at the top of a hemisphere of radius 5 feet. (Volume of sphere: ). How fast is the water level rising when the...
	31. (Swimming Pool) A rectangular swimming pool 20 feet long and 10 feet wide is 6 feet deep at one end and 2 feet deep at the other. Water is pumped into the empty pool at the rate of . At what rate is the water level rising when it is:

	§1. The Mean Value Theorem
	Figure 4.1
	Figure 4.2


	DEFINITION 4.1
	DEFINITION 4.2
	Figure 4.3

	EXAMPLE 4.1
	EXAMPLE 4.2
	Proof of the Mean Value Theorem
	1. ;
	2. ;
	3. ;
	4. ;
	5. ;
	6. ;
	7. ;
	8. ;
	9. ;
	10. (a) Show that if f is differentiable on and if its derivative is never 0, then .
	11. Show that the function does not have a zero derivative in the interval , even though . Explain how this does not violate Rolle’s theorem.
	12. Show that the function does not have a derivative equal to in the interval . Explain how this does not violate the Mean-Value Theorem.
	13. (a) Sketch the graph of .
	14. (a) Sketch the graph of .
	15. Let f be differentiable on . Prove that if has two distinct solutions in , then has at least one solution in .
	16. Show that the equation has exactly one real root.
	17. Show that the equation has exactly one real root.
	18. Show that the equation cannot have more that two distinct real roots.
	19. Show that the equation has exactly one real root.
	20. (a) Show that the equation can have at most two real roots.
	21. Show that the equation cannot have more that two distinct real roots.
	22. Let f be differentiable on . Prove that if has two distinct solutions in , then has at least one solution in .
	23. Show that for any real numbers a and b.
	24. Let f and g be differentiable on with and for . Show that .
	25. Two runners start the 100-yard dash and finish in a tie. Prove that at some time during the race they are running at the same speed.
	26. Suppose that and for . What is the largest possible value of ?
	27. Suppose that and for . What is the smallest possible value of ?
	28. A fixed point for a function f is a number c for which .
	29. Suppose that f and g are differentiable on and that the graphs of the two functions intersect at and at . Show that there is some point between a and b where the tangents to the graphs of f and g are parallel.

	§2. Graphing Functions
	Figure 4.4

	Graphing Polynomial Functions


	The graph of a polynomial function and that of its leading term need not get arbitrarily close to each other as x tends to , but they will have similar shapes.
	Answers: (a)
	(b)
	EXAMPLE 4.3
	Figure 4.5
	Figure 4.6
	Endpoint Extremes
	Figure 4.7

	Second Derivative Test
	Figure 4.8


	EXAMPLE 4.4
	Graphing Rational Functions
	Vertical Asymptotes


	The graph of a rational function will approach a vertical asymptote at c where and . A vertical asymptote need not occur at a point at which both the numerator and denominator of the rational expression are zero. (see Exercise 53).
	.
	Answer: The graph tends to as x approaches from the left, and it tends to as x approaches from the right.
	EXAMPLE 4.5
	Figure 4.9

	EXAMPLE 4.6
	Figure 4.10
	Graphing Radical Functions

	EXAMPLE 4.7
	Figure 4.11

	EXAMPLE 4.8
	Figure 4.12


	Answer: See page A-22.
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	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28.
	29.
	30.
	31.
	32.
	33. ,
	34. ,
	35. ,
	36. ,
	37. ,
	38. ,
	39. Has a local maximum at 0, a local minimum at 5, and does not have an absolute maximum nor an absolute minimum anywhere. (See Exercises 33-38.)
	40. Has domain . Has a local maximum at 0, a local minimum at 5. The absolute minimum of the function occurs at , and the absolute maximum occurs at 10. (See Exercises 25-30.)
	41. The first and second derivatives of the function are positive everywhere.
	42. The first and second derivatives of the function are negative everywhere.
	43. The first derivative is positive everywhere, and the second derivative is negative everywhere.
	44. The first derivative is negative everywhere, and the second derivative is positive everywhere.
	45. The function has a maximum value at and an inflection point at ; the first derivative is negative immediately to the left of 3, and positive immediately to the right of 3.
	46. The function has a minimum value at and an inflection point at ; the first derivative is negative immediately to the left of 3, and positive immediately to the right of 3.
	47. Has a vertical asymptote at , an x-intercept at , and a horizontal asymptote .
	48. Has a vertical asymptote at , x-intercepts at and , and a horizontal asymptote .
	49. Has vertical asymptotes at and , x-intercepts at and , and a horizontal asymptote .
	50. Has a vertical asymptote at , an x-intercept at , and an oblique asymptote .
	51. (Learning Process) Experimentation has shown that the learning performance of rats for a particular task can be approximated by the function , where t denotes the number of weeks the rat has been exposed to the learning process, for . At what poi...
	52. (Fruit Flies) In the early 1900, the biologist Raymond Pearl discovered that the growth rate of the population of fruit flies with respect to time t, in days, can be approximated by the function, , for .
	53. Show that the function has a vertical asymptote at but not at .
	54. Show that for each of the following functions, and then go on to show that one of the functions has a maximum at 0, another has a minimum at 0, and the remaining one has neither a maximum nor a minimum at 0.
	55. (a) Prove that the graph of a cubic polynomial cannot have more that two distinct horizontal tangent lines.
	56. (a) Prove that the vertex of the parabolic graph of a quadratic function occurs at .
	57. (a) Prove that the graph of the cubic function has but one inflection point, and that it occurs at .
	58. (a) Prove that the graph of a polynomial of degree can have at most maximum or minimum points.
	§3 Optimization
	EXAMPLE 4.9

	Answer:
	EXAMPLE 4.10
	EXAMPLE 4.11
	EXAMPLE 4.12
	EXAMPLE 4.13
	EXAMPLE 4.14
	EXAMPLE 4.15
	With the help of a graphing utility

	EXAMPLE 4.16
	1. (Maximize Profit) A company can produce up to 500 units per month. Its profit, in terms of number of units produced is given by . How many units should the company produce to maximize profit?
	2. (Minimize Cost) The total operating cost, per hour, to operate a freight train is given by , where s is the speed of the train in miles per hour. Find minimum cost for a 400 mile trip.
	3. (Maximum Drug Concentration) The concentration (in milligrams per cubic centimeter) of a particular drug in a patient’s bloodstream, t hours after the drug has been administered has been modeled by . How many hours after the drug is administered...
	4. (Air Velocity in the Trachea) When a person coughs, the radius r of the trachea decreases. The velocity of air in the trachea during a cough can be approximated by the function , where a is a constant, and is the radius of the trachea in a relaxed...
	5. (Bacterial Growth) A pond is treated to control bacterial growth. After t days, the concentration of bacteria per cubic centimeter can be approximated by the function , . Determine (a) the minimal bacterial concentration and (b) the maximal bacter...
	6. (Minimum Force) An object of weight W is being pulled along a horizontal plane by a force F acting along a rope attached to the object which makes an angle with the plane. Find the angle for which the force is smallest, given that , where the cons...
	7. (Sensitivity) The reaction to a dosage x of a drug administered to a patient is given by , where x is the amount of the drug administered, and a is the maximum dosage of the drug that can be administered. The rate of change of R with respect to th...
	8. (Maximize Revenue) A car-rental agency can rent 150 cars per day at a rate of $15 per day. Assume that for each price increase of $1 per day, 3 less cars will be rented, while for each $1 decrease 2 additional cars will be rented. What rate should...
	9. (Maximize Revenue) A chemical company charges $90 per pound for a product. The decision is made to discount each pound in any order that exceeds 10 pounds by $3 per additional pound; up to and including  pounds. Find the value of x beyond which re...
	10. (Maximize Profit) It costs the college bookstore $7 for a student supplement to one of its mathematics texts. The bookstore is currently selling 300 copies at $12 per book, and it estimates that it will be able to sell 10 additional copies for ea...
	11. (Maximize Revenue) A computer manufacturer will, on the average, sell 25,000 units per month at $950 per unit. It is estimated that 250 additional units will be sold per month for each $5 decrease in price. Find the price that will maximize revenue.
	12. (Minimum Distance) Find the point on the line that is closest to the point .
	13. (Smallest Sum) Determine the positive number which, when added to its reciprocal, yields the smallest sum.
	14. (Greatest Difference) Determine the positive number which exceeds its cube by the greatest amount.
	15. (Maximum Area) Find the largest possible area of a rectangle with base on the x-axis and upper vertices on the curve .
	16. (Minimum Area) Determine the right triangle of largest area that can be inscribed in a circle of radius r.
	17. (Maximum Area) Determine the maximum area of a right triangle with hypotenuse of length 4 inches.
	18. (Maximum Area) Find the area of the largest rectangle that can be inscribed in a semicircle of radius r.
	19. (Minimum Area) A poster is to surround of printing material with a top and bottom margin of 4 in. and side margins of 3 in. Find the outside dimensions of the poster that will require the minimum amount of paper.
	20. (Maximum Volume) Determine the maximum volume of a right circular cylinder that can be inscribed in a sphere of radius r.
	21. (Maximum Volume) A shipping crate with base twice as long as it is wide is to be shipped by freighter. The shipping company requires that the sum of the three dimensions of the crate cannot exceed 288 inches. What are the dimensions of the crate ...
	22. (Minimum Surface Area) Find the dimensions of a 4 open-top rectangular box with square base requiring the least amount of material.
	23. (Minimum Cost) A fenced-in rectangular garden is divided into 2 areas by a fence running parallel to one side of the rectangle. Find the dimensions of the garden that minimizes the amount of fencing needed, if the garden is to have an area of 15,...
	24. (Minimum Cost) A fenced-in rectangular garden is divided into 3 areas by two fences running parallel to one side of the rectangle. The two fences cost $6 per running foot, and the outside fencing costs $4 per running foot. Find the dimensions of ...
	25. (Minimize Cable Length) A power line runs north-south. Town A is 3 miles due east from a point a on the power line, and town B is 5 miles due west from a point b on the power line that is 9 miles north of a. A transformer, on the power line, is t...
	26. (Shortest Ladder) A ladder is to reach over a 8 ft fence to a wall 2 ft behind the fence. What is the length of the shortest ladder that can be used?
	27. (Minimum Commuting Time) A lighthouse lies 2 miles offshore directly across from point A of a straight coastline. The lighthouse keeper lives 5 miles down the coast from point A. What is the minimum time it will take the lighthouse keeper to comm...
	28. (Minimal Distance Between Two Cars) At noon, car A is 10 miles due west of car B, and traveling east at a constant speed of 55 miles per hour. Meanwhile, car B is traveling north at 40 miles per hour. At what time will the two cars be closest to ...
	29. (Maximum Light Emission) A Norman window is a window in the shape of a rectangle surmounted by a semicircle. Find the dimensions of the base of the window that admits the most light if the perimeter of the window (total outside length) is 15 feet...
	30. (Optimizing Area) A 16 inch wire is to be cut into two pieces. One piece is to be bent into an equilateral triangle and the other into a square. How should the wire be cut in order for the resulting combined areas to be: (a) Maximum? (b) Minimum?
	31. (Minimum Production Cost) A union agreement stipulates that the worker of Example 4.15 will now be paid $14 per hour plus $4 per hour for each machine in operation. How many machines should be used to minimize cost of production?
	32. (Minimum Production Cost) A manufacturer receives an order for N units. He can use any number of machines for the project, each capable of producing n units per hour, and each costing c dollars to be set up for the job. Once set up, the machines ...
	33. (Beam Strength) A rectangular beam is to be cut from a log with circular cross section. If the strength of the beam is proportional to its width and the square of its depth, find the dimensions of the strongest beam.
	34. (Fermat’s Principle and Snell’s Law) The speed of light depends on the medium through which it travels. Fermat’s Principle in optics asserts that light will travel along the quickest route. Assume that the speed of light in medium 1 and med...
	35. (Minimum Perimeter) Prove that among all rectangles of a given area, the square has the smallest perimeter.
	36. (Maximum Area) Prove that among all rectangles of a given perimeter, the square has the largest area.
	37. (Maximum Area) Prove that among all rectangles that can be inscribed in a given circle, the square has the largest area.
	38. (Minimum Area) Prove that the length of the square of minimal area that can be inscribed in a square of length L is of length .
	39. (Shortest Distance) Determine, to two decimal places, the shortest distance between a point on the curve and the point .
	40. (Shortest Distance) Determine, to two decimal places, the value of b such that the distance between the points where the line intersects the graphs of the functions and is smallest.
	41. (Shortest Distance) Determine, to two decimal places, the value of b such that the distance between the points where the line intersects the graphs of the functions and is smallest.
	42. (Shortest Distance) In Example 4.16, insert an additional point D midway between plants B and C. Determine, to 2 decimal places, the point P on the road whose combined distances from the four points A, B, C, and D is minimal.
	43. (Minimum Pollution Count) In CYU 4.24, introduce a fourth plant D that is on the same road as C and midway between C and the line joining A and B. Assuming that the pollution emission of D equals that of B, determine, to one decimal place, the po...
	44. (Minimum Cost) Point A is at ground level, and point B that is 35 feet below ground level, and 100 feet away from A (at ground level). The first 15 feet below ground level is soil, after which there is shale. A pipe is to join the two points. It ...
	§1. The Indefinite Integral


	A similar question:
	Answer: 7 and .
	DEFINITION 5.1
	DEFINITION 5.2
	EXAMPLE 5.1
	Differential Equations

	EXAMPLE 5.2
	EXAMPLE 5.3

	By convention, a positive velocity indicates an upward movement, while a negative velocity indicates a downward movement. Also, a positive position indicates “up” from the reference point, and a negative position indicates “down.”
	EXAMPLE 5.4
	EXAMPLE 5.5
	1.
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	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
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	17.
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	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28.
	29.
	30.
	31.
	32.
	33.
	34.
	35.
	36.
	37.
	38.
	39.
	40.
	41. The function is a solution of the differential equation .
	42. The function is a solution of the second order differential equation .
	43. (From Slope to Function) The slope of the tangent line to the graph of a function f at is . Find the function, if its graph passes through the point (1,5).
	44. (From Slope to Function) The slope of the tangent line to the graph of a function f at is . Find the function, if its graph passes through the point (0,1).
	45. (Impact Speed) A stone is dropped from a height of 3200 feet. What is its speed on impact with the ground?
	46. (Initial Speed) At what speed should an object be tossed upwards, in order for it to reach a maximum height of 160 feet from the point of its release?
	47. (Bouncing Height) An object is thrown downward from a 96 foot building at a speed of 16 feet per second. Upon hitting the ground, it bounces back up at three-quarters of its impact speed. How high will it bounce?
	48. (Collision Velocity) An object is thrown downward from a 264 foot building at a speed of 24 feet per second, at the same time that an object is thrown up from the ground at 64 feet per second. Assuming that the two objects are in line with each o...
	49. (Particle Position) Let represent the position function of a particle moving along the x-axis, where is measured in minutes and s in meters.
	50. (Particle Position) Repeat Exercise 49 for the position function .
	51. (Stopping Distance) After its brakes are applied, a car decelerates at a constant rate of 30 feet per second per second. Compute the stopping distance, if the car was going 60 miles per hour (88 ft/sec) when the brakes were applied.
	52. (Stopping Distance) After its brakes are applied, a car decelerates at a constant rate of 30 feet per second per second. Compute the speed of the car at the point at which the brakes were applied, if the stopping distance turned out to be 120 feet.
	53. (Theory) An object is tossed upward from the ground with an initial velocity of feet per second.
	§2. The Definite Integral
	Figure 5.1
	Figure 5.2


	DEFINITION 5.3 Definite Integral
	THEOREM 5.6
	THEOREM 5.7
	Figure 5.3

	EXAMPLE 5.6
	THEOREM 5.8
	EXAMPLE 5.7
	EXAMPLE 5.8
	DEFINITION 5.4
	THEOREM 5.9
	THEOREM 5.10
	THEOREM 5.11

	Units can help point the way. We are given a rate in gallons per minute; and want to end up with total gallons over a specified period of time:
	EXAMPLE 5.9
	EXAMPLE 5.10
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28. (Cost Increase) In July, the price of gas increased at the rate of cents per gallon, where t denotes the number of days from June 1. How much did the cost of a gallon increase during the course of the month?
	29. (Depreciation) The resale value of a car decreases at the rate of dollars per year, where denotes the number of years following the car’s year of manufacture. How much did the car’s value depreciate:
	30. (Melting Ice) A 360 cubic inch block of ice is melting at the rate of cubic inches per minute. How many minutes will it take for the block to totally melt?
	31. (Advertising) A store is launching an aggressive advertising campaign, and anticipates that the number of daily customers, N, will grow from its current value of 200, at a rate of , where t is the number of days from the beginning of the campaign...
	32. (Declining Sales) Because of fierce competition, the weekly sales at an appliance store are expected to decline at the rate of units per week, where t is number of weeks from the present date. The store plans to go out of business when weekly sal...
	33. (Income Stream) A printing company can purchase a $2,000 hole-punching machine that will increase monthly earnings at a rate of dollars per month, or a $3,000 machine that will increase monthly earnings at a rate of dollars per month (t in months...
	34. (Depreciation) The resale value of a certain industrial machine decreases at a rate that depends on the age of the machine. When the machine is x years old, the rate at which its value is dropping during that year is  dollars per year. If the mac...
	35.
	36.
	37.
	38.
	39.
	40.
	41.
	42.
	43.
	44.
	45.
	46.
	47. (Theory) Let f be integrable, and g be differentiable. Use the Chain Rule (page 94) and Theorem 5.7, to show that for : .
	48. (Theory) Let f be integrable, and g and k be differentiable. Use the Chain Rule (page 94) and Theorem 5.7, to show that for : .
	49.
	50.
	51.
	52.
	53.
	54.
	55.
	56.
	57.
	58. (Theory) Referring to Definition 5.3, offer an argument explaining why the function:
	59. (Theory) Referring to Definition 5.3, offer an argument explaining why for the two functions depicted below.
	§3. The Substitution Method

	EXAMPLE 5.11

	And the end justifies the means. The substitution:
	takes us from:
	to:
	EXAMPLE 5.12
	EXAMPLE 5.13

	Answer:
	EXAMPLE 5.14
	EXAMPLE 5.15

	Answers: (b)
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28. ,
	29. ,
	30. (Theory) Prove that if , then:
	§4. Area and Volume
	Figure 5.4

	EXAMPLE 5.16
	EXAMPLE 5.17
	EXAMPLE 5.18
	EXAMPLE 5.19
	Figure 5.5

	DEFINITION 5.5
	EXAMPLE 5.20
	EXAMPLE 5.21
	Figure 5.6

	EXAMPLE 5.22
	Figure 5.7

	EXAMPLE 5.23
	EXAMPLE 5.24
	DEFINITION 5.6
	1.
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	9.
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	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28.
	29.
	30.
	31.
	32.
	33.
	34.
	35.
	36.
	37. (Volume of Sphere) Derive the formula for the volume of a sphere of radius r. (Equation of the circle of radius r and centered at the origin is given by: .)
	38.
	39.
	40.
	41.
	42.
	43.
	44.
	45.
	46.
	47.
	48.
	49.
	50.
	51.
	52.
	53.
	54.
	55.
	56. , about
	57. , about
	58. , about
	59. , about
	60. , about
	61. , about
	62. about
	63. about
	64. S is bounded on the left by the y-axis, on top by the line , and on the right by the graph of .
	65. S is bounded on the left by the line , on top by the line , and on the right by the graph of .
	66. S is bounded on the left by the y-axis, on top by the line , and on the right by the graph of .
	67. S is bounded on the left by the line , on top by the line , and on the right by the graph of .
	68. The solid is a 25 foot pyramid whose base is a 10 foot square.
	69. The solid is a pyramid of height h whose base is a square of side l.
	70. The solid is a A pyramid of height 25 feet whose base is a 5 foot by 10 foot rectangle.
	71. The base of the solid is a circular disk of radius r and its cross-sections perpendicular to the base are squares.
	72. The base of the solid is a circular disk of radius r and its cross-sections perpendicular to the base are equilateral triangles.
	73. The base of the solid is the ellipse and its cross-sections perpendicular to the base are squares.
	74. Two right-circular cylinders of radius r have axes that intersect at right angles. Find the volume of the region common to the two cylinders. Suggestion: Consider the adjacent figure depicting one-eighth of the solid in question.
	§5. Additional Applications
	Arc Length
	Figure 5.8


	DEFINITION 5.7
	EXAMPLE 5.25
	EXAMPLE 5.26
	Work
	Figure 5.9


	DEFINITION 5.8
	EXAMPLE 5.27
	EXAMPLE 5.28
	Figure 5.10

	EXAMPLE 5.29
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13. (Arc Length) Express, in integral form, the length of the perimeter of the ellipse .
	14. (Arc Length) Express, in integral form, the length of a cycle of the sine curve.
	15. () Apply the arc length formula to the unit circle to show that .
	16. A spring is found to exert a force of 10 lb when stretched 4 in. beyond its natural length.
	17. A spring is found to exert a force of 25 N when compressed 200 cm beyond its natural length.
	18. A spring has a natural length of 1 ft. A force of 8 oz. stretches the spring to a length of ft.
	19. Find the natural length of a spring, given that the work done in stretching it from a length of 2 feet to a length of 3 feet is one-half the work done in stretching it from a length of 3 feet to a length of 4 feet.
	20. A spring has a natural length of 1 m. A force of 12 N compresses the spring to a length of 0.7 m.
	21. Find the natural length of a spring, given that the work done in compressing it from a length of 1 m to a length of 75 cm is twice the work done in stretching it from a length of 1 m to a length of 2 m.
	22. Find the natural length of a spring given that the work done in stretching it from a length of 1 ft to a length of 1.5 ft is half the work done in stretching it from a length of 1.5 ft to a length of 2 ft.
	23. Given that a work W is needed to stretch a spring from its natural length l ft to a length of ft, find the work done in stretching the spring from a length of ft to a length of ft.
	24. A vertical cylindrical tank of radius 2 feet and height 6 feet is full of water. (Water weighs 62.5 pounds per cubic foot.) Find the work done in:
	25. An inverted circular cone of height 3 ft and radius 1 ft is filled with a liquid weighing . Find the work done in:
	26. A chain lying on the ground is 5 m long and has a total mass of 50 kg. How much work is required to raise the chain to a height of 7 m?
	27. A 25 foot rope weighs is lying on the ground. How much work is required to raise the rope to a height of 30 ft?
	28. A 40 ft cable weighing hangs from a windlass. How much work is required in winding up 25 ft of the cable?
	29. A bucket of sand that weighs 50 pounds hangs from a 20 foot cable that is attached to a beam that is 75 feet above the ground. Find the work done in lifting the bucket to the beam if the cable weighs 2 pounds per foot.
	30. A bucket that weighs 50 lb is attached to the end of a 15 foot rope lying on the ground weighing . The rope is lifted and attached to a 30 ft beam. Initially the bucket contained 25 lb of liquid which is leaking out at a constant rate. How much w...
	31. Find the center of mass of a system consisting of a 10 pound weight at and a 15 pound weight at .
	32. Find the center of mass of a system consisting of a 10 pound weight at , a 15 pound weight at , and a 2 pound weight at
	33. A system consists of a 10 pound weight at and a 15 pound weight at . What size weight needs to be positioned at for the center of gravity of the system to be at ?
	34. A system consists of a 10 pound weight at and a 15 pound weight at . Where should a 5 pounds weight be positioned in order for the center of gravity to occur at ?
	35. The density of a 10 foot rod, as measured from end-point A, is given by . Find the rod’s center of mass.
	36. The density of a 7 meter rod, as measured from end-point A, is given by . Find the rod’s center of mass.
	37. Determine the center of mass of a system consisting of ten pounds at , twenty pounds at , and four pounds at .
	38. A system consists of ten pounds at , twenty pounds at , and four pounds at . What size weight needs to be positioned at the origin for the center of gravity of the system to be at the origin?
	39. A system consists of ten pounds at , twenty pounds at , and four pounds at . Where should a five pound weight be positioned in order for the center of mass of the system to be at the origin?
	40.
	41.
	42.
	43.
	44.
	45.
	46.
	47.
	48.
	49.
	50.
	51.
	52. Find the force on a circular gate of diameter 4 ft in a vertical dam where the center of the gate is 20 ft below the surface if the water.
	53. A swimming pool is 20 ft wide. The water is 3 ft deep at one end at 10 ft deep on the other end. Find the force of the water on one of the 20 ft sides.
	54. Show that if a vertical surface descends vertically at a constant rate, then the fluid force on the surface increases at a constant rate.
	§1. The Natural Logarithmic function

	DEFINITION 6.1
	Figure 6.1

	EXAMPLE 6.1
	EXAMPLE 6.2
	EXAMPLE 6.3
	EXAMPLE 6.4
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27. at
	28. at
	29. at
	30. (Implicit Differentiation) at
	31. (Point of Tangency) Find the point on the graph of at which the tangent line passes through the origin.
	32.
	33.
	34.
	35.
	36.
	37.
	38.
	39.
	40.
	41.
	42.
	43. if .
	44. if
	45. if .
	46. if and
	47.
	48.
	49. (Area) Determine the area A of the region bounded above by the graph of the function , below by the line , and on the sides by the vertical line and .
	50. (Area) Determine the area A of the region that lies above the interval and below the graph of the function .
	51. (Volume) Find the volume obtained by revolving the finite region bounded by the graphs of the functions , , and the line about the x-axis.
	52. (Learning Curve) A study has shown that the number, , of words per minute that an individual can type, after t hours of practice, is given by:
	53. (Work) Determine the work done by a force of N along the x-axis from to .
	54. (Arc Length) Find the length L of the graph of the function over the interval .
	55. (Maximum Velocity) A particle moves on the x-axis in such a way that its velocity is given by for . At what time will velocity be greatest?
	56. (Theory) (a) Find a formula for the derivative of , for .
	57. (Theory) Show that for any rational number r and any .
	§2. The Natural Exponential function
	Figure 6.2


	EXAMPLE 6.5
	EXAMPLE 6.6
	EXAMPLE 6.7
	Figure 6.3

	EXAMPLE 6.8
	EXAMPLE 6.9

	Answer:
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28.
	29.
	30.
	31.
	32.
	33. at
	34. at
	35. at
	36. (Implicit Differentiation) at
	37. (Point of Tangency) Find the points on the graph of the function where the slope of the tangent line to the graph equals the function value.
	38. (Point of Tangency) Find a point on the graph of at which the tangent line passes through the origin.
	39.
	40.
	41.
	42.
	43.
	44.
	45.
	46.
	47.
	48.
	49.
	50.
	51. if .
	52. if
	53. if .
	54. if , and
	55. Show that the function satisfies the equation for all real numbers A and B.
	56. For what values of a does the function satisfy the equation ?
	57. For what values of a does the function satisfy the equation ?
	58. For what values of a does the function satisfy the equation ?
	59.
	60.
	61.
	62.
	63. (Area) Determine the area A of the region bounded above by the graph of the function , below by the graph of , and on the sides by the vertical lines and .
	64. (Area) Find the positive number a such that the area lying below the graph of the function and above the x-axis over the interval is equal to that over the interval .
	65. (Volume) Find the volume obtained by rotation about the x-axis the region in the first quadrant that lies below the line and above the graph of the function .
	66. (Related Rate) The vertices of a rectangle are at , and . If x is increasing at a rate of 1 unit per second, at what rate is the:
	67. (Optimization) Show that the rectangle of greatest area bounded below by the x-axis and above by the graph of the function , has two of its vertices at the inflection points of that graph.
	68. Determine the annual interest rate r required for capital to double in 10 years, when interest is compounded continuously.
	69. How much should be invested at an annual rate of 4% compounded continuously in order to have a total of $10,000 at the end of 5 years?
	70. (Radioactive Substance) A certain radioactive substance loses 20% of its original mass in two days. How long will it take for the substance to decay to 90% of its original mass?
	71. (Population) The world population was 5.28 billion in 1990, and 6.37 billion in 2004. Assuming that, at any given time, the population increases at a rate proportional to the population at that time, determine:
	72. (Dead Sea Scrolls) Approximately 20% of the original carbon-14 remains in the Dead Sea Scrolls. How old are they? (See Example 6.9)
	73. (Theory) Prove Theorem 6.7(c).
	74. (Theory) Prove Theorem 6.7(d).
	75. (Theory) Prove that if for all in then for some constant c. Suggestion: consider the derivative of the function .
	76. (Theory) (a) Find a formula for the derivative of , for .
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	28. (Doubling Time) Prove that in an exponential growth situation, if the doubling time of a substance is D, then the amount of substance present at time t is given by where denotes the initial amount of the substance.
	29. Practicing one hour a day, it took Bill 9 days to learn to type 30 words per minute. How many days of practice will he need in order to get his speed up to 60 words per minute, assuming that an average experienced typist can type 73 words per minute
	30. (a) Find the learning curve formula for Mary’s riveting abilities if it took her 5 days before she could do 27 rivets per hour, given that the average experienced riveter can do 43 rivets per hour.
	31. (Theory: Change of Base Formula) Prove that for any :
	32. (Theory) Prove: (a) Theorem 6.9(a) (b) Theorem 6.9(b)
	33. Find the intensity of the given sound.
	34. What is the difference in the intensity level of two sounds, if the intensity of one sound is 70 times that of the other?
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	38. If an earthquake has an intensity which is 300 times the intensity of a smaller earthquake, how much larger would its Richter scale measurement be?
	39. Find the pH value of sea water, given that .
	40. (a) Find the value of lemon juice, given that its pH value is 2.3.
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