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Preface

PREFACE

There is no mathematical ramp that will enable you to continuously inch your way higher and
higher in mathematics. The climb calls for a ladder consisting of discrete steps designed to take
you from one mathematical level to another. You are about to take an important step on that lad-
der, one that will take you to a plateau where mathematical abstraction abounds. Linear algebra
rests on a small number of axioms (accepted rules, or “laws”), upon which a beautiful and practi-
cal theory emerges.

Technology can be used to reduce the time needed to perform essential but routine tasks. We fea-
ture the TI-84+ calculator, but any graphing utility or Computer Algebraic System will do. The
real value of whatever technological tool you use is that it will free you to spend more time on the
development and comprehension of the theory and its applications. In any event, if you haven’t
already discovered in other courses:

MATHEMATICS DOES NOT RUN ON BATTERIES

Systems of linear equations are introduced and analyzed in Chapter 1. Graphing utilities can be
used to solve such systems, but understanding what those solutions represent plays a dominant
role throughout the text.

We begin Chapter 2 by sowing the seeds for vector spaces in the fertile real number field, where
they soon blossom into the concept of an abstract vector. The remainder of Chapter 2 and all of
Chapter 3 are dedicated to a study of vector spaces in isolation. Functions from one vector space
to another which, in a sense, respect the algebraic structure of those spaces are investigated in
Chapters 4 and 5. The sixth chapter focuses on Eigenvalues and Eigenvectors, along with some of
their important applications.

The first six chapters may provide a full plate for most one-semester courses. If not, then Chap-
ter 7 (on inner product spaces) is offered for dessert.

We have made every effort to provide a leg-up for the step you are about to take. Our primary
goal was to write a readable book, without compromising mathematical integrity. Along the way,
you will encounter numerous Check Your Understanding boxes designed to challenge your under-
standing of each newly introduced concept. Complete solutions to the problems in those boxes
appear in Appendix B, but please don’t be in too much of a hurry to look at our solutions. You
should TRY to solve the problems on your own, for it is only through ATTEMPTING to solve a
problem that one grows mathematically. In the words of Descartes:

We never understand a thing so well, and make it
our own, when we learn it from another, as when
we have discovered it for ourselves.






Brackets are used to denote
sets. In particular,

{1, 1,-1)}
denotes the set containing
but one element—the cle-
ment (-1, 1,-1).

The x;s denote variables

(or unknowns), while the
a;;’s and b;’s are con-
stants (or scalars).
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CHAPTER 1

MATRICES AND SYSTEMS OF
LINEAR EQUATIONS

Much of the development of linear algebra calls for the solution and
interpretation of systems of linear equations. While the “solution part”
can be relegated to a calculator, the “interpretation part” cannot. We
focus on the solution-part of the process in Section 1, and on the more
important interpretation-part in Sections 2.

§1. SYSTEMS OF LINEAR EQUATIONS

To solve the system of equations:
2x+4y—4z
2x+6y+4z

x+ty+2z=-2

is to determine values of the variables (or unknowns) x, y, and z for
which each of the three equations is satisfied. You certainly solved such
systems in earlier courses, and if you take the time to solve the above
system, you will find that it has but one solution:

x=-1,y=1,z=—-1. We can also say that the three-tuple
(-1, 1,-1) 1is a solution of the given system of equation, and that
{(=1,1,-1)} isits solution set. In general:

An (ordered) n-tuple is an expression of the form

(¢y, €y, ... c,), where each c¢; is a real number (written

c,eR),for1<i<n.

We say that the n-tuple (¢, c,, ..
system of m equations in » unknowns:

.,C,) 1s a solution of the

ap X, tapx,+...a;,x, = b
Ay X1+ AyXy T ey X, = b,

n n

a, X, +a,,x,+...a, x, = b,
if each equation in the system is satisfied when ¢; is substi-

tuted for x,, for 1 <i<n.

The set of all solutions of a system of equations is said to be
the solution set of that system.
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You wused this third
maneuver a lot when
eliminating a variable
from a given system of
equations For example:

1) x+3y—-z=1
2) 2x—5y+3z =13
(3) —3x+y+2z=2

multiply (1) by -2 and add it
to (2)

Ls 11y+52=1
10y—z =5

multiply (1) by 3 and add it
to (3)

EQUIVALENT SYSTEM
OF EQUATIONS

Matrices and Systems of Linear Equations

EQUIVALENT SYSTEMS OF EQUATIONS

Consider the system of equations:

-3x+ty =2

X 1
219y = 2
27 T3

As you know, you can perform certain operations on that system which
will not alter its solution set. For example, you can:

(1) Interchange the order of the equations:
—3x+y =2 X

X 1
240y = =
)

(2) Multiply both sides of the resulting top equation by 2:

2 2
-3x+y =2

)—C+2y=l x+4y=l}
%
-3x+ty =2

(3) Multiply the resulting top equation by 3 and add it to the bottom

equation:
x+4y =1 x+4y =1
Y N Y
—3x+y =2 13y =5
multiply by 3 3x+12y = 3
—-3x+y =2
add: 13y = 5

The above three operations, are said to be elementary equation
operations:

ELEMENTARY OPERATIONS ON
SYSTEMS OF LINEAR EQUATIONS

Interchange the order of any two equations in the system.

Multiply both sides of an equation by a nonzero number.

Add a multiple of one equation to another equation.

Two systems of equations sharing a common solution set are said to
be equivalent. As you may recall:

THEOREM 1.1 Performing any sequence of elementary opera-
tions on a system of linear equations will result
in an equivalent system of equations.
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AUGMENTED MATRICES

Matrices are arrays of numbers (or expressions representing numbers)
arranged in rows and columns:

47 170 10

{29 173 ﬂ 10 6 365 (12 7 4] 1
- 8 .f3 11212 9
1) (i1) (iii) (iv) (v)

Matrix (i) contains 2 rows and 3 columns and it is said to be a 2 x 3
(two-by-three) matrix. Similarly, (i1) is a 3 x 2 matrix, and (iii) is a
3 x 3 matrix (a square matrix). In general, an m x n matrix is a
matrix consisting of m rows and »n columns. In particular, (iv)isa 1 x 3
matrix (a row matrix), and (v) is a 3 x 1 matrix (a column matrix).

It is often convenient to represent a system of equations in a more com-
pact matrix form. The rows of the matrix in Figure 1.1(b), for example,
concisely represents the equations in Figure 1.1(a). Note that the vari-
ables x, y, and z are suppressed in the matrix form, and that the vertical
line recalls the equal sign in the equations. Such a matrix is said to be the
augmented matrix associated with the given system of equations.

2x+4y—4z = 6 24 4] 6
2x+6y+4z =0, a—> |26 4|0
x+y+2z=-2 11 2|2
System of Equations Augmented Matrix
(a) (b)
Figure 1.1

Switching two equations in a system of equations results in the
switching of the corresponding rows in the associated augmented
matrix. Indeed, each of the three previously introduced elementary
equation operations corresponds with one of the following elementary
matrix row operations:

ELEMENTARY MATRIX ROW OPERATIONS

Interchange the order of any two rows in the matrix.

Multiply each element in a row of the matrix by a nonzero number.

Add a multiple of one row of the matrix to another row of the matrix.

The following terminology is motivated by Theorem 1.1:

DEFINITION 1.1 Two matrices are equivalent if one can be
EQUIVALENT derived from the other by performing elemen-
MATRICES tary row operations.
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HERE IS WHERE WE ARE AT THIS POINT:
A system of linear equations can be represented by an aug-
mented matrix, and every augmented matrix represents a sys-
tem of linear equations. Moreover:

SYSTEMS OF EQUATIONS ASSOCIATED WITH EQUIVA-
LENT AUGMENTED MATRICES ARE THEMSELVES
EQUIVALENT (SAME SOLUTION SET).

AND HERE IS WHERE WE ARE GOING:

Suppose you want to solve the system of equations [1] in Figure
1.2. Assume, for the time being, that you can go from its augmented
matrix (|2]) to matrix [3], via elementary row operations. System [4],
which is associated with the augmented matrix [3], is easily seen to

have the solution: (x = —1,y = 1,z = —1) . But this must also be the
solution of system [1], since the two systems of equations are also

equivalent!
2x+4y—-4z =6 . 2 4 —4| 6
[1] Iy + 6y+4Z 0 augmented matrix 26 40 [2]
xty+2z=-2 I 1 2|2

\ |

Same Solution Set Elementary Row Operations

\ Y

)C+Oy+OZ:fl 1 0 0|-=1
£ .
[4] 0x+y+OZ =1\ -g system of equations 01 ol 1 [3]
Ox+0y+z = -1 0 0 1|-1

Figure 1.2

The remainder of this section is designed to illustrate a method which
can be used to go from matrix [2] of Figure 1.2 to matrix [3], via ele-
mentary row operations.

PIVOTING ABOUT A PIVOT POINT

Capital letters are used to represent matrices, and double subscripted
lower case letters for their entries; as in:

app ayp dyz Ay
A4 = \ay) ay ay; ayy

d3p Azp d33 A3y
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Note that the first subscript of the element a,; denotes its row: i, and
the second subscript, its column: j. For example, if:

2762
A4=1la;] =13 631
-1223

thena,, = 7,a,, = 3,a3, = 3, and so on.

In the next example, we specify a location in a given matrix (called
PIVOT POINT  the pivot-point), which contains a non-zero entry. We then illustrate a
PIVOTING  process (called pivoting) designed to turn the given matrix into an
equivalent matrix with a 1 in the pivot-point, and with each entry above
or below the pivot-point equal to 0. It is a routine process that plays a
dominant role in a number of matrix applications, so please make sure

that you understand it fully.

The following notation will be used to represent elementary
row operations:

ELEMENTARY ROW OPERATION NOTATION
Switch row i with row j: R, & Rj
Multiply each entry in row i by a nonzero ¢R.— R.
number c: ! !

Multiply each entry in row 1 by a number I
¢, and add the resulting row to row j: Gt Iy =0 M

EXAMPLE 1.1 Pivot the matrix:
2 642
A4 ="Tlazl =136 3 15
-12 2 3

about the pivot point a;, with pivot entry 2,

and then again about the pivot point a,, of the
resulting equivalent matrix.

SOLUTION:
Step 1. Get a 1 in the pivot-point position by multiplying each entry
in row 1 by %:

] %Rl >R, 4
2642 ——|1,3-21
L
36315 36315
-12 2 3 -12 2 3
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Step 2. Get 0’s below (there is no above) the pivot point position.
Multiply row 1 by —3 and add it to row 2 (see margin), and

then multiply row 1 by 1 and add it to row 3:
3x(1 3 -2 1)
3R, 3.9 6 -3 1 3-21 3R Ry R 1 3 21 R, Ry R, 13 -21
Ry 5 3 6 315 36315\ ————>0 -39 12 —> |0 -3 9 12
IR TRy 0 -39 12 -122 3 -1 2 2 3 05 0 4
1321
122 3
050 4
Repeating the above two-step procedure, we now pivot about
ay), = —3:
1321\, 13-21 10 7 13 10 7 13
—=R, >R _
0 —3 S) 12 —i—z——£> 0 1 _3 _4 _ifgijﬁ;jji> 0 1 _3 _4_:E§;i§i:i§% 0 1 _3 _4
05 0 4 050 4 050 4 I 001524
0 -39 12 0 -5 1520
1.3 -21 050 4
1.0 713 0 0 1524

GRAPHING CALCULATOR GLIMPSE 1.1

We utilize a graphing calculator to perform the first of the two pivot-
ing processes in the above example, and invite you to use your calcu-
lator to address the other pivoting process.

The TI-84+ calculator is fea- HAMES MATH |Sixldl =
tured throughout the text. [A] 3w Eﬂﬂggthma p%DIT *F??Elf%,221i1¥
[Al } foumSLUm [Z & 3 15]
[E 534 fﬁ} ety [-1 22 311
(=122 371 frrefl

5]
H
]ES':
FoWSuwar
Oz o+
kol ”////// //””/’J

BQHES » EDIT ?Paw+i'34ﬂnﬂ=1=2 o+l JARg. 1.3
H:Eg?tum (L 3 -211 [[1L 5 -211
B:rref a -9 12] - B -2 9 12]
CrrowsSwaEry [-1 2 2 311 [BS @ 411
Oz o+

E: #roui

o+ /




Answer: See page B-1.

A matrix satisfying (i), (ii)
and a slightly weaker form
of (1):
The first non-zero entry
in any row is 1, and the
entries below (only) that
leading-one are 0

is said to be in row-echelon
form.

The matrices

10012 19012
010 5(and 014 5
0010 001 0

are in row-echelon form

\
Answer: Yes: (a), (¢), and (d).

No: (b) [fails (ii)]
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CHECK YOUR UNDERSTANDING 1.1

10 7 13 27207
Pivot about a5; = 15 to go from: g | _3 4| to 2909
001524 72717?

ROW-REDUCED-ECHELON FORM

A matrix may have many different equivalent forms. Here is the nic-
est of them all:

DEFINITION 1.2 A matrix is in row-reduced-echelon form
ROW-REDUCED when it satisfies the following three conditions:
ECHELON FORM (1) The first non-zero entry in any row is 1

(called its leading-one), and all of the entries
above or below that leading-one are 0.

(i1) In any two successive rows, not consisting
entirely of zeros, the leading-one in the
lower row appears further to the right than
the leading-one in the row above it.

(ii1) All of the rows that consist entirely of zeros
are at the bottom of the matrix.

These three matrices are in row-reduced-echelon form:

10012 1000 Lo03
4A=1010 5 B=10011 C =
010
001 0 0000

CHECK YOUR UNDERSTANDING 1.2

Determine if the given matrix is in row-reduced-echelon form. If not,
list the condition(s) of Definition 1.2 which are not satisfied.

0010 10-30 100 01-305
@looool ®loo o1 (C)LIJ 100013
0000 0100 00000

Though a bit tedious, reducing a matrix to its row-reduced-echelon
form is a routine task. Just focus on getting those all-important leading-
ones (which are to be positioned further to the right as you move
down), with zeros above and below them. Consider the following
example:
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EXAMPLE 1.2

Perform elementary row operations to obtain
the row-reduced-echelon form for the matrix:
24 -4 6
26 4 0
112 =2

SOLUTION: Leading-one Step. We could divide the first row by 2 to
get a leading-one in that row, but choose to switch the first row and
third row instead:

24-46 o 112 2
264 0]——""3 51264 0
112 -2 2446
Zeros-above-and-below Step:
2-2-4 4 2-2-4 4
2.6 4 0 2 446
0 40 4 0 2 -810
112 -2 $ _ $ _
2R, +R, >R, 112 2—2R1+R3—>R3 112 -2
264 0)l——————>104 0 4 ——>[04 0 4
24-46 24-46 02-810
Next leading-one Step:
112 -2 112 -2
“R, >R,
04 0 4|4 010
02-810 02-810
Zeros-above-and-below Step:
OR=TROR=] ()
1122 0 2 -810
102 -3 0 0 88
112 -2 $ _ $ _
C1Ry+R, >R, 10 2 -3 R RS R, 102 -3
010 I—010 1——=l010 1

02-810

02-810

00-8 8
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Next leading-one Step:

10 2 3] 1023
—R; > Ry

010 1|—8=——>1010 1

00-8 8 001 -1

Zeros-above-and-below Step:

00-22

1 02-3

100 -1
102-3 Ry +R >R, |[100-1
010 1 |—— {010 1
0011 001-1

We are now at a row-reduced-echelon form, and so we stop.

While not difficult, the above example illustrates that obtaining the
row-reduced-echelon form of a matrix can be a bit tedious. It’s a dirty

job, but someone has to do it:

GRAPHING CALCULATOR GLIMPSE 1.2

[A] HAMES s EOIT
&tan
TEaudmento
Matrrlistc

1 =T

kAR
=T
| g N

= H

listematrr
EIcumSum e PPEF'E
Rz Fef( T
et

For for row-reduced-echelon form

In harmony with graphing calculators, we will adopt the notation
rref(A) to denote the row-reduced-echelon form of a matrix A4.

EXAMPLE 1.3 Solve the system:
2x+4y—-4z =6
2x+6y+4z =0

x+y+2z =-2
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SOoLUTION: All the work has been done:

Example 1.2
augmented matrix

Xy z Xy z
2x+4y—4z =61 | |24 -4|6 100-1] x=-1
2x+6y+4z =026 4|0|>>/010/ 1|y =1
X+y+2z=-2 11 2|2 001/-1 z=-1

/I\—These two systems of equations are equivalent (same solution sets)AT
From the above we can easily spot the solution of the given system:

(x=-Ly=1,z=-1)

CHECK YOUR UNDERSTANDING 1.3

Proceed as in Example 1.3 to solve the given system of equations.

xty+z=26
3x+2y—-z=4

Answer:
x=1y=2z=3 3x+y+22=11

A bit of human-intervention was used in the pivoting process of
Example 1.2. If it is “freedom from choice” that you want, then you can
use the following algorithm to reduce a given matrix to its row-
reduced-echelon form:

Gauss, Karl Friedrich
(1777 -1855), the great
German mathematician
and astronomer.

Gauss-Jordan Elimination Method

Wilhelm Jordan (1842- Step 1. Locate the left-most column that does not consist
1899) German professor entirely of zeros, and pick a nonzero element in that
of geodesy.

column. Let the position of that chosen element be
the pivot-point.

Step 2. Pivot about the pivot-point of Step 1.

Step 3. If necessary, switch the pivot-row with the furthest
row above it (nearest the top) that does not already
contain a leading-one, to the left of the pivot col-
umn.

Step 4. If the matrix is in row-reduced-echelon form, then
you are done. If not, return to Step 1, but ignore all
rows with established leading-ones for that step of
the process.
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EXERCISES

Exercises 1-2. Write down the augmented matrix associated with the given system of equations.

3x-3y+z=2 2x+3y—4w =5

I. 5x+5y-9z=-1 5 x—4z+w = -1
—3x—-4y+z=0 x—4y =0
—x—y+tz+t4w =9

Exercises 3-4. Write down the system of equations associated with the given augmented matrix.

5 14)3 24 10| 9
3 -2-311|4 4. 05521 2
%_10 0 21-38|11

Exercises 5-8. Perform elementary row operations to obtain the row-reduced echelon form for
the given matrix.

024 1002 025 2301

5. 102 6. 2121 7 442 g 1012
245 0224 103 1001
235 2201

Exercises 9-11. Solve the system of equations corresponding to the given row-reduced-echelon
form matrix.

Xyz Xy z w X Xy X3 X4 Xg

10 0[1 10002 1000 0|1

9. lo1 olo 10. [0 1 0 0]-3 0o 0 0|2
00 102 001 01 001002
00 0 110 0001 0[2

00 0 0 1]-1

Exercises 12-15. Proceed as in Example 1.2 to solve the given system of equations.

x=2y+z =1 xX—y—z =2
12. —3x+5y-2z 13, 4x-2y-5z =
4x—-8y+3z =6 —x+3y+6z =0

I

|
W

|

|
[\
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2x—y =2 1
2x+5y—2z = ~1 Yoy = ssmwe

w—x =y

14, —4x—-y+z=-4 15. 1
4 —

x+2y—z =4 yriz= =

x+3y =w-z

16. Construct a system of three equations in three unknowns, x, y, and z such that
x =1,y = 2,z = 3 is asolution of the system.

17. Construct a system of four equations in four unknowns, x, y, z, and w with solution set
{(x=1,y=2,z=3,w=4)}.

Exercises 18-20. (Row-Echelon Form) A matrix is said to be in row-echelon form if it satisfies
all of the conditions of Definition 1.2, except that elements above a leading 1 need not be zero
(the entries below leading ones must still be zero). Determine if the matrix is in row-echelon
form. If not, indicate why not.

1231 1032 0012
18. 10123 19. 10120 20 10100
0001 0002 0001

Exercises 21-22. Perform elementary row operations to transform the given matrix to the given
row-echelon form (see Exercise 18-20).

2 446 12-23 5 6.4 2 1321
2. 126 4 0(=014 -3 2 363 15=|0 13-4
11 2-2 [001 -1 122 3 00 1 8

5

Exercises 23-25. Determine the solution set of the system of equations corresponding to the
given row-echelon form matrix (see Exercise 18-20).

Note: If you are using a graphing calculator, then you might as well use the row-reduced-
echelon command, for that is the most revealing form. If you are doing things by hand,

however, you may be able to save some time by going with the row-echelon form.

Xyz XYz Xy zw
12 0[1 11 0[2 120 1]2
23. o1 10 24101 1]2 25 |01 2 3|3
00 1]2 00 1/0 00 11l
00 0 1(0

26. Offer an argument to justify the following claim:
If the j™ column of a matrix 4 consists entirely of zeros, and if the matrix B is equiva-

lent to A4, then the jt column of B also consists entirely of zeros.
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In the remaining exercises you are to decide whether the given statement is True or False. If True, then
you are to present a general argument to establish the validity of the statement in its most general setting. If
False, then you are to exhibit a concrete specific example, called a counterexample, showing that the
given statement does not hold in general. To illustrate:

Prove or Give a Counterexample:
(a) The sum of any two even integers is again an even integer.

(b) Every odd number is prime.

(a) Yes, each time you add two even integers, out pops another even integer, suggesting
that statement (a) is true. But you certainly can’t check to see if (a) holds for all even
integers—case by case—as there are infinitely many such cases. A general argument
is needed:

If @ and b are even integers, then ¢ = 2n and b = 2m for some integers 7

and m. We then have: a+b = 2n+2m = 2(n+m).Since a + b isitselfa
multiple of 2, it is even.

(b) Surely (b) is false. Why? Because 9 is odd, but 9 is not prime, that’s why. To be sure,
we could offer a different counterexample, say 15, or 55, but we did have to come up
with a specific concrete counterexample to shoot down the claim.

PROVE OR GIVE A COUNTEREXAMPLE

. ax+tby =20 .
27. The system of equations has a solution for all a, b, ¢, d € R.
cx+dy =0
. ax+tby =1 )
28. The system of equations always has a solution for all a, b, ¢, d € R.
cx+dy =1
. ax+by =0 .
29. The system of equations can never have more than one solution.
cx+dy =0

30. The systems of equations associated with the two augmented matrices:

ab| 0 and a b |0
cd| 0 c'd |0

will have the same solution setonly if a = a',b = b',c = ¢' ,andd = d'.

31. If the matrix 4 has n rows, and if rref(A4) contains less than n leading ones, then the last row
of rref(4) must consist entirely of zeros.
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CONSISTENT
INCONSISTENT
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Matrices and Systems of Linear Equations

§2. CONSISTENT AND INCONSISTENT
SYSTEMS OF EQUATIONS

————

EEE = R
ey

EEE

S EE

= EENE

A system of equations may have a unique solution, infinitely many
solutions, or no solution whatsoever. If it has no solution, then the sys-
tem is said to be inconsistent, otherwise it is said to be consistent. As
is illustrated in the following examples, the solution set of any system
of equations can be spotted from the row-reduced-echelon form of its
augmented matrix.

EXAMPLE 1.4 Determine if the following system of equations
1s consistent. If so, find its solution set.
4x-2y—-Tz =5
—6x+5y+10z = —11
—3x+2y+5z=-5

SOLUTION: Proceeding as in the previous section, we have:

Xy z X y z
4x—2y—T7z =5 4 2-7|5 1006 X=6
—6x+5y+10z = -11 ;<> |6 5 10-11|7¢L| o 1 o |-1| <y = -1
—3x+2y+5z = -5 -3 2 5|-5 0 0 1/3 z=73

We see that the given system is consistent, and that it has but one
solution: (x =6,y =-1,z=3).

EXAMPLE 1.5 Determine if the following system of equations
is consistent. If so, find its solution set.
3x-2y-7z =5
—6x+5y+10z = —11
—2x+3y+4z = -3
—3x+2y+5z=-5

SOLUTION: Proceeding as in the previous section, we have:

X y z Xy z
3x-2y-7z =5 3 -2-7/'5 10 0|0
—6x+5y+10z = —11 —6 5 10|-11| 4 (01 0|0
<> —_—
—2x+3y+4z = -3 -2 3 4|3 00 10
—3x+2y+5z=-5 -3 2 51-5 00 0 17

0x+0y+0z = 1]

Since the equation represented by the last row in the above rref-matrix
cannot be satisfied, the given system of equations is inconsistent.
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EXAMPLE 1.6 Determine the solution set of the system:
3x-6y+3w =9
—2x+4y+2z—w = —11
3x-8y+6z+T7w = -5

[A]
NER BTl SOLUTION:
[ -2 &7 -5
X yzw
xXyzw 100 072

TEEF%[E]%;E;E%/Z 3x_6y+3w - 3603 9 rref 010 _l _l
B a1 1.2 57 —2xt4y+2z—w =111 2 4 2 _1|-11| = 2 2

3x—8y+6z+7w = -5 386 71-5 0 0 1 %%

We know that the solution set of the above system of equations coin-
cides with that of the one stemming from the row-reduced-echelon
form of its augmented matrix; namely:

x+0y+0z+0w =2 x =2
1 1 1 1
Ox+y+0z—zw = —2 = —=—+=w
4 2 2bor 7T 272
1 5 5 1
Ox+0y+zt+tz-w=—= zZ=—-z-zw
| | yrETI T 272
Any variable that is not ) ] )
associated with a leading As you can see, that variable w, which we moved to the right of
one in the row-reduced the equations, can be assigned any value whatsoever, after which
echelon form of an aug- h 1 £ d h iabl iated with leadi
mented matrix is said to be the values of x, y, and z (the variables associated with leading-
a free variable. In the cur- ones in Figure 1.3) are determined. For example, setting w = 0
rent setting, the variable w leads to the particular solution:
is a free variable (see rref
in Figure 1.3). (x=2 y=_1 =3 w=0)
9 29 2’

We can generate another solution by letting w = 1:
(x=2,y=0,z=-3,w=1)
Indeed, the solutions set of the system of equation is obtained
by letting w = ¢, where ¢ can be any real number whatsoever:
5 ¢

1, ¢
= =_-4+<£ ,=_2_°¢ =
{(x 2,y 5T 52 ST W c)cefﬁ}
Read: such that _A

We can arrive at a nicer representation of the solution set by
replacing each ¢ with 2c:

{(xZ2,y=—%+c,z=—§—c,w=20)‘2ce‘.R}

and then observing that as “2¢ runs through all of the numbers,”
so does c:

{(x=2,y=%+c,z=—§—c,w=20)‘ceiﬂ}
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Answer: (a) Inconsistent
) {((1+2r,4-5r,1r)|r e R}
(c):

1-2r—s,r,—2—4s,s|r,s € R

Unlike the TI-84+, the TI-89
and above have symbolic capa-
bilities. In particular:

1 Fzw Fzw Fyw FE Fi
- A1 gebraloal c|other [PramiolcLea

2 8 1 a
Bhefine m=|3 1 o b
-1 -5 -1 ¢

ST e|ofrerFran oo Lemn g |

a S-b+c
1 0o Tt e
Sea, b Fe
1& 1& 1&
Fra-S-b-¢
=]

g 1 o

g @ 1

Matrices and Systems of Linear Equations

The system of equations of Example 1.4 has a unique solution, that of
Example 1.5 has no solutions, and the one in Example 1.6 has infinitely
many solutions. These examples cover all of the bases, for if a system
of equations has more than one solution then it must have infinitely
many solutions (Exercise 22).

CHECK YOUR UNDERSTANDING 1.4

Determine if the system associated with the given row-reduced-eche-
lon augmented matrix is consistent. If it is, find its solution set.

10211 10211 1201 1
@015 |4 ®| o154 © 00142
000 |2 000 |0 0000| O

Our concern thus far has been with systems of equations with fixed con-
stants on the right side of the equations. We now turn to the question of
whether or not a system of equations has a solution for all such constants:

EXAMPLE 1.7 Determine if the following system of equations
is consistent for all a, b, and c.

2x+z = a
3x+y =5b
-x-5y-z=c¢
SOLUTION:
X y z
2x+tz=a 2 0 1llal 1 o0 L4
=R, >R, 212
3x+ty=bp—> 1|3 1 0|b 2
31 01/b
—x-5y-z=c -1 -5 —1fc
-1 -5 -1|c
3R, +R, >R, |
IR, + Ry — Ry
I 1 a | i 7
1 0 = = 1 a
23 32 SR,+R; >R e 2 2
0 1 —2|-294p 22770 3| 3a
= =+
12 2 01 > > b
0 -5 - Z+c 0 0 —8 |-Ta+5b+¢|
) ) —éR3—>R3
I 1 ¢ a 1 X y z at+5b+c 1
10 5 5 100 T
1
01 3| _39,p | 3R+ROR, 0 1 0| =39tb=3c
2 2 3 16
_ _ SR+ Ry, >R, _ .
0017a§b02 0017a§bc
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We see that the given system of equations has a solution for all a, b,

and ¢: namelv: x = at5b+tc _ -3a+tb-3c Z=7a75b7c
) y: 6 Y 16 , 2

EXAMPLE 1.8 Determine if the following system of equations is
consistent for all possible values of a, b, ¢, and d.

2x+y+2z+w = a
xX=2y+3z+2w = b
2y+z+4w = ¢
x—z—4w =d

SOLUTION: If you go through the Gauss-Jordon elimination method
without making a mistakes you will find that:

y z w
2x+y+2z+w =a 21 2 1]a
x=2y+3z+2w = b 123 21b)
<>
Ox+2y+z+4w = ¢ 021 4)c
x+0y—z—4w =d 1 0 -1-4\d
Xy z w .
8a-3b-7Tc
1 0 0 -2 E
Here, unlike with the 01 0 1 a—-2b+t4c
smaller system of equa- 13
tions in Example 1.8, the rref
TI-89 (or higher) is of lit- 0 0 1 2 —2a+4b+5c
tle help: 13
—10a+7b+12c+13d
21 2z 1 a 000 0 13
e |1 232 b - )
Prostine n=lo 7 ) L . Figure 1.3
1o b 4 The last row of the above rref-matrix represents the equation:
FAIH EAD AUTD FUHC —10a+7b+ 12¢ + 13d

AUTO FUMEC 1,430

The last row of the above
rref matrix tells us that
there is no solution to the
system, but it “lies,” for
solutions do exist for cer-
tain values of a, b, ¢, and d

[see (*)].

Answer: (a) It is consistent

for all a, b, and c.

(b) Consistent if and only if
c+t3a+b =0

Ox+0y+0z+0w =

13
As such, that matrix tells us that the given system of equation will
have a solution if and only if:

—10a+7b+12¢+13d = 0 (¥)
In particular, if you choose random numbers for a, b, ¢, and d, then it
is very unlikely that the system will have a solution, for what are the
odds that those four numbers will satisfy (*)?

CHECK YOUR UNDERSTANDING 1.5

Determine if the given system of equations has a solution for all a, b,
and c. If not, find some specific values of a, b, and ¢ for which a solu-
tion does not exist.

4x-2y+z =a x—4y—4z = a
(a) —2x+4y+2z=5» (b) 2x+8y—-12z =50
Sx—y+4z =c —x+12y+2z =¢
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Let P and QO be two proposi-
tions (a proposition is a math-
ematical statement that is
either true or false). To say “P
if and only if O,” (also writ-
ten in the form P < Q) is to
say that if P is true then so is
0 (also written P = Q), and
if O is true then so is P (also
written Q = P).

free: set to 0

v v

X1 Xy X3 Xy X5 Xg

a solution:(-9, 0,2, 1, 5, 0)

Matrices and Systems of Linear Equations

COEFFICIENT MATRIX

The coefficient matrix of an m x n system of equation is the m x n
matrix obtained by eliminating the last column of the augmented
matrix of the system. For example, referring to system of equations of

Examples 1.8, we have:

2x+y+2z+w =a
x=2y+3z+2w =b
2y+z+4w = ¢
x—z—4w =d

augmented
matrix
—

coefficient

matrix
_—

1
-2
2
0

—_— O = N
—_— W N
AN =

QUL O &

-1 -4

21 2 1
1-23 2
02 1 4
1 0-1-4

At this point, it behooves us to introduce a bit of notation. To begin
with, we will use § to represent a general system of linear equations.
We will then let aug(S) and coef (S)denote the augmented and coeffi-
cient matrices of S, respectively. To illustrate:

2x+3y—-z =1
ForS: 3x—y+2z = 5, aug(s) =
—x+2y-3z=2

2 3 -11 2 3 -1
3 -1 2|5/, and coef(§) = |3 _| 2
-1 2 -3 -1 2 -3

The following theorem will enable us to invoke a graphing calculator
to resolve the issues of Examples 1.7 and 1.8:

THEOREM 1.2 The system of equations:

SPANNING apx;tapx,+...a;,x, = b
THEOREM n . ~ b
A1 + ApaXo + s QX = bm
has a solution for all values of b, b,, ..., b, if

and only if rref[coef(S)] does not contain a
row consisting entirely of zeros.

PROOF: If rref[coef(S)] does not contain a row consisting entirely of
zeros, then each row of rref[ coef(S)] will have a leading one, as will
every row of rref[aug(S)]. For any given values of b, b,, ..., b, , a

3 m?

solution for S can then be obtained by setting each of the n —m free
variables in rref[aug(8)] to zero, and letting the variable associated

with a leading one in the i™ row of rref[aug(S)] equal the last entry
in that row (see margin for an illustration).
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For the converse, assume that the last row of rref[coef(S§)] consists
entirely of zeros. The only difference between rref[coef(S)] and

rref[aug(S)] is that the latter has an additional column, the last entry
of which (as was the case in Figure 1.4) must be a linear expression
involving b, b,, ..., b, ,say F(b, b,, ..., b,):

x| X, X3. . .X, X Xy Xy...X,
| same
00 0...0] 0 0 0...0[ <J—F(bypby...0,)
rref[ coef(S)] rref[aug(S)] (see Example 1.8)

It follows that for any values of b, b, ...,b, for which
F(by, b,, ..., b, ) # 0, the resulting system of equations will not have
a solution, for here is its last equation:

Ox, +0x,+...+0x, = F(b;,b,,...,b,)

EXAMPLE 1.9 Use the spanning theorem to determine if the given
system of equations has a solution for all values of the
constants on the right side of the equations.

2x+y+2z+w
x—=2y+3z+2w
2y+z+4w =

2x+z
(a) 3x+y
-x-5y-z

Il
1N}

I

S

|
QO = 8

(b)

I
)

xX—z—4w =
See Example 1.7 See Example 1.8
SOLUTION:

2xtz=a 2 0 1 100

oz e o1 (@) S: x4y =pp Sy | ], g
1 ] (see margin)
- 1

] —x-5y-z=c¢ -1 -5-1 001
A

1
} L does not contain a row of zeros:
system has a solution for all values of a, b, and ¢

2x+ty+2z+w = a 21 2 1 100 -2

] —2y+3z+2w = b _ rref[ coef(S)]

] (b) §. ¥ TOET AW coef(S) |1 -2 3 2 2010 1

1 2y+z+4w = ¢ 0 2 1 4 |Geemagin) g 2
d

1 0-1-4 0000
A

x—z—4w

1 '— contain a row of zeros:
system does not have a solution for all values of a, b, ¢, and d
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Answer: (a) Yes (b)No

A system with fewer equa-
tions than  unknowns
(“wide”) is said to be
underdetermined.

A system with more equa-
tions than  unknowns
(“tall”) is said to be overde-
termined.

Asquare systemis a system
which contains as many
equations as unknowns.

Matrices and Systems of Linear Equations

Note that while the matrix rref[coef(S)] in (b) shows that the system
S is not consistent for all values of a, b, ¢, and d, it does not reveal the
specific values of a, b, ¢, and d for which a solution does exist. That

information can be derived from the matrix rref[aug(S§)] (see Example
1.8).

CHECK YOUR UNDERSTANDING 1.6

Use the spanning theorem to determine if the given system of equa-
tions has a solution for all values of the constants on the right side of
the equations.

x=3y+w =a
3x+7y—z = a
3x—y+2z-3w =5
(@A) 13x—4y+2z=1> (b)
x+tz-5w =c¢
2x—-4y+2z =c¢
2x—y+z-2w =d

HOMOGENEOUS SYSTEMS OF EQUATIONS

A system of linear equations is said to be homogeneous if all of the
constants on the right side of the equations are zero:
ajx; +apx, +...+a;,x, =0
Ay Xy + ayXxy + ...+ a, x, =0
a,1x; t a,,x, +...+a, x =0
(A homogeneous system of m equations in n unknowns)

It is easy to see that every homogeneous system is consistent, with
trivial solution: x;, = 0,x, = 0,...,x, = 0. In the event that the

homogeneous system is “wide”, then it has more than one solution:

THEOREM 1.3

FUNDAMENTAL THEO-
REM OF HOMOGENEOUS luti
SYSTEMS OF EQUATIONs  SOlutions.

Any homogeneous system S of m linear equa-
tions in » unknowns with n > m has nontrivial

PROOF: Having more columns than rows, rref[aug(S)] must have
free variables, and therefore the system has infinitely many solutions.

EXAMPLE 1.10 Determine the solution set of:
2x +3y—4z+ 5w
—3x+ytdz+tw =
x+7y—4z+ 11w

|
S
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SOLUTION: Theorem 1.3 tells us that the system has nontrivial solu-
tions. Let’s find them:

Xy zw
2x+3y—4z+5w =0 2 3.4 5|0
: - aug(S)
S: —3x+y+tdz+w=0,——2"L 51 314 1|0
x+7y—4z+11lw =0 1 7-411|0
B s a5 o '
= ¥ free variables
PRI TP PR Xy = w
r 16 2 _ 16 2
T e e 10— 170 CE0IY
E% é E"4f’11 17/1]] rrof .
01 % _ 4, U
00 0 0]0
Figure 1.4
Assigning arbitrary values to the two free variables z and w we arrive
at the solution set of the system:
X Y
v A

—

{ La-2b 2a- b ab)

e 1b a,beR} = {(16a—2b, 4a—17b,11a, 11b)|a, b € R}

If S is a homogeneous system of equations, then the last column of
rref[aug(S)] will always consist entirely of zeros (Exercise 20). Con-
sequently, when solving a homogeneous system of equations, one
might as well start with coef(§) rather than with aug(S) (one less col-
umn to carry along in the rref-process, that’s all). In particular, the solu-
tion set of the homogeneous system of the last example can easily be

read from rref[coef(S)] (just mentally add a column of zeros to the
right of the matrix):

Xy z w

ar 7

ryoem 10-2 2o

2x+3y—4z+5w =0 2345 ¢ 11 11| |
S —3xtytdziw =0 0B L, jrrel 014 Uy,
X+ Ty—dz+ 11w = 1 7411 1 11| |
00 0 o]0

CHECK YOUR UNDERSTANDING 1.7

Determine the solution set of:

I
S

2x+3y+4z+ 5w
3x+y+d4z+w

I
S

Answer: x+7y+4z+1lw =0
{(4r,—2r,=37,2r)|r e R}
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While underdetermined (“wide’”) homogeneous systems of
equations are guaranteed to always have non-trivial solu-
tions, this is not the case with overdetermined (“tall”’) sys-
tems of equations [see Exercises 27-28], or with square
systems of equations [see Exercises 29-30].

We end this section with a rather obvious result, but one that will play
an important role in future developments; so much so, that we label it
accordingly:

THEOREM 1.4 A homogeneous system § of m linear equa-

LINEAR INDEPEN-  tions in # unknowns has only the trivial solu-
DENCE THEOREM tion if and only if rref[coef(S)] has n leading
ones.

PROOF: Since there are n unknowns, to say that rref[coef(S)] has n
leading ones, is to say that it has no free variables.
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EXERCISES

Exercises 1-6. Determine if the system § with given rref[aug(S8)] is consistent. If it is, find its

solution set.

01]2
L.1oo|o
000
10315
4. 101-4|2
1000 |1

0101 3
22100101 -2
0000/ O

10001 3|0
5:1001002]1
000120][1

100
5 | 010
001

-2
-2
-2

1000052
6. (0100021
001000 1
0000100

S N WO

Exercises 7-12. Determine if the system of equations is consistent. If it is, find its solution set.

. 2x+3y+z==4}

x+y+2z =175

x—4y -4z
10. 2x+8y—12z
—x+12y+2z

x—4y—4z =1
" 2x+y-2z=38

2x+3y—z+2w =4

1L x—y+2z—w =23
2y +z-2w =1
6x—-3y+6z =15

4x-2y+z =4
9. —2x+4y+2z =10
S5x—-y+dz =2

Il
w

- XxXtwtytz
6x+4z—-2y+3w
S5y—3x—-6w—z
—20x—7w—10z+ 8y

I
N

12.

[
| |

_
[o2e]

Exercises 13-14. Does the system of equations have a solution for all a, and »? If not, find some
specific values of a and b for which a solution does not exist, and some specific values of a and b,
not both zero, for which a solution does exist.

2x+3y+z =
x+ty+2z =

13.

4

14

x—4y—4z
S 2x+y-2z

!

Exercises 15-16. Does the system have a solution for all @, b, and ¢? If not, find some specific val-
ues of a, b, and ¢ for which a solution does not exist, and some specific values of @, b, and ¢, not
all zero, for which a solution does exist.

x—4y—4z
2x+8y—12z
—x+12y+2z

15.

4x-2y+z =a
16. —2x+4y+2z=>b
Sx—-y+4z =c¢
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Exercises 17-19. Use the Spanning Theorem to determine if the system of equations has a solu-
tion for all values of a, b, ¢, and d.

2x—-y = a 4x-2y+z = a

7. z=3w =5 18, —2x+4y+2z=» 9. 4x-2y+z = a
2x+2z = ¢ Sx—-y+4z =c¢ —2x+4y+2z =D
y+2z=d 2x+y+z=d

20. Let S is a homogeneous system of equations. Prove that the last column of rref[aug(s)]
contains only zeros.

21. Prove that if m > n, then the system of equations:

apx;tapx,t...ap,x, = b

Ay X1 T AyXy + ey X, = b,
ap1X +am2x2 + sy Xy = bm
cannot have a solution for all values of b, b,, ..., b,, .
. ) ax+by = c
22. Show thatif x = xy,y = y, and x = x;,y = y, aresolutions of the system: ,
dx+ey = f

then, x = x,+k(x; —x4),y = yo+ k(¥ —yq) 1s also a solution for any given k € R.
Suggestion: Substitute the above expressions for x and y into the given system.

Exercises 23-26. Determine the solution set of the given underdetermined (“wide”’) homogeneous
system of equations.

2x+3y-z =0 2x+3y-z =0
23. 24.
4x+6y+2z =0 4x+3y-2z=10
2x+3y—z+4w =0 2x+3y—-2z+4w =0
25. =3x—-5y+2z-3w =0 26. —3x—5y+2z-3w =0
—x—-3y+2z+7w =0 —x—-3y+2z+7w =0

Exercises 27-28. Determine if the given overdetermined (“tall”’) homogeneous system of equa-
tions has a unique solution.

+3y+4z+ 6w =
2x+3y—4z = 0 2x+3y+4z+6w =0
x+3y+5z+2w =0

3x+2y+z =10

27. 2x+y+6z+T7w =0
x+4y-9z =0 28. Sy 4 3v+ 2 0
+3y+2z+w =

4x—y -6z =0 AT SyTEETW
2x+4y+6z+2w =0
3x+ty+tdz+w =20
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Exercises 29-30. Determine if the given square homogeneous system of equations has a unique
solution.

29. 5x+3y—4z+5w =0 30. 2x+S5y+z+4w =0
-x—-y+2z-9w =0 —-3x—-2y+4z+6w =0
3x-3y+2z—-w =20 4x+y—-2z+6w =0
IIx+y—-2z-9w =0 O9x—-3y—-2z+0w =0

Exercises 31-33. For what values of a will the given homogeneous system of equations have a
unique solution?

31 x+tay =0 x+ty+z=20 xtytz =
Cax+y =0 3. x+2y-z=20 33. xtay—z =
—x+ty+taz =0 —x+ty+taz =0

Exercises 34-36. For what values of a and 5 will the given homogeneous system of equations
have a unique solution?

0 35.x+ay
0 bx +y

xtay
‘2x+by

34 x+ty+z=20

(1
o O
(N

36. xtay—-z=0
—-x+y+bz =0

+by =
37. For what values of a, b, ¢, and d will the homogeneous system of equations axmoy

| |
o O
—

cx+tdy =
have a unique solution:

38. Show that if (x,, y,) 1s a solution of a given two by two homogeneous system of equations,

then (kx, ky,) is also a solution for any k € R.

39. Show that if (x,, y,) and (x,y;) are solutions of a given two by two homogeneous system

of equations, then (x, +x,, y, + ;) 1s also a solution.

. apxtapy = b .
40. Let M be the solution set of S: and let 7 be the solution set of the corre-
ayxtayy = b,

apxtap,y =0
sponding homogeneous system H: . Show that:
ay Xt ayy =

(@) If (xy, yy) € M and (x,y,) € M, then (xy—x,yy—y;) € T.

(b) If (xg,y9) € M and (x,y,) €T, then (XgTx,yoty)eM
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41.
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. apxtapy = bl} .
Let M be the solution set of S: and let 7 be the solution set of the corre-
ayx+ayy = b,
apxtapy =0
sponding homogeneous system H: . Show that for any (x,,y,) € M,
ayx +ayy =

M = {(x0+x1,y0+y1)‘(x1,y1) eT}.

PROVE OR GIVE A COUNTEREXAMPLE

42.

43.

44,

45.

46.

47.

48.

The system of equations associated with the augmented matrix | ¢ be is consistent,
Ldef]|al

independent of the values of the entries a through f.

The system of equations associated with the augmented matrix | ¢ be|l is consistent,
L def|o]

independent of the values of the entries a through f.

The system of equations associated with the augmented matrix 1613 } is consistent if

0d| 0

andonlyifd = 0.

If a homogeneous system of equations has a nontrivial solution, then it has infinitely many
solutions.

apxtapn,y =0
If the homogeneous system has only the trivial solution, then the system
Ay X T ayy =
apxtapy = b . :
has a unique solution for all b, b, .
ayXx+ayy = b,

Any system § of m linear equations in » unknowns with # > m has nontrivial solutions.

A system of n linear equations in m unknowns § is consistent if and only if rref[ coef(:S)] has
m leading ones.
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CHAPTER SUMMARY

N-TUPLE

An (ordered) n-tuple is

(cp,Cyy ..

an expression of the form
., ¢,), where each c; is a real number, for 1 <i<n.

SOLUTION SET OF A
SYSTEM OF EQUATIONS

An n-tuple (¢4, ¢y, ..., ¢,) is a solution of the system, S, of m

equations in #» unknowns

apx; tapx,t+...a,,x, = b
g: ¥ T ayx,t...ay,x, = by
a,x,+a,,x,+...a, x, = b,

if each of the m equations is satisfied when c; is substituted for
x;,for 1 <i<n.

The solution set of S is the set of all solutions of S.

CONSISTENT AND
INCONSISTENT SYS-
TEMS OF EQUATIONS

A system of equations is said to be consistent if it has non-
empty solution set. A system of equations that has no solution
1s said to be inconsistent.

EQUIVALENT SYSTEMS
OF EQUATIONS

Two systems of equations are said to be equivalent if they have
equal solution sets.

OVERDETERMINED,
UNDERDETERMINED,
AND SQUARE SYSTEMS
OF EQUATIONS

A system of m equations in n unknowns is said to be:
Overdetermined if » <m (more equations than unknowns).
Underdetermined if n > m (fewer equations than unknowns).

Square if n

m.

ELEMENTARY
EQUATION OPERATIONS

The following three operations on a system of linear equations
are said to be elementary equation operations:

Interchange the order of any two equations in the system.
Multiply both sides of an equation by a nonzero number.

Add a multiple of one equation to another equation.

Elementary row operations
do not alter the solution sets
of systems of equations.

Performing any number of elementary equation operations on a
system of linear equations will result in an equivalent system of
equations (same solution set).
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MATRICES | Matrices are arrays of numbers arranged in rows and columns,
such as the matrix 4 below:
dyp dyp dy3 Ay
A = lay, ay, ay; ayy also: 45, 4 = [al.j], ord = [al.j]
a3y d3p d3z d3y
Since 4 has 3 rows and 4 columns, it is said to be a three-by-
four matrix. When the number of rows of a matrix equals the
number of columns, the matrix is said to be a square matrix.
ELEMENTARY ROW | The following three operations on any given matrix are said to
OPERATIONS | be elementary row operations:

Interchange the order of any two rows in the matrix.

Multiply each element in a row of the matrix by a nonzero num-
ber.

Add a multiple of one row of the matrix to another row of the
matrix.

EQUIVALENT MATRICES

Two matrices are equivalent if one can be derived from the other
by means of a sequence of elementary row operations.

AUGMENTED MATRIX

The augmented matrix of a system of equations S is that matrix
aug(S) composed of the coefficients of the equations in, along
with the constants to the right of the equations in S. For example:

2x+y—z = -2 2 1 -1|-=2
S: x+3y+2z=9 +Aau® | 5 5|
—x—y+2z =1 -1-1 2 1

Equivalent systems of equa-
tions corresponding to equiv-
alent augmented matrices.

Two systems of equations, §; and §,, are equivalent if and
only if their corresponding augmented matrices, aug ($;) and

aug (S,), are equivalent.

ROW-REDUCED-ECHELON
FORM OF A MATRIX

All rows consisting entirely of zeros are at the bottom of the
matrix. All of the other rows contain a leading-1 (with zeros in
all entries above or below it), and those leading-ones “move” to
the right, as you “move” down the matrix.

Gauss-Jordan Elimination
Method.

The Gauss-Jordan Elimination Method of page 10 can be
used to obtain the row-reduced-echelon form rref(4) of a
given matrix A4.
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COEFFICIENT MATRIX

The coefficient matrix of a system of equations S is that matrix
coef (S) composed of the coefficients of S. For example:

2x+ty—z = -2 1
S: x+3y+2z=9 & 1 3 2
—x—y+2z = -1-12

forget about the constants on the right of the equal signs

Spanning Theorem

The system of equations:

apx;tapx,t...a;,x, = b
S: Ay X T AppXy + ey X, = b,
amlxl +am2x2+ "'amnxn = bm

has a solution for all values of b, b,, ..., b

rref[ coef(S)] does not contain a row consisting entirely of
ZEros.

if and only if

m

HOMOGENEOUS SYSTEM OF
EQUATIONS

A system of equations of the form:
apx; tapx, + ... +a,x, =0

Ay Xy + aypxy, + ...+ a, x, =0

a,;x;, ta,x,+..+a, x, =0

with zeros to the right of the equal sign, is said to be homoge-
neous.

TRIVIAL SOLUTION

0, ..

neous system of equation. It is said to be the trivial solution of
the system.

x; = 0,x, = .,x, = 0 is a solution of the above homoge-

Fundamental Theorem of
Homogeneous Systems

Any homogeneous system S of m linear equations in n
unknowns with n > m has nontrivial solutions.

You can use rref[coef(S)] to
solve a homogeneous system
of equations S

Let § be a homogeneous system of equations. The only differ-
ence between rref[aug(S)] and rref[coef(S)] is that the for-
mer contains an additional column of zeros. Being aware of
this, you might as well focus on rref[coef(S)] to derive the
solution set of §.

Linear Independence
Theorem

A homogeneous system § of m linear equations in #» unknowns
has only the trivial solution if and only if rref[coef(S)] has n
leading ones.
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CHAPTER 2
VECTOR SPACES

We begin this chapter with a geometrical consideration of vectors as
directed line segments in the plane and in three dimensional space, and
then extend the vector concept to higher dimensional Euclidean spaces.

Abstraction is the nature of mathematics, and we let the “essence” of
Euclidean vector spaces guide us, in Section 2, to the definition of an
abstract vector space. In Section 3 we begin to uncover some of the
beautiful (and very usefull) theory of abstract vector spaces, an excava-
tion that will keep us well-occupied for the remainder of the text. Sub-
sets of vector spaces which are themselves vector spaces are considered
in Section 4. In Section 5, we return to the two and three dimensional
Euclidean spaces of the first section and derive a vector representation
for lines and planes in those spaces.

§1. VECTORS IN THE PLANE AND BEYOND

We begin by considering vectors in the plane, such as those in Figure
2.1, which are depicted as directed line segments (“arrows”). In that
geometrical setting, the arrow is pointing in the direction of the vector,
with the length of the arrow representing its magnitude.

B B
v = AB NS D
v = 4B
A 4 "~ y = CD
C
(a) (b)
Figure 2.1

Vectors will be denoted by boldface lowercase letters. The vector

y = 4B in Figure 2.1 is said to have initial point 4, and terminal
point B. One defines two vectors to be equal if they have the same mag-
nitude and direction. If you pick up the vector v in Figure 2.1(a) and
move it in a parallel fashion as we did in Figure 2.1(b) to the vector with
initial point C and terminal point D, then you will still have the same
vector:

y=A4B = CD
In particular, the vector v in Figure 2.2 with initial point 4 = (x,, y,)
and terminal point B = (x;,y;) can be moved in a parallel fashion so

that its initial point coincides with the origin. When so placed, the vector
is said to be in standard position.
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Pick up the top vector and
move it 2 units down and 3
units to the right to the right
so that its initial point
(=2, 3) . In the process, the
original terminal point
(4,-1) is also moved 2
units to the right at 3 units
down, coming to rest at
(6,-4).

Note that the two-tuple in
the expression v = (6,—4)
appears in bold-face, so as
to distinguish it from the
form (6,-4) which rep-
resents apointinthe plane.

Y B = (xl’yl)
L /
/
& , A= () /
& / /
} "@‘y\_, / v (xlfxoayl *.Vo)
e‘o‘\ 7_\
& X
6 Figure 2.2 3

EXAMPLE 2.1 Sketch the vector with initial point (-2, 3) and

terminal point (4, —1). Position that vector in
standard position, and identify its terminal point.

SOLUTION: The figure below tells the whole story:

y

(-2.3) i.<
|
1

\\Il X
¢ (49_1)
-1-3
——————— 6 \V4 terminal point
6 |(/T\’ — )% crminal poin
4-(-2)
Figure 2.3

A standard position vector in the plane is completely determined by
the coordinates of its terminal point. This observation enables us to
identify the vector in Figure 2.3 as an ordered pair of numbers or 2-

tuple; namely:

v = (6s _4)

In a similar fashion we may refer to the vectors v and w in Figure 2.4(a)

as v =(2,3) and w = (-3,-2).

Y (2,3)
\4
3 2 - 2 3 "
w
(_35_2) b
(@)

Figure 2.4

3l

4____71

% a
© T T AL, 3,4)

| |

| u |

| ||

| |/|3 Y
1 _ . _

(b)



Length of v = (3,2):

N32+22 = /13

Length of (—1, —%) :

:E:

J13

1
3
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Likewise, the vector u in the 3 dimensional space of Figure 2.4(b) can
be described by the bold-faced 3-tuple u = (1, 3, 4)

The beauty of all of this is that while we cannot geometrically repre-
sent a vector in 4 dimensional space, we can certainly consider 4-
tuples, and beyond. With this in mind, let us agree to denote the set of

all (ordered) n-tuples (a,, a,, ..., a,) by the symbol R”:
R" = {(a,, a,, ...,an)‘al- e R}

The real numbers a; in the n-tuple (ay, a,, ..., a,) are said to be the

components of the n-tuple, and we define two n-tuples to be equal if
their corresponding components are identical:

DEFINITION 2.1 (aj,ay, ...,a,) = (by,b,y,...,b,) if
n-TUPLE EQUALITY a;, = bi R for1<i<n.

SCALAR PRODUCT AND SUMS OF VECTORS

Vectors evolved from the need to adequately represent quantities
which are characterized by both magnitude and direction. In a way,
these quantities themselves tell us how we should go about defining cer-
tain algebraic operations on vectors. Suppose, for example, that the vec-
tor v = (3,2) of Figure 2.5(a) represents a force. Doubling the
magnitude of that force without changing its direction would result in
the vector force labeled 2v in that figure, as that vector is in the same
direction as v = (3, 2), with length twice that of v.

2v = (6,4) v =(3,2)

v =(3,2) | )
=Y = L3

(a) (b)
Figure 2.5

Similarly, if a force that is one-third that of v = (3, 2) is applied in the
opposite direction of v, then the vector representing that new force is

the vector 3 in Figure 2.5(b); for that vector is in the opposite direc-

tion of v = (3, 2), with length one-third that of v.

This stretching or shrinking of a vector, in one direction or the other,
is an important operation which we now formalize and extend to the set
of n-tuple-vectors for any positive integer »:
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DEFINITION 2.2 1o any vector v = (V15 Vg5 oees V,) In R,
SCALAR and any r € R, we let:
PRODUCT 1V = (FV, IV ooy IV,)

The vector rv is said to be a scalar multiple
of v.

For example:
3(1,5) = (3,15)

-5(1,0,—4) = (-5,0, 20)
J2(1,3,-4,5) = (/2,342,-442,5.2)

VECTOR ADDITION

If two people pull on an object positioned at the origin with forces v
and w, then the observed combined effect is the same as that of one
individual pulling with force z, where z is the vector coinciding with
the diagonal in the parallelogram formed by the vectors v and w [Fig-
ure 2.6(a)].

X

(a)

While identical in shape,
the “+”in v +w differs in
spirit from thatin v, +w;:
the latter represents the
familiar sum of two num-
bers, asin 3 + 7 , while the
former represents the
newly defined sum of two
n-tuples, as in:
(3,-2)+(7,11)

<~V %i% W
(b)
Figure 2.6

The above vector z is said to be the sum of the vectors v and w, and is
denoted by v + w. Figure 2.6(b) reveals that:

2=vEw = (v, vy) T (W wy) = (vi+w, v, +w,)
Generalizing, we have:
DEFINITION 2.3 The sum of the vectors v = (v;, v,, ..., V)
VECTOR SUM and w = (wy, wy, ...,w,) in R", is denoted
by v+w and is given by:
viw = (vptw vy twy, v, tw,)
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EXAMPLE 2.2 For v =(-2,3,1,5.,w=(1,5,0,-2),

and » = 2, determine the vector rv+w .

SOLUTION:

2(-2,3,1,5)+(1,5,0,-2)

Definition 2.2: (-4,6,2,10)+(1,5,0,-2)

Definition 2.3: =(-4+1,6+5,2+0,10-2)
= (-3,11,2,8)

rv+w

CHECK YOUR UNDERSTANDING 2.1

For v = (3,2,-2),w = (-3,1,0),» = 2,5 = -3, determine the
Answer: (15, 1, —4) vector rv + sw

EUCLIDEAN VECTOR SPACES

The set of n-tuples R", together with the above defined operations of
vector addition:
(Vp Vs e V) T (Wi Wy cuw,) = (VW vyt w,y, v, +w,)
and scalar multiplication:
F(Vis Vas ooy V,) = (FV, PV, oy FY,)
is called the Euclidean n-space.

Every Euclidean space contains a most distinguished vector:

DEFINITION 2.4 The zero vector in )", denoted by 0, is that
vector with each component the number 0:

ZERO VECTOR
0=¢0,0,..,0)

For example 0 = (0,0,0) is the zero vector in R3, and
0 = (0,0,0,0) is the zero vector in R4,
No direction is associated with the zero vector. A zero force, for

example, is no force at all, and its “direction” would be a moot point.

Every real number r has an additive inverse —r, namely that number
which when added to » yields 0. Similarly:

DEFINITION 2.5 For given v = (Vs Vps s ¥,) € R the

ADDITIVE INVERSE

additive inverse of v is denoted by —v and is
OF A VECTOR

given by:
-y = (—vl, L TR —vn)
Note that for every v = (vl, Vo eeos vn) e R":

v+ (-v) = (vl,vz, ...,vn)+(—v1,—v2, ...,—vn) =0
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We are now in a position to list the properties of Euclidean spaces
which will morph into the definition of an abstract vector space in the
next section:

THEOREM 2.1 Let u, v, and w be vectors in the Euclidean »n-
space R”, and let » and s be scalars (real num-

bers). Then:
( (1) ut+tv =vtu (Commutative Property)
(i) (u+v)+w =u+(v+w) (Vector Associative Property)
Addition: <
(i) v+0 = (Zero Property)
\| (v) v+(-»v) =10 (Inverse Property)
V) r(utv)=rut+rv (Vector Distributive Property)
Scalar and Addition: _
vi) (r+s)u = ru+su (Scalar Distributive Property)
(vil) r(su) = (rs)u (Scalar Associative Property)
Scalar:
(viii) lu = u (Identity Property)

PROOF: We establish (ii) in 92, (v) in R3, and (vii) in R3, and
invite you to verify the rest on your own.

To emphasize the important role played by definitions, the symbol = instead of = will tem-
porarily be used to indicate a step in the proof which follows directly from a definition. In addi-
tion, the abbreviation “PofR” will be used to denote that a step follows directly from a Property
of the Real numbers, all of which will be assumed to hold; for example, the additive associative

property of the real numbers: (a +b)+c = a+(b+c).

(i): (u+v)+w = u+(v+w) (in R2):

This associative property = = = .
eliminates the need for fu = (up,uy),v = (v, vy), andw = (wy, wy), then:

including parenthesis when
summing more than two (u+v)+w= [(”p ”2) + (vp "2)] + (Wp Wz)
vectors. In particular,

v Definition 2.3: =(Uy+vpuytvy)+(w,w,)
is perfectly well defined. Definition 2.3: = [(”1 + "1) +wy, ("2 + vz) + wz]
POFR: = [ug+(vyi+twy),uy,+(vy +w,)]
Definition 2.3: = (g, uy) +[(vy, V) + (Wy, w,)]

=ut(v+tw)
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v): (u+v) = ru+rv (in R3):

Ifu = (uy, uy, uz) and v = (v, vy, v3), then:

r(u+v)=r[(uy, uy, uy)+(vy, vy, v3)]

Definition 2.3: =r(ug+ vy, uy+ vy, iy +vy)
Definition 2.2: = [r(uy +vy), r(uy+v,), r(uy+vy)]
PofR! = (rul trv, ruytrv,, ruy+ rv3)
Defintion 2.3: = (Fuy, ruy, ruy) + (rvy, rv,, rvy)
Definition 2.2: =r(uy, Uy, y) +1r(vy, Vy, v3)
=ru+try

(vii): r(su) = (rs)u (in R™):

r(su)=ris(uy, uy, ...,u,)]

Definition 2.2: =r(Suy, Suy, ..., SU,)
Definition 2.2: =[r(suy), r(su,), ..., r(su,)]
PofR: = [(rs)uy, (rs)u,, ..., (rs)u,]
Defintion 2.2: = (rs)(ul, Uy, ooy un)
=(rs)u

In this, and any other abstract math course:
DEFINITIONS RULE!

Just look at the above proof. It contains but one “logical step,”
the step labeled PofR; all other steps hinge on DEFINITIONS.

CHECK YOUR UNDERSTANDING 2.2

Answer: See page B-3. Establish Theorem 2.1(iv), v + (—v) = 0,1in R3 and in R".
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EXERCISES

Exercises 1-6. Sketch the vector with given initial point 4 and terminal point B. Sketch the same
vector in standard position in the plane, identifying its terminal point.

1. 4=(2,1),B=(0,1) 2. 4=(3,3),B=1(0,-1) 3. A=(1,1),B =(-2,2)
4. 4 =(1,0),B=(0,-1) 5. A4=(2,-1),B=(1,-1) 6. 4=(2,2),B=(1,-2)

Exercises 7-10. Express, as a 3-tuple, the vector with given initial point 4 and terminal point B.
7. A=1(1,2,3),B=(321) 8. A4 =(450),B=(2,-51)

9. 4=(0,1,-9),B = (-9,0,2) 10. 4 = (-3,5,-3),B = (3,-5,3)

Exercises 11-14. Perform the indicated vector operations.
1. 5(3,-2)+(0,1) +(-2,-4) 12. (2,5)+(1,3) +[—(-2,3)]

13. —(2,3,1,-5)+[-(1,-2,0,0)] 4. -[-(-1,2,3,4)]+(3,1,2,-2)

Exercises 15-18. Find the vector v such that:
15. v+(2,-4) = (-4,2) 16. v+(1,3,5) = (2,0,-4)

17. (4,2)+(-v) = (3,5)+[—(1,-2)] 18. (4,3,-1)+(—v) = 2(1,3,-2)

19. Foru = (1,3),v = (2,4),and w = (6,-2), find scalars » and s such that:
(@ rutsv=w (b) —ru+sw =v (c)rv+(—sw) = u
20. Find scalars r, s, and ¢, such that: »(1,3,0) +s(2,1,6) +#(1,4,6) = (7,5, 6)
21. Find scalars r, s, and #, such that: —(1,3,0) +s(2,1,6) +[-#(1,4,6)] = (7,5, 6)
22. Show that there do not exist scalars 7, s, and ¢, such that
r(2,3,5)+s(3,2,5)+¢(1,2,3) = (1,2,4)
23. Find the vector (a, b) € R? of length 5 that has the same direction as the vector with initial

point (1, 3) and terminal point (3, 1).

24. Find the vector (a, b) € R? of length 5 that is in the opposite direction of the vector with ini-
tial point (1, 3) and terminal point (3, 1).

25. On page 37, we established Theorem 2.1(ii) for R2. Prove that theorem for R3 and for R”.



26.

27.
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On page 37, we established Theorem 2.1(v) for R3. Prove that theorem for R% and for R”.

Prove Theorem 2.1(i) for:  (a) R2 (b) R3  (c) R"

28. Prove Theorem 2.1(iii) for:  (a) R?2 (b) B3 (c) ®"

29. Prove Theorem 2.1(vi) for:  (a) R2 (b)y M3 (c) K"

30. Prove Theorem 2.1(viii) for: (a) ®R2  (b) R3 (c) m"

31. Prove thatif v, w, and z, are vectors in R such that v+w = v+ 7z, thenw = z.
PROVE OR GIVE A COUNTEREXAMPLE

32. Forve R",ifrv = sy thenr = s.

33. Forv#0 e R",if rv = sy thenr = 5.

34. Forv,v,e R"and r=0,if rv, = rv, thenv, = v,.

35. Forve R", rv = 0 ifandonlyif » = 0 orv = 0.
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The elements of a vector
space V are called vec-
tors, and will be denoted
by bold-faced letters (like
v). Scalars will continue
to be denoted by non-
bold-faced letters .

The binary operator need
not be represented with a
plus-sign—see Example
2.4, page 46.

Addition:

Scalar and Addition:

Scalar:

A set is said to be closed,
with respect to an operation,
if elements of that set sub-
jected to that operation
remain in the set.

—

§2. ABSTRACT VECTOR SPACES

One of the main objectives of abstract mathematics is to isolate and
analyze a particular structure of the real number system, so as to better

focus on its “essence.” The essence of the vector structure in R” tabu-
lated in Theorem 2.1, page 36, leads us to the definition of an abstract
vector space:

DEFINITION 2.6 A (real) vector space is a nonempty set V
along with two operations, called vector addi-
tion and scalar multiplication. The binary
operation of addition assigns to any two ele-
ment u and v in V, another element u +v in V.
The operation of scalar multiplication assigns
to any real number 7 (also called a scalar), and

VECTOR SPACE

any element v in V, another element v in V.
These operations must satisfy the following
eight axioms for all u,v,w e V, and all
r,s € R:

i) wutv=v+tu (Commutative Axiom)

(i) (u+v)+w=u+(wv+w) (Vector Associative Axiom)

(iii) There is a vector in ¥, denoted

by 0 suchthat v+ 0 = v

for every vector v in V. (Zero Axiom)
(iv) For every vector v in V, there

is a vector in V, denoted by —v

suchthat v+ (-v) = 0. (Additive Inverse Axiom)
~v) r(u+v) = (ru)+(rv) (Vector Distributive Axiom)
vi) (r+s)v = (rv)+(sv) (Scalar Distributive Axiom)
(vii) r(sv) = (rs)v (Scalar Associative Axiom)
(viii) v = v (Identity Axiom)

While eight axioms are specifically listed in the above definition, two
more are lurking within the above so-called closure statements:

Vis closed under addition: Forevery vandw in ¥, v+we V

V'is closed under scalar
multiplication: Foreveryve Vandre R,rvelV




We also point out that, by
convention, no meaning is
attributed to an expression
of the form vr, wherein a
vector v appears to the left
of a scalar r.

We are againusing = to
indicate that equality fol-
lows from a definition,
and “PofR” for “Property
of the Real numbers.”
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It is important to note that while the two plus signs in
(r+s)v = (rv) + (sv) are identical in appearance, they do not represent a
common operator:

The “+” in (7 + s)v denotes the sum of two real numbers, as
in 2+5 = 7, while the “+” in (rv) + (sv) denotes the sum
of two vectors, asin 2v + Sv = Tv.

By the same token, the two “products” in the expression (rs)v also denote
distinct operators:

The rs in (rs)v denotes the product of two real numbers,
resulting in another number, asin 2 - 5 = 10, while the scalar
product 10v represents a vector.

We already have infinitely many vector spaces at our disposal, namely
the Euclidean n-spaces. We now turn our attention to several others.

MATRIX SPACES

EXAMPLE 2.3 The set of two-by-two matrices:

M, , = {tj a,b,c,deR}

with addition and scalar multiplication given by:
abl |a"b| _lata b+b
cd ¢ d ctc d+d

Llabl _ |rarb
cd rc rd
is a vector space.

SOLUTION: We content ourselves with verifying Axiom (iii) (the zero
axiom), and Axiom (iv) (the additive inverse axiom).

Axiom (iii): Let 0 = 00 . Then, forany v = |4 b we have:
00 cd
\FPOfR
p+0= abl  |00/_|at0b+0] 2 |ab =
cd 00 ct0d+0 cd
Axiom (iv): For any given v = {a b} , we show there exists a vector —v,
cd
namely —v = {—a _b} ,such that v+ (—v) = 0:
—c —d
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PofR
v+(_v)5{a b}{—a —b}E{(a—a) (b—b)} _J{o }Eo
cd —c —d (c—c) (d-d) 00

Generalizing Example 2.3 to accommodate matrices of all dimen-
sions, we have:

THEOREM 2.2 et M o x » denote the set of all m x n matrices.

MATRIX SPACE  Eor 4 = [a,] and B = [b,] in M,, ., let

A+B = [alj]+[blj] = [alj+blj]

(The ijth entry of the sum matrix is the sum of the ijth
entry in matrix 4 with the ijth entry in the matrix B.)

Forre Rand 4 = [al-j] eM, let:

Xn?
rd = rla;] = [ra;]

(The i entry in the matrix r4 is r

times the i/ entry in the matrix 4.)

The set M, ., with the above operations is a
vector space.

PROOF: We content ourselves with verifying Axioms (i) and (vi).
Axiom (i): Forevery A = [a,] and B = [bl.j]:
\l: PofR

At B=la;)+[b]=la;+b,] = [b+a 1=[b;]+[a;]=B+4
Axiom (vi): For scalars 7 and s, and 4 = [a;]:
PofR
(r+s)d=(r+s)la;l=[(r+s)a;] = [ra;+sa;]
= [ral-j] + [sal-j
= r[aij] + S[al-j] =rA+sA

CHECK YOUR UNDERSTANDING 2.3

Verify the associative axiom r(sv) = (rs)v for the vector space
Answer: See page B-3. Mm < of Theorem 2.2.




2.2 Abstract Vector Spaces 43

POLYNOMIAL SPACES

A function of the form p(x) = a,x"+a, x"~'+---+a,, with

a, # 0 is said to be a polynomial function of degree n. For any given

In particular: integer n >0, P, will represent the set of polynomials of degree less

Py(x) = {aglage R} =R than or equal to n
We note that the polynomial:

n n—1
ax"+ta, |x +...taxta,

can be written the other way around:
agtax+t azx2 +...tax"

and can also be expressed in Sigma-notation form:

The Greek letter Z 5
(Sigma) is used to denote Z a x’ =aytaxtax-+..tax"
a sum.

THEOREM 2.3  The set of polynomials P, of degree less than or
equal to n, with operations:
n
Z al.xi + z bl.xi = Z (al.+bl.)xi
i=0

i=0 i=0

POLYNOMIAL
SPACES

n
r Z al.xi = Z ra Xl
i=0 i=0
is a vector space.

PROOF: We establish the two distributive axioms, and relegate the
remaining six to the exercises.
Axiom (V) r(u +v) = (ru)+ (rv):
n n n n
i il i_ i
r z ax'+ Z bx'|=r z (a;+b)x'= Z r(a;+b)x
i=0 i=0 i=0 i=0
n
Z (ra;+ rbl.)xi Z ra xl + Z rb x
= =0

i=0

— |l

PofR

n
Zax’+ Zblxl
i=0
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Answer: See page B-3.

All “objects” in mathemat-
ics are sets, and functions are
no exceptions. The function
f given by f(x) = x2, for
example, is that subset of the
plane, typically called the
graph of f:
f= @) er)

Pictorially:

Axiom (vi) (r+s)v = (rv) + (sv):

I_ iy i i
(r+s) z ax’ = z (r+s)al.x Z (ral.x +sal.x)
i=0 i=0 i=0
n n n n
_ i I_ I i
_ZraivaZSal.x_VZaix +s2aix
i=0 i=0 i=0 i=0

CHECK YOUR UNDERSTANDING 2.4

Referring to Theorem 2.3, verify the commutative axiom:

n n n n
Z al.xi+ Z bl.xi = Z bl.xi-i- Z al.xi

i=0 i=0 i=0 i=0

FUNCTION SPACES

You are probably accustomed of thinking that a function is some sort
of dynamic creature that “takes numbers to numbers.” At this point,
however, you want to think of a function as being an object, in the same
way that you see the number 5 as an object. Indeed, the set of all such

functions f/: X —> R from a set X (the domain of the function) to the
set R of real numbers, can be turned into a vector space:

THEOREM 2.4 Let F(X) denote the set of all real-valued
FUNCTION SPACE  functions defined on a non-empty set X:
F(X) = {1 f: X—>R}
For fand g in F(X), and r € R, let f+ g, and
rf be given by:
(f+8)(x) = flx) +g(x) *)
and (7f)(x) = rf(x)

With respect to these operations, F(X) is a
vector space.

A function f: X — R is defined to be equal to a function
g: X R, if f(x) = g(x) forevery x € X.



The fact that F(X) is
closed under addition and
scalar multiplication 1is
self-evident.

As you can see, we
elected to use the letter Z,
rather than the symbol 0,
for our zero vector. It’s
just that an expression
like 0(x) would strongly
suggest that a multiplica-
tion by zero is being per-
formed, which is not the
case.

Answer: See page B-3.
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PROOF: We verifying Axioms (i), (iii), (iv) and (v):

Axiom (i) (Commutative Axiom). For f,g e F(X) and x € X:
PofR

(f8)x)=fx) +g(x) = g(x) +/(x)=(g+N(x)
Since (f+g2)(x) = (g +f)(x) foreveryxe X, f+g =g+ f.

Axiom (iii) (Zero Axiom). Let Z : X — R be the function given by

Z(x) = 0 forevery x € X.Forany fe€ F and x € X:
PofR

(f+Z)(x)=f(x) + Z(x) =f(x) + 0 = flx) =f(x)
Since (f+Z)(x) = f(x) foreveryx e X, f+Z = f.

Axiom (iv) (Additive Inverse Axiom). For given fe F(X) let —f be

the function given by (—f)(x) = —f(x). Then, for any x € X:
PofR

f+ (N1x) =fx) + (-f(x)) = 0=2Z(x)
Since [f+ (-f)](x) = Z(x) foreveryxe X, f+(-f) = Z.

Axiom (v) [Distributive Axiom (vector)]: For any f, g e F(X),
xeXandreR:

PofR
[r(f+&)]1(x)=r[(f+g)(x)]=r[fx) +g(x)] = rf(x) + rg(x)
= (rf)(x) + (rg)(x)

Since [r(f+2)](x) = (r)(x) + (rg)(x) for every x € X,
r(f+g) =rftrg.

CHECK YOUR UNDERSTANDING 2.5

Verify the distributive axiom (r+s)v = (rv) + (sv) for the func-
tion space of Theorem 2.4.

ADDITIONAL EXAMPLES

As you will see in the next two examples, addition and scalar multi-
plication in a vector space can be somewhat “counter-intuitive.” More-
over, both the zero vector 0 and the additive inverse vector —v, may
appear somewhat strange in a vector space.
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EXAMPLE 2.4  Show that the set R* = {x|x>0} of positive
real numbers with a binary operator of multi-

plication: ab and scalar operation: a” is a vec-
tor space.

SOLUTION:  R* is certainly closed under both of the above opera-
tions. Moreover:

Axiom (i). For every a,b € R*: ab = ba

Axiom (ii). For every a, b, c € R*: a(bc) = (ab)c

Axiom (iii). Forevery a € R*: a-1 = a,so | is the zero vector.

1. .
= 1,so0 = is the inverse of a.
a

QI

Axiom (iv). Forevery a € R*: a -

Axiom (v). For every a,beR", and every re@R,
(ab)" = a"b".
You are invited to establish the remaining three axioms of Definition

2.6 in the exercises, thereby establishing the fact that R*, with given
operations, is a vector space.

EXAMPLE 2.5 Show that the set ¥V = {(x,y)|x,y € R}
under “addition”:
(p)t(xLy") = (x+x'-1Ly+y +1)
and scalar multiplication
r(x,y) = (rx—r+1L,ry+r—1)
is a vector space:

SOLUTION: Vs certainly closed under both of the above operations.
We content ourselves by establishing the zero and inverse axioms, and
leave it for you to verify the remaining six axioms in the exercises.

Zero Axiom: Does there exist a vector 0 such that v+0 = v for

every v € V'? Don’t be to quick to say “no,” basing you answer on
the observation that

(x,y)+(0,0) = (x+0-1,y+0+1) = (x—1,y+1)=(x,y)
But you have no right to assume that if a zero vector exists, then it
must be the one you would like it to be! Putting partiality aside, let’s
see if we can find a vector 0 = (a, b) such that (x,y)+0 = (x,y),

for every (x,y) € V:



Answer: Zero vector:
(1,-2,3)

Inverse of (x,y,z):

(—-x+2,-y+4,—-7+6)

y

_
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(x,»)+0 = (x,y)
(x,y) t(a,b) = (x,y) {

(r+ Ly+b+1) x.7) xta-1=x=a=1
- 1 = ) =
xta-Ly e y+b+1 =y=b=-1

That’s right, in this vector space, 0 = (1,-1), for:
(an’)+(1a—1) = (x+1_19y+(_1)+1) = (xay)

Additive Inverse Axiom: Now that we have a zero vector,
0 = (1,-1), we can ask if, for any given v = (x, y), there exists a
vector —v = (a, b) such that (x,y)+ (a, b) = (1,-1) . There does:
+ = —_
(o) (@b) = (L=1) (s
(x+ta-Ly+b+1)=(1,-1) =

y+tb+l=—-1=b=—-y-2

So, the additive inverse of (x, y) turns outto be (—x +2, -y —2), for:

)+t (=x+2,-y-2) = (x-x+2-1Ly-y-2+1) = (1,-1)
1

the zero vector

CHECK YOUR UNDERSTANDING 2.6

Verify that Axioms (ii1) and (iv) of Definition 2.6 are satisfied for the
set V= {(x,»,2)|x,y,z € R} with imposed addition:
xy,2)+(x,y,7) = (x+x'-1,y+ty' +2,z+z7'-3)
and scalar multiplication:
r(x,y,z) = (rx—r+ 1, ry—-2r—-2,rz—3z+3)

EXAMPLE 2.6 Let Vdenote the upper-half plane:

V=1x»)xyeR,y=0j}
with standard addition and scalar multiplication:
(6, y) + (") = (x+x',y+y")
r(x,y) = (rx,ry)
Is V a vector space?

SOLUTION: No, since V' is not closed under scalar multiplication. But
we can’t just say this, for our claim has to be established. We have to
demonstrate that the scalar product involving some specific element
of V" and some specific real number ends up being outside of V, and so
we shall:

(5,2) eV but —-7(5,2) = (-35,-14) ¢ V
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Answer: See page B-4.

EXAMPLE 2.7 Let Xbe the set of two-tuples with operations:
(6, ) +(xy") = (x+x',y+y")
r(x,y) = (rx,y)
Is X a vector space?
SOLUTION: X is certainly closed under both operations. We need not
challenge the first four axioms of Definition 2.6, as they involve only

the addition operator which coincides with that of Euclidean two-
space. The scalar operator, however, is a bit different from that of

R2, and we must therefore determine whether or not Axioms (V)
through (viii) are satisfied. What you may want to do is to quickly
check to see if they hold for some specific vectors and scalars:

Let’s Challenge Axiom (vi), (r+s)v = (ru)+ (sv),

withr = 7,s = 3,andu = (4,-2):

(7+3)(4,-2) = 10(4,-2) = (40,-2)

and 7(4,-2)+3(4,-2) = (28,-2)+(12,-2) = (40,—4) Oops!
We need go no further, for the above shows that Axiom (vi) does not

hold, and can therefore conclude that under the given operations, X is
not a vector space.

CHECK YOUR UNDERSTANDING 2.7

THE TRIVIAL VECTOR SPACE:

Define addition and scalar multiplication on the set ' = {0} and verify
that V' is a vector space with respect to those operations.
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EXERCISES

Exercises 1-13. Verify that the set S, with given operations, fails to be a vector space.

1.

2.

10.

11.

12.

13.

S=NR,x+y =x—-y,and rx = rx.

S=1{(y)|nyeR, (xy)+(&',y) = (x+x,0),and r(x,y) = (rx, ry).
S={xy)|xyeR}, (x,y)+ ", y") = (xx",yy'),and r(x,y) = (rx,ry).
S={xy)|xyeR}, (x,y)+ (") = (0,0),and r(x,y) = (rx,ry).
S={(x»)|xyeR}, (x,y)+(,y) = Qx+2x,y+y"),and r(x,y) = (rx, ry).
S={xyIxyeR}, (x,y)+x,)y) = (x+tx",y+y),and r(x,y) = (0,0).
S={xy)|xyeR}, (xy)+,y) = (xty,y+x),and r(x,y) = (rx,ry).

S={0»,0)xyeR}, (xy,0)+(x,y,0) = (x+x",y+)',0),and
r(x,y,0) = (rx,ry,0).

S=M,,,, ab| |a"b| _|ata 0 ,andrab _ rarb'
lcd |c d| | 0 d+d'| lc d| |7c rd)|
S=M,,,, ab|, |a" b _ a+c'b+d”andrab _ rarb'
lcd | d| lcta d+b'| c d| \rc rd|

S = {ax2+bx+c}, (ax?+bx+c)+(a'x2+b'x+c') = (a+a')x>+(b+b')x and
r(ax?+bx+c) = (ra)x?+ (rb)x + (rc).

S={0,1};0+0=0,1+1=0,0+1=1+0=1;andr0 =0,r1 = 1.

S={aceR|a>0},a+b = Ina+Inb,and ra = Ina".

Exercises 14-16. Verify that the set V, with given operations, is a vector space.

14.

15.

16.

V={1},1+1=1,andrl = 1.
V=A0,»0)xyeR} (xy,0)+(x,y,0)=(x+x",y+)',0),and
r(x,y,0) = (rx,ry, 0).

V=1»)xy e Ry, () + (L)1) = (x+x"+2,y+y7),
r(x,y) = (rx+2r-2,ry).
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17. Complete the proof of Theorem 2.2.
18. Complete the proof of Theorem 2.3.
19. Complete the proof of Theorem 2.4.
20. Establish the remaining three axioms for the space of Example 2.4.
21. Establish the remaining six axioms for the space of Example 2.5.
22. A polynomial is an expression of the form p(x) = Z ax' for which there exists an m such
i=0
that a; = 0 for i > m . Show that, with respect to the following operations, the set P of all
polynomials is a vector space:
Z ax'+ Z bx' = Z (a,+b;)x" and r z ax’ = z (ra;)x’
i=0 i=0 i=0 i=0 i=0
PROVE OR GIVE A COUNTEREXAMPLE
23. Let V' be a vector space, and let ve V.If rv = 0,thenr = 0.
24. Let V' be a vector space, and let ve V. If rv = 0 and v#0,then » = 0.
25. Let V'be a vector space, and letve V. If rv = 0 and r#0,thenv = 0.
26. Let V' be a vector space, andlet ve V.If rv = sy, thenr = 5.
27. Let V' be a vector space, and let ve V.If rv = sv and v# 0, then » = 5.
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§3. PROPERTIES OF VECTOR SPACES

For the sake of convenience, we again list the vector space axioms:

( i) utv=v+tu (Commutative Axiom)
(i) (u+v)+w=u+(v+w) (Vector Associative Axiom)
(ii1) There is a vector in ¥, denoted
Addition: < by O suchthat v+0 = vy
for every vector vin V. (Zero Axiom)
(iv) For every vector v in V, there
is a vector in V, denoted by —v
\ such that v+ (—v) = 0. (Additive Inverse Axiom)
v) r(utv) = (ru)+(rv) (Vector Distributive Axiom)
Scalar and Addition: .
i) (r+s)v = (rv)+(sv) (Scalar Distributive Axiom)
Scalar: { (vii) r(sv) = (rs)v (Scalar Associative Axiom)
(viii) 1v = v (Identity Axiom)

For aesthetic reasons, a set of axioms should be independent, in that
no part of an axiom is a consequence of the rest. One should not, for
example, replace Axiom (ii1) with:

There is a vector in J, denoted by 0 such that

v+0 = vand 0 +v = v for every vector vin V.
Reason: Axiom (i) already implies that the 0 of Axiom (iii) can be on
either side of the v. The same can be said about the vector —v in Axiom (iv).
Bringing us to:

THEOREM 2.5 Let V' be a vector space.
(a) For every vector vin V-
v+0=0+v =
(b) For every vector v in V, there exists a vector
—v such that:
v+(—v) = (—v)+tv=—v+v =0

Our next theorem tells us that there is but one 0 vector in any vector
space, and that every vector v has a unique additive inverse —v. While

you might have taken these two facts for granted, neither is given to
you free of charge:
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THEOREM 2.6 Let V' be any vector space, then:
(a) There is but one vector 0 which satisfies the
property that v+ 0 = v forevery vin V.
(b) For any given vector v in V, there is but one
vector —v in V' such that v+ (—v) = 0.

PROOF:

Strategy for (a): Assume that 0 and 0 are any

two zeros, and then go on to show 0 = 0.

Let 0 and 0 be such that, for every vector v:
v+0 =vandv+0 = v (*) v+0 =v and (**)v+0 = v
Substituting 0 for v in (*), we have (i): 0+0 = 0.

Substituting 0 for v in (**), we also have (ii): 0+0 = 0.
Then:

~
o
A

(ii)
_
0=0

[| <—

_ 0=0+0=0+
0=0 0

commutativity

Strategy for (b): Assume that a vector v has two additive
inverses, —v and —v, and then go on to show that —v = —v.

Let —v and —v be such that:
v+ (—v) = 0andv+(-v) = v (*) v+(-v) = 0and (**) v+(=v) =0
Adding —v to both sides of (*) we have:
—v+[v+(-v)] = =v+0
Axioms (ii) and (iii):  (—v+v) +(-v) = —v
Axiom (i) and (**): 0+(—v) = —v

Theorem 2.5(a): -V = =y

The above proof illustrates the important fact that a mathematical the-
ory is based on a set of rules or axioms, on which sit logically derived
results, or theorems. Once established, a theorem can be used to prove
other theorems. At some point, the axioms and theorems kind of blend
into each other—they are just facts, with some of them being dictated
(the axioms), while others are established (the theorems).
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CHECK YOUR UNDERSTANDING 2.8
Show that in any vector space:
If: v+tz=w+z
Answer: See page B-4. Then: v=w

Two different zeros come into play in the following theorem:
The real number 0 that is involved in the scalar prod-
uct at the left of the equality, and the vector 0 that
appears to the right of the equality.

THEOREM 2.7 For any vector v in a vector space V-
Ov=20

PROOF: At times, as is the case here, a proof almost writes itself,
once an appropriate initial step is taken (in this case, to write 0 as

0+0):
PofR Axiom (ii) (Distributive Axiom)
Ov = (0+0)y = Ov+0v

The end is now in sight: just add the additive inverse of the vector Ov
to both sides of the equation:

Ov = Ov+0v
—0y+0v = —-0v+(0v+0v)
Axiom (iv) and (ii): 0 =(-0v+0v)+O0v
Axiom (iv): 0=0+0v
Theorem 2.5: 0 =0v

In words, the above theorem tells us that:

Multiplying any vector by the scalar 0 results in the vector 0.

CHECK YOUR UNDERSTANDING 2.9

Prove that in every vector space V, r0 = 0 for every r € R.

Answer: See page B-4.

The above CYU together with Theorem 2.7 tells us that if either

r = 0 or v = 0, then the scalar product v = 0. The converse also
hods:

THEOREM 2.8 In any vector space V-
Ifrv=0thenr =0orv =20
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PROOF: If » = 0, then surely the statement » = 0 or v = 0 holds,
and we are done. If » # 0, then:
rv =10

1 1
— = —0
I”(r‘)) r

Axiom (vii) and CYU 2.8: (l . )v =0
r

v =10

Axiom (viii): y = ()

CHECK YOUR UNDERSTANDING 2.10
Establish the following Cancellation Properties:

(@) If r#0 and rv = rw,thenv = w.

Answer: See page B-4. (b)If v#0 and rv = sv,thenr = 5.

Here is what the next theorem is saying:

Multiplying any vector by the scalar —1
results in the additive inverse of that vector.

THEOREM 2.9 For any vector v in a vector space V:
—1lv = -y

PROOF:

Strategy: Show that if you add —1v
to v you end up with the vector 0.

Axiom (viii)
—lv+tyv=—-lv+lv=(-1+1)pr=0v =20

Axiom (vi) PofRJ Theorem 2.7

CHECK YOUR UNDERSTANDING 2.11

Establish the following results, for any v in a vector space V, and any
refR.

Answer: See page B-5. (@) —(—v) = v (®) (=r)v = —(rv) (c) r(—=v) = —(rv)
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SUBTRACTION

We all want to replace the expression v + (—w) with v—w. Let’s do
it, but officially:

DEFINITION 2.7 For vectors v and w in a vector space V, we
define v minus w, denoted by v—w, to be
the vector given by:

v—w = v+ (-w)

“SUBTRACTION”

A definition is the introduction of a new word in the language of
mathematics. As such, one must understand all of the words used
in its description. This is so in Definition 2.7, where the new word

“y—w?” on the left of the equal sign is described by previously
defined words “v + (—w)” on the right of the equal sign.

Here are a few results featuring the operation of subtraction. They are
very reminiscent of familiar subtraction operations of real numbers.
This should come as no surprise since the real number system is itself a
vector space.

THEOREM 2.10 For any vectors v, w, and z in a vector space V,
and scalars r, and s in ‘R :

@ v-v=20
by (v+tw)—z=v+(w-2)
) (vtw)—-w=1v
PROOF:
(@ v—-v=v+(—v) =10
/t Definition 2.7

(b) +w)—z Z (vtw)+(-z) =vH[w+(2)] T v+(w-2)

T— Definition 2.7 4T

) (vtw)-w=v+(w—w)=v+0 =y

(b) (@

CHECK YOUR UNDERSTANDING 2.12

(a) Show that for any two vectors v and w:

—(vtw)=—-v—w
(b) Use the Principle of Mathematical Induction (see Appendix A) to
show that for any n vectors vy, v,, ..., v, :

Answer: See page B-5.

L e e o ) B e 2 R U
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We complete this section with a list of results; some of which we
proved, some of which appeared in Check Your Understanding boxes,
and others which you are invited to establish in the exercises.

THEOREM 2.11 For every v, w, and z in a vector space V, and
every r, s, t € R:

(1) There exists a unique vector 0 eV
v+0=0+y =v.

(1) There exists a unique vector —v e V
suchthat v+ (—v) = —v+v = 0.

Cancellation ( (i) Ifv+z =w+z theny = w
Properties | ) 1¢, .0 and rv = rw,then v = w.

(v) Ifv#0andrv = sv,thenr = 5.

(vi) Ov =0

(vii) 70 = 0

(viii) rv = 0 ifandonlyif » = O orv = 0

(iX)r(sv + tw) = (rs)v + (rt)w

x) -1y = —»

xi)—(-v) = v

(xii) r(—v) = (=r)v = —(rv)

(xii)) r(v—w) = rv—(rw)

(xiv) (r—s)v = rv—(sv)

xv) —-(v+tw)=—-v—w

(xvi) v—w = —w+vy

xvi) v—(wtz) = (v—w)—z

(xvi) v—(w—z) = (v—w)+z
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EXERCISES

Exercises 1-8. Prove:

1. Theorem 2.11 (iv): If r#0 and rv = rw,thenv = w.
2. Theorem 2.11 (v): If v#0 and rv = sy, thenr = s.
3. Theorem 2.11 (ix): r(sv+itw) = (rs)v+ (rt)w.
4. Theorem 2.11 (xiii): #(v —w) = rv—(rw).
5. Theorem 2.11 (xiv): (r —s)v = rv—(sv).
6. Theorem 2.11 (xvi): v—w = —w+v.
7. Theorem 2.11 (xvii): v—(w+2z) = (v—w)—z.
8. Theorem 2.11 (xviii): v—(w—-z) = (v—w) + 2.
9. Show that for any vector v in a vector space V, and any » € R: rv = —(—rv).

10. Show that for any vector v in a vector space V and any integer n>1: nv = (n—1)v+v.

11. Let v, w, and z be any vectors in a vector space V, and let a, b, c € R, with a # 0. Show that
b

) c
ifav+bw = cz,thenv = =z—-w.
a a

12. Let v and w be vectors in a vector space V, with v # 0. Show that if rv +w = sv+w, then

r =.=:s.

13. Let v and w be vectors in a vector space V. Show that if »# 1 and rv+w = v+ rw, then

vV=w.
14. Show that for any v and w in a vector space V, and for any a, b € R:
(a+b)(v+tw) =av+bv+aw+bw

15. Let v and w be non-zero vectors in a vector space V. Show that if v +sw = 0, with not both
r and s equal to 0, then there exist unique numbers a and b such that v = aw and w = bv.
Hint: Show that the condition that not both » and s equal 0 implies that neither is 0.
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PROVE OR GIVE A COUNTEREXAMPLE

16.
17.

18.
19.

20.

All vector spaces contain infinitely many vectors.

Any vector space that contains more than one vector must contain an infinite number of vec-
tors.

For any vector v in a vector space Vandany r € R: rv = (r—1)v+v

Let V and W be vector spaces. Let V'x W = {(v,w)|v € V,w € W} with operations given
by:
(Vi W) T (vy, wy) = (vt vy, w; +w,) and r(v,w) = (rv,rw)

Then V' x W is a vector space.

Let V' and W be vector spaces. Let V' x W = {(v,w)|v € V,w € W} with operations given
by:

(Vi w)) T (vy, wy) = (v —=Vvy, w; —Ww,) and r(v,w) = (rv, rw)

Then V' x W is a vector space.
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§4. SUBSPACES

DEFINITION 2.8 A subspace of a vector space V is a non-
SUBSPACE empty subset S of V which, together with the
imposed operations of addition and scalar

multiplication of V is itself a vector space.

If S is to be a subspace of V, then it is itself a vector space and must
therefore be closed under addition and scalar multiplication:

If s, and s, are in §, then s, +s, € §.

IfseSandre R,thenrs € S.

In addition, the eight axioms listed in Definition 2.6, page 40, must also
hold for S. Actually, the eight axioms come “free of charge,” once clo-
sure is established; for:

THEOREM 2.12 Asubset S of a vector space V' is a subspace of
Vif and only if:
1. S is nonempty.
2. § is closed under addition.
3. § isclosed under scalar multiplication.
PROOF: If S is a subspace of the vector space V, then it is itself a vec-
tor space and must therefore satisfy the three stated conditions. We

now show that if those three conditions hold, then S is a subspace of
V.

Of the eight axioms of Definition 2.6, we need not worry about Axi-
oms (1), (ii), (v), (vi), (vii), and (viii):

i) vtu=wu+v 1) (u+tv)+w=u+(v+w)
V) "(u+tv) =ru+rv (vi) (r+s)u = ru+su
(vi)r(su) = (rs)u (vili)lu = u

Why not? Because, since they hold for all #, v and w in the given vec-
tor space V, then they will surely hold for all #, v and w in the subset S
of V.

Why do we have to worry about the zero axiom? Because though we
know that there is a vector 0 in V such that v+ 0 = v for every
v € V (and therefore for every s € §), we have no assurance that 0

sits in S. To see that it does, take any vector v in S (we are given that S
is nonempty), and then scalar multiply that vector by 0:
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Since v € S and S is closed under scalar mutliplication

ov=0¢eS
Theorem 2.7, page 53

We now complete the proof by showing that if v € S, then its addi-
tive inverse —v is also in S:

J/—\[ Since v € S and S is closed under scalar mutliplication
—-lv=—wveS

Theorem 2.9, page 54

When challenging the “S is nonempty” condition of Theorem 2.12,
one typically looks to see if the zero vector is contained in S. For:

If 0 € §, then S is certainly nonempty.
If 0 ¢ S, then S is not a subspace, period.

EXAMPLE 2.8 Verify that
S = {(a,b,c)c=a+b)

is a subspace of R3.

SOLUTION: We show that S satisfies the three conditions of Theorem
2.12.

1. Since the sum of the first two components of 0 = (0,0,0) is
equal to its third component, 0 € S (and therefore S is not empty).

2. To show that S is closed under addition, we take two arbitrary ele-

The “ticket” to be in S is ments of S:

that the third component _ _
is equal to the sum of its 51 (a,b,a+b),s, (¢,d,c+d)

first two components.

and consider their sum:
s;ts, = (a,b,a+b)+(c,d,ctd) = (atc,b+td,a+b+c+d)

Since s,+s, has the Since the third component of s, +s,, a+b+c+d, equals the

“ticket,” it is in S.

sum of its first two components, s; + s, € S.

3. We now show S is closed under scalar multiplication.
For (a,b,a+b) € S and r € R:
r(a,b,a+b) = (ra,rb,r(a+b)) = (ra,rb,ra+rb) € S

third component is sum of first two
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CHECK YOUR UNDERSTANDING 2.13

Show that:
S = { a 2a ae SR}
—-a 0

Answer: See page B-5. is a subspace of the vector space M, , , of Example 2.3, page 41.

The following theorem merges two of the properties of Theorem 2.12
into one:

THEOREM 2.13 A nonempty subset S of a vector space V'is a
subspace of V if and only if:

Forevery s;,s, e Sandre R, rs, +s, € S.

PROOF: For § a nonempty subspace of V, let s,,5, € § and r € R.
Since S is closed under scalar multiplication: »s; € S. Since § is
closed under addition: s, +s, € §S.
Conversely, assume that for every s, s, € S and r € R:
rs;+s,eS (%)
We show that S is closed under addition and scalar multiplication:
For any given s, s, € §, simply choose » = 1, and apply (*):
s, +s, =5, +ts5,€8
To show that S is also closed under scalar multiplication, we
first observe that (*) implies that 0 € S:
Since § is nonempty, we can choose an s € §. Letting
s, = s, = s,and r = —1 in (*) brings us to:
—1stseS
0esS
Now consider any s € S and » € R. Appealing to (*)
with s; = s and s, = 0 € S, we find that:

rs+0 =rsef

EXAMPLE 2.9 Let u and v be any two vectors in a vector
space V. Show that the set:
S = {au+bvja,b e R}

is a subspace of V.

SOLUTION: Since 0 = Ou+0v € S, 0 € §: Sis not empty.
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s,$,€8 and reR

7

rs;+s,€S

Answer: See Page B-5.

The “ticket” needed for a
function f to get into S'is
that it maps 9 to 0.

f,geSandreRrR

;

rftgesS

Answer: Not a subspace.

For au+bv e S and cu+dv e S,and for r € R:

r(au+bv)+ (cu+dv) = (rau+ cu)+ (rbv+dv)
=(ratcu+(rb+dyvesS

It is of the form Au + Bv _/]\

(has the “ticket”)

CHECK YOUR UNDERSTANDING 2.14

Show that § = {(x,y,z)|x +y+z=0} isasubspace of R3.

EXAMPLE 2.10 Let F(R) denote the function space F(X) of

Theorem 2.4, page 44, with domain X = R.
Show that: S = {fe F(R)[f(9) =0} is asub-
space of F/(*R).
SOLUTION: As you recall, the zero in F(R) turned out to be the
function Z given by: Z(x) = 0 for every number x. In particular,
since Z(9) = 0, Z e S.Hence, S J.
Iff,g €S and r € R, then:
since fand g are in S
\
(rf+g)9) = rf(9)+g(9) =r0+0 =0
| Nrf+geS

(has the “ticket”)

CHECK YOUR UNDERSTANDING 2.15

Let F(R) denote the function space of Theorem 2.4, page 44 (with
domain X = R). Determine whether or not

S ={fe F(R)|M(0) =9}
is a subspace of F(R).

EXAMPLE 2.11 Show that for any a, b € R:
S = {(xy)lax+by =c}
is a subspace of R2 ifand onlyif ¢ = 0.
SOLUTION: We have to establish two results:

The “if -condition:”  If ¢ = 0, then S is a subspace of R2.

The “only if-condition:” If ¢ # 0, then S is not a subspace of RZ.




Answer: See page B-5.
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The “only if-condition” is easily dispensed with:
Ifc#0,then0 = (0,0) ¢ S,for: a-0+bH-0 = 0#c. Since S
does not contain 0, S is not a subspace of R2.

To establish the “if-condition,” we assume the ¢ = 0, and first
observe that § is not empty:
Sincea-0+b-0=0=1¢,0=(0,0)eS.

We complete the proof by showing that if (x;, y;), (x,,y,) € S and
r € R, then:
r(xp¥1) T (X0, 05) = (rxy t x5, 1y, +)) €S
which is to say, that:
a(rx;+x,)+b(ry;+y,) = 0
Here goes:
a(rx, +x,)+b(ry, +y,) = arx, +ax, +bry, + by,
r(ax,+by,)+ (ax, + by,)

Since (xl,y1)5(x25y2)ES: = I’O+O = 0

CHECK YOUR UNDERSTANDING 2.16

In Example 1.10, page 20, we showed that:
S = {(16a-2b,4a—-17b,11a, 11b)|a, b € R}
is the solution set of the homogeneous system of equations:
2x+3y—4z+5w =0
—3x+y+4z+w =20
x+T7y—4z+ 11w =0

Show that S is a subspace of R*.

INTERSECTION AND UNION OF SUBSPACES

Let S and T be subspaces of a vector space V. Is their intersection
SNT = (vlveSandv e T) [Figure 2.7(a)] necessarily a subspace

of V?1s theirunion SU T = (v|v € Sorv € T) [Figure 2.7(b)] neces-
sarily a subspace of V'? The answer to the first question is “Yes” (Theo-
rem 2.14 below), while the answer to the second question is “No”
(Example 2.12 below).
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In the exercises you are
asked to show that the
intersection of any num-
ber of subspaces of V'is
again a subspace of V.

u,veSnTandr e R

3

rutveSnT

Answer: See page B-6.

SNT=(vlveSandveTl)| SuT=(vlveSorvel)
S intersect T S union T

(a) (b)
Figure 2.7

THEOREM 2.14 If S and T are subspaces of a space V, then so
is their intersection:

SNT ={vlveSandveT}

PROOF: S N T is not empty:
Since 0 € S and 0 € 7 (why?),0 e SN T.

Let u,v e SN T and r € R. Being in the intersection of S and 7, u
and v are both in S and in 7. Since S and T are subspaces, ru +v € §
and ru+v e T.Beinginboth Sand 7, ru +ve SN T.

EXAMPLE 2.12 Show that the union of two subspaces S and T’
of a vector space V-

SuUT = (vlveSorvel)
need not be a subspace of V.

SOLUTION: While one can easily show that the set S T is non-
empty, and that it is closed under scalar multiplication, one cannot
show that it is closed under addition, for it need not be! And how do
we show that this is the case? By exhibiting a specific vector space V,
along with two specific subspaces S and 7, such that their union fails
to be closed under addition. Let’s do it:

Let V= R%2, S = {(x,0)xeR},and T = {(0,y)[y € R}. We
leave it for you to verify that both S and T are subspaces of R2. To see
that SU T is not closed under addition, simply note that while
(1,0)eSuTand(0,1) e SUT,(1,0)+(0,1) = (1,1) g SUT
(for (1, 1) is neither in S nor in 7).

CHECK YOUR UNDERSTANDING 2.17

PROVE OR GIVE A COUNTEREXAMPLE:
If S and T are subsets of a vector space V, and if S ™ T is a subspace
of V, then either S is a subspace of V or T is a subspace of V.
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EXERCISES

Exercises 1-6. Determine if the given subset S of the vector space R? is a subspace of R2. Jus-
tify your answer.

1§ ={(xp)y=2x} 2.8 ={(xpy)y=2x+1}
3.8 ={(xp)x+y=0} 4. § = {(xp)|x=<y}
5.8 = {(x, )|y =x%} 6. §={(xp)xy=0}

Exercises 7-12. Determine if the given subset S of the vector space R3 is a subspace of R3. Jus-
tify your answer.

7. S={(xpyz2)|z=2x-y} 8. S=1{(x,y2)|z=2x+y}
9. S={xpya)z=2x-y+1} 10. S ={(xpy2)|z=2x+y+1}
1. S = {(xy 2|l +[y+z=0} 12. 8= {(x,»,2)|y=0}

Exercises 13-18. Determine if the given subset S of the matrix space M, , , of Example 2.3, page

41 1s a subspace of M, , ,. Justify your answer.

13, S:{“bdzo} 14.S={abd=a+b}
¢ d cd

15, Sz{ab a=d=0,c=2b} 16. Sz{“b a+b=2c—3d}
lc d ¢ d|

17, Sz{“b a+b+c+d=1} 18, Sz{“b a+b+c+d=0}
lc d| ¢ d]

Exercises 19-22. Determine if the given subset S of the polynomial space P,(x) of Theorem 2.3,

page 43, is a subspace of P,(x). Justify your answer.
19. S = {ax*+bx+cla=2} 20. S = {ax*+bx+c|b=0}

21. S = {ax*+bx+cla+tb+c=0} 22. S = {ax?+bx+c|b=2a}
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Exercises 23-26. Determine if the given subset S of the polynomial space P;(x) of Theorem 2.3,

page 43, is a subspace of P;(x). Justify your answer.

23.
25.

S = {ax?+bx+c|b=0} 24. S = {ax*+bx+c|b=—-a+2c}

S = {ax>+bx+clatb=0} 26. S = {ax*+bx+clb=2a,c=a+1}

Exercises 27-38. Determine if the given subset S of the function space F(R) of Theorem 2.4
(with X = R), page 44, is a subspace of F(*R). Justify your answer.

27.

29
31

39.

§ = {1/10) = 0} 28. § = {fI/(1) =0}
§ = YI) =15 30. § = {f1/(2x) = 2f(x)}

. The subset of even functions: S = {f'| f(—x) = f(x)}
32.
33.
34.
35.
36.
37.
38.

The subset of odd functions: § = {f'| f(—x) = —f(x)}

The subset of increasing functions: § = {f | a<b = f(a) <f(b)}

The subset of decreasing functions: S = {f | a<b = f(a) >f(b)}

The subset of bounded functions: S = {f ||f(x)| <M forevery x € R, for some M >0}
(Calculus dependent) S = {f'| fis continuous }

(Calculus dependent) S = {f| f'is differentiable }

(Calculus dependent) S = {f'| fis integrable }

Let V' be a vector space. Show that:
(a) {0} isasubspaceof V. (b) Vis a subspace of V.

40. (PMI) Establish the following generalization of Theorem 2.14.

(a) If §,, S,, ..., S, are subspaces of a vector space V, then so is their intersection:

n
NS =S NSHN...nS§,
i=1
(b) If S}, S,,...,S,, ... are subspaces of a vector space V, then so is their intersection:
NS =8SNnSHnNn...n§, M.
i=1
(c) Let A be anonempty set. If S, is a subspace of a vector space V for every o € 4, then the
set ~ S, 1s also a subspace of V.

ae€A



41

42

43
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(PMI) Let v, v,, ..., v, be vectors in a vector space V. Show that

S=Aaw tay,+...+ta,w,|a; € R, 1<i<n}isasubspace of V.

Let S'and 7 be subspaces of a vector space V. Show that S+ 7 = {s+¢|lseSandte T} isa
subspace of V.

Let S and T be subspaces of a vector space V, with S~ 7 = {0} . Show that every vector in

the subspace S + T of the previous exercise can be uniquely expressed as a sum of a vector in
S with a vector in 7.

Suggestion: Show thatif s +¢ = s, +¢,,thens = s, and ¢ = ¢,.

PROVE OR GIVE A COUNTEREXAMPLE

44,

45.

46.
47.
48.

49.

50.

51.
52.

If S and T are both subsets of a vector space V, and if neither S nor W is a subspace of V, then
S M T cannot be a subspace of V.

If S and T are both subsets of a vector space V, and if neither S nor W is a subspace of V, then
S'U T cannot be a subspace of V.

If Sand T are subspaces of a vector space V, then S+ 7 = SU T (see Exercise 43).
If Sand T are subspaces of a vector space V,then SU T < S+ T (see Exercise 43).

If S, T, and W are subspaces of a vector space V, then (S T)+ (T W) is also a subspace
of V' (see Exercise 43).

If S, T, and W are subspaces of a vector space V,then SN (T+ W) = (SN T)+ W (see
Exercise 42).

If Sand T are subspaces of a vector space V' with SN T = {0}, then SU T is a subspace
of V.

If S is a subspace of a vector space V, and if T is a subspace of S, then 7 is a subspace of V.

If a vector space has two distinct subspaces, then it has infinitely many distinct subspaces.
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(a, b)

ﬁ{If(a,b)|a,b e R}

For any vector v e R?:

7

s
A
N (aab) ./ v
N 2
/
e
s
e
- Sc,d)

§5. LINES AND PLANES

This chapter began with a consideration of vectors in the plane and in
three dimensional space, both from a geometrical point of view
(directed line segments, or “arrows”), and from an analytical perspec-
tive (2-tuples and 3-tuples). The main focus of this section is to deter-
mine and classify all of the subspaces of those Euclidean spaces.
Additional insight for the material of this section will surface in the fol-
lowing chapter on Dimension Theory. This section, in turn, is a nice
lead-in to the following chapter, for Euclidean spaces have a dimension
component built right into their terminology. It should come as no sur-

prise, for example, to find that the Euclidean spaces 22 and R3 will
turn out to have dimensions 2 and 3, respectively.

SUBSPACES OF R?2

A subset of a vector space V' that is neither V" or {0} is said to be a
proper subset of V. The following theorem serves to characterize the

proper subspaces of R?2:

THEOREM 2.15 gisa proper subspace of R?2 if and only if
S = {t(a,b)|t € R} for (a,b) #(0,0)

PROOF: Let S = {t(a,b)|t € R} for (a,b) #(0,0) . Appealing to
Theorem 2.13, page 61, we first observe that S is not empty [it clearly
contains (a, b) ]. Moreover, for #,(a, b), t,(a,b) € S and r € R:

r(t,(a,b)] +t,(a,b) = (rt, +t,)(a,b) e S

At this point we know that S is a non-empty subspace of 2. Can it be
all of R2? No, for the set {(ta, th)|(t € R)} is the line in the plane
passing through the origin and the point (a, ) (see margin).

Conversely, assume that T'is a proper subspace of )12 Since it is not
empty, it contains a nonzero vector (a, b). Since 7 is a subspace,
every scalar multiple of (a,b) must be in 7, which is to say:
S = {t(a,b)|t € R} = T. We now show that, in fact, § = T, by
demonstrating that if 7 were to contain any vector (¢, d) ¢ S then T
must be all of R2 (see margin)”:
Can we find scalars 4, B, such that:
Aa+Bc = x

A(a,b)+ B(c,d) = (x,y) = ?
(a,b) + B(c,d) = (x,y) Ab+Bd = y

Yes, providing the last row of rref {a €| does not consist entirely

bd
of zeros (see the Spanning Theorem, page 18) — and it doesn’t
(Exercise 61).



The vector v is said to be a
direction vector for the line,
and the vector u is said to be
a translation vector.

Those not satisfied with
this geometrical proof
are invited to consider
Exercise 62.

Note that the set:
L = {(1,5)+r(1,=2)|r e R}
= {(1+r5-2r)reR}

This brings us to the so-
called parametric repre-
sentationof L:

x=1+r,y=5-2r

Answer: See page B6.
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While no line in the plane that does not pass through the origin can

represent a subspace of R? (why not?), every line in the plane is paral-
lel to one that does pass through the origin—a translation of a subspace

of R2:

THEOREM 2.16 Let L be the line passing through two distinct
points P = (x,y,) and Q = (x,,¥,) in the
plane [Figure 2.9(a)]. Then, in terms of vectors:

L = {u+trvireR} *)

v =P0 = (x;—x,y,-yy), and
u = (xg,¥y), for (xq,y,) any chosen point on
L [see Figure 2.8(b)].
[(*) is said to be a vector form repre-
sentation for the line L.]

where

PROOF: Figure 2.8(b) may serve as a geometrical “proof” of the theo-
rem; for if you take the vector v which is in the same direction as the
line L, and stretch it every which way, then you will get a line that is
parallel to L passing through the origin. Adding the vector u to every
rv “moves” that line up to L, in a parallel fashion.

u-try L

Figure 2.8

EXAMPLE 2.13 Find a vector form representation for the line L
passing through the points (1, 5) and (2, 3)

SOLUTION: We take v = (2-1,3—-5) = (1,-2) to be our direction
vector, and # = (1, 5) as our translation vector, leading us to the vec-
tor form: L = {u+rvire R} = {(1,5)+r(1,-2)|r e R}.

CHECK YOUR UNDERSTANDING 2.18

(a) Referring to Example 2.13, find the vector form representation
for the line L, when v is the vector from (2,3) to (1,5), and
u=(273).

(b) Your vector form representation in (a) will look different from
that of Example 2.12: L = {(1,5)+r(1,-2)|r € R}. Appear-
ances aside, show that your set of two-tuples in (a) and ours of
Example 2.13 are one and the same.
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One cannot envision a line in

R" for n>3. We can,
however define, in vector

form, the line passing
through:

P = (al,az, .A.,an)
and Q = (b}, by, ..., b,)

in R” to be the set:
L= {ut+trv|reR}
where:
y = (bl—al,...,bn—an)
and:

u = (al, Ay .o an)

The line can also be
expressed in parametric
form (see margin note
of Example 2.13):

xX=2-r,y=4r,z=3+5r

Answer: See page B6.

SUBSPACES OF ‘R3

We now move up a notch and focus our attention on the Euclidean
space R3. The first order of business is to arrive at vector form repre-
sentations for lines and planes in 3. As it was in 92, a line in three-

space is determined by any two points, P and O, in R3. In the exer-
cises, you are invited to establish the following result (compare with
Theorem 2.16):

THEOREM 2.17 Let L be the line passing through two distinct
points P = (x,y,z;) and Q = (x5, ,,2,) In
three-space. Then, in vector form:

L ={u+rvireR}
where v is the direction vector:

v=P0 = (X=X, ¥V, V15 23— 1)
and u = (xg,y¢, %9) 1s a translation vector,
with (x, v, z;) any chosen point on L.

z L
ry

O A vp7)

P
u

translation vector

— |

/
direction vector

y

Find a vector form representation for the line
L passing through the points (2, 0,—-3) and
(1,4,2).

SOLUTION: We take the vector from (2,0,-3) to (1,4,2)
v=(1-2,4-0,2—(-3)) = (-1,4,5) as our direction vector.
Selecting the translation vector u = (2,0,-3), we have:

L={u+trvireR} = {(2,0,-3)+r(-1,4,5)|r e R}

EXAMPLE 2.14

CHECK YOUR UNDERSTANDING 2.19

Consider the line L = {(1,3,5)+7r(2,1,-1)|r € R}. Find two

points on L, both different from (1, 3, 5), and proceed as in Example
2.14 to obtain another representation for the set L. Verify that “your
set” is equal to the set {(1,3,5) +r(2,1,-1)|r € R}.
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In Theorem 2.16, we noted that the line L in 2 which passes

through the origin and the point (a, b) (distinct from the origin) can be

expressed in vector form: L = {rv|r € R}, where v = (a, b). A sim-
ilar result, which you are invited to establish in the exercises, holds for

a plane in R3:

THEOREM 2.18

Let P be a plane in R3 passing through the ori-
gin [Figure 2.9(a)]. Let (x,y,,z;) and
(x5, ¥, 2,) be any two points on P which do not

both lie on a common line passing through the
origin. Then, in vector form:

P = {rutsvir,s e RN}

where u = (x4, y1,27) and v = (X5, 5, 2,) .

(@

(b)

Figure 2.9

In this general setting, we have (compare with Theorem 2.17):

THEOREM 2.19

u and v are said to be
direction vectors, and w
is said to be a translation
vector.

Let P be the plane passing through three non-
colinear (not lying on a common line) points

A4 = (xl,yl,zl), B = (x2>y2’22) and
C = (x3,¥3,23) [Figure 2.9(b)]. Then, in vec-
tor form:

P={wtrutsvireR,s e R}
where u = 4B = (X3 =X, Y2 = V1522~ %1)

v=AC = (x3 —XpV3— Vs z3_z1))
and w = (xg, ¥y, 29) for (xy, vy, zy) any cho-

sen point on P.
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P consists of all points
(x,¥,z) such that:
x=3-r+s
y =-2+7Tr+3s
z=2-5r-5s
The above is saidto be a
parametric representa-

tion of the plane (with
parameters 7 and s).

Answer: See page B6.
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EXAMPLE 2.15 Find a vector form representation for the Plane
P passing through the points (3,-2,2),
(2,5,-3) and (4, 1,-3).

SOLUTION: We elect (3,-2,2) to play the role of both w and of
(xy,¥1,2;) in Theorem 2.19; with:

u = (2a 5a _3)_(3’ _2a 2) = (_1, 7’ _5)
and
v = (4: 1: 73)7(3: 72: 2) = (1’ 35 75)
Then:
P={wtrutsvir,s e R}
= {(3’_2’2)+r(_157,_5)+S(193:_5)|F’SE9:{}
={B3-r+s,-2+T7r+35,2-5r-5s)|r,s € R}

CHECK YOUR UNDERSTANDING 2.20

(a) Repeat our solution to Example 2.15, but this time letting
(4, 1, -3) play the role of w, instead of (3, -2, 2); all of the rest
remaining as before.

(b) Your set representation for P in (a) will look different from that
of Example 2.15. Appearances aside, show that your set in (a)

and ours of Example 2.15 are one and the same.

We previously showed that the only proper subspaces of R? are the
lines passing through the origin (as sets). The following theorem, a proof

of which is relegated to the exercises, settles the subspace issue in R3:

THEOREM 2.20 sisa proper subspace of R3 if and only if S
is the set of points on a line that passes
through the origin, or the set of points on a
plane that passes through the origin.
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EXERCISES

Exercises 1-4. Determine a vector form representation for the line in R? passing through the ori-
gin and the given point.

1. (L,5) 2. (-2,4) 3. (5,-1) 4. (-2,-2)
Exercises 5-8. Determine a vector form representation for the line in R? passing through the two
given points.

5. (1,3),(2,-4) 6. (3,5),(5,5) 7. (3,5),(3,7) 8. (2,4),(-5,-2)
Exercises 9-12. Determine two different vector form representations for the line in R? passing

through the two given points, and then proceed to show that the set of points associated with the
two vector forms are one and the same.

9. (173)a (25_4) 10. (3’5):(59 5) 11. (3’5)’(39 7) 12. (2a 4)5 (_5,_2)
Exercises 13-20. Determine a vector form representation for the line in ]2 that passes through
the point (3, 7) and is parallel1 to the line of:

13. Exercise 1 14. Exercise 2 15. Exercise 3 16. Exercise 4

17. Exercise 5 18. Exercise 6 19. Exercise 7 20. Exercise 8
Exercises 21-28. Determine a vector form representation for the line in 2 that passes through
the point (3, 7) and is perpendicular2 to the line of:

21. Exercise 1 22. Exercise 2 23. Exercise 3 24. Exercise 4

25. Exercise 5 26. Exercise 6 27. Exercise 7 28. Exercise 8

Exercises 29-32. Determine a vector form representation for the line in )3 passing through the
origin and the given point.

29. (2,4,5) 30. (1,0,0) 31. (-2,4,0) 32. (~4,-4,-1)

Exercises 33-36. Determine a vector form representation for the line in R3 passing through the
two given points.

33. (2,4,5),(3, 1, 1) 34. (0,1,2),(1,0,2)
35. (3,4,-1),(2,1,0) 36. (5,-1,-1),(2,2,2)

1. Two lines are parallel they have equal slopes, or if both lines are vertical.
2. Two lines are perpendicular if and only if the slope of one is the negative reciprocal of the slope of the
other, or if one line is horizontal and the other is vertical.
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Exercises 37-40. Determine two different vector form representations for the line in R3 passing
through the two given points, and then proceed to show that the set of points associated with the
two vector forms are one and the same.

37. (2,4,5),(3,1,1) 38. (0,1,2),(1,0,2)

39. (3,4,-1),(2,1,0) 40. (5,-1,-1),(2,2,2)
Exercises 41-48. Determine a vector form representation for the line in R3 that passes through
the point (1, 2,—1) and is parallel to the line of:

41. Exercise 29 42. Exercise 30 43. Exercise 31 44. Exercise 32

45. Exercise 33 46. Exercise 34 47. Exercise 35 48. Exercise 36

Exercises 49-52. Determine a vector form representation for the plane passing through the origin
and the two given points.

49. (1,3,2),(2, 1,4) 50. (3,1,4),(2,0,0)
51. (2,0,0),(0,2,0) 52. (=3,-2,-1),(2,4, 1)

Exercises 53-56. Determine a vector form representation for the plane passing through the three
given points.

53. (3,4,1),(2,1,5),(1,1,-1) 54. (2,-1,0),(2,-1,1),(1,2,3)
55.(2,4,-3),(5,1,5),(4,1,-1) 56. (-2,-1,1),(2,-3,1),(1,2,1)

Exercises 57-60. Determine two different vector form representations for the plane passing
through the two given points, and then proceed to show that the set of points associated with the
two vector forms are one and the same.

57. (3,4,1),(2,1,5), (1, 1,-1) 58. (2,-1,0), (2,-1,1),(1,2,3)
59. (2,4,-3),(5,1,5), (4, 1,-1) 60. (=2,-1,1),(2,-3,1),(1,2, 1)

61. Complete the proof of Theorem 2.15. Incidentally:
You can also show directly thatif v, = (a, b) and v, = (¢, d) are such that v, # rv,; for

any r € R, then for any v € R? there exist 7, r, € R such that v = r\v; +r,v,.
62. Prove Theorem 2.16.
63. Prove Theorem 2.17.
64. Prove Theorem 2.18.
65. Prove Theorem 2.19.
66. Prove Theorem 2.20.
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CHAPTER SUMMARY

EUCLIDEAN VECTOR | The set of n-tuples, with addition and scalar multiplication

SPACE R | £1ven by:
(vl, Vo oo vn)+ (Wl’ Wos oons Wn) = (v1 +w1, Vs +w2, Y, +wn)

(Vs Vo oo V)) = (FV, 7V, o 7V,)

ABSTRACT VECTOR | A nonempty set V, closed under addition and scalar multiplication,
SPACE satisfying the following eight properties:

i) wutv=v+tu
(i) (u+v)+tw=u+(v+w)

(iii) There is a vector in ¥V, denoted by 0 such that v+ 0 = v
for every vector vin V.

(iv) For every vector v in V, there is a vector —v in V, such that
v+(-v) = 0.

v) r(u+v)=rutry

(vi) (r+s)u = ru+su

(vii) r(su) = (rs)u

(viii) lu = u

SUBTRACTION v—w = v+(-w)

Uniqueness of 0 and —v | There is but one vector 0 which satisfies the property that
v+0 = v foreveryvin V.

For any given vector v in V, there is but one vector —v in V' such
that v+ (—v) = 0.

Cancellation Properties| If y+7 = w+z,theny = w

Ifr#0 and rv = rw,thenv = w.

Ifv#0 and rv = sv,thenr = s.

Zero Properties| 0y = (

r0 =0

rv = 0 ifandonlyifr = 0 orv = 0
Inverse Properties| —1y = —y

—(-v) =v»

r(=v) = 1)y = (rv)
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SUBSPACE

A nonempty subset S of V" which is itself a vector space under
the vector addition and scalar multiplication operations of the
space V.

Closure says it all

A nonempty subset S of a vector space V is a subspace of V' if
and only if it is closed under addition and under scalar multipli-
cation.

A one liner

A nonempty subset S of a vector space V' is a subspace of V' if
and only if for every s, s, e Sandre R, rs; +s, € §.

Intersection of subspaces

The intersection of any collection of subspaces in a vector
space V' is again a subspace of V.

PROPER SUBSPACES

A subspace of a vector space V distinct from the trivial sub-
space {0} and V itself is said to be a proper subspace of V.

Vector form of lines

Let L be the line in R? passing through the origin, and let
(a, b) be any point on L distinct from the origin, then, in vector
form: L = {rv|r e R}, where v = (a, b)

Let L be the line in the plane passing through P = (x,,y,) and
O = (x5,5,). Then, in vector form, L = {u+rv|re R}
where v = @, and u = (xg,p,), with (x,, y,) any chosen
point on L.

Let L be the line in R3 passing through two distinct points
P=(x,y5,2)) and 0 = (x9,¥5,29). Then
L ={u+rvlreR} where v is the direction vector
v=P0O = (xy—x,y,—V5,2,—2;) and u = (xq,¥0,2) 15 a
translation vector, with (x, y,, z,) any chosen point on L.

Vector form of planes

Let P be a plane in R3 passing through the origin. Let
(x1,¥1» 1) and (x,, ¥, z,) be any two points on P which do not
both lie on a common line passing through the origin. Then, in
vector form: P = {ru+sv|r,s € R} whereu = (x,yy,21)
and v = (x5,5,2,) -

Let P be the plane passing through three non-colinear points
Py = (x,y,21), Py = (x3,5,2y) and Py = (x3,¥3,23).

Then P = {w+ru+svireR,se R} where u = P P,,

v = P Py,and w = (x(, ), z,) 1s any chosen point on P
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CHAPTER 3
BASES AND DIMENSION

It is easy to see that every vector (x,y,z) in R3 can uniquely be
expressed in terms of the three vectors (1,0,0), (0,1,0), and
(0,0, 1). For example:

(5’ 2’ _9) = 5(15 Os 0) + 2(0’ 15 0) + (_9)(05 05 1)

In this chapter, we consider an arbitrary vector space V' to see if we can
find a set of vectors {v, v,, ..., v, } in V, called a basis for V, such that
every vector v in V can be uniquely expressed in the form:

vV =cvytev,too ey,
for some scalars ¢y, ¢y, ..., ¢, . As you will see, while many such sets
of vectors {v,,v,,...,v,} may exist, the number of vectors in those
sets will always be the same. For example, if you find a basis for a vec-
tor space V' that contains 5 vectors, {v,, v,, V3, V4, V5|, and someone
else finds another basis, that other basis must also consist of 5 vectors.

That being the case, we will then be in a position to say that the vector
space V has dimension 5.

§1. SPANNING SETS

Using vector addition and scalar multiplication in )2, one can build
the vector v = (9, 14) from the vectors v, = (3,4) and v, = (1,2):
(9,14) = 2(3,4) +3(1,2)
and we say that v = (9, 14) is a linear combination of v, = (3,4)
and v, = (1,2). In general:

DEFINITION3.1 A vector v in a vector space V is said to be a

linear combination of vectors v;, v,, ..., v, in

LINEAR n

COMBINATION V, if there exist scalars ¢y, ¢,, ..., ¢, such that:

by

vV = Ccvg +czv2 +... +cnvn

EXAMPLE 3.1 Determine whether or not the vector (0, 2, 24) in

R3 is a linear combination of the vectors
(1,3,8) and (2,5,4).
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Note that, except for the last
column, this augmented
matrix is the same as that of
Example 3.1.

Answers: (a) No (b) Yes

SOLUTION: We are to see if we can find scalars a and b such that:
0,2,24) = a(1,3,8)+b(2,5,4)

or: (a+2b,3a+5b,8a+4b) = (0,2,24)

Equating coefficients, we come to the following system of three
equations in two unknowns:

a b a b
at2b =0 1 2/ 0 1 0| 4
S: 3a+5b=2 %aug(S) 3 5/ o|_xref (1o 1|2
a+4b = 24 8 4|24 0 0|0

|
L Solution: a = 4,b = -2
Conclusion: (0,2, 24) is a linear combination of the vectors (1, 3, 8)
and (2,5,4):
0,2,24) = 4(1,3,8)+(-2)(2,5,4)

Some Added Insight on Example 3.1

The set of all linear combinations of z (1,3,8)
(1, 3, 8) and (2, 5, 4) is the plane in R3
containing those vectors. As such, were
we to pick an arbitrary point in R3, say

(2,4,3), then there would be little
chance that it would lie in that plane, and
would therefore not be a linear combina- < — — — — — &

tion of the two given vectors: o
a b a b
ar2b =2 s |1 2] 2 1 0]o
S: 3a+5bh=4 g 1 os| gl e o
a+4b =3 8 4 3 0 0 1
|
a+0b\=b0
Oa+b =0

BaJrOb =1

No solution!

CHECK YOUR UNDERSTANDING 3.1

Determine if the given vector is a linear combination of the vectors
(1,3,8) and (2,5, 4).

(a) (-2,-3,8) (b) (-2,-4,8)
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THEOREM 3.1 The set of linear combinations of the set of vec-
tors {v;, v,, ..., v,} ina vector space V is a sub-

space of V.

PROOF: Let § = {c,v;+cyv,+...+¢c,v,}. We first observe that
since 0 = Ov, +0v,+... +0v, €S, S is not empty. Moreover, for

u=avytay,+..+aw, and w = bv;+tbv,+...+b,v, in

n-n
u,we Sandr e R S,and r € R:
ﬁ rutw = r(avita,v,t...+aw,)+(bvitbywv,+...+bv,)
= (ray+b))vy+t(ra,+by)vy+ ... +(ra,+b,)v, €S

rutwesS
a linear combination of the v;'s

DEFINITION 3.2 The set of linear combinations of a set of vec-
tors {v,,v,,...,v,} in a vector space V is
called the subspace of V' spanned by
v vy ..,v,} and will be denoted by

SPANNING

Span{v, v,, ..., v, }.

In the event that V' = Span{v,,v,,...,v,},
{vy, vy, ..o, v, | 1s said to span V.

EXAMPLE 3.2 Determine if the vectors 2x2+3x—1, x—5,
and x2—1 span the space P,(x) of polynomi-

als of degree less than or equal to two.

SOLUTION: We consider an arbitrary vector ax? + bx + ¢ in P,(x) to
see whether or not we can find scalars 7, s, and ¢ such that:
r(2x2+3x—1)+s(x—-5)+t(x2-1) = ax?+bx+c

Expanding and combining the left side of the above equation brings
us to:

Qr+o)x2+Q@r+s)x+(—r—5s—1t) = ax?+bx+c
Equating coefficients we come to the following system of three equa-

tions, in the unknowns r, s, and ¢ (the a, b, and ¢ are not variables,

they are the fixed coefficients of the polynomial ax? + bx + ¢):
System S was solved

directly in Example 1.7, 2r+t =a
page 16. In that example,
we labeled the variables S: 3r+s =b>

x, y, and z, instead of 7, s,
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Answer: See page B7.

Can we find values for 7, s, and ¢ such that the above three equations
hold? The Spanning Theorem (page 18), tells us that the answer is

“yes” if and only if rref[coef(S)] does not contain a row consisting
entirely of zeros. Let’s see:

[A]
(2 @ 11 r*r*ef“'i[H][
[Z 1 @]

[-1 -5 -11

111

Since the rref-matrix does not contain a row of zeros, system S has a
solution for all values of a, b, and ¢, and we conclude that the vectors

2x2+3x-1,x—5,and x> — 1 span the space P,(x).

While the above does not tell you how to build ax? + bx + ¢ from
2x2+3x—1,x-5,and x2 -1, it does tell you that it can be done, for
each and every polynomial in P,(x). If you want to see how to build
any particular polynomial, say the polynomial 4x2+ 10x—6, then

that’s not a problem, for the task reduces to finding scalars 7, s, and ¢,
such that:

4x2+10x—-6 = r(2x2+3x— 1) +s(x—-5)+t(x2-1)

Or: 4x2+10x—-6 = Qr+6)x2+Br+s)x+(—r—5s—1)
Equating coefficients, we have:
r s t ros t
2r+t =4 2 0 1|4 1 0 03
St 3r+s =10 28 3 g|qoarel, g 1 o1
—r—5-—-t=-6 -1 -5-1|-6 0 0 1]-2
Conclusion:

424+ 10x—6 = 3(2x2+3x— 1)+ L(x—5) + (=2)(x2 - 1)

CHECK YOUR UNDERSTANDING 3.2
(a) Use the Spanning Theorem (page 18) to show that the vectors

12, 109 01, 04 span M, .
3 10] (01

20
1 5} as a linear combination of the above four vectors.

13

(b) Express {_
1
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EXAMPLE 3.3 Do the vectors (2,1,0,1), (1,-2,2,0),
(2,3,1,-1) and (1, 2,4, -4) span R*?

SOLUTION: Let (a, b, ¢, d) be an arbitrary vector in R*. Are there
scalars x, y, z, and w such that:

(ll, b) ¢, d) = x(2, 13 07 1) +J/(1, 72’ 2’ 0) +Z(2’ 33 17 71) + W(la 2, 47 74)

which is to say: does the following system of equations have a solu-
tion for all values of a, b, ¢, and d?

2x+y+2z+w = a
x=2y+3z+2w = b
Ox+2y+z+4w = ¢

x+0y—z—4w =d

The Spanning Theorem tells us that it does not, as rref] coef(:S)] con-
tains a row consisting entirely of zeros:

[A]
[

T

kg g
b2

1 AR

1 bl

While the above argument establishes the fact that the vectors
(2,1,0,1), (1,-2,2,0), (2,3,1,-1) and (1, 2,4,—4) do not span

R4, it does not define for us the subspace of R* spanned by those four
vectors; bringing us to:

EXAMPLE 3.4 Determine the subspace of R* spanned by
(2,1,0,1), (1,-2,2,0), (2,3,1,-1) and
(1,2,4,-4).

SOLUTION: We are to find the set of all vectors (a, b, ¢, d) for which
there exist scalars x, y, z, and w such that:

(a,b,c,d) = x(2,1,0,1)+1(1,-2,2,0) +2(2,3,1,-1) + w(1, 2, 4, —4)
which again boils down to a consideration of a system of equations:
2x+ty+2z+w =

xX—=2y+3z+2w =

Ox+2y+z+4w =

x+t0y—z—4w =

|
_U 6 &
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Answer: See page BS.

for to say that (a, b, ¢, d) is in the space spanned by the four given vec-
tors is to say that system S has a solution for those numbers a, b, ¢, and
d. That system appeared earlier in Example 1.8, page 17 where it was
noted that the given system of equation has a solution if and only if:
—10a+7b+12¢+13d = 0
Bringing us to a representation for the space spanned by the four
given vectors:
Span {(2,1,0,1),(1,-2,2,0),(2,3,1,-1),(1,2,4,-4)}
= {(a,b,c,d)|—10a+7b+ 12¢+13d =0}

CHECK YOUR UNDERSTANDING 3.3

Determine the space spanned by the vectors (2,1,5), (1,-2,2),

(0,5,1). It is not all of R3, exhibit a vector in R3 that is not in
Span {(2,1,5),(1,-2,2),(0,5,1)}.

The following example differs from the previous two in that it is not
confined to a specific concrete vector space, like R,

EXAMPLE 3.5 Let the set of vectors {v,, v, v;} and {w,, w,}
be such that w; € Span{v,, v,, vy} for 1 <i<2.
Show that Span{w, w,} c Span{v, v,, v3} .

SOLUTION: In any non-routine problem, it is important that you chart

out, in one way or another, what is given and that which is to be
established:

We are given that the vectors w; and w, are in the space
spanned by the three vectors v, v,, and v, and are to show

that for any given scalars a and b, the vector aw, + bw, can
be written as a linear combination of the vectors
vy, V5, and v3; which is to say that we can find scalars

Cy, C, C5 such that:
aw; +bwy, = c vyt cyvy gy
From the given information, we know that there exist scalars
a,,a, ay and by, b,, by such that:

wy = a;vyta,v,tayvy and wy = by, +b,yvy + by,
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Consequently:
aw, +bw, = a(av; +a,v, +ayv3) +b(bv;+byv, +byvs)
= aa,;vy+aa,vy+aayvy+bb v, +bbyv, +bbyv,
= (aa, +bb,)v, + (aa, + bb,)v, + (aa; +bb;)v,

= OVt eyt esvs
The following theorem generalizes the situation of Example 3.5.

THEOREM 3.2  Let the set of vectors {v, ¥,, ..., v, } and

{wy, wy, ..., w, } be such that
w; € Span{v, v,, ..., v, } for I <i<m .Then:

Span{w, w,, ..., w,, } S Span{v,, vy, ..., v,}.
PROOF: If w € Span{w,, w,, ..., w, } then, for some scalars c;:
w=cw tew, oo te,w,

We also know that for each 1 <i < m, there exist scalars
a;i, 4y, ..., a;, , such that:

W = apvytapv,t.ta,y,
Consequently:

w=cw t.. +cmwm

=c(ayvi*+...ta,wv,)t...+c,(a, v, +.. ta,,v,)

= (ciay +...+c,a, v, +...+(cjay,+...tc,a, v,

m-mn
Since w can be expressed as a linear combination of {v, v,, ..., v, },
w e Span{w, w,y, ..., w, }.
Consequently:
Span{w, w,, ..., w, } < Span{v,v,, ...,v,}

CHECK YOUR UNDERSTANDING 3.4

Prove that for any three vectors v,, v,, v3 in a vector space V:

Span{v,, v,, v3} = Span{vy, vt vy, vitv,+vs}

Answer: See page B8.
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EXERCISES

Exercises 1-4. Determine whether or not the given vector in R3 is a linear combination of the
vectors (—1,2,1) and (2,0, 3).

1. (2,3,4) 2. (1,4,-2) 3. (-5,6,0) 4. (~1,10,11)

Exercises 5-8. Determine whether or not the given vector in M, , , is a linear combination of the

I
o S S P I

Exercises 9-12. Determine whether or not the given vector in P is a linear combination of the

vectors x3+1,2x2—3, and x+ 1.

9 2x3+x+1 10. 3x2—x-2 11. 2x3+4x2—x-6 12. 2x3+6x2+x-6
Exercises 13-16. Show that the given vector in the function space F(x) of Theorem 2.4, page 44,
. . ) 2 2 2
is in the space spanned by the vectors sinx, cosx, sin”x, cos” x, tan"x, cot x.

13. cos2x 14. sin(g—) 15. sin(%c—) 16. sin(g—)

Exercises 17-21. Determine if the given vectors span R* . If not, find a specific vector in 8% which
is not contained in that subspace.

17. (1,0,0,0),(0,2,0,0),(0,0,3,0),(0,0,0,4)
18. (1,0,0,0),(1,1,0,0),(1,1,1,0),(1,1,1,1)
19. (1,1,1,1),(1,0,0,1),(0,1,1,0),(6,4,4,4)
20. (2,1,3,1),(1,2,1,3),(3,1,1,2),(1,1,2,3)
21. (-1,-2,-3,-4),(-3,1,1,2),(1,2,1,3),(7,0,-3,-2)

Exercises 22-25. Determine if the given vectors span P;. If not, find a specific vector in P,
which is not contained in that subspace.

22. 1,x,2x2 3x3 23, 1+x% 1+x,—x+x3 1+x+x2+x3
24. x,1+x, 1+x+x2,1+x+x2+x3 25. 1,x,x2+1,x3—x2
26. For what values of ¢ do the vectors (2, 1, 3), (4, 3, 5), (0, 0, ¢) span R3?

27. For what values of ¢ do the vectors ¢, 2x, 2x2, 2x? + 2x + ¢ span P, ?



28.
29.

30.

31.

32.

33.

34.
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For what values of a and b do the vectors (a, b) and (—b, a) span R2?

Show that for any given set of vectors {v, v,, ...,v,}, v; € Span{v, v,, ..., v, } for every
1<i<n.

Let the set of vectors {v, v,, ..., v, } and {w,, w,, ..., w, } be such that

w; € Span{v, v,, ...,v,} for 1 <i<m and v; € Span{w, w,, ...,w, } for 1 <i<n.
Prove that Span{w,, w,, ...,w, } = Span{v,,v,, ...,v, }.

Show that if v;, v,, v; span a vector space V, then for any vector v, the vectors v, v,, v3, v,

also span V.
Show that a nonempty subset S of as vector space V' is a subspace of V' if and only if
Span{v,v,,...,v,} = § forevery {v,,v,,...,v,} =S.

Let P denote the vector space of all polynomials of Exercise 23, page 50. Show that no finite
set of vectors in P spans P.

Let S be a subset of a vector space V. Prove that Span(\S) is the intersections of all subspaces
of V' which contain the set S.

PROVE OR GIVE A COUNTEREXAMPLE

35.

36.
37.

38.
39.

40.

41.

42.

If the vectors u and v span V, then so do the vectors u and u + v.

If the vectors u and v span V, then so do the vectors w and u —v.

If the vectors u and v are contained in the space spanned by the vectors w and z, then
Span{u,v} = Span{w, z}.

If Span{v,,v,,v;} = V,andif v; € Span{w, w,} for 1 <i <3, then Span{w,, w,} = V.

If S, and S, are finite sets of vectors in a vector space V, then:
Span(S; N §,) = Span(S,) N Span(S,).

If S, and S, are finite sets of vectors in a vector space V, then:
Span(S; N S,) < Span(S;) N Span(S,)

If S, and S, are finite sets of vectors in a vector space V, then:
Span(S; U §,) = Span(S,) v Span(S,).

If S, and §, are subspaces of a vector space V, then:
Span(S, U S,) = Span(S;) U Span(S,).
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Note that if each ¢, = 0,
then surely

vyt totev,
will equal zero.
To say that vy, v,, ..., v, is
linearly independent, is to
say that no other linear
combination of the vectors
equals 0.

§2. LINEAR INDEPENDENCE

The subspace of R3 spanned by the vectors (1,0,0), (0,1,0),
(2,5,0) is built from those vectors. But there is a kind of inefficiency
with the three building blocks {(1,0,0),(0,1,0),(2,5,0)}, in that
whatever can be built from those three vectors can be built with just
two of them; as one of them, say the vector (2, 5, 0), can itself be con-
structed from the other two:

(2,5,0) = 2(1,0,0)+5(0,1,0)

The following concept, as you will soon see, addresses the above
“inefficiency issue:”

DEFINITION 3.3 A set of vectors v, v,, ..., v, are linearly
Linearly independent if:
Independent cv; eyt te, v, = 0=eachc; = 0

A collection of vectors that are not linearly
independent is said to be linearly dependent.

EXAMPLE 3.6 s {x2,x2+x,x2+x+1} a linearly indepen-
dent set in the vector space P,(x)?
SOLUTION: To resolve the issue we consider the equation:
ax?+b(x2+x)+c(x2+x+1) = 0x2+0x+0
Equating coefficients, brings us to the following system of equations:
atb+c =0
b+c =0
c=20
Working from the bottom up, we see that ¢ = 0, b = 0,a = 0 is the

only solution for the above system of equations, and therefore con-
clude that the given set of vectors is linearly independent.

EXAMPLE 3.7 15{212’ 120 [10-2 1—30}
340 =101 =32 1"[2 6 -1

a linearly independent setin M, ;?

SOLUTION: If:

A212( 120 |1 0-2 41-30]_000
3400 101 [321] [26-1 [000



Most graphing calculators
do not have the capability of
“rref-ing” a “tall matrix.”
But you can always add
enough zero columns to
arrive at a square matrix:
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Answer: Yes.

Answer: See page B-8.
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Then:

2a+b+c+d a+2b-3d
da—-b-3c+2d 4a+2c+6d
Leading us to the homogeneous system:

2a—2c| _ 1000
b+c—-d 000

‘a b ¢ d a b c d
2atb+c+d =0 2 1 1 1 100 1]
a+t2b-3d =0 1 2 0 -3 01 0 -2

. 2a-2¢ = 0 ers) | 2 0 20| rref 0O 0 1 1
3a—b—-3c+2d =0 3 -1-32 0 00O
da+2c+6d =0 4 0 2 6 0O 0 0 O
btc—d =0 10 1 1 -1 0 0 0 O

Since rref[coef(S)] has a free variable, the system has nontrivial solu-
tions, and we therefore conclude that the given set of vectors is lin-
early dependent.

CHECK YOUR UNDERSTANDING 3.5

Is {x%, 2x2+x,x—3} alinearly independent set in P, ?

EXAMPLE 3.8 Let {v,,v,,v;} be a linearly independent set of
vectors in a vector space V. Show that
{vy, vy T v, v3—V,} isalso linearly independent.
SOLUTION: We start with: av, + b(v, +v;) + c(v3—v,) = 0 and go
ontoshowthata = b = ¢ = 0:
avy+b(vy+v)+tc(vyz—v,) =0
regroup: (@ + D)y +(b—c)vy+cvy =0

Since {v;, v,, v3} is linearly independent:

atb =0
b—c=0y=a=0,b=0,c=0
c=0

CHECK YOUR UNDERSTANDING 3.6

Let {v{, v,, v3,v4} be a linearly independent set of vectors in a vec-
tor space V. Show that {v;, v, + v, v, + v, + v, v, +v,+tvy+v,}
is also a linearly independent set.
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Here is a useful consequence of the Linear Independence Theorem of
page 22:

THEOREM 3.3 A set of vectors (v, vy .., v, in R s lin-
LINEAR INDEPENDENCE

T o early independent if and only if the row-reduced-
HEOREM FOR

echelon form of the n x m matrix with i® col-
umn the (vertical) n-tuple v; has m leading ones.

PROOF: For 1 <i<m,letv, = (ay; a,;, ..., a,;) . Tochallenge linear
independence of those m vectors, we consider the vector equation:
cyvyt...tc,v, = 0:

Ci(@y1 agy oees @) T Co(@yny Aggy ooy @yn) + oo T € (@1 Aoy s @) = (0, ..., 0)
(crayteyaptte ay,,....cqa,,tca,++c a,)=(0,..,0)

Equating coefficients brings us to the following homogeneous system
of n equations in m unknowns:
— Cl c2 cm -

aj ¢ tape, + ... +a,c,=0 ay ayy ... ap,

g @214 +aye, + ... +ayc, =0 | coef(S) ay) Ay - a-zm

a, ¢, ta, e, +...ta,c, =0 Ay Ay oo Ay

Applying the Linearly Independent Theorem of page 22, we con-
clude that the above homogeneous system of equations has only the
trivial solution ¢y =¢, = ... =¢, =0 if and only if

rref[ coef(S)] has m leading ones.
EXAMPLE 3.9 Determine if:
{(1,3,-2,1),(2,1,3,2),(1,3,1,4),(4,7,2,7)}

is a linearly independent set of vectors in R%.

SOLUTION:
1 21 4 1001
31 3 7 zref [0O1 0 1
23 1 2 0011
1 2 4 7 00O0O0

Since the above matrix does not have 4 leading ones, the given set of
vectors is not linearly independent.

CHECK YOUR UNDERSTANDING 3.7

Use Theorem 3.3 to show that there cannot exist a set of five linearly
Answer: See page B-9. independent vectors in R*.




CONTRAPOSITIVE PROOF

Let P and Q be two proposi-
tions.
You can prove that:

P=0
by showing that:
Not-Q = Not-P

(After all if Not-Q implies Not-P,
then you certainly cannot have P
without having Q: think about it)

., v, NOT linearly
independent

Vi Vo -

some v; can be expressed as a

linear combination of the rest

In the exercises you are
invited to establish the
converse of this theo-
rem.
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THEOREM 3.4 Any set of vectors containing the zero vector 0 is
linearly dependent.

PROOF: Let {0,v,,v,,...,v,} be a subset of a vector space V.

Since:
1(0)+0vy +0vy+...+0v, =0
#0
{0,v,,v,, ..., v, } is not linearly independent.

The above theorem tells us that {0} is a linearly dependent set in any
vector space V. As for the rest:

THEOREM 3.5 A finite set of vectors, distinct from {0}, is
linearly independent if and only if no vec-
tor in the set can be expressed as a linear
combination of the rest.

PROOF: To establish the fact that linear independence implies that no
vector in the set can be expressed as a linear combination of the rest,
we show that if some vector in the set can be expressed as a linear
combination of the rest, then the set is not linearly independent (see
margin). Here goes:

Assume that one of the vectors in {v,v,,...,v,} can be

expressed as a linear combination of the rest. Since one can

always reorder the given vectors we may assume, without loss of

generality, that v, is a linear combination of the rest:

Vi =avytazvyt-tay,
Leading us to:
v, —a,vy,—asv;—---—a,v, =0

Since the coefficient of v, is not zero, we conclude that

{v, vy, ..., v,} is linearly dependent.
To establish the converse we again turn to a contrapositive proof:

If v, v,, ..., v, isnotlinearly independent, then we can find sca-

lars ¢y, ¢,, ..., ¢, , not all zero, such that:

cvy eyt tev, =0
Assuming, without loss of generality, that ¢, # 0 we find that we
can express v, as a linear combination of the rest:

The next theorem tells us that whatever can be built from a collection
of linearly independent vectors, can only be built in one way:

THEOREM 3.6 Let {v,,v,,...,v,} be alinearly independent set.
Ifayv,+..+awv, =>bv,+..+b,v,, then:

n n°’
a; = b, for1<i<n.
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PROOF:
aypvytapyy T taw, = by tbyvy by,

Wi Db apyptagyy o taw, = (b thyvy to+byw,) =0

% by linear Ind.: (al—bl) = 0, ((lz—bz) =0, ""(an_bn) =0

a. = b, alzbl,azzbz,...,an:bn

CHECK YOUR UNDERSTANDING 3.8

Show that the vectors (2,1,3),(5,0,2),(11,3,11) are linearly

dependent in R3, and that (8,4, 12) is in the space spanned by

those vectors. Express (8,4, 12) as a linear combination of those
Answer: See page B-9. vectors in two distinct ways.

A linearly independent set of vectors S in a vector space /' may not
be able to accommodate additional vectors without losing its indepen-

dence. This is not the case if /' # Span(S):

THEOREM 3.7 If {v,v,,...,v,} is a linearly independent set

EXPANSION of vectors, and if v ¢ Span{v,, v,, ..., v,}, then
THEOREM _ _ _
{v{, vy, ..., v,, v} is also linearly independent.

PROOF: Let S = {v,,v,,...,v,} be linearly independent, and let
v ¢ Span(S). We show that {v,,v,,...,v,, v} is linearly indepen-
dent by showing that no vector in  {v;,v,,...,v,, v} can be
expressed as a linear combination of the rest.

To begin with, we observe that v cannot be expressed as a linear com-
bination of the rest, as v ¢ Span(S). Suppose then that some other
vector in {v, v,, ..., v,, v}, say for definiteness the vector v,, can
be expressed as a linear combination of the rest:

Vi = vty Tt v, ey

Since § = {vy,v,,...,v,} 1s linearly independent, ¢ #0 (why?).
But then:

1 Cy Cy c

vy = —Vl——vz——v3—"——v

c c c c "

again contradicting the given condition that v ¢ Span(S).

CHECK YOUR UNDERSTANDING 3.9

Find a linearly independent set of four vectors in P; which includes
Answer: See page B-9. the two vectors x3 +x and — 7.
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EXERCISES

Exercises 1-6. Determine if the given set of vectors is a linearly independent set in 3.

I {(2,1,5),(4,1,10)}

3. {(2’ 1’ 5)’ (4a 1, 10), (4, _la 10)}

5. {(1,3,4),(2,5,-1),(0,1,0),(2,2,0)}

2. {(0> 0> 0), (_6, 4, _5)}
4. {(3, -2,2),(-6,-4,-5), (1,2, 0)}

6. {(1,0,1),(2,0,1),(1,0,2),(1,2,3)}

Exercises 7-12. Determine if the given set of vectors is a linearly independent setin M, _ ,.

3
—
—_—
[\
[\
—_—

B 2_}
0 {_1 ol [21] [12] 2 1_}
4325

_1 2_

el

- 1 2] [2 1] 1] [11
34/ (34 |43 25 11

o {11 21 _1—1}
34/ 23] |5 6

10.{_12_ 1] 12 12}
3434 (43|25
01| [-22
2002 2

R

Exercises 13-17. Determine whether the given set of vectors is a linearly independent set in P;.

13, {x+1,x2+x+1,x3}

14, {x+1,x2+1,3x-5,17}

15. {3x3,3x2+3x+3,3x3+3x2+6x+6,3x+3}

16. {2x3,3x2+3x+3,3x3+3x2+6x+6,3x+3}

17. {2x3,3x2+3x+3,3x3+3x2+6x+6,3x+5}

Exercises 18-27. Determine if the given set of vectors in the function space F(X) of Theorem

2.4, page 44, is linearly independent.
18. {5, sinx} c F(R)
20. {5, sin2x, coszx} c F(R)
22. {x2, sinx} < F(R)
24. {e*,e ™} Cc F(R)
26. {l,e¥+e X, eX—e ™} CcF(R)

19. {sinzx, coszx} c F(R)

21. {sin2x, coszx, cos2x} < F(R)
23. {sin’x, cos’x, 2} c F(R)

25. {e*, e?*} c F(N)

27. {lnx, In(x2)} c F(R"), whereR
denotes the set of positive numbers.
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28.
29.

30.

31.

32.

33.
34.

35.

36.
37.

38.

39.
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For what real numbers a is {(1, 1, @), (1, a, 1), (a,1,1)} a linearly dependent set in R3?

For what real numbers ais {2x +a +1,x+ 2} alinearly dependent set in P,(x)?

1 x2
72 72

=

For what real numbers a is {ax2 — + a} a linearly dependent

setin P,(x)?

Find a value of a for which {cos(x + a), sinx} is a linearly dependent set in the function
space F(R)?

Find a value of a for which {sin(x + a), sinx, cosx} is a linearly dependent set in the func-
tion space F(R)?

Let v be any nonzero vector in a vector space V. Prove that {v} is a linearly independent set.

Prove that every nonempty subset of a linearly independent set {v,, v,, ..., v, } is again lin-
early independent.

Prove that if {v,, v,, ..., v,} is a linearly dependent set in a vector space V, then so is the set

vy v, Uiw,w,, .., w, | forany set of vectors {wy, w,, ..., w, | inV.
Establish the converse of Theorem 3.6.

Let S = {v;,v,,...,v,} beasetofvectors in a space V. Show that if there exists any vector
v € Span(S) which can be uniquely expressed as a linear combination of the vectors in S
then S is linearly independent.

Show that {(1,0), (0, 1)} is a linearly independent set in the vector space of Example 2.5,
page 47.
Let § = {uy,uy,...,u,} and T = {v,v,,...,v,} be linearly independent sets of vectors

in a vector space V with Span(S) n Span(7) = {0}. Prove that SU T 1is also a linearly
independent set.
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PROVE OR GIVE A COUNTEREXAMPLE

40.

41.

42.

43.

44,

45.

46.

47.

48.

If {u, v} is a linearly dependent set, then u = rv for some scalar r.
If {u,v,w} isalinearly dependent set, then u = rv + sw for some scalars r and s.

If {uw,v,w} 1is a linearly independent set of vectors in a vector space V, then
{u,u+v,u+v+w} isalso linearly independent.

If {u,v,w} is a linearly independent set of vectors in a vector space V, then
{u—v,v—w,w—u} isalso linearly independent.

For any three nonzero distinct vectors {u, v, w} in a vector space V, {u —v,v—w,w—u} is
linearly dependent.

If {u,v,w} is a linearly independent set of vectors in a vector space V, and if a € R then
{au, v,w} is also linearly independent.

If {u, v, w} is a linearly independent set of vectors in a vector space V, and if a is any non-
zero number, then {au, u+av,u+v+aw} isalso linearly independent.

IfS = {uy,uy ...;u,} and T = {v,,v,,...,v,} arelinearly independent sets of vectors in
a vector space V, then S U T is also a linearly independent set.

If {u,v} and {v,w} are linearly independent sets of vectors in a vector space V, then
{u,v,w} is also a linearly independent set.
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§3. BASES

So far we have considered sets of vectors § = {v,v,,...,v,} ina
space V that satisfy one of two properties:

(1) S spans V: Every vector in V' can be built from those in S.

(2) S'is linearly independent: No vector in S can be built from the rest.

In a way, (1) and (2) are tugging in numerically opposite directions:
From the spanning point of view:
The more vectors in S the better.

From the linear independence point of view:
The fewer vectors in S the better.

Sometimes, the set of vectors S is not too big, nor too small — it’s just
right:
DEFINITION 3.4 A set of vectors B = {v,v,,...,v,} in a
BASIS vector space V is said to be a basis for V if:
(1) B spans V'
and: (2) B is linearly independent.

In the exercises you are asked to verify the fact that:
S, = {e,, e} = {(1,0),(0,1)} isa basis for R?,
Sy = {e,eye5) = {(1,0,0),(0,1,0),(0,0,1)} is a
basis for R3, and that, in general:
S, = le,e,....e,} , where each entry in the n-tuple e; is

0 with the exception of the ith entry which equals 1, is a

n
STANDARD BASES IN % basis for R, called the standard basis of ‘R”.

EXAMPLE 3.10 Show that {(1,3,0), (2,0,4),(0,1,2)} is a
basis for R3.

SOLUTION: Appealing to Definition 3.4, we challenge the given set of
vectors on two fronts: spanning, and linear independence.

Spanning. For any given (a, b, ¢) € R3, we are to determine if there
exist scalars x, y, and z such that:

x(1,3,0)+y(2,0,4)+2(0,1,2) = (a,b,c)



[A]

If you take the time to
solve the system directly,
you will find that:

‘= 2a+2b-c
8

e 6a—2b+c
16

. = —6a+§b+3c
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Expanding the left side, and equating coefficients, we come to the
following 3 x 3 system of equations:

x+2y=a g 120 100
S: 3x+z=05>b %coe() 301 %rref 010
4y +2z = ¢ 04 2 001

the three given vectors

Figure 3.1
Applying the Spanning Theorem (page 18) we conclude that

{(1,3,0),(2,0,4),(0,1,2)} spans R>.
Linear independence. A consequence of:

120 100
3 01— 0010

04 2 001
] A
the three given vectors
and the Linear Independence Theorem for R” (page 88).

Since {(1,3,0),(2,0,4),(0,1,2)} is a linearly
independent set which spans R3 , it is a basis for R3.

EXAMPLE 3.11 Determine if the following set of matrices con-
stitute a basis for the vector space M, ,:

Gk o)

SOLUTION: The problem boils down to a consideration of the coeffi-
cient matrix of a system of equations. What system? Well, if you take
the spanning approach, then you will be looking at the vector equation:

EHIS SR B
30 22 -6 -5 15 cd

to see if it can be solved for any given matrix {a } .
cd

On the other hand, if you take the linear independent approach, then
you will consider the vector equation:
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[A]
[[2 1 -3 @]
[1 18 4]
[Z 2 & 1]
@ 2 -5 511
rref  [A] 2
[[1 B8 -1]
B 18 3]
[BAa11]
[BA B A ]]

Answer: See page B-10.

x21+y11+z_30+w04=00 (*%)
30 22 —6 -5 15 00
to see if it has only the trivial solution.

In either case, by equating entries on both sides of the vector equa-
tions, you arrive at systems of equations:

Form (*): From (**):
2x+y—-3z+0w = 2x+y—-3z+0w =
x+y+0z+4w = x+y+0z+4w =
3x+2y—6z+w = 3Ax+2y—6z+w =

Ox+2y—5z+5w =d Ox+2y—5z+5w =0

Yes, the two systems differ to the right of the equal signs, but both
share a common coefficient matrix, which “twice” reveals the fact

| | |
o o Q
S O O

that the four given vectors do not constitute a basis for M, ,. Once,

by the Spanning Theorem of page 18, and then again by the Linear
Independence Theorem of page 22:

only 3 leading ones

VIR and 4 variables
2 1 -30 1 0 0 -1 fp thelfo.urd VectoC{s are not
mearly independent
110 4| eof |01 0 5
3 2 61 0 01 1
0 2 -55 0 0 0 0|« contains a zero row

so the four vectors
do not span

CHECK YOUR UNDERSTANDING 3.10

Determine if the following set of matrices constitute a basis for the
matrix space M, ,:

b 2ol




In words: There cannot
be more lineally indepen-
dent vectors than the
number of vectors in any
spanning set.
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In Example 3.10 we found that the vector space R has a basis con-
sisting of three vectors, and every fiber in your body is probably sug-

gesting that each and every basis for R3 must also consist of 3
vectors. Those fibers are correct. Indeed we will prove that if a vector
space V has a basis consisting of n vectors, then every basis for /' must
again contain n vectors. Our proof will make use of the following fun-
damental result:

THEOREM 3.8 1If {w;w,, ...,w,} spans V, and if
SPAN

INDEPENDENT set of V, thenn<m.

{v{, V5, ..., v, } is a linearly independent sub-

PROOF: Assume that n>m .
(We will show that this assumption contradicts the given con-
dition that {v,v,,...,v } isa lincarly independent set).
We begin by expressing each v; as a linear combination of the vec-
tors in the spanning set {w;, w,, ..., w, }:
Vi T Wit eyt ey,
Vy = CoyWy T CppWy T ...+ ¢y, W,

()

Vo T ™1 + Cn2W>2 Tt ComWm

Now Consider the following homogeneous system of » linear equa-
tions in m unknowns, with n > m :

cppXyteygxy T te, x, 0

Note that the coefficients of the
ith equation coincide with those CppXytCppXyt .t Cppx, = 0 ()

of the i column of (*).

Xy teg X+ te,,x, =0
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Since (r{,79; -3 1)

solution of (**):

ey tegryto e r,

Cipryt eyt te

mn

"

The Fundamental Theorem of Homogeneous Systems (page 20), tells
us that (**) has a nontrivial solution: (r, 7,, ..., 7,) (not all of the

r;s are zero). We now show that r;v;+r,v,+...+r, v, equals 0,
contradicting the assumption that {v;, v,, ..., v,} 1is a linearly inde-
pendent set (for some r; = 0):

From (*)
rovyt vyt = r(epwytepwy, e, w,)

T ry(Cywytepwy,+ .oty w,

+r (c,wytc Wt te, w)

Regrouping: = (epryteyrt .o te,rwy

Flepry Tepry .t epr,)w,

(e, Tyt e, W,

see margin: =0w; +0w,+...+0w, =0

We are now in a position to show that all bases of a vector space must
contain the same number of elements:

THEOREM 3.9 If {w;, w,,...,w,} and {v,,v,,...,v,} are

bases for a vector space V, then n = m.

PROOF: Since {w;,w,,...,w,} is a basis, it spans V, and since
{v{, vy, ..., v, } 1s a basis, it is a linearly independent set. Applying
Theorem 3.8, we have n>m.

One more time: Since {vy, v, ..., v,,} 1s a basis, it spans V, and since
{wy, w,, ..., w,} is abasis, it is linearly independent. Applying The-
orem 3.8, we also have m > n.

Sincen>mandm=>n, n = m.

DEFINITION 3.5 A vector space with basis {v, v, ...,v,} is
DIMENSION said to be finite dimensional of dimension 7.

The symbol dim(#) will be used to denote
the dimension of the vector space V.



In the exercises you are
asked to show that the
polynomial space of Exer-
cise 23 of page 50 is an
infinite dimensional space.

Answer: See page B-10.

So, if the number of vectors
equals the dimension of the
space, then to show that
those vectors is a basis you
do not have to establish both
linear independence and
spanning, for either implies
the other.
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The trivial vector space V' = {0} of CYU 2.6, page 48, has no basis

(see Theorem 3.4, page 89). Nonetheless, it is said to be of dimension
zero. We also point out that a vector space that is not finite dimensional
is said to be infinite dimensional.

CHECK YOUR UNDERSTANDING 3.11

Prove that § = {v,v,,...v,} is a basis for a vector space V if and

only if every vector in V" can uniquely be expressed as a linear com-
bination of the vectors in S.

Let V' be a space of dimension n. The following theorem says that any

spanning set of n vectors in / must also be linearly independent, and
that any linearly independent set of # vectors must also span V:

THEOREM 3.10 Let ¥ be a vector space of dimension n >0, and
let S'be a set of m vectors in V. Then:

S spans Vifand only if Sis linearly independent.

PROOF: We first show that the assumption that S = {v,, v,, ..
spans V and is not linearly independent leads to a contradiction:

BV,

If S is not linearly independent, then some vector in S is a linear
combination of the remaining elements in S (Theorem 3.5, page
91). Assume, without loss of generality, that it is the vector v, :

v, = avitav,t...+ta, v, 4
Let v € V. Since S spans V-
V=cvytev, Tt tev,

T vty tte, lvn—1+cn(”1v1+“2v2+“'+“n—1vn—1)

(crtea)vt(eate,a)vy ..+ (c, 1 Fe,a, 1)v, 4

The above argument shows that the set {v,,v,,...,v,_;} spans

V' — a contradiction, since a space of dimension n, which neces-
sarily contains a basis of n elements, and therefore a linearly inde-

pendent set of n elements, cannot contain a spanning set of n — 1

vectors (Theorem 3.8).
We now show that the assumption that {v{,v,,...,v,} is a linearly

independent set which does not span V' will also lead to a contradiction:
Let v, & Span{v,v,, ...,v,} . The Expansion Theorem of
page 90 tells us that {v,,v,,...,v,, v, .} isstill a linearly inde-

pendent set. This leads to a contradiction since a space of dimen-
sion n, which necessarily contains a spanning set of n elements,
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cannot contain a linearly independent set of n + 1 vectors (Theo-
rem 3.8).

The following result is essentially a restatement of Theorem 3.10. It
underlines the fact that you can show that a set of n vectors in an n-
dimensional vector space is a basis by EITHER showing that they span
the space, OR by showing that it is a linearly independent set—you
DON’T have to do both:

THEOREM 3.11 Let {v,,v,,...,v,} be a set of n vectors in a

vector space V' of dimension n. The following
are equivalent:

(1) {vy vy, ..., v, 1sabasis.
(i1) {vy, vy, ..., v, } spans V.

(i) { v, v,, ..., v, } 1s linearly independent.

The cycle:
(i) PROOF: We can easily show that (i) = (ii) = (iii) = (i):
/ (i)=> (ii): By Definition 3.4,
(1i1) (i) (ii) = (iii) : By Theorem 3.10.

(iii) = (i) : By Theorem 3.10 and Definition 3.4.

insures that the validity

of any of the three prop- CHECK YOUR UNDERSTANDING 3.12

ositions implies that of
the other two.

Prove that the vector space of Example 2.5, page 47:
V= {(x,y)|x,y € R}, under the operations:

(xay)—"_(x"y') = (x—i_xl_ 13y+y,+ 1)

Answer: See page B-10. r(x,y) = rix—r+Lry+tr—1)

has dimension 2.

STRETCHING OR SHRINKING TO A BASIS

A basis has to be both a spanning and a linearly independent set of
vectors. Help is on the way for any set of vectors that falls short on
either of those two counts:

THEOREM 3.12 Let V' be a nonzero space of dimension 7.

Expansion Theorem: (2) Any linearly independent set of vectors
in V can be extended to a basis for V.

Reduction Theorem: (b) Any spanning set of vectors in V" can be
reduced to a basis for V.



Procedure: Keep adding
vectors, while maintaining
linear independence, till
you end up with 7 linearly
independent vectors.

Procedure: Keep throwing
vectors away, while main-
taining spanning, till you
end up with n spanning
vectors.

[A]
[[1 4 3 21
[2 1 3 -3]
[ZA 111
41 2711
rref C [H] 2
[[1 808 1]
@18 1]
B A1 1]
B A& @])
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PROOF: (a) Let {v,,v,, ..., v, } be alinearly independent set of vec-
tors in V. If it spans V, then it is already a basis for /" and we are done.
If not, then take any vector v, , ; € Span{v,,v,,...,v, } and add it

to the set: {v{,v,,...,v,, v, 1. This brings us to a larger set of

vectors which, by the Expansion Theorem of page 90, is again lin-
early independent. Continue this process until the set contains n lin-
early independent vectors: {v;,v,,...,v,,...,v,}, and then apply

Theorem 3.11 to conclude that it is a basis for V.

(b) Let {v{,v,,...,v, } be a spanning set of vectors in V. Since V'

contains a linearly independent set of n elements (any basis will do),
m >n (Theorem 3.8). If m = n then we are done (Theorem 3.11). If
m>n, then the spanning set {v,,v,,...,v,} cannot be linearly
independent; for if it were, then it would be a basis, and all bases have
n elements. Find a vector in {v{, v,, ..., v, } thatis a linear combina-

tion of the rest and remove it from that set to arrive at a smaller span-
ning set. Continue this “tossing out” process until you arrive at a
spanning set consisting of n elements—a basis for /' (Theorem 3.11).

EXAMPLE 3.12 (a) Expand the linearly independent set:
L=1{(1,2,3,4),(-4,1,0,1),(3,3,1,2)}
to a basis for R4.
(b) Reduce the spanning set:
S={x+1,2x2-3,2x -3, x2+4,x2—x-3}
to a basis for P, .

SOLUTION:

(a) We are given that L is linearly independent, and need to comple-
ment it with an additional 4-tuple, while maintaining linear indepen-
dence. From earlier discussions, you know that if you randomly pick
a 4-tuple, then the probability that it will be in Span(L) is nil. Let’s go
with (2,-5,1,7):

B = {(19 2” 3’ 4)’ (749 19 0’ 1)’ (3’ 3’ 19 2’)’ (29 759 17 7)}

We, of course, have to demonstrate that the “gods were not against us,”
and do so via the Linearly Independence Theorem for R” of page 88:

1432 1000
21 3-5 rref (0100
301 1 0010
4127 0001
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Answer: See page B-11.

The above shows that 3 is a linearly independent set. Since it con-
sists of 4 vectors, and since R* is of dimension 4 [Exercise 1(c)], B
is a basis for R*4.

(b) It is easy to see that {1,x,x2} is a basis for the vector space
P,(x), and that consequently P, is of dimension 3.

Since § = {x+1,2x2-3,2x-3,x2+4,x2—-x—3} contains five
vectors, we have to throw two of them away in such a manner so as to
end up with three vectors that still span P,; or, equivalently, with
three linearly independent vectors. We leave it for you to verify that
{x+1,2x2-3,2x -3} is a linearly independent set. As such, it
must be a basis for the three dimensional space P, .

(a) Expand the linearly independent set L = {{2 1}

CHECK YOUR UNDERSTANDING 3.13
basis for M, ., , 2

22 } to a
11
(b) Reduce the set:

S=1{(3,-1,2),(-9,3,-6),(1,2,-2),(-5,4,-6),(6,-2,4)}
to a basis for Span(S). Dose S span R3?

The next example reveals a systematic approach that can be used to

reduce a set of vectors S'in R” to a basis for Span(S'):

EXAMPLE 3.13 Find a subset of:
S =1(1,2,-1),(3,0,2),(5,4,0),(6,6,-1)
which is a basis for Span(S).

SOLUTION: To determine which of the four vectors can be discarded,
we challenge their linear independence, and turn to the equation:

a(1,2,-1)+b(3,0,2) + ¢(5,4,0) +d(6,6,-1) = (0,0,0) (*)

Equating coefficients leads us to the following homogeneous system of
equations:



[A]
[[1 23 6]
[2 B 485 ]
[-1 268 -111
rref C [H] 2
[[1 &8 2 3]
@11 1]
B A& @]l

Note that ¢ and d are the free
variables in rref[coef (s)]

Figure 3.2
Let’s agree to call a vector in

S=1{1,2,-1),(3,0,2),(5,4,0),(6,6,-1)}
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a b ¢ d a bc d
a+3b+5¢c+6d =0 0o (S) 1 3 5 6 1023
S: 2a+0b+4c+6d =0 —""22 o 4 6%0 111
—a+2b+0c—-d =0 -1 2 0 -1 0 00O
equivalent '
Note that these are the four given
systems vectors, but written in column form
at2c+3d =0
b+tct+d=0

that occupies the same column-location in coef(S) as that of a lead-
ing-one-column in the rref-matrix, a leading-one vector [(1, 2, 1)

and (3, 0, 2) are leading-one vectors]. We now proceed to show that

those leading-one vectors constitute a basis for Span(S).

Figure 3.2 tells us that system § will be satisfied for any a, b, ¢, and

+2c+3d =0
d for which: ¢ } (**)

b+c+d =0

. : at2 =20 .
Setting ¢ = 1 and d = 0 in (**) leads us to , with
b+1 =20

solution a = -2 and b = —1. Substituting these valuesin (*) we

have:

-2(1,2,-1)-1(3,0,2)+1(5,4,0) +0(6,6,-1) = (0,0,0)

or: (5’ 4a 0) = 2(17 2’, _1)+ 1(3’ 0’ 2)

Conclusion: the non-leading-one vector (5, 4, 0) can be expressed as a
linear combination of the two leading-one vectors.

Setting d = 1 and ¢ = 0 in (**) we find that a = -3 and

b = —1, bringing us to:
_3(1’ 2’, _1)_ 1(3’ 0’ 2’)+O(5a 45 0)+ 1(6’ 65 _1) = (0, 0, 0)
or: (6,6,-1) = 3(1,2,-1)+1(3,0,2)

Conclusion: the non-leading-one vector (6, 6, -1) can be expressed
as a linear combination of the two leading-one vectors.

Since (5,4,0) and (6,6,—1) are linear combinations
(1: 2: 71): (33 0: 2) :

of

Span{(la 29 _l)a (33 0, 2)3 (5, 43 0), (6’ 6’ _1)} = Span{(I, 2’ _1)’ (3’ 0’ 2’)}
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Covering up the two non-leading-one columns in the development of

Figure 3.2:
a b7 a b%
a+3b4{% =0 1 3 1 0 3
_ B coef(SS) rref
S: 2a+0b =0;,——>(2 0 Irel .o
—a 26 = 0 12 0 000

I

)

we see that the only solution of: a(1,2,-1)+5(3,0,2) = (0,0,0)
is the trivial solution, and that the vectors (1,2,-1),(3,0,2) are
therefore linearly independent.

SUMMARIZING

To find a basis for the space spanned by the vectors
v, =(1,2,-1), v, =(@3,02), v; =(540), and
vy, = (6,6,-1), we constructed the 3 x4 matrix

1 356
A =192 04 ¢| with columns the given four-tuples. We
-120-1
then showed that the leading-one vectors, namely
v, = (1,2,-1) and v, = (3,0, 2), constituted a basis
for the space spanned by the four given vectors.

We state, without proof, a generalization of the above observation:

THEOREM 3.13  petv,,

Vs, ..., v, be vectors in R” . If 4 is the

n x m matrix whose i column is the n-tuple
v;, then the set consisting of those vectors v,

where the i column of rref(4) contains a

leading one, is a basis for the space spanned

by v, v, ..., v,
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CHECK YOUR UNDERSTANDING 3.14

Answer: See page B-11. Use the above theorem to address the problem of CYU 3.13(b).




104 Chapter 3 Bases and Dimension

EXERCISES

1. (a) Prove that S, = {e;,e,} = {(1,0),(0,1)} isabasis for R2. Express (-3, %) as a linear
combination of the vectors in S, .
(b) Prove that S; = {e, e,,e;} = {(1,0,0),(0,1,0),(0,0,1)} is a basis for R3. Express

(3, J2, 0) as a linear combination of the vectors in S5 .
(c) Prove that S, = {e,,e,, ..., e,} isabasis for R".

2. (a) Prove that B = {(2,0,5),(0,1,10),(1,2,0)} is a basis for R3, and express (7, 0, -5)
as a linear combinations of the vectors in 3.

(b) Show that S = {(2,0,5),(0,1,10),(1,2,0),(1,1,1)} is not a basis for R3, and find
two different representations for the vector (7, 0,—5) as a linear combination of the vec-
tors in S.

3. (a) Prove that B = {2x2+3,x2—x,x—5} is abasis for P,, and express x>+ 3x— 1 as a lin-

ear combinations of the vectors in 3.
(b) Show that S = {2x2,3x,5,x—4} is not a basis for P,, and find two different representa-
tions for the vector x2 + 3x — 1 as a linear combination of the vectors in S.
Exercises 4-7. Determine if the given set of vectors is a basis for R3.
4. {(2, la 5)5 (4; 1; 10)’ (19 2> 3)} 5. {(Oa Oa O)a (_1; 2a _S)a (2; _la _5)}
6. {(2,1,5),(4,1,10),(4,3,10)} 7 ((JBme), (m e, J2), (e, J2, 7))

8. (a) Prove that the matrix space M, , , has dimension 4.

(b) Prove that the matrix space M, ., has dimension m x n.

Exercises 9-12. Determine if the given set of vectors is a basis for M, .

0 {12__23_ _34__41_} 10.{_—12_ 12 [1 2 12}
34 (41|12 |2 3] 34 (3 4] |34 34

. {12_ 12 10__02_} Lo [z [

’ 12. 2 3
30/ (04 [34 |34 AR
341 |3 01

-
-
-
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3.3 Bases
Exercises 13-15. Determine if the given set of vectors is a basis for M5 ,.
o1l [10] [o3] [30] [oo] [10 11/ {10/ (01| |00 00| |11
13. 130/>[03-|01]>|10[-|01]-]00 14. 1110, (00[-|00[> |1 1|-|11]>[00
01 (10 |01 [10] 03] [00 11/ {oo] (00| |00 00| |11
1 2] [2 22| [3 2] [212] [-1 22
15 13 “1)s |2 <1> |1 =2[-[3 1/>|3 1
23| |3 4 |-3-1] |[-23] [2 -3

16. (a) Prove that the polynomial space Py = {a;x®+a,x>+a;x+ agla; € R,0<i<3} isof

dimension 4.
(b) Prove that the polynomial space:

P, ={ax"ta, x""1+.. +a1x+a0‘ai eR 0<i<n}
is of dimension n + 1.
Exercises 17-20. Determine if the given set of vectors is a basis for P;.
17. {x3+1,2x3—x2+2,3x+1,4x3 —x2+9x+7}
18. {x3+1,2x3—x2+2,3x+1,4x3 —x2+9x+8}

19. {2x3+3x2+x—1,-x3—9x2+2x+2,x3 —x2+2x+2,-3x3+2x2—x+ 1}

20. {2x3+3x2+x—-1,-x3—x2+2x+2,x3 —x2+2x+2,-3x3+2x2—x+1}

Exercises 21-24. Extend the given linearly independent set of vectors to a basis for R*.

21. {(1,3,4,1),(-1,2,0,1),(1,1,2,2)}

23. {(27 17 3) _1)) (15 37 07 2’)}

22, {(1,2,1,-2),(1,2,1,2),(1,2,3,4)}
24, {(2,2,1,1)}

Exercises 25-28. Extend the given linearly independent set of vectors to a basis for P,,.

25. {x*+1,x3+2x23x3+x-5,9}

27. {(x*+x3+x3, 3+ 2+, x2+x+ 1)

26. {3x—2,3x2-2,3x3-2,3x%*-2}

28, {2x*+x3+x2+x+1,x4 -5}
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Exercises 29-30. Does the given set of vectors span M, , , ? If so, reduce the set to obtain a basis

for M, 5.
29'{_13_ 2 0] [33] [o1] 21 12}
-12/ [1-1] [01] |[12] |01 [34
3)0_{—10_50 1ol [10] [oo] |00 01}
2 0] [-100] [O 0 00/ [0-1] |10
Exercises 31-32. Does the given set of vectors span P; ? If so, reduce the set to obtain a basis

for Ps.

31. {2x,3x2, 6x2+4x, x3+1,3x2+x, x>+ 3x2+x+ 1}
32, {2x3+x—1,4x3 -2x2—-6,4x2+2,5x3 +6x2 -2, x3 +x—1,x3 - 2x2, —x3 - 2x2}

Exercises 33-37. Use Theorem 3.13 to find a subset of the given set of vectors S in R” which is a

basis for Span(S). If necessary expand that basis for Span(S) to a basis for the corresponding
Euclidean space.

33. S ={(2,1,4),(-1,3,2),(5,-1,6),(4,2,8)}
34. S = {(1,1,3),(-1,3,2),(1,5,8), (3,2,-1)}
35. S = {(1,1,3),(-1,3,2),(1,5,8), (3,2,-1)}
36. S = {(2,1,3,0),(0,4,4,2),(-2,3,1,2),(1,1,5,8),(3,2,8,8)}

37' S = {(1’ 3, 1, 3’ 2)’ (2’ 4’ 1, 4’ 2)’ (1’ 1, 0, 1’ 0)’ (1’ 1, 2’ 0’ 2)7 (2’ 2, 1’ 1’1)7 (1, 2, 3’ 4’ 5)}

Exercises 38-39. Find a subset of the given set of vectors S which is a basis for Span(S). If nec-
essary, expand that basis for Span(§') to a basis for P, .

38. 8 = {2x*+x34+3x+ 1, —x*—x3+x2 x3 - 223 +2x2 + 3x, - 2x* - 2x3 + 2x2 -1}
39. S = {5, —-x3—x, x*+x3+x2+x+1,2x% - 2x2, 2x4 + 2x2)}

Exercises 40-41. Find a basis for the space spanned by the given set of vectors in the function
space vectors F(R) of Theorem 2.4, page 44.

) .2 2. . .2 2 )
40. {5, sinx, cosx, sin"x, cos x, sin(5+x)} 41. {sinx, cosx, sin"x, cos x, cos2x, sin2x}

42. Show that {(a, b, ¢)|a+2b+c =0} is asubspace of R3, and then find a basis for that sub-
space.



43.

44,

45.

46.

47.

48.
49.

50.
51.

52.

53.

54.

55.

56.

57.

38.
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Show that {(a, b, ¢, d)|a+b = c—d} is asubspace of R*, and then find a basis for that sub-
space.

Show that {ax?+bx+c|la=b—c} is a subspace of P,, and then find a basis for that sub-
space.

Show that {ax3+bx?+cx+dla=b,c=a+b+d} is a subspace of P;, and then find a
basis for that subspace.

Find all values of ¢ for which {(1,1,0), (c3,1,0),(0,c, 1)} is a basis for R3.

126, 0 1, co}isabasisforMZXz.
1 0f [-O

Find all values of ¢ for which { cl
0c
Find a basis for the vector space of Example 2.5, page 47.

00|

Suppose {v,,v,,v3} is a basis for a vector space V. For what values of a and b is
{avy, bv,, (a—Db)v;} abasis for 1?

Let S is a subspace of V' with dim(S) = dim(V) = n.Prove that S = V.

Suppose that {v, v,, ..., v } is a linearly independent set of vectors in a space V' of dimen-
sion n, and that {w,, w,, ...w,} spans V. Prove that s <n <.
A set of vectors S in a finite dimensional vector space V is said to be a maximal linearly

independent set if it is not a proper subset of any linearly independent set. Prove that a set of
vectors is a basis for V' if and only if it is a maximal linearly independent set.

A set of vectors S in a finite dimensional vector space V is said to be a minimal spanning set
if no proper subset of S spans V. Prove that a set of vectors is a basis for V'if and only if it is a
minimal spanning set.

Let H and K be finite dimensional subspace of a vector space V with HN K = {0}, and let
H+K = {h+k|he Hand k € K}. Prove that dim(H + K) = dim(/) + dim(K). (Note:
you were asked to show that H + K is a subspace of V' in Exercise 42, page 67.)

Let H and K be finite dimensional subspace of a vector space V, and let
H+K = {h+klh e Handk € K} .Prove that:

dim(H + K) = dim(H) + dim(K) — dim(H N K)
Suggestion: Start with a basis for H m K and extend it to a basis for H + K.

Prove that the polynomial space P of Exercise 22, page 50, is not finite dimensional by show-
ing that it does not have a finite base.

(Calculus dependent) Show that S = {p € P|p'(0) = 0} is a subspace of the polynomial
space P of Exercise 22, page 50. Find a basis for S.

Prove that a vector space V' is infinite dimensional (not finite dimensional) if and only if for
any positive integer n, there exists a set of # linearly independent vectors in V.
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PROVE OR GIVE A COUNTEREXAMPLE

59.

60.

61.

62.

63.

64.

65.

66.

67.

If {v,,v,, v} is a basis for a vector space V, and if ¢, ¢,, and c; are nonzero scalars, then

{c vy, cyv,, c3v5 ) 1s also a basis for V.

If {v,,v,,...,v,_} is alinearly independent set of vectors in a space V' of dimension n, and

ifv, e {v,v,,...,v,_},then {v,, v, ...,v, |, v, } isabasis for V.

If {v,,v,,...,v,_} is alinearly independent set of vectors in a space V' of dimension n, and

if v, ¢ Span{v,,v,, ...,v,_,},then {v,,v,,...,v, |,v,} isabasis for V.

If {v;,vy,...,v,,v, .} 1s a spanning set of vectors in a space V of dimension n, then

{v, vy, ...,v,} 1isabasis for V.

If {v;,v5,...,v,,v,.} is a spanning set of vectors in a space V' of dimension n, and if

v, 1 € Span{v,v,, ...,v, },then {v,, v, ...,v } isabasisfor V.

If {v,,v,, v3} is a basis for a vector space V, then {v, v, +v,, v, + v, +v;} is also a basis
for V.

It is possible to have a basis for the polynomial space P,(x) which consists entirely of poly-

nomials of degree 2.

Let {v;,v,,...,v, 1} beaspanning set for a space V of dimension # satisfying the property

that v, +v, + ... +v, ., = 0.If you delete any vector from the set {v;,v,, ..., v,,}, then
the resulting set of n vectors will be a basis for V.

Note: In set notation, an element cannot be repeated. In particular, no two of the vs in
{vy, vy .., v, 1) are the same.

If V' is a space of dimension #n, then V' contains a subspace of dimension m for every integer
0<m<n.
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CHAPTER SUMMARY

LINEAR | A vector v in a vector space V is said to be a linear combination
COMBINATION | of vectors v, v,, ..., v, in V, if there exists scalars ¢, ¢,, ..., ¢,
such that:
v=cvitev,taotey,
SPANNING | The set of linear combinations of {v{» ¥y, ..., v, | 1is a subspace

of V. It is said to be the subspace of V' spanned by those vectors,
and is denoted by Span{v,,v,, ..., v,}:

Span{v,, v,, ...,v,} = {cvyTcv,+...+tc,v,}

If V= Span{v,v,,...,v,}, then {v,, v, ...,v,} is said to

span the vector space V.

If every vector in a set S is

contained in the space

spanned by another set S,,

then Span(S,) is a subset
of Span(S,).

Let the set of vectors {v;,v,,...,v,} and {w, w,,...,w,} be

such that w; € Span{v, v,, ...,v,} for 1 <i<m. Then:

Span{w, w,, ..., w, } S Span{v,v,, ...,v,}

If {v;, vy, ...,v,} = Span{wy, w,, ...,w, } and {w;, w,, ..., w, } S Span{vy,v,,...,v,}
then: Span{v, v,, ...,v,} = Span{w, w,y, ..., w,,}
LINEARLY INDEPENDENT

SET

The vectors vy, v,, ..., v, are linearly independent if:

avyt--tayv, =0=a =0,1<i<n

If the vectors v, v,,...,v, are not linearly independent then

n
they are said to be linearly dependent.

Unique representation.

The vectors vy, v,, ..., v, are linearly independent if and only if

av,+...+tay, = byv,+...+bv,

implies that a, = b, for 1 <i<n.

No vector can be built from
the rest.

A collection of two or more vectors is linearly independent if
and only if none of those vectors can be expressed as a linear
combination of the rest.

Expanding a linearly inde-
pendent set.

Let § = {v,Vv,,...,v,} be a linearly independent set. If

v ¢ Span(S), then {v,, v,, ..., v,, v} is again a linearly indepen-

dent set.
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Linear Independence Theo-
rem.

A homogeneous system of m linear equations in » unknowns S has
only the trivial solution if and only if rref[coef(S)] has n leading
ones.

Linear independence in R" .

A set of vectors {v, v,, ..., v, } in R” is linearly independent if
and only if the row-reduced-echelon form of the n x m matrix

whose i columns is the (vertical) n-tuple v; has m leading ones.

BASIS

A set of vectors B = {vy,v,, ..
to be a basis for V if:

(1) B spans V'
and: (2) B is linearly independent.

., V,} 1n a vector space V is said

A spanning set can’t have
fewer elements than the
number of elements in any
linearly independent set.

If {w,w,, ...,w, } spans V, and if {v,,v,, ..., v, } isalinearly

independent subset of V, then n <m .

All bases for a vector space
contain the same number of
vectors.

If {w;,w,,...,w,} and {v,,v,,...,v, | are bases for a vector

space V,thenn = m.

You can show that a set of
n vectors in an n-dimen-
sional vector space is a
basis by EITHER showing
that they span the space, OR
by showing that it is a lin-
early independent set—you
DON’T have to do both:

Let {v,,v,,...,v,} be a set of n vectors in a vector space V of

dimension #. The following are equivalent:
(1) {vy, vy, ..., v, } 1sabasis.
(i1) {vy, v5, ..., v, } spans V.

(i11){ vy, ¥, ..., v, } 1s linearly independent.

Expansion Theorem

Reduction Theorem

Any linearly independent set of vectors in V' can be extended to a
basis for V.

Any spanning set of vectors in J can be reduced to a basis for V.

Reducing a set of vectors S

in R" to a basis for
Span(S)

Let v, v,, ..., v, be vectors in R”. If 4 is the n x m matrix

whose i column is the n-tuple v,, then the set consisting of

those vectors v;, where the i column of rref(4) contains a

leading one, is a basis for the space spanned by v, v,, ..., v

m*




A linear transformation is
also called a linear func-
tion, or a linear map. A
linearmap 7: ¥V — V froma
vector space to itself is said
to be a linear operator.
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CHAPTER 4
LINEARITY

In this chapter we turn our attention to functions from one vector space
to another which, in a sense, preserve the algebraic structure of those
spaces. Such functions, called linear transformations, are introduced in
Section 1. As you will see, each linear transformation 7: V' — W gives
rise to two important subspace; one, called the kernel of 7, resides in the
vector space V, while the other, called the image of 7, lives in W. Those
two subspaces are investigated in Section 2. Linear transformations
which are also one-to-one and onto are called isomorphisms, and they
are considered in Section 3.

§1. LINEAR TRANSFORMATIONS

Up to now we have focused our attention exclusively on the internal
nature of a given vector space. The time has come to consider functions
from one vector space and another:

DEFINITION4.1 A function T: ¥V — W from a vector space V' to
LINEAR a vector space W is said to be a linear trans-
TRANSFORMATION formation if for every v,v' € V and r € R:

(1): T(v+v'") = T(v)+T(v")
and (2): T(rv) = rT(v)

Let’s focus a bit on the statement:
Tv+v") = Tv)+T(H)
for T V— W. There are two plus signs in the equation, but the one on
the left is happening in the space V, while the one on the right takes
place in the space W. What the statement is saying is that you can per-

form the sum in the vector space ¥ and then carry the result over to the
vector space W via the transformation 7, or you can first carry those

two vectors v and v’ over to W (via T) and then perform their sum in
the space W. In the same fashion, 7(rv) = rT(v) is saying that you
can perform scalar multiplication in " and then carry the result over to

W, or you can first carry the vector v to /¥ and then perform the scalar
multiplication in that vector space.

EXAMPLE 4.1  Show that the function 7: R3 — R2 given by
T(a,b,c) = (2a+ b, —c) is linear.
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A smoother approach:
T[(a,b,c)+ (a',b',c")]
=T(a+a',b+b',c+c")
= [2(ata’)+(b+b'),~(c+c")]
= 2a+2a'+tb+b',—c—c')
= (2a+b,—c)+(2a'+b",-¢")
= T(a,b,c)+ T(a',b',c")

SOLUTION: Let (a, b, ¢), (a',b',c") € R3 and r e R.
T preserves sums:
T[(a,b,c)+(a',b',c")] = T(a+a',b+b',c+ ')
T(a,b,c) = (2a+b,—): = [2(a+a'")+(b+b"),—(c+c")]
= 2a+2a"+b+b',—c—c")
and: T(a,b,c)+T(a',b',c') = (2a+b,—c)+ (2a’' +b',-")
= R2a+b+2a" +b',—c-c")
T preserves scalar products:
T(r(a,b,c)] = T(ra,rb,rc) = (2ra+rb,—rc)
=r(Qa+b,—c) = rT(a, b, c)

JuIes

EXAMPLE 4.2 Determine if the function /: R3 — R3 given
by f(a, b, ¢) = (2¢, b2, —a) is linear.

SOLUTION: If you are undecided on whether or not f is linear, you
may want to challenge its linearity with a couple of specific voters
f)

f1(2,1,3)+(4,0,1)] = £(2,1,3)+(4,0,1)
?
f(6,1,4) = f(2,1,3)+/(4,0,1)
(7
fla,b,¢) = (2¢,b%,-a):  (8,1,-6) = (6,1,-2)+(2,0,-4)
(8,1,-6) = (8,1,-6) Yes!
The above establishes nothing. It certainly does not show that the
function fis not linear, nor does it establish its linearity since we have
but demonstrated that it “works” for the two chosen vectors (2, 1, 3)
and (4,0, 1). Let’s try another pair:
?
f1(3,-2,5)+(4,9,-3)] = f(3,-2,5) +/(4,9,-3)
?
f(79 7’ 2) = f(37 _29 5) +f(4: 9: _3)
l’)
(4,49,-7) = (10,4,-3) + (-6, 81,—4)
()
(4,49,-7) = (4,85,-7) No!

Since f(3,-2,5)+(4,9,-3)]#/(3,-2,5) +f(4,9,-3), the func-
tion is not linear.

You can also show that the above function is not linear by
demonstrating, for example, that f[2(1, 2, 3)] = 2/(1, 2,3) . To
show that a function is not linear you need only come up with a

specific counterexample which “shoots down” EITHER (1) or
(2) of Definition 4.1.




Answer: See page B-12.

In order to distinguish
where the different
zeros preside, we are
using 0, and 0, fto
indicate the zero is in
the vector space V and
W, respectively.

Answer: See page B-12.

You can perform the
vector operations in V'
and then apply 7 to that
result: T(rv+w), or
you can first apply 7
and then perform the
vector operations in W:
rT(v)+ T(w). Either
way, you will end up at
the same vector in .
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CHECK YOUR UNDERSTANDING 4.1

Is the function f: R2—> R3 given by f(a,b) = (a+b,2b,a—b)
linear? Justify your answer.

Given that a linear transformation preserves vector space structures, it
may come as no surprise to find that it maps zeros to zeros, and
inverses to inverses:

THEOREM 4.1 If 7: V — W is linear, then:
zero in the space W
() I(0,) = g
zero in the space V' —/r

w

inverse of the vector
J T(v) in the space W

v ren -F
inverse of v ﬁ

in the space V'

PROOF: (a) Note that three different zeros are featured below:
by linearity

7(0,) = 7(0-0y) : 07(0y) = 0y

Theorem 2.7, page 53 AT
by linearity

(b) T(—v) = T[(-1)v] L (-DT(v) = -T(v)

Theorem 2.8, page 54

CHECK YOUR UNDERSTANDING 4.2

Use Theorem 4.1(a) to show that the function f: R? — P,(x) given
by f(a, b) = ax?+ bx+1 is not linear.

The following Theorem compresses the two conditions of Definition
4.1 into one:

THEOREM 4.2 7T: V— W is linear if and only if:
T(rv+v') = rT(v)+T(v")

forall v,v' e Vandre R

PROOF: If T'is linear, then forall v,v' € Vand r € R:

T(rv+v') = T(rv)+T(v'") = rT(v)+ T(v")
(1) of Definition 4.1 J\ /]\— (1) of Definition 4.1
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Conversely, if T(rv+v') = rT(v)+ T(v') for all v,v' € VV and
r € R, then:

(1): T(v+v') = T(lv+v') = 1T(v)+ T(v') = T(v) + T(»")

Axiom (viii), page 4

Theorem 4.1(a)
2): T(rv) = T(rv+0) = rT(v)+T(0) = rT(v)+0 = rT(v)
Axiom (iii), page 40 /l\

You are invited to establish the following generalization of the above
result in the exercises:

THEOREM 4.3 Let T: V— W be linear. For any vectors

Vi Ve ..V, In V., and any scalars

a,a, ...,a,:

T(avy+...+ta,wv,) = aT(v))+...+a,T(v,)

CHECK YOUR UNDERSTANDING 4.3
Use Theorem 4.2 to establish the linearity of the function of CYU 4.1.

Answer: See page B-12.

The following theorem tells us that linear transformations map sub-
spaces to subspaces:

THEOREM 4.4 1Let T: V— W be linear. If S is a subspace of V,
then 7(S) = {T(s)|s € S} is a subspace of V.

See Theorem 2.13, page 61 PROOF: For 7(s,), T(s,) € T(S),and r € R:

rT(sy) +T(s,) = T(rs; +s,) € T(S)

since S is a subspace,

since T'is linear rs|+s, €S

CHECK YOUR UNDERSTANDING 4.4

PROVE OR GIVE A COUNTEREXAMPLE: Let 7: V' — W be linear,
and S < V. If T(S) is a subspace of 7, then S must be a subspace of V.

A LINEAR MAP IS COMPLETELY DETERMINED
BY ITS ACTION ON A BASIS

Suppose you have a run-of-the-mill function /2 RZ — R3, and you
know that f(1,0) = (1, 2,3) and that f(0,1) = (2,3,-5). What can
you say about £(3,5)? Nothing. But if 7: RZ — R3 is linear, with
7(1,0) = (1,2,3) and 7(0,1) = (2,3,-5), then:
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7(3,5) = T[3(1,0) +5(0,1)]
by linearity: = 37(1,0)+57(0,1)
3(1,2,3)+5(2,3,-5) = (13,21,-16)

Yes: A linear transformation 7: ¥V — W is COMPLETELY
DETERMINED by its action on a basis of V/

In particular, if you have two linear transformations that act identi-
cally on a basis, then those two transformations must, in fact, be one
and the same:

THEOREM 4.5 Let V be a finite dimensional space with basis
vy v, T V—>Wand L: V> W

are linear maps such that 7(v;) = L(v;) for

1<i<n,then T(v) = L(v) forevery v e V.

PROOF: Let v € V. Since {v{, v,, ..., v, } 1is a basis for V, there exist
scalars ay, a,, ..., a, such that:
v=a,vitav,t...tav

n

We then have:
linearity of 7
I(v) = T(ayv; tayv,+...+a,w,) = a T(v))+a,T(vy) +... +a,T(v,)

Since T(Vi) = L(vl.):

aL(vy) +a,L(vy)+...+a,L(v,)

linearity of L: = L(av, +a,v,+...+a,v,) = L(v)

CHECK YOUR UNDERSTANDING 4.5

PROVE OR GIVE A COUNTEREXAMPLE: Theorem 4.5 still holds if
Answer: See page B-12. {v{, vy, ..., v, } is aspanning set for }/ (not necessarily a basis).

The next theorem gives a method for constructing all linear maps
from one vector space to another:

THEOREM 4.6 Let {v,,v,,...,v,} be a basis for a vector

LINEAR space V, and let w,, w,, ..., w, be n arbitrary
CONSTRUCTION  vectors (not necessarily distinct) in a vector
space W. There is a unique linear transforma-

tion 7: V— W which maps v, to w, for

1 <i<nj;anditis given by:

T(aywv,+...ta,w,) =aw +..+taw,
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PROOF: From Theorem 4.4, we know that there can be at most one
linear transformation 7: V' — W such that T(v,) = w, for 1 <i<n.

We complete the proof by establishing the fact that the above func-
tion 7 is indeed linear:

— | A— 1
For v = av,+...+a,v, and v' = by, +...+b,v, in V,
and r € R :

n n
T(I‘V+V') T(l"v+V,) =Tr Z al.vl.+ Z blvlJ
i=1 i=1

n
=T Z (mi+bi)vi]
i=1
n n
= rZaiwivL Z bw,=rT(v)+T(")

i=1 i=1

n
z (ra;+b)w;
i=1

1<

L [ Jouopmuyop —

rT(v)+T(v')

EXAMPLE 4.3 ¢t 7: 2 — R3 be the linear transformation
which maps (1,1) to (3,2,4) and (4,1) to
(1, 0, -5) . Determine:
(@) T(9,6) (b) T(a, b)
SOLUTION: (a) It is easy to see that {(1, 1), (4, 1)} is a basis for RZ.
We express (9, 6) as a linear combination of the vectors in that basis:
9 =r+4s

6 =r+s
E3= 3s=>s =1
6 =r+l=r=35

Applying the linear transformation to (9,6) = 5(1,1)+1(4,1) we
have:
7(9,6) = T[5(1,1)+1(4,1)] = 5T(1,1)+17(4,1)
= 5(3,2,4)+(1,0,-5)
= (15,10,20) +(1,0,-5)
= (16,10, 15)
(b) Repeating the above process for (a, b), we have:
(a,b) = r(1,1) +s5(4,1) ——> a = r+ds

(9,6) = r(1,1)+s(4,1) ——

— b =r+s
— a—-b = 3s:>s=a_b
3
b=r+a_b :4b—a

3 7 3
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Consequently:
Ta,b) = rT(L, 1) +5T(4, 1) = 2243,2,4)+ 22(1,0,-5)
details omitted: = (_ Za;- llb, - 2a3+ Sb, - 9”; 21b)

CHECK YOUR UNDERSTANDING 4.6

Let 7: R3— P,(x) be the linear transformation which maps

(1,0,0) and (0,2,0) to 2x%+x, and maps (1,1,1) to x—5.
Determine:

Answer: See page B-12. (a) 7(3,4,2) (b) T(a,b,c).

COMPOSITION OF LINEAR FUNCTIONS

As you may recall from earlier courses, for given functions f: X —> Y
and g: Y — Z, the composition of f followed by g is that function,

denoted by gof’, that is given by (gof)(x) = g[f(x)] (firstapply f, and
then apply g):
X f Y £ z

The following theorem tells us that the composition of linear functions
is again a linear function:

THEOREM 4.7 1If T: V— W and L: W— Z are linear, then
the composition LoT: V' — Z is also linear.

PROOF: For v, v' € VV and r € ‘R we show that the function LoT sat-
isfies the condition of Theorem 4.1:
linearity of 7

SR (LoT)(rv+v') = L[T(rv+v')] = L[rT(v) + T(v")]
é T linearity of L: rL[T(v)] +L[T(v")]

F(LoT)(v) + (LoT)(v") Definition of composition: = p(LoT)(v)+ (LoT)(v")
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EXAMPLE 44 [et 7R3> M, , and L: M, _,— P, be

given by:
T(a,b,c) = {aer O}

C —

L({a j) = bx2+(a—c)x+c
c

(a) Show that 7'and L are linear.

(b) Show directly that the composite function
LoT: R3 — P, is again linear.

and:

SOLUTION: Linearity of T:

Tir(a, b, c) +(d', b, c')]

T[(ra+a,rb+b,rc+c]

:{(m+a')+(rb+b') 0 }

rc+c' —(rb+0")

:,,a+b 0 n a+b 0
c - ¢ b

= rT(a,b,c)+T(a\,b',c)
Linearity of L:
L[r a b |d b'j _ ‘—[ ra+a rb+b'}
cd cd rc+c rd+d'
(rb+b)x2+[(ra+a)—(rc+c)]x+ (re+c")

= r[bx2+(a—c)x+c]+[bx*+(a' —c)x+c']

A1

The composite function Lo7: R3 — P, :

(LeT)(a,b,c) = L[T(a,b,c)] = L({cﬂrb OD

c —
= 0x2+[(a+b)-clx+c
(a+b-c)x+c
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Linearity of LoT: R3 — P,:

(LeT)[r(a,b,c)+ (a,b,c)] = (LeT)[(ra+a',rb+b',rc+c")]

[(ra+a' )+ (rb+b")—(rc+c")]x+ (re+c')
rlla+b-c)x+c]+[(a"+b —c")x+c']
r(LoT)(a,b,c)+ (LoT)(a', b, c")

CHECK YOUR UNDERSTANDING 4.7

(a) Show that {(1,0),(1,1)} and {(0,1,0),(1,1,0),(0,1,1)} are
bases for R? and R3, respectively.

(b) Let T: R% — N3 be the linear transformation which maps (1, 0)
to (0,2,0) and (1,1) to (1,0,1). Let L: R3 — R? be the linear
transformation which maps (0, 1, 0) to (0, 1) and both (1, 1, 0) and

Answer: See page B-13, (0,1,1) to (1, 0). Determine the map LoT: R2 — R2.




120 Chapter 4 Linearity

EXERCISES

Exercises 1-18. Determine whether or not the given function f'is a linear transformation.
I. f:R >N, where f(x) = —5x.
2. iR >R, where f(x) = 0.
3. fiR—> R, where f(x) = 1.
4. £ R2 > R, where f(x,y) = 2x-3y.
5. fR2 >R, where f(x,y) = xy.
6. f:R2—> N2, where flx,y) = (x+y,x—y).
7. fi M2 > R3, where f(x,p) = (x,xp,)).
8. f M2 N3, where flx,y) = (’zf,y,g).
9. fi M3 > P,(x), where f(a, b, c) = ax’> +bx+c.
10. f: P, —> R, where flax’>+bx+c) = a+b+ec.
11. f: P,—> R, where flax?+bx+c) = abc.
12. f: Py—> P,,where flax>+bx+c) = a(x+1)>2+b(x+1)+c.
13. f: P, —> P5, where flax? + bx +c¢) = ax? +bx?+cx.

14. f B3 —> M, 5, where f(a, b, c) = [O“b]

cba

15. f: M,,,— R, where fﬂ“ bD ~ ad - be.
cd

16. ﬁszzeszz,wheref(abj= a-b 0|
cd 0 cd

17. f: M —> R, where f(x) = sinx.

18. f: M — V', where f(x) = 2x, and V is the vector space of Example 2.5, page 47.
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. Let the linear map T: R2 — R3 be such that:
r1,1) = (1,2,0),7(0,2) = (1,0,2)
Find: (a) 7(5, 3) (b) T(a, b)
. Let the linear map 7: R3 — R? be such that:
7(1,0,0) = (3,2), 7(0,1,0) = (2,3), and 7(0,0,1) = (1,1)
Find: (a) 7(5, 3,-2) (b) T(a,b,c)
. Let the linear map 7: R? — M, , be such that:
r1,0) = |1 %, ra, 1 = |2 !
21 32
Find: (a) T(5, 3) (b) T(a, b)
. Let the linear map 7: R? — M, , ,be such that:
ra,1) = |1 O 13,1y = |2 ]
21 32
Find: (a) 7(5, 3) (b) T(a, b)
. Show that there cannot exist a linear transformation 7: R? — R? such that:
r(1,2) = (5,3),1(5,3) = (1,2), and T(1,1) = (2,2)
. Show that there cannot exist a linear transformation 7: R? — P, such that:

T(1,2) = x2+2,7(5,3) = 5x+3, and T(1,1) = x2+x+ 1

Show that the identity function /: V — V, given by I(v) = v for every v in V, is linear.

Show that the zero function Z: V' — W, given by Z(v) = 0 for every vin V, is linear. (Refer-
ring to the equation Z(v) = 0, where does 0 live?)

In precalculus and calculus, functions of the form y = ax+ b are typically called linear
functions. Give necessary and sufficient conditions for a function of that form to be a linear
operator on the vector space ‘R .

Show that for any a € R the function 7: F(R) — R, where T, (f) = f(a) is linear. (See
Theorem 2.4, page 44.)

(Calculus Dependent) Let D(R) be the subspace of the function space F(R) consisting of

all differentiable functions. Let 7: D(R) — F(R) be given by T(f) = f, where " denotes
the derivative of . Show that 7'is linear.
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30. (Calculus Dependent)  Show  that the function T:P,—P,, given by
T(p(x)) = 5x3di(px +5) is linear.
X

31. (Calculus Dependent) Show that if the linear function 7:P,—> P, 1is such that
T(x%) = 2x,T(x) = 1,and T(1) = 0, then T is the derivative function.

32. (Calculus Dependent) Let /[a, b] denote the vector space of all real-valued functions that
are integrable over the interval [a, b]. Let T: I[a, b] > R be given by T(f) = Isf(x)dx.

Show that 7 is linear.

33. Let T: V' — W be linear and let S be a subspace of V. Show that {7(v)|v € §} is a subspace
of W.

34. (PMI) Use the Principle of Mathematical Induction to prove Theorem 4.3.
35. Let L(V, W) = {T: V— W|T is linear } , with addition and scalar multiplication given by:
(T, + T)() = Ty(») + T,(») and (-T)(¥) = r[T(»)]
Show that L(V, W) is a vector space.
36. (a) Show that if a function f: R — R satisfies the property that f(rx) = rf(x) for every

r € R and x € R, then f is a linear function: which is ti say, that it must also satisfy the
property that f(x, +x,) = f(x,) + f(x,) forevery x,, x, € R.

(b) Give an example of a function f:R2?—>R? satisfying the property that
fIr(a, b)] = rf(a, b) for every r € R and every (a, b) € R? but which does not satisfy the
property that f [(a, b) + (¢, d)] = f(a, b) + f(c, d).

(Note: It is by no means a trivial task to establish the existence of a non-linear function f: ¥ — W which
satisfies the property that f(v, +v,) = f{v,) +f(v,) forevery v;,v, e V.)

37. Let f: V— W satisfy the condition that f(v, +v,) = f(v,) +f(v,) for every v, v, e V.
Show that:

(a) f(3v) = 3f(v) forevery v e V. (b) f(%v) =§f(v) foreveryve V.

38. Let f: V— W satisfy the condition that f(v, +v,) = f(v,) +f(v,) for every v, v, e V.
Show that:
(a) (PMI) f(nv) = nf(v) forevery v € V, and for every integer n.

(b) f(%v) = % f(v) for every v € V', and for every rational number %.
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Exercises 39-44. Determine the indicated composition of the given linear functions, and then
directly verify its linearity.

39. LoT: R%Z — N2, where T: K2 —> N is given by T(a,b) = a+b and L: R — R2 by
L(a) = (2a,-a).

40. LoT: RZ — R, where T: R2 — N2 is given by T(a, b) = (-a,a+b) and L: RZ > R
by L(a,b) = a+2b

41. LoT: R* — P,, where T: R?2 —> R is given by T(a,b) = 3a+b and L: R —> P, by
L(a) = ax*+2a.

42. LoT: Py—> M, ,, where T: P, —> R3 is given by T(ax?+bx+c) = (a,b,c¢) and

L:R3> M, ,byL(a,b,c) = {Za b]
0 —

43. KoLoT: R — R3, where T: R — R? is given by T(a) = (a,—-a), L: RZ —> N2 by
L(a,b) = (2a,a+b),and K: RZ > R3 by K(a,b) = (-a,2b,a+b).

44. KoLoT: R3>—P,, where T:R3—>R? is given by T(a,b,c) = (a+b,a—c),
L:R?—> R by L(a,b) = a—b,and K: R > P, by K(a) = ax?>+2ax+3a.

45. (PMI) Let L;: V,— V;, | be linear, for 1 <i<n. Show that L o---oL,°oL: V>V, . is
linear.

PROVE OR GIVE A COUNTEREXAMPLE

46. Forany a € R the function 7,: V' — V givenby T, (v) = av is linear.
47. For any v, € V the function TVO: V' — V given by TVO(v) = v+, is linear.

48. Let T: V' — W be linear. If {T(v,), T(v,), ..., T(v,)} is a linearly independent subset of W

then {v,,v,, ..., v,} is a linearly independent subset of V.

49. Let T: V' — W be linear. If {v, v,, ..., v,} is a linearly independent subset of /' then
{T(v)), T(vy), ..., T(v,)} is a linearly independent subset of .

50. If for given functions f: V— W and g: W — Z the composite function gof: V' — Z is lin-
ear, then both fand g must be linear.

51. If for given functions f: V' — W and g: W — Z the composite function geof: V' — Z is lin-
ear, then f must be linear.

52. If, for given functions f: V' — W and g: W — Z, the composite function gof: V' — Z is lin-
ear, then g must be linear.
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§2. KERNEL AND IMAGE

For any given transformation 7: V'— W, we define the kernel of 7 to
be the set of vectors in ¥ which map to the zero vector in W [see Figure
4.1(a)], and we define the set of all vectors in /¥ which are “hit” by
some 7(v) to be the image of T [see Figure 4.1(b)].

V w V w
T
) D
Kernel of T Image of T
(a)

(b)
Figure 4.1
More formally:
DEFINITION 4.2 et T: V— W be linear. The kernel (or null
KERNEL space) of 7 is denoted by Ker(7) and is
given by:

Ker(T) = {ve V|T(v)=0}

The image of 7 is denoted by Im(7) and is
given by:

Im(7) = {we W|T(v) =wforsomev e V}

IMAGE

Both the kernel and image of a linear transformation turn out to be
subspaces of their respective vector space:

THEOREM 4.8 Let T: ¥ — W be linear. Then:
(a) Ker(7) is a subspace of V.
(b) Im(T) is a subspace of .

PROOF: We employ Theorem 2.13, page 61 to establish both parts of
the theorem.

v, v, € Ker(T) and r € R (a) Since T(0) = 0, Ker(7) is nonempty.
Let v, v, € Ker(T) and € R . Then:
linearity
T(rvi+vy) =rT(v))+T(vy) =7-0+0 =10
rvytv, € Ker(T) since V|,V € ker(T)

Since T'maps rv, +v, t0 0, rv, +v, € Ker(T).
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(b) Since 7(0) = 0, Im(7) is nonempty.
(Pyjo ) & LI (47 e 7 © 48 Let w,w, € Im(T) and r € R. Choose vectors v, v, such that

T(vy) = w; and T(v,) = w, (how do we know that such vec-
tors exist?). Then:
T(rv +v,) = rT(v)+T(vy) = rw, +w,
Since we found a vector in ¥ which maps to rw, +w,,
rwy +tw, e Im(T) rw, +w, € Im(7).

DEFINITION 4.3 Let 7: V— W be linear.

NULLITY The dimension of Ker(7) is called the nul-
lity of 7, and is denoted by nullity (7).

The dimension of Im(7) is called the rank
of T, and is denoted by rank(7).

RANK

The following theorem will be useful in determining the rank of a lin-
ear transformation.

Rt THEOREM 4.9  Let T: ¥ — I be linear. If
B = {vl, Vs eens vn}
is a basis for V, then Span{v,v,,...,v,} =V
(T(v). T(v,), ... T(v,)} Then:
will span Im(T) . Span{ 7(v,), T(v,), ..., T(v,)} = Im(T)

PROOF: We show that any w € Im(7') can be written as a linear com-
binations of the vectors {7(v,), T(v,), ..., T(v,)} :

Let w € Im(7), and let v € V' be such that 7(v) = w. Since

w € Im(7)
S ={v,v,...,v,} spans V, we can express v as a linear
combination of the vectors in S:.
v=apv, tay,t...ta,y,
" By linearity:
w = Z a;T(v;) T(v) = w=a,T(v))ta,T(v,)+...+a,T(v,)

i=1

EXAMPLE 4.5 (a) Show that the function7: R3 — P, given by:
T(a,b,c) = (a+b)x*+cx+c is linear.
(b) Determine Im(7) and rank(7).
(c) Determine Ker(7) and nullity(7).
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SOLUTION: (a) For (a, b, ¢), (a’,b',c') € R3 and r € R:
T|r(a,b,c)+(a',b',c")] = T(ra+a',rb+b',rc+c')
= [(ra+a")+(rb+ b')]x2 +(ret+c')x+(re+c')
regrouping: = r[(a+ b)x2 +exte]l+[(a' + b’)x2 +c'x+c']
=rT(a,b,c)+T(a',b', c")
(b) By Theorem 4.9, we know that the vectors:
7(1,0,0) = x2, 7(0,1,0) = x2, 7(0,0,1) = x+ 1
span the image of T. Since x2 and x + 1 are linearly independent,
{x2,x+ 1} is a basis for Im(T). Consequently, rank(7) = 2.
(c) By definition:
Ker(T) = {(a,b,¢)|T(a,b,c) =0}
= {(a,b,c)|(a+b)x*+cx+c=0x2+0x+0}
This leads us to the following system of equations:
+b=0
¢ }:>c=0anda=—b
c =
Thus: Ker(T) = {(a,-a,0)|a € R}. Since {(1,-1,0)} is a
basis for Ker(7), nullity(7) = 1.

CHECK YOUR UNDERSTANDING 4.8

(a) Show that the function T:P,—>M, , given by:

Answer: (a) See page B-13.
(b) rank(7) = 3,
nullity(7) = 0 (b) Determine rank(7) and nullity(7).

T(ax?+bx+c) = {a b} is linear.
ca

THEOREM 4.10 Let V be a vector space of dimension 7, and
DIMENSION let 7: V' — W be linear. Then:

THEOREM rank(7) + nullity(7) = n

PROOF: Start with a basis {v,, v,, ...v,} for Ker(7T) and extend it (if
necessary) to a basis {v,, v,, ..., v, v, |, ..., v, ., for V' [see Theo-

rem 3.12(a), page 100], where: k+¢ = n—the dimension of V.
We will show that the ¢ vectors {T(v, , ), ..., T(v,,,)} constitute a

basis for Im(7’). This will complete the proof, for we will then have:

| v
rank(7) + nullity(7) = k+¢t = n
I
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As you know, to establish the fact that {T(v,, ), ..., T(v;,,)} isa
basis for Im(7) we have to verify that:

(1) The vectors T(v; ), ..., T(v;,,) span the space Im(T).

Why can't you smply  Andthat

' 9 . .
show just one of the two? (2) The vectors T(v; , {), ..., T(v;,,) are linearly independent.

Let’s do it:
(1) Let w € Im(7). Choose v € V such that T(v) = w.
Since {v{, vy, ..., Vi, Vi 5 -, Vi, )} 1S abasis for V, we can

express v as a linear combination of those & + ¢ vectors:
vEapw tayyt et tap vttt ag v
By linearity:
w=T(v) = alT(v|1)+a2T(v2)+ ot a T(vp) tap T(vi )+ +a T(viy,)
\l/—Since Vis Vs ooy Vi € Ker(T)J

=0+ta, (T Dt Ta, T, = ap Ty )+ ta T(vi )

]

a linear combination of the vectors T(v, | ), ..., T(v; . ,)

(2): Assume that:
byTvp )+ + 5T (v ) = 0 by T(viy ) T b, T(vp p)+ ... +b,T(v, ) =0
By linearity:
T[by (Ve ) T op(vpi) ot b, (v, )] = 0
And therefore:

bi(wey ) +by(vpyp)+ ... +b,(v,,,) € Ker(T)

Since {v, v, ...v,} 1s a basis for Ker(7), we can then find scalars

Cys .-, ¢4 such that:

by )+ ... tb,(viy ) = ci(v))+ ...+ cp(vy)
Or:

(e + .o F ()t b (v )t by ) =0

Since {v|, vy, ..., Vs Vii 15 --o» Viy s 1S @ basis, it is a linearly inde-
pendent set of vectors. Consequently those ¢’s and b’s must all be

by =0,by=0,...,b,=0 zero; in particular: b, = 0,b, = 0,...,b, = 0.
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EXAMPLE 4.6 Determine bases for the kernel and image of
the linear function T: Py — M, , given by:

T(ax3+bx?+cx+d) = a-b c
2c¢c a+d

SOLUTION: We go for the kernel, as it is generally easier to find than
the image apace:

To say that: T(ax3 +bx2+cx+d) = 0

Is to say that: a=b ¢ | _ 100
2c a+d 00

Equating coefficients leads us to a homogeneous system of equations:

System S is certainly easy S e
enough to solve directly.

) equations is equal to 0.
?tF:l]l: \l, abcd\;bcd ’
0 1-100 1001 a=-d
] S: ¢ = 0 coefIS [0 0 10| rref 010 1 b=-d
; 2¢=0 0020 0010 c =
a+td =0 1 001 0000 d is free
From the above, we see that:
Ker(T) = {-dx3—-dx*+d|d e R} = {d(-x>-x>+1)|d € R}
Conclusion: {—x3—x2+1} is a basis for Ker(T).

o] o ]
HEIEE)
N
\
S
Il

E=EE
[ Dem L

Knowing that nullity(7) = 1, we turn to Theorem 4.10 and con-
clude that

rank(7) = dim(P;)—nullity(7) = 4-1 =3

See Exercise 16, page 105
At this point, the easiest way to find a basis for Im(7) is to apply 7 to
3 vectors in Py making sure that you end up with 3 linearly indepen-
dent vectors in Im(7)—a basis for Im(7"). Which 3 vectors should

we start with? Basically, you can take any 3 randomly chosen vec-
tors, and the chances are that they will do fine (think about it); we

will go with the 3 vectors x3, x2, and x + 1:
Recall that:

T(ax3+bx2+cx+d) =

{az_cbaid} T(xt) - {1 O}J(IZ) - {‘1 O},T(xj-l) - {1 1}
01 0 0

21

1x3 +0x2 +0x+0 0x3 +1x2+0x+0 0x3+0x2+1x+1



4.2 Kernel and Image 129

We leave it to you to verify that above three vectors, which are cer-
tainly in Im(7)) (why?), are linearly independent, and therefore consti-
tute a basis for the 3-dimensional space Im(7).

CHECK YOUR UNDERSTANDING 4.9

Determine bases for the kernel and image of the linear function

Answer: See page B-14. T: R3 — R4 given by T(a, b,c) = (2a,b+c,c, b).

ONE-TO-ONE AND ONTO FUNCTIONS

As you may recall:

e‘% | e‘% DEFINITION 4.4 A function f from a set 4 to a set B is said
= | . ONE-TO-ONE to be one-to-one if:

4 5 A4 B fla) = fla)y=a = a

one-to-one | not one-to-one

E % e A function f from a set 4 to a set B is said to
‘%

1 OnTO be onto if for every b € B there exist a € 4
A B

[\
1 B such that f(a) = b.
onto

not onto

|
|
|
|
| . . . .

l When dealing with a linear transformation, we have:

The first part of this theorem ~THEOREM 4.11 (a) A linear transformation 7: V — W is one-
is telling is that if a linear

map is “one-to-one at 0,” to-one if and only if Ker(7) = {0} .
then it is one-to-one every- . . .
where. Certainly not true for (b) A linear transformation 7: V' — W is onto

other functions: if and only if Im(7) = W.

PROOF: (a) Let T be one-to-one, and suppose that 7(v) = 0. Since
T(0) = 0 [Theorem 4.1(a), page 113], and since there can be but one
v € V that is mapped to 0 € W (T is one-to-one), v = 0.

Conversely, assume that 7(v) = 0 = v = 0. Then:

T("]) = T(vz)
T(v))—-T(vy) = 0

T is linear: T(vi—vy) =0
T(»)=0=v=0: vi—v, =0
Vi =V,

(b) Follows directly from the definition of onto (Definition 4.4) and
the definition of Im(7) (Definition 4.2).
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EXAMPLE 4.7 Show that the linear function T: R3 — R3
given by T(a,b,c) = (a+c,3b,c—b) is
one-to-one.

SOLUTION: We show that T(v) = 0= v = 0:

T(a,b,c) = (a+c,3b,c—b) = (0,0,0)
i equating coefficients: 3b=0=b=0
c-b=0=>c=b=c=0

atc=0=>a=-—«c=>a=0

Applying Theorem 4.11, we conclude that 7 is one-to-one.

Consider the adjacent graph of the func-
tion f(x) = x3—x.As you can see, there ree — —
are some )’s which are only “hit by one x”

(like y = 2 ), and there are some y’s
which are “hit by more than one x” (like q

y = 0) — the function is kind of one-to-
one in some places, and not one-to-one in 2
other places. Linear transformations are

not so fickle; if a linear transformation is “one-to-one anywhere” (not
just at 0) then it is one-to-one everywhere:

CHECK YOUR UNDERSTANDING 4.10

Let 7: V— W be linear. Show that if there exists v € V' such that
T(v) = T(v) = v = v then T is one-to-one.
Answer: See page B-14. (So, one-to-one anywhere implies one-to-one everywhere.)
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EXERCISES

Exercises 1-18. Determine if the given function is linear. If it is, find a basis for its kernel and its
image space.

1. /iR — R, where f(x) = -5x 2. R —> RZ, where f(x) = (x,2x)

3. i R — R2, where f(x) = (x,—x) 4. R —> N2, where f(a) = (a, a?)

5. f: R2—> N2 where f(a,b) = (ab, a) 6. f: R2—> N2 where f(a,b) = (-2b, a)

~

10.

11.

12.

13.

14.

15.

16.

17.

18.

. f: M2 > P, , where f(a,b) = ax+b 8. f: M3 — N3, where f(a,b,c) = (0,b,c)
1

bﬁﬂgxz—éPZAMEmjflj = (a=b)+(b—c)x+(c—a)x?
C

fi M2 > M, ,,where fla,b) = | ¢ b
atba-b

f: R4 My, where f(a, b, ¢, d) = | ¢ 2
2x2
cd c+d

f: Py —> N3, where f[p(x)] = [p(1),p(2),p(3)]
[ Py —> N2, where f[p(x)] = [p(0), p(1)]
f: Py — P,,where f[p(x)] = xp(x)

[ Py— Py, where f[p(x)] = p(x) +p(1)

f P3 —>M2X2,Wheref[p(x)] = |:£(1) p(2):|
(3) p(4)

fiR3 > M, ,,where f(a,b,c) = a-bb-c
2x2
atbb+c

i R*> M, ,,where f(a, b, c,d) = [22’6;61
c_
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Exercises 19-27. (Calculus Dependent) Show that the given function is linear. Find a basis for its
kernel and its image space.

19. f: Py — P4, where f[p(x)] = p'(x)

20. f: Py — P5,where f[p(x)] = p'(x)

21. f: Py — P5,where f[p(x)] = p'(x) + p(x)

22. f: P, — P,where f[p(x)] = p"(x)

23. f: P, — P4, where f[p(x)] = 2p(x)—3p'(x)

24. f: P; > R where f[p(x)] = j lp(x)dx
0

25. f: Py — R where f[p(x)] = j lp(x)dx
0
26. f: P, — P, where f[p(x)] = j Cp(t)dt
0
27. f: P, — P where f[p(x)]= j xp(t)dt
0

28. Let T: R3 — N3 be givenby T(a,b,c) = (a—b,a+c,c).
(a) Which, if any of the following 3-tuples are in the kernel of T?
(i) (-3,3,0) (i) (0,-3,-3) (i) (3,0,0)

(b) Which, if any of the following 3-tuples are in the image T?
i) (=3,3,0) (i) (0,-3,-3) (i) (3,0,0)

29. Let T: R3 — P, be given by T(a, b, ¢) = ax*+ax+(b+c).
(a) Which, if any of the following 3-tuples are in the kernel of T?
(1) (1,0,0) (i1) (0,-3,3) (iii) (0,0,1)
(b) Which, if any of the following 3-tuples are in the image of T?
(i) x3 +x ()5 (i) x3+5

30. Determine a basis for the kernel and image of the linear transformation 7: R3 — R3 which
maps (1,0,0) to (1,1,1), (0,1,0) to (3,-2,5),and (0,0, 1) to (-2,3,-4).

31. Determine a basis for the kernel and image of the linear transformation 7: R3> —> M, ,

which maps (1, 0, 0) to 21 ,(0,1,0) to 22 ,and (0,0, 1) to 0 .
01 13 10



32.

33.

34.

35.

36.

37.

38.

39.
40.

41.

42.
43.

44,

45.
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Determine a basis for kernel and image of the linear transformation 7: M, , — P, which

maps 1o to 2x4+1, 11 to x4 —x, 11 to 5, and T o X2,
00 00 10 11

Find, if one exists, a linear transformation 7: 2 — R3 such that:
(@) {(9,1,3)} isabasis for Im(7).
(b) {(9,0,0),(0,1,0)} is a basis for Im(7).
() {(9,1,3),(3,1,9),(9,3,1)} is abasis for Im(7).
Find, if one exists, a linear transformation 7: R3 — R3 such that:
(a) {(9,1,3)} is abasis for Ker(7).
(®) {(9,0,0),(0,1,0)} is a basis for Ker(7).
) {(9,1,3),(3,1,9),(9,3,1)} is a basis for Ker(7).
Let dim(V) = n,andlet 7: V— V be the linear operator 7(v) = rv, for r € R . Enumer-
ate the possible values of nullity(7) and rank(7).

Let T: V— W be linear with dim(») = 2 and dim(#W) = 3. Enumerate the possible val-
ues of nullity(7) and rank(7).

Let 7: V— W be linear with dim(») = 3 and dim(#W) = 2. Enumerate the possible val-
ues of nullity(7) and rank(7).

Let 7: P; — R be a one-to-one linear map. Determine the rank and nullity of T.
Let T: R> — P, be an onto linear map. Determine the rank and nullity of T.

Let T: V— V be a linear operator, with dim(}) = n. Prove that Im(7) = V if and only if
T is one-to-one.

Let T: V— W be linear, with dim(?) = dim(W). Prove that {v,, v, ..., v, } is a basis for
Vifand only if {T(v,), T(v,), ..., T(v,)} is a basis for W.
Give an example of a linear transformation 7: V' — W such that Im(7) = Ker(7).

Let T: V— W be a linear transformation, with dim(?) = n. Prove that T is one-to-one if
and only if rank(7) = n.

Let T: V— W be linear, with dim(}) = dim(W). Prove that T is one-to-one if and only if
T is onto.

Let 7: V— W and L: W — Z be linear.
(a) Prove that Ker(7) < Ker(LoT).
(b) Give an example for which Ker(7) = Ker(LoT).
(c) Give an example for which Ker(7) < Ker(LoT) .



134 Chapter 4 Linearity

PROVE OR GIVE A COUNTEREXAMPLE

46.
47.
48.
49.
50.
51.
52.
53.
54.
55.
56.
57.
38.
59.
60.
61.
62.

63.

64.

65.

66.

If span[T(v,), T(v,), ..., T(v,)] = Im(T) then span(v,v,,...,v,) = V.

There exists a one-to-one linear map 7: M, ;= P,.

There exists a one-to-one linear map 7: P, —> M, 5.

There exists an onto linear map 7: M, , ; = P,.

There exists an onto linear map T: P, —> M, _ 5.

If T: V— W is linear and dim(V) < dim(W), then T cannot be onto.

If T: V— W is linear and dim(}) < dim(W), then T cannot be one-to-one.

If T: V— W is linear and dim(V’) > dim(W), then T cannot be onto.

If T: V— W is linear and dim( ) > dim( W), then T cannot be one-to-one.

There exists a linear transformation 7: 82 — R* such that rank(7) = nullity(7).
There exists a linear transformation 7: R3 — R* such that rank(7) = nullity(7).
There exists a linear transformation 7: 2 — R4 such that rank(7) < nullity(T).
There exists a linear transformation 7: 82 — R* such that rank(7) > nullity(T).
If T: V— W is linear and if W is finite dimensional, then V is finite dimensional.
If T: V— W is linear and if V is finite dimensional, then W is finite dimensional.
If T: V— W is linear and if V is finite dimensional, then Im(7) is finite dimensional.

If 7: V— W is linear and if Im(7) is finite dimensional, then V' is finite dimensional.If
T: V— W is linear and if Ker(7) is finite dimensional, then either V" or W is finite dimen-
sional.

Let T: V— W and L: W — Z be linear. If dim(V) = 3, dim(#) = 2, and nullity(7) = 1,
then rank(LeT)<1.

Let T: V—> W and L: W— Z be linear. If dim(V) = 3,dim(W) =3, rank(7) = 1, and
nullity(L) = 2, then rank(L°T) = 1.

Let T: V—> W and L: W— Z be linear. If dim(V) = 3,dim(W) =3, rank(7) = 1, and
nullity(L) = 2, then rank(LeT)>1.

Let 7: V— W and L: W — Z be linear, with dim(#) = n and dim(Z) = m. If T is one-
to-one and L is onto, then dim(V) = n—m.



a bijection

(gof)(a) < (go)(b)

this a “does the trick”
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§3. ISOMORPHISMS

We can all agree that there is little difference between the vector
space R” with its horizontal n-tuples, and the space M, | of “vertical
n-tuples”. In this section, we show that there is, in fact, little difference

between the vector space R” and any n dimensional vector space what-
soever.

BIJECTIONS AND INVERSE FUNCTIONS

One-to-one and onto functions were previously defined on page 129.
Of particular interest are functions that satisfy both properties:

DEFINITION 4.5 A function f* A — B that is both one-to-one
BLJECTION and onto is said to be a bijection.

Roughly speaking:

A bijection f: A — B serves to pair of each
elements of 4 with those of B (see margin).

THEOREM 4.12 If ' A— B and g: B— C are bijections,
then the composite function gof: 4 — C is
also a bijection.

PROOF: gof is one-to-one:
(gof)(a) = (gof)(b)
Definition of composition: g[f(a)] = g[f(b)]
Since g is one-to-one: fla) = f(b)

Since f'is one-to-one: a=>b

gof is onto: Let ¢ € C be given (see margin). Since g is onto there

exists b € B such that g(b) = c. Since f'is onto, there
exists a € A such that f{a) = b. We then have:

(gof)(a) = g[f(a)] = g(b) = ¢

Figuratively speaking, if you reverse the arrows of the bijection
f:{1,2,3,4} > {6,5,1,0} of Figure 4.2(a), you end up with the

bijection f71: {6,5,1,0} > {1,2,3,4} of Figure 4.2(b), which is
called the inverse of f.
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Only bijections
fiX>Y
have inverses

fﬁl: Y o> X

(a) (b)
Figure 4.2

The relationship between the functions fand /' depicted in the mar-
gin reveals the fact that each function “undoes” the work of the other.
For example:

(feN@) = fA)] = f1(5) = 2

and

(fof N(5) = fIf 'S = A2) = 5

In general:
DEFINITION 4.6 The inverse of a bijection /2 X — Y is the
INVERSE function £ : ¥ — X such that:
FUNCTIONS (f lof)(x) = x forevery x in X

and
(fof N(») = y forevery yin Y.

CHECK YOUR UNDERSTANDING 4.11

Answer: See page B-14. Prove that if /2 X — Y is a bijection, then sois £ ¥ — X.

BACK TO LINEAR ALGEBRA

THEOREM 4.13  If the bijection T: ¥ — W is linear, then its

inverse, T-!: W — V is also linear.

PROOF: Let w,w' € W and r € R be given. Let v,v' € VV be
such that 7(v) = w and T(v') = w'. Then:

Tl rw+w") = T rT(v)+ T(v')) = T T(rv+v")]

T (TYoT)(rv+v") = rv+v' = rT-Y(w)+ T-Y(w")

Definition —
of composition Definition 4.6 ‘since T(v) = w and T(v') = w'

e




4.3 Isomorphisms 137

EXAMPLE 4.8 Show that the linear map 7: 83 — R3 given by:
T(a,b,c) = (a+c,3b,c—b)
is a bijection. Find its inverse and show, directly,
that 77! is linear.

SOLUTION:
T 1S ONE-TO-ONE. We start with 7(a, b,c) = T(a’,b',c") and go on
to show that (a, b, c¢) = (a', b’, ¢') (see Definition 4.4, page 129):

T(a,b,c) = T(a',b',c')=>(a+c,3b,c—b)=(a'"+c",3b",c'-b")

atc=a +c a=a'

= 3b=3b [=b= b'?then
then
c—b=c-b CZC’D

T 1S ONTO. We start with (a', b’, ¢") and find an (a, b, ¢) such that
T(a,b,c) = (a',b', c") (see Definition 4.4, page 129):
T(a,b,c) = (a+c,3b,c—b) = (a',b', ")
Equating coefficients brings us to the system of equations:

a=a —E—b'
atc = a - 3
) = ¥ then
3b =b' y=b 3 E‘m
_b= 4 !
c c c=c’+b

3

Let’s make sure that (a, b, ¢) = (a' —c' - %, %, ¢+ %) works:

oo - 2% e+ k)
o Do) ) ] v

FINDING THE INVERSE OF 7. Since

by b') e
—C — '+ —| = :
T(a -3 3) = (@b,

T N a', b, ¢") = (a -c' —IL IL c' br)

Dropping the primes, we show, directly, that 7-!: R3 — R3 given by

b b)
- + = :
33 ¢*3) ISLINEAR

T(a, b, c)

T Ya,b,c) = (a—c—
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T [r(a, b, )+ (a', b, )] T r(a,b,c)+(a',b',c)] = T (ra+a’,rb+b',rc+c")
rb b rb b’ rb b
= +a'-rc—-c¢'—-——-—— —+—,rctc'+—+—
(ra a —rc—c 3 33 3,rc c 3 3
= b b b) ( , , bbb |, b')
= —Cc—= = c+=|+ — =, =+ =
R r(a c 3,?’,c 3 a —c 3,3,0 3
-1 - ’ [] ’
T \a, b, )+ T-Ya', b, c") =T (a,b,c)+T Y a', b, ¢")

CHECK YOUR UNDERSTANDING 4.12

Show that the linear map 7: 82 — P, given by:

T(a,b) = (a+b)x—a
Answer: See page B-14. is a bijection. Find its inverse, and show directly that it is linear.

Roughly speaking, two vector spaces will be considered to be the
“same” if the vectors of one space can be pared off with those of the
other, while preserving the vector space structures of those spaces.
More formally:

DEFINITION 4.7  Alinear map 7: ¥V — W which is one-to-one
ISOMORPHISM and onto is said to be an isomorphism from
the vector space V' to the vector space W.

EXAMPLE 4.9  Show that the function 7: R3 — P, given by:

T(a,b,c) = —ax?+(b+c)x+3c
is an isomorphism.

SOLUTION: We start off by establishing linearity, for we can then
take advantage of previously established theory to show that the
function is one-to-one and onto:

Linearity: 7[r(a,b,c)+ (a',b',c")] = T(ra+a',rb+b',rc+c')
= —(ra+a" x>+ [(rb+Db")+(rc+c)]x+3(re+c')
= r[—ax2 +(b+c)x+3c]+[-a'x2+ (b +&)x+3c']
= rT(a,b,c)+ T(a',b’,c")

One-to-one: We show that Ker(7) = 0 [see Theorem 4.11(a),

page 129]:

T(a,b,c) = 0= —ax?+(b+c)x+3c = 0x2+0x+0

Equation coefficients:

—-a=0,b+tc=0,3¢c=0

or: a=b=c=0



This theorem asserts that
“Isomorphic” is an equiv-
alence relation on any set
of vector spaces. See Exer-
cises 37-39.

Answer: See page B-15.
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Onto: We show that Im(7) = P, [see Theorem 4.11(b)]:

The Dimension Theorem of page 126, tells us that:
rank(7) + nullity(7) = 3

Knowing that the nullity is 0, we conclude that rank(7) = 3.
Since P, is of dimension 3: Im(7) = P, (Exercise 50, page 107).

THEOREM 4.14 (a) Every vector space is isomorphic to itself.

(b) If Vis isomorphic to W, then W is isomor-
phicto V.

(c) If Vis isomorphic to W, and W is isomor-
phic to Z, then V is isomorphic to Z.

PROOF: (a) The identity map /},: V' — V' is easily seen to be an iso-
morphism.

(b) To say that Vis isomorphic to W is to say that there exists an iso-

morphism T: V— W. Since T-1:W — V is also a linear bijection
(CYU 4.12 and Theorems 4.13), W is isomorphic to V.

(c)Let T:V—>W and L:W—Z be isomorphisms. Since

L°T: V— Z is both a bijection (Theorem 4.12) and linear (Theorem
4.7, page 117), V' is isomorphic to Z.

Theorem 4.14(b) enables us to formulate the following definition:

DEFINITION 4.8 Two vector spaces V" and W are isomorphic,

ISOMORPHIC written V= W, if there exists an isomor-
SPACES phism from one of the vector spaces to the
other.

CHECK YOUR UNDERSTANDING 4.13

Prove that R*= M, ,. (You have to exhibit an isomorphism from

one of the spaces to the other, whichever you prefer).

The following lovely result says that all » dimensional vector spaces
are isomorphic to the Euclidean n-space.

THEOREM 4.15 If Vis a vector space of dimension 7, then:
V=R"

PROOF: Let {v,,v,,...,v,} beabasis for V,and let {e|, e,, ..., ¢,}

be the standard basis for R” (see page 94). Consider the function
T:V —NR", givenby: T(a;v,+...+ta,v,) = aje;+...+a,e,.
Theorem 4.6, page 115 assures us that 7' is linear. We complete the

proof by showing that 7" is both one-to-one and onto (and therefore an
isomorphism).
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T(v) = T(v")

<
I
<

For X € R"

=

T(v) = X

Answer: See page B-15.

T is one-to-one: Let 7(v) = T(v'), for:

v=av+..+taw, and v' = by, +...+bv,

Then:
T(ayw,+...+ta,w,) = T(byv,+...+tb,v,
a,T(v))+...+a,T(v,) = b;T(v)+...+b,T(v,)
ae +..+ae, =be+..+be,
Since {e, e,, ..., e,} is a linearly independent set of vectors

we have, by Theorem 3.6, page 89, that a, = b;, for

1 <i<n;inother words: v = v'.

i°

Tis onto: For X = a,e; +... ta,e, € R":
T(ayw,+...+ta,y,) = aT(v)+..+a,T(v,)

=ae t..+tae, = X

CHECK YOUR UNDERSTANDING 4.14

Let V' and W be finite-dimensional vector spaces. Show that V= I if
and only if dim(V) = dim(W).

A ROSE BY ANY OTHER NAME

Let 7: V— W be an isomorphism. Being a bijection it links every
element in ¥ with a unique element in W (every element in J has its
own W-counterpart, and vice versa). Moreover, if you know how to
function algebraically in ¥, then you can also figure out how to function
algebraically in 7. Suppose, for example, that you forgot how to add or
scalar multiply in the space W, but remember how to add and scalar

multiply in V. To figure out »w, +w, in W you can take the “7~!
bridge” back to V" and find the vectors v, and v, such that T(v,) = w,
and T(v,) = w,. Do the calculations »v, + v, in V' and then take the
“T bridge” back to W to find the value of the vector rw, +w,, for it
coincides with the vector T(rv, +v,):

T(rvy+vy) = rT(v))+T(v,) = rw; +w,

Indeed, the intimacy between isomorphic vector spaces is so great
that isomorphic spaces are said to be equal up to an isomorphism. Basi-
cally, if a vector space W is isomorphic to V, then the two spaces can
only differ from each other in “appearance.” For example, M, , , looks

different than R*, but you can easily link its elements with those of V-

ab&(a:b:c:d)
cd

And that linkage preserving the algebraic structure:
p|@ bl (@ D K b, e d) + (an b e )
cd c'd



Answer: See page B-16.

For , X—>Y,and ScX:
J8) = {fs)|s € S}

Al
[1 -2 11 3 &1
[2 2 -2 & 14]
[3_ 1 3 9 &)
[-2 3 -13 -& 4 1]
rraf o [A]
[[1 82 3 a]
81 -3 88a] (-
[B 6@ @ 1]
[ @A & all

Answer: See page B-16.
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We note that all vector space properties are preserved under an iso-
morphisms. In particular, as you are asked to verify in the exercises, a

linear map 7: V' — W maps:

Linearly independent sets in /' to linearly independent sets in W.
And it maps spanning sets in ¥ to spanning sets in .

CHECK YOUR UNDERSTANDING 4.15

Let L: V— W be an isomorphism. Prove that if {v,,v,, ..., v,} isa
basis for V, then {L(v,), L(v,), ..., L(v,)} is a basis for WV.

At times, one can take advantage of established properties of Euclid-
ean spaces to address issues in other vector spaces:
36| |-614 }
9-6] |6 4

EXAMPLE 4.10 Find a subset of the set:
52{123—32’ -2
3 -2 1 3 |3 -13
which is a basis for Span(S).
SOLUTION: Lets move the elements of S over to R* via the isomor-
phism r( a bj = (a, b, ¢, d):
cd
1,2,3,-2),(-3,2,1,3),(11,-2, 3, -13
s = | ) ( ). ( )
(3,6,9,-6), (-6, 14,-6,4)

Applying Theorem 3.13, page 103, to the vectors in 7(.S) we see that
the first, second, and fifth vector in 7(S) constitute a basis for
Span[7(S)]:

VB B |

1 -3 11 3 -6 10230
22 2 614 . [01-300
31 3 9 -6 “looo0oot1
23 136 4 00000

Utilizing the result of the CYU 4.16, we conclude that the corre-
sponding first, second, and fifth matrix in S constitute a basis for

Span(S).

CHECK YOUR UNDERSTANDING 4.16

Proceed as in Example 4.10 to find a subset of the set

S =12x3 - 3x2+5x—1,x3 —x2+8x—3,x2+ 11x—5,— x> +2x2 + 3x -2}

in P, which is a basis for Span (S).
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Let f'be a bijection from a vector space V' (with addition denoted by
v, + v, and scalar multiplication by rv) to a set X. Just as the bijection
fcan be thought of as simply “renaming” each v € V' with its counter-

part in X, so then can /" be used to “carry” the vector space structure of
J onto the set X; specifically:

THEOREM 4.16 Letf be a bijection from a vector space V to a set X. With
addition and scalar multiplication on X defined as follows:
(*) B . (**) .
X ®x, = fIf W) +fﬂ(x2)] and r®x = f[rf~(x)]
Go back to ¥ and and sum in V.

Similarly
Then carry the sum back to X.

the set X evolves into a vector space. Moreover f itself
turns out to be an isomorphism from the vector space V to
the vector space X.

PROOF: The set X is clearly closed with respect to both (*) and (**)

operations. We will content ourselves by verifying the zero and inverse
axioms of Definition 2.6, page 40:

Zero Axiom. Let 0 be the zero vector in V. We show that f{0) is the
{)((eot)hetuzr::lrso ‘i’:llt)}o zero vector in X.
i For x € X, let v be the vector in V' such that f(v) = x. Then:

A0 @ x = A0) @A) = (1 (A0)+/ ()]
= f0+v) = fiv) = x

f(—v) turns out to be Inverse Axiom: For x € X, let v be the vector in V' such that
the inverse of /(). f(v) = x. We show that f(—v) is the inverse of x = f(v):

x®f(-v) = f(v) @ A(-v) = fIf(f) +f(f-))]
= ﬂv+ (—v)] = f(())éthe zero in X

In the exercises you are invited to verify that the remaining axioms of
Definition 2.6 are also satisfied, thereby establishing the fact that X
with the above specified addition and scalar multiplication is indeed a
vector space. We now show that the given bijection f from the vector
space V to the above vector space X is an isomorphism. Actually, since
fwas given to be a bijection, we need only establish the linearity of f.
Let’s do it:

For v,,v, eV, let x; = f(v;) and x, = f(v,). Then, for any

reR:
Srvy +vy) X r®x, ®x, /? rf(vy) +£(v,)
by (*) and (**)
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EXAMPLE 4.11 Lt 82 denote the Euclidean two-space, and
let X be the set X = {(x,»)|x,y € R} .
(a) Show that the function /2 R% — X given
by f(x,y) = (x—1,x+y) is a bijection, and
find its inverse /% X — R2.
(b) Determine the vector space structure on X

induced by the function f; as is described in
Theorem 4.16.

(c) Identify the zero in the above vector space
X, and the inverse of the vector (x, y) € X.

SOLUTION: (a) f'is one-to-one:
f(x]ayl) = f(x23y2)
x;—1=x,-1 X = X,
=

(xl—l,xl +y1) = (x2_19x2+y2):>{ _ _
X Ty = X7y, Yi =

fis onto: Let (x, y) € X. Then:
fx+lLy—x-1)=(x+1-Lx+1+(y—-x-1)) = (x,»)
From the above we can easily see that:
fay) = G+ Ly—x—1)

(b) Theorem 4.16 assures us that the set X achieves “vector space-
hood” when it is augmented with the following operations:

(XY @ (X0, ¥y) =fIx;+ Ly —x; =D+ (x, + Ly, —x, - 1)]

fay) = G-Lx+p)i = (x;+x,+ L,y +,)

r®(x,y) = flr(x+1,-x+y-1)]
=flrx+r,—rx+ry—r) = (rx+r—1,ry)

(c) Theorem 4.16 assures us that f(x,y) = (x—1,x+y) is a linear
map (in fact an isomorphism). That being the case,
£(0,0) = (-1, 0) must be the zero vector in X. Less there be any
doubt:

(-1,0)® (x,y) = fIf (-1, 0)+f '(x,))]
Sl = G Ly—x—1: = f1(0,0)+ (x+ 1, —x+y—1)]
= fix+1l,—-x+y-1) ’:I\ (x,»)
f,y) = (x=1,x+y)
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Answer: See page B-16.

As for the inverse of (x,y) € X:
~(5,y) = I/ 0] = fA-(x+ Ly—x—1)]
S = @t ly-x-1: = flox—1,—y+x+1) F a2

Sy) = (x=1Lx+y)

Let’s challenge the above formula with the vector (3, 2) € X. The
formulas tells us that —(3,2) = (-3 -2,-2) = (-5,-2). If thatis
correct, then (3,2) @ (—5,-2) has to be the zero vector (-1, 0),
and it is:
(3,2)® (=5,-2) = fIf'(3,2) +/ (=5, -2)]

= /I(4,-2)+(~4,2)] = f(0,0) = (~1,0)

CHECK YOUR UNDERSTANDING 4.17

Let R3 denote the Euclidean three-space, and let X be the set
X ={(x,y,2)|x,y € R}.

(a) Show that the function f:R3—>X given by
flx,y,z) = (2x,x +z,—z) is a bijection, and find its inverse.

(b) Determine the vector space structure on X induced by the func-
tion f, as is described in Theorem 4.16.

(c) Identify the zero in the above vector space X, and the inverse of

the vector (x, y,z) € X.

It can be shown that there exists a bijection from R” to R for any
positive integer n. Consequently:

THEOREM 4.17 Every Euclidean vector space R” (and there-
fore every finite dimensional vector space) sits
(isomorphically) in the set R of real numbers.

PROOF: A direct consequence of Theorem 4.16.
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EXERCISES

Exercises 1-6. Determine if the given linear function fis a bijection. If so, find its inverse /~! and
show directly that it is also linear.

I. f: R —> R, where f(x) = 5x.

2.

3.

4.

e

(o)

Exercises 7-17. Determine if the given function is an isomorphism.

7.
8.

9.

10.

11.

12.

13.

14.

15.

16.

17.

i R — N2, where f(x) = (x, —x).
f: M2 —> R2, where f(a, b) = (-2b,a).
/i R2— P, where f(a,b) = ax+b.

f: R3—> P,, where fla,b,c) = bx’>+cx—a .

fi M2 > M, ,,where fla,b) = | ¢ b1
atba-b

£ R —> R, where f(x) = —5x.

£ R >R, where flx) = x+1.

f: R2 > P, where f(a,b) = (a+b)x.

£ R2 > P, , where f(a,b) = ax+b.

f: R3 > P, where f(a, b, c¢) = cx>+bx—a.

f: Py Py, where fp(x)] = p(x+1).

f: P, > P5, where f[p(x)] = xp(x).

S Py— N3, where f[p(x)] = [p(1),p(2),p(3)] .

f: Py — Py, where f[p(x)] = p(x) +p(1).

f:Py—> M, ,, where f[p(x)] = E(l)p@)]
(3) p(4)

fiR*> M, ,,where fa,b,c,d) = [2; j
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Exercises 18-22. (Calculus dependent) Determine if the given function is an isomorphism.
18. f: P, — P,,where f[p(x)] = p'(x).
19. f: P, —> P,,where f[p(x)] = p'(x) + p(x).

20. f: Py — P,,where f[p(x)] = p"(x).

21. f: P, = P,, where f[p(x)] = 2p(x)-3.

22. f: P, — P,, where f[p(x)] = p(x)+ jl p(x)dx.
0

Exercises 23-24. As is done in Example 4.11, show that the given function f'is a bijection and find
its inverse. Determine the vector space structure on the given set X induced by fand identify the

zero and the inverse of the vector (x, y) € X in the resulting space X.

23. fiR2 > X = {(x,p)|x,y € R} givenby f(x,y) = (x+y+3,x-4).

24, £ R3>X = {(x,y,2)|x,y,z € R} givenby f(x,y,z) = (x+1,2y—2,3z+4).

25.

26.

27.

28.

29.

30.
31.

32.

Show that if the functions f: X— Y and g: Y — Z have inverses, then the function
goft X — Z also has an inverse and that (gof)~! = flogL.

For r € R, let f,: V—V be given by f,(v) = rv. For what values of r is f. an isomor-
phism?
For v, a vector in the space V' let fvo: V' — V be given by fvo(v) =vty,.

(a) Show that fv0 is a bijection.

(b) Give necessary and sufficient conditions for fv0 to be an isomorphism.
Find a specific isomorphism from V = {ax3+ (a+b)x+cla, b,c € R} to R3.

Show that the vector space R of Example 2.4, page 46, is isomorphic to the vector space of
real numbers, ‘R .

Find an isomorphism between the vector space of Example 2.5, page 47 and RZ.

Suppose that a linear transformation 7: V' — W is one-to-one, and that {v,,v,,...,v,} isa

linearly independent subset of V. Show that { T(v,), T(v,), ..., T(v,)} is a linearly indepen-
dent subset of /. (In particular, the above holds if 7' is an isomorphism.)

Suppose that a linear transformation 7: V' — W is onto, and that {v, v,,...,v,} is a span-
ning set for V. Show that {7(v,), T(v,), ..., T(v,)} is a spanning set for /. (In particular,
the above holds if 7 is an isomorphism.)



33.

34.

35.
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Prove that a linear transformation 7: V' — W is an isomorphism if and only if for any given
basis {v,v,, ...,v,} for V, {T(v,), T(v,), ..., T(v,)} is a basis for WV.

Let V' be a vector space of dimension n, and let L(V, R) be the vector space of linear trans-
formations from V' to R (see Exercise 35, page 122). Prove that L(V, R) is also of dimen-
sion n and is therefore isomorphic to V. (The space L(V, R) is called the dual space of V")

Suggestion: For {v,v,,...,v,} a basis for V, show that {T|, T,, ..., T,} is a basis for

L(V,R), where T; is the linear transformation given by: T, l.(vj) = { Lifi=j .

0if i#j
Let V'be a vector space of dimension 7, and let ' be a vector space of dimensionm. LetL(V, W)
be the vector space of linear transformations from V' to W (see Exercise 35, page 122). Prove

that L(V,R)=M,, .
Suggestion: For {v,, v,, ..., v,} abasis for V,and {w,,w,, ..., w,} abasis for W, show that
{T l.j} is a basis for L(V, W), where T i is the linear transformation given by:

_owifi=j

0 ifizj

Exercises 37-39. (Equivalence Relation) A relation on a set Xisaset S = {(a,b)|a, b € X} .If

(a, b) € S, then we will say that a is related to b, and write a ~ b . An equivalence relation on a
set X is a relation which satisfies the following three properties:

36

37.

38.

(1) Reflexive property: a ~a.
(i1) Symmetric property: If a ~ b, then b ~a.
(ii1) Transitive property: If a~b and b ~c,then a ~ c.

. A partition of a set X is a collection of mutually disjoint (nonempty) subsets of X whose

union equals X. (In words: a partition breaks the set X into disjoint pieces.)

(a) Let ~ be an equivalence relation of a set X, and for any given x € X define the
equivalence class of x to be the set of all elements of X that are related to x:
[x] = {x" € X]x ~x"} . Prove that {[x]|x € X} is a partition of X.

(b) Let S be a partition of a set X. Prove that there exists an equivalence relation ~ on X
such that the § = {[x]|x € X}, where [x] = {x' e X|x~x"}.
Show that the relation defined by 2—1 ~ fl if and only if ad = bc is an equivalence relation
on the set Q of rational numbers (“fractions”).

Show that the relation V'~ W if the vector space V' is isomorphic to the vector space W is
an equivalence relation on any set of vector spaces.
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PROVE OR GIVE A COUNTEREXAMPLE

39.

40.

41.

42.
43.

44,

45.

(a) If f: X > Y is an onto function, then so is the function gof: X — Z onto for any function
g Y->Z.

(b) If g: Y— Z is an onto function, then so is the function gof: X — Z onto for any func-
tion f: X > Y.

(@)Letf: X—>Yand g: Y > Z.If gof: X — Z is onto, then f must also be onto.

(b)Letf: X—> Y and g: Y > Z. If gof: X — Z is onto then g must also be onto.

(a) If f: X > Y is a one-to-one function, then so is the function gof: X — Z one-to-one for
any function g: ¥ — Z.
(b) If g: Y — Z 1is a one-to-one function, then so is the function gof: X — Z one-to-one for

any function /: X —> Y.
If T: V— W and L: V— W are isomorphisms, then 7 = L.

If T: V' — W is an isomorphism, and if @ # 0, then 7 ;: V'— W givenby T (v) = aT(v) is
also an isomorphism.

Let T: V— W and L: W — Z be linear. If gof: V' — Z is an isomorphism, then 7 and W
must both be isomorphisms.

If T: V— W and L: V— W are isomorphisms, then so is the function 7+ L: V' — W given
by (T+ L)y = T(v)+ L(v) an isomorphism.
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CHAPTER SUMMARY

LINEAR
TRANSFORMATION

A function 7: V— W from a vector space V' to a vector space W is
said to be a linear transformation if for all v, w € J and r € R:

T(v+w) = T(v)+T(w) and T(rv) = rT(v)

The two conditions for
linearity can be incor-
porated into one state-
ment.

T: V— W is linear if and only if:
T(rv+w) = rT(v)+ T(w)
forall v, we Vandr € R.

The above result can be
extended to encompass
n-vectors and scalars.

Let T: V— W be linear. For any vectors vy, v,, ..

scalars a, a,, ..., a,:

., v, In V, and any

I'(ayvy+...+taw,) = aT(v)+..+a,T(v,)

Linear transformations
map zeros to zeros and
inverses to inverses.

If T: V — W is linear, then:
7(0) = 0 and T(—v) = -T(v)

A linear transformation
is completely deter-
mined by its action on a
basis.

Let V' be a finite dimensional space with basis {v,v,,...,v,}. If
T:V— W and L: V— W are linear maps such that 7(v;) = L(v;)
for 1 <i<n,then T(v) = L(v) foreveryve V.

A method for construct-
ing all linear transfor-
mations from a finite
dimensional vector
space to any other vec-
tor space.

Let {v,v,,...,v,} be a basis for a vector space V, and let
Wy, W,, ..., w, be n arbitrary vectors (not necessarily distinct) in a
vector space W. There is then a unique linear transformation
L:V — W which maps v; to w, for 1 <i<n;and itis given by:

L(ayv,+...ta,w,) =aw +..+taw,

The composition of lin-
ear maps is linear.

If :V—>W and L: W— Z are linear, then the composition
LoT: V— Z is also linear.

KERNEL

IMAGE

Let T: V— W be linear. The Kkernel (or null space) of 7 is denoted
by Ker(7) and is defined by:
Ker(T) = {ve V|T(v) =0}
The image of T is denoted by Im(7’) and is defined by:
Im(7) = {we W|T(v) =wforsomev e V}

Both the kernel and
image of a linear
transformation are sub-
spaces.

Let 7: V— W be linear. Then:

Ker(T) is a subspace of V'
Im(7) is a subspace of W
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NULLITY

RANK

Let 7: V' — W be linear. The dimension of Ker(7) is called the nul-
lity of 7, and is denoted by nullity(7).

The dimension of Im(7) is called the rank of 7, and is denoted by
rank(7).

The Dimension
Theorem.

Let V be a vector space of dimension #n, and let 7: V' — W be linear.
Then:

rank(7) + nullity(7) = n

ONE-TO-ONE | A function f from a set 4 to a set B is said to be one-to-one if:
fla) = fla"y=a = a

ONTO| A function f from a set 4 to a set B is said to be onto if for every
b € B there exist a € A such that f{a) = b.
A linear transformation 7: V' — W 1is one-to-one if and only if
Ker(7) = 0.
A linear transformation 7: V' — W is onto if and only if Im(7) = W.

BIJECTION

A function f: A — B that is both one-to-one and onto is said to be a
bijection.

The composite of bijec-
tions is again a bijec-
tion.

If f: A — B and g: B — C are bijections, then the composite function
gof: A — C is also a bijection.

INVERSE FUNCTION

The inverse of a bijection f: X — Y is the function f 1. ¥ X such

that (f1of)(x) = x for every x in X, and (fof “)(y) = y foreveryy
inY.

The inverse of a linear
bijection is again lin-
ear.

If the bijection T: ¥ — W is linear, then its inverse, T-1: W — V is
also linear.

ISOMORPHISM

A bijection 7: V' — W that is also a linear transformation is said to be
an isomorphism from the vector space V' to the vector space W.

If there exists an isomorphism from V to W we then say that J and W
are isomorphic, and write: V= W.

Every vector space is isomorphic to itself. If V'is
isomorphic to W, then W is isomorphic to V. If Vis
isomorphic to W, and W is isomorphic to Z, then V

is isomorphic to Z.

V=V
VeW=W=V
VeWand W==Z=>V=Z7

All n-dimensional vector spaces are isomorphic to

Euclidean n-space.

If dim(V) = n,then V= R".




In general, we will use:

Apysn = [aij] or [al-j]

mXxn

to denote an m by n matrix

with entries a;; .

J
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CHAPTER 5
MATRICES AND LINEAR MAPS

It turns out that linear transformations can, in a sense, be represented
by matrices. Such representations are developed and scrutinized in Sec-
tions three and four — a development that rests on the matrix theory
presented in the first two sections of the chapter.

§1. MATRIX MULTIPLICATION

The matrix space M of Theorem 2.2, page 42, comes equipped

mxn
with a scalar multiplication. We now turn our attention to another form
of multiplication, one that involves a pair of matrices (instead of a sca-
lar and a matrix).

Left to one’s own devices, one would probably define the product of
matrices in the following fashion:

Take two matrices of equal
dimension, and simply mul-
tiply corresponding entries
to obtain their product.

The above might be “natural,” but as it turns out, not very useful.
Here, as you will see, is a most useful definition:

DEFINITIONS.1 1f4, ., = [a,]1and B, , = [b;],then:
MATRIX AmxrBrxn - men - [cij]
MULTIPLICATION where:
¢y = apbyytapby tazbyttayb,

Using Sigma notation, we have:

b
Cij = Z ai(xbaj

a=1

IN WoRbDsS: To get ¢;; of C = AB, run across the i™ row of 4 and
down the j ' column of B, multiplying and adding along the way (see
margin).

Note: The above is meaningful only if the number of columns of the
matrix on the left equals the number of rows of the matrix on the right.
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EXAMPLE 5.1 Find the product C = 4B, if:

501 1235
AZ{O} and B =1{2043

524
1532

SOLUTION: Since the number of columns of 4 equals the number of
rows of B, the product AB is defined:

I v

Ay3B3q = Chyy

N7

same

Below, we illustrate the process leading to the value of ¢y (run

across the first row of A and down the first column of B), and for ¢,

(run across the second row of A and down the third column of B):

/_‘1235

1235
201 _ 13 201 _ 13
2043 — 2043~
524 524 35
1532 1532 ?
|
2-1+0-2+1-1 — 5.3+2-4+4-3

At this point, we are confident that you can find the remaining entries:
12
{201} 202; _ [3 9 9 12}
2 4 1
5 1532 33035 39

In any event:

GRAPHING CALCULATOR GLIMPSE 5.1

285 [
Jx2 [

Pt -

—

ymmoacm.

=-Ji]

CHECK YOUR UNDERSTANDING 5.1
(a) Perform the product 4B for:

Answers: 35 6 4
33 37 A4 =142 and B = { }

(@) [30 26 90 35
54 36

(b) See page B-18. (b) Explain why the product BA is not defined.




Matrix multiplication is
not commutative.

The properties of this
theorem are not particu-
larly difficult to estab-
lish. The trick is to
carefully keep track of
the entries of the matri-
ces along the way,

Why we are restricting this
discussion to square matrices?
Because:

-7
42

5.1 Matrix Multiplication 153

In some ways, matrices behave differently than numbers. For one
thing, even when both products 4B and BA are defined, as is the case
when the matrices 4 and B are square matrices of the same dimension,
those products need not be equal:

12|56 _ |19 22 while 56[|12] _ |23 34
34|78 43 50 7834 31 46

Some familiar multiplication properties do however carry over to
matrices:

THEOREM 5.1 Assuming that the matrix dimensions are such
that the given operations are defined, we have:

(i) A(B+C)=AB+AC
{ (i) (4+B)C = AC+BC
Associative (ii) A(BC) = (4B)C
Properties (iv) r(AB) = (rd)B = A(rB)

Distributive
Properties

PROOF: We establish (i): A(B+ C) = AB+AC, and invite you to
verify the rest in the exercises. Let:

Apry = [ay] = [b;] Cpyp=le;]
Dy, = AB+C) = [d,] men=AB+AC=[el.j]

We need to show that dl.j =e;. Let’s do it:

r distrlbute r

d,.]; > zt(bu+ct1) D dibyt Z“zt "

t=1 t=

Il
—_
~

Il
—_

.th o o o o
run across the i row of 4 % Q % g
th = % o
and down the ;= column of B + C S o (‘% =
3. @ ~ @
(): 5 O:r 5"
I S o
= & = <
£ 5 E
2 5 B B
o o
SRS R
SN a =

POWERS OF SQUARE MATRICES

If A4 is a square matrix, what should 42 represent? That’s right:
A? = AA.In a more general setting, we have:

DEFINITION 5.2 For 4 a square matrix:
POWERS A2 = AA, A3 = AAA, and A" = 44"
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While the definition of A7 mimics that of a” for a € R, not all of the
familiar properties of exponents hold for matrices, even when the matrix
expressions are well-defined. The property (ab)” = a"b", for example,
does not carry over to matrices:

GIED-00-Faed-fo
sl B (5 o
g - [o
O And we see that ql 2} {2 2}} ) {1 ﬂf ﬂz

02|10 02
The following familiar properties are, however, a directly consequence
of Definition 5.2:

THEOREM 5.2  For 4 a square matrix, and positive integers n
and m:

Argm = gr+tm gnd (An)m = gnm

CHECK YOUR UNDERSTANDING 5.2

PROVE OR GIVE A COUNTEREXAMPLE;:
For any two matrices 4, B € M, ,:

Answer: See page B-18. (4+ B)z = A2+24B+ B2

COLUMN AND ROW SPACES

DEFINITION 5.3 The columns space of a matrix 4 € M.

mxn?

COLUMN AND is the subspace of R spanned by the col-

ROW SPACE umns of 4.

The row space of amatrix 4 € M, ,isthe

subspace of $R” spanned by the rows of 4.

The following result may be a bit surprising in that the rows and col-

umns of the matrix 4 € M, , need not even live in the same Euclid-

n

ean spaces: The rows of 4 are in R” while its columns are in R :
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THEOREM 5.3 The dimension of the column space of any
matrix 4 € M, ., equals the dimension of its
Tow space.

PROOF: We know, from Theorem 3.13, page 103, that the dimension
of the column space of 4 € M, ., equals the number of leading ones

in rref(A4) . To see that the dimension of the row space of 4 is also equal
to the number of leading ones in rref(4) we reason as follows:
Let B be a matrix obtained by performing any of the three ele-
mentary row operations on 4. Since each row in B is a linear
combination of the rows in A4, and vice version, the space
spanned by the rows of A equals that spanned by the rows of
B . Since rref(4) is derived from A4 through a sequence of ele-
mentary row operations, the row space of 4 equals that of
rref(A4), which is easily seen to be the non-zero rows of
rref(A4) ; each of which contains a leading one.

DEFINITION 54 For 4e M the rank of 4, denoted by

mxn?
RANK OF AMATRIX  rank(4) is the common dimension of the

row and column spaceof 4 e M, .

EXAMPLE 5.2 Find a basis for both the row and the column
391 -56

spaceof 4 = |_1 3 2 4 _2|.

2 6-2-6 4
391 -5 6] 1-30-22
SOLUTION: 4 = || 3 2 4 _2&0 011 ol
2 -6-2-6 4] 000O00O0

A basis for the row space of 4: {(1,-3,0.—2,2),(0,0,1,1,0)}.

A basis for the column space of 4: {(3,-1,2),(1,2,-2)}
(see Theorem 3.13, page 103)

While Theorem 3.13 assures us that he columns of 4 associated with
the leading one columns of rref(4) constitute a basis for the column
space of A4, the rows of A associated with the leading one rows of
rref(A4) need not be a basis for the row space of 4. A case in point:
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Answer: See page B-18.

5] 24 -4|lx |6
Y 26 4|y =0
; 11 2|z -2
=R
SV |2x+4y -4z
8|7 2x +6y+4z
2| | x+y+2z -
2x+4y—-4z = 6
2x+6y+4z =0
x+ty+t2z=-2
Cl C2 Cn _
ay 4 G| %
a1 4 Yn| ¥ =
Aml A2 D Bcn
ai] a1 Apy
X, i +x, Y| 4 oc X, op
A1 ) D
o c, C

6
0
2

|

CHECK YOUR UNDERSTANDING 5.3

Find a basis for the column and the row space of:

2 5 3 4
4=1-4-10 6 -8
0 1 2 —4

SYSTEM OF EQUATIONS REVISITED

As you know, a system of equations can take the form of an augmented
matrix [see page 3, and Figure (a) and (b) below]. That system can also
be represented as the product of its coefficient matrix with a (column)
variable matrix [see Figure 5.1(c) and margin].

2x+4y-4z =6 24-4]6 24 -4 |x 6
2x+6y+4z =0 a1 (26 4 Ol |26 4|y = |0
x+ty+2z=-2 11 2|2 11 2]z -2
System of Equations Augmented Matrix Matrix Product Form
(a) (b) (c)
Figure 5.1
The next result tells us that the product of 4 € M, ., with a column

variable matrix X, is a linear combination of the columns of 4. Spe-

cifically:
THEOREM 5.4 1 A, n = [al-j]. For each 1<j<n let
C; = [a,],, (the jth “column matrix” of A).

Then, for any X = [x,]

n><1:

n
AX = Z x;C; (see margin).

i=1
n

PROOF: For B = AX = [b;]  ,,and D = inci = [d}], "

i=1

m m
b, = Z a;x; = Z xja, = d;
j=1 j=1
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Consider the following system of equations AX = B:

A X B
213 4|17 |2 |ax+1yp+3z+aw] [P0
18 35|17 =|by| = |1x+8y+32—5w| = |b,
121 6]|°| |by] Lx—2v+1z+6w] |b,
_W
Invoking Theorem 5.2, we find that:

ol [1] [3 4] |b

X1 +y| 8| +z|3] +w|_5| = |b,

1| |2 | 6] b,

It follows that the given system AX = B is consistent if and only if
bl
b,| 1s in the column space of 4.
b3
In general:

THEOREM 5.5  Asystem of linear equations 4X = B is consis-
tent if and only if B is in the column space of A.

CHECK YOUR UNDERSTANDING 5.4

Prove that the solution set of any homogeneous system of m
equations in 7 unknowns is a subspace of R”.

Answer: See page B-18.

FROM MATRICES TO LINEAR TRANSFORMATIONS

While matrix spaces only come equipped with vector addition and sca-
lar multiplication, matrix multiplication can serve to define a linear map

Note that:
Ay inXnx €M, . between such spaces — providing their dimensions “match up:”
THEOREM 5.6 For 4 € M, , and any positive integer z, the

map T, M, .—>M,,.) given by
T,(B) = AB is linear.
PROOF: For B|,B, e M, _andre R
Theorem 5.1(iv):

T,rB,+B,) = A(rB,+B,) = A(rB,) + 4B,
Theorem 5.1(iv): = r(AB,)+AB, = rT(B)+ T, (B,)
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For notational convenience we will let the symbol R denote the
space M, ., (“vertical n-tuples”). We then have:

Note that Xisa 7 x 1 “ver- THEOREM 5.7 For A e M
* or S

tical n-tuple,” and that mxpn themap T, R"— R™ given
T (X} is a vertical m- by T,(X) = AX is linear.
tuple.

PROOF: Simply set z = 1 in Theorem 5.6

DEFINITION S.5 FordeM

mxn?

NULL SPACE by null(4), is the set:
null(4) = {X e R1|AX =0}

the null space of A, denoted

THEOREM 5.8 1y, 1y spaceof 4 € M, isasubspace of R

PROOF: Follows from Theorem 4.8(a), page 124, and the fact that:
null(4) = Ker(7T))

Note: The dimension of the null space of A4 is called the nullity of 4.
[Approproate terminology, in that null(4) = Ker(7 )]

EXAMPLE 5.3 Find a basis for the null space of the matrix:

2 1 3 4
A=11 8 3 -10
1 2 1 6

SOLUTION: By definition, the null space of 4 is the solution set of the
homogeneous system of equations:

2 1 3 4llf] Jo
183710§:0
1 2 1 61l lo
Xy z w
x y oz w 7 14
2 1 3 4 . 1053
From: | 1§ 3 -10)———>0 1 &
1 2 1 6 0000
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v vertical 3-tuple

a,beR}

a,beR}

We see that: null(4) = {(_za - Eb, _

8
+ =
3 5 a 5b,a,b)

1
5

= {(-7a—-14b,—a+8b, 5a, 5b)

Letting @ = 1 and b = 0 we obtain the vector (-7,-1,5,0).

Letting a = 0 and » = 1 we arrive at the vector (—IKLT,S)
The above two vectors are clearly independent, and also span null(4) :
(=7a —14b,—a + 8b, 5a,5b) = a(-7,-1,5,0)+ b(-14,8,0,5)
It follows that {(-7,-1,5,0), (14, 8,0, 5)} is a basis for null(4).

We arrived at the two vectors in the basis for null(4) in the above
example by setting each of the two free variables to 1 and the other free
variable to 0. Generalizing:

THEOREM 5.9  The nullity of 4 € M, equals the number

of free variables in rref(4).

CHECK YOUR UNDERSTANDING 5.5

Find a basis for:

213 0
nullj 114 2 7
301 -2

Answer: See page B-18.

You get to draw the final curtain of this section:

CHECK YOUR UNDERSTANDING 5.6

Let AeM,  , and let T : R" — R™ be the linear map given by
T,(X) = AX. Show that:
Answer: See page B-18. nullity(4) = nullity(7,) and rank(4) = rank(7,)
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EXERCISES

Exercises 1-5. Perform the given matrix operations.

12 12
| 23 , [230
- o -1 : 0-1
14 140
13 13
o10l[10o0 1oollo10
3. 1200[l002/and [0 02/{200
003][030 030[l003
12 12 12
. 13(031+211j13and 3l o3l S rslf2 ] ]
221123 l4a20 22123 22420
01 01 01

Exercises 5-8. Find a basis for the null space of A. Determine rank(A4) along with a basis for the
column and row space of 4.

321 5 201 1101 1-15 5
>A4=1106 110 o ,_3-10 -, ,_[-10-14 ¢ , _ |10 32
42-10 63 3 53-27 0-1-2-1

142 52-12 14 7 2

9. (a) Show that each column of 2 5} F 7 1} (as a vertical two-tuple) is a linear combination
13/]204

of the columns of {2 } )
13

(b) Show that each row of {2 5} {3 7 1} (as a horizontal three-tuple) is a linear combination

13/({204
of the rows of 371 .
204

10. Let A e M and let X; e M, | be the column matrix whose i entry is 1 and all other

mXxn

entries are 0. Show that 4.X; is the ith column of 4, for 1 <i<n.

11. (a) (Dilation and Contraction) Let 4 = {r 0} for »>0. Show that 7,: R2 —> R? maps

0r
every point in the plane to a point » times a far from the origin.

(b) (Reflection about the x-axis) Let 4 = {1 0

} . Show that 7,: B2 — R? reflects every
0 -

point in the plane about the x-axis.
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(c¢) Find the matrix 4 for which 7 ,: R? — R? reflects the point (x, y) to the point twice the
length of (x, y) and reflected about the y-axis.

: A T,() = ()"
(d) (Rotation about the Origin) Let 4 = cosd —sinf . Show that !
sin® cos0O Y v = (ny)
T,: R?2 — R? rotates the vector (x,y) by 0 in a counterclock- ) ¢7r y'.
wise direction. ' >
< x—>|

Suggestion: Start with x" = rcos(¢p +0) and y' = rsin(¢p +0).

12. Show that for any given linear transformation 7: R” — R™ there exists a unique matrix
AeM such that 7(X) = AX.

mxn
Prove that if AC = BC forevery Ce M,

13. Let A, BeM then 4 = B.
14. Determine all 4 € M, , such that AB = BA forevery Be M, ,.

mxmn-® x1°

15. Prove Theorem 5.1(ii).
16. Prove Theorem 5.1(iii).
17. Prove Theorem 5.1(iv).
18. A square matrix 4 = [al.j]n ., for which a; = 0 if i #; is said to be a diagonal matrix.

Show that if 4 = [a;;

U]n ., 1s a diagonal matrix and if X’ = [x;] € R" is a column matrix,

200(]|9 18
then AX = [a;x;] € R". For example: | 50||6| = |30]-
007 |- -7

19. The transpose of a matrix 4 = [al.j] eM, ., is the matrix 4T = [Zzl.j] eM,, ., where
a; = a. In other words, the transpose of A is that matrix obtained by interchanging the rows
and columns of 4.

(a) Show that for any matrix 4, (4AT)T = 4.
(b) Show that for any matrix 4 and any scalar r, (r4)T = rAT.
(¢) Show that for any 4, B € M (A+B)T = AT+ BT,

mxn?
(d) Show that forany 4, B e M (A-B)T = 4T - BT,

mxn?

(e) Show thatfor 4 e M, (A44)T = ATAT.

(f) Show that for 4 € M, , and B € M, (AB)T = BTAT.

nxr?

20. A square matrix 4 is symmetric if the transpose of 4 equals 4: AT = A (see Exercise 19).

(a) Show that the set of symmetric matrices in the space M, , , is a subspace of M, .

(b) Let 4, B € M, , be symmetric matrices. Show that 4 + B is symmetric.

(c) Let A € M, ,. Show that A + AT is symmetric.

(d) LetdeM Show that 44T is symmetric.

nxmn*

(e) Let 4, B € M, , be symmetric. Show that AB is symmetric if and only if 4B = BA
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21. A square matrix 4 is said to be skew-symmetric if 4T = —4 (see Exercise 19).
(a) Show that if the square matrix 4 = [a i1 18 skew symmetric, then each diagonal entry
a;; must be zero.
(b) Show that the square matrix 4 = [al.j] is skew symmetric if and only if a; = —a; for
all 7, .
(c) LetAd e M

T . .
wxn- Show that 4 — 4" is skew symmetric.

(d) Show that every square matrix 4 can be uniquely written as 4 = S+ K, where S is a
symmetric matrix and K is a skew symmetric matrix.

22. Amatrix A € M, is said to be idempotent if 42 = 4.

nxn
(a) Find an idempotent 2 x 2 matrix 4 containing no zero entry.
(b) Let 4 and B be idempotent square matrices of the same dimension. Prove that if

AB = BA , then AB is idempotent.
23. Amatrix 4 € M, is said to be nilpotent if Ak = 0 for some integer k.
(a) Find a nilpotent 2 x 2 matrix A distinct from the zero matrix.
(b) Let 4 and B be two nilpotent matrices of the same dimension. Prove that if 4B = BA ,
then AB is again nilpotent.

24. The sum of the diagonal entries in the matrix 4 = [al.j] e M, ., 1s called the trace of 4 and is

n
denoted by trace(4) : trace(4) = a;; ta, +...a,, = Z a;; .
i=1
(a) Show that for any square matrix 4: trace(4) = trace(4T) (see Exercise 19).
(b) Show that for any two square matrices 4 and B of the same dimension:
Trace(4 + B) = Trace(A4) + Trace(B)
(c) Show that for any two square matrices 4 and B of the same dimension:
Trace(AB) = Trace(BA)

Exercises 25-30. (PMI) Determine A" for the given matrix 4. Use the Principle of Mathematical
Induction to substantiate your claim.

25 |11 2. |11 27. |10
0 1] 11 02

28, |0 29, |10 30. |14
0 ) 21 01

31. (PMI) Show that if AB = BA , then for any positive integer n, (AB)" = A"B" .

32. (PMI) Let Ae M,
positive integer n.

m

and Be M, . Show that if AX = X, then 4”X = X for every

33. (PMI) Show that if the entries in each column of 4 € M, sum to I, then the entries in

n

each column of 4™ also sum to 1, for any positive integer m.



34.

35.

36.

37.

38.
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(PMI) Show thatif 4 € M, , is a diagonal matrix, then so is 4”. (See Exercise 18.)

n

(PMI) Show thatif 4 € M, is an idempotent matrix, then 4" = A for all integers n>1.

(See Exercise 22.)

n

(PMI) Show that for any 4 € M

. n» and for any positive integer n, (4")T = (4T)". (See
Exercise 19.)

(PMI) Let4, e M for 1 <i<n.Show that:

mxn?

(A, +Ay+ - +4)T = A1T+A2T+ +A:. (See Exercise 19.)
(PMI) Let 4, e M for 1 <i<n.show that:
1 nxn

(A, -Ay-A)T = A" - 4] | ...4] . (See Exercise 19.)

PROVE OR GIVE A COUNTEREXAMPLE

39.

40.
41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.
52.

FordeM, ,and Be M,

n nxr?

if AB = 0 theneither 4 = 0 or B = 0.

Let A and B be two-by-two matrices with 4 #0.If AB = AC,then B = C.

If A and B are square matrices of the same dimension, and if 4B is idempotent, then
AB = BA . (See Exercise 22.)

Forall 4,BeM,, ,, A>~B*> = (A+B)(4A-B).
For any given matrix 4 € M, ,, all entries in the matrix 42 are nonnegative.

FordeM,  , and B e M, if 4 has a column consisting entirely of 0’s, then so does AB.

nxro

FordeM, ,and Be M,

" . x r» 1f A has a row consisting entirely of 0’s, then so does 4B.

FordeM, ,and B e M, if 4 has two identical columns, then so does 4B.

nxr>

FordeM, ,and Be M,

" . x r» 1f A has two identical rows, then so does AB.

FordeM,, ,, {BeM,, ,|AB =0} isasubspace of M, , .

FordeM, ., {B eMnxn|AB=BA} is a subspace of M, .

FordeM, ,,{BeM,, n‘Trace(AB) >0} 1sasubspace of M, . (See Exercise 24.)
If A is a nilpotent matrix, then so is 42. (See Exercise 23.)

A is idempotnet if and only if AT is idempotent. (See Exercise 22 and 19.)
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Since all identity matrices
are square we can get away
by specifying just one of
its dimensions, as with:

100
L=1lo1o0
001

instead of 75, 5.

We will soon show, that a
matrix A can have but one
inverse.

§2. INVERTIBLE MATRICES

The identity matrix of dimension n, denoted by 7, , is the nxn
matrix that has 1’s along its main diagonal (top-left corner to bottom-
right corner), and 0’s elsewhere. In the event that the dimension n of
the identity matrix is understood, we may simply write / rather than /,, .

Justas 1 -a = a and a-1 = a for any number a, so it is that for any
AeM : 1,4 =4 and AI, = A. In particular, for any square

mxn*

matrix A e M, ,: [, A=Al = A.

INVERTIBLE MATRICES

DEFINITIONS.6 A square matrix 4 € M is said to be

nxn
INVERTIBLE invertible if there exists a matrix B e M, ,
MATRIX
such that:
AB = BA =1

The matrix B is then said to be the inverse of

A, and we write B = 47!. If no such B
exists, then A4 is said to be non-invertible, or

singular.
EXAMPLE 5.4 5 9
Determine if the matrix 4 = | is
9 4
invertible. If it is, find its inverse.
SOLUTION: Let us see if there exists a matrix B = {a b} such that
cd

AB = I,:

A

Sa+2c -5b+2d | _ |10
9a —4c 9b — 4d 01

Equating corresponding entries leads us to the following pair of sys-
tems of two equations in two unknowns:

—Sa+2c =1 -5b+2d =0
9a—4c =0 9b—-4d =1



The system of equation on
the right also has no solution.
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If you take the time to solve the above systems, you will find that the

one on the left has solution a = -2, ¢ = —g; and the one on the

right has solution b = —1, and d = —3; which is to say:

B -2 -1
B=14 s
2 2

We leave it for you to verify that both AB and 4B equal / and that there-

-2 -1
fore 471 = | .| (see margin).
272
EXAMPLE 5.5

Determine if the matrix A4 = {2 3} is
—4 -6

SOLUTION: As we did in the previous example, we again try to find a

invertible. If it is, find its inverse.

matrix B = {a b} such that AB = I,:

cd
2 3llas| _ [10]
-4 —6| |c d| 10 1]
2b+3d ]| _ [10]
—4b - 6d| 10 1]
Equating corresponding entries of the two matrices leads us to the
following two systems of equations:
2a+3c =1
—4a—-6¢c =0

2a+ 3¢
—4a—-6¢

2b+3d = 0
—4b-6d = 1

Multiplying the equation 2a + 3¢ = 1 in the system on the left by 2,
and adding it to the bottom equation, leads to an absurdity:

da+6¢c = 2
—4a—-6¢c =0
add: 0=2

We have just observed that there does not exist a matrix {a b} such that
cd

2 3||a - |10 , which tells us that 23 isasingular matrix.
—4 —6||cd 01 -4 -6
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GRAPHING CALCULATOR GLIMPSE 5.2

_ [TAT [E]

“ [[-5 2 ] - [f2 31

9 . 9 -411 © I [-4 -£1]

g [A] ['EEEE": 1] g [E1-1 ERET STHGULAR FAT
k: [-5-2 52l g BEais

CHECK YOUR UNDERSTANDING 5.7

Answer: See page B-19. 4 —

Determine if {3 } is invertible. If it is, find its inverse.

While a square matrix need not have an inverse (Example 5.5), if it
does, then it is unique:

THEOREM 5.10 An invertible matrix has a unique inverse.

PROOF: We assume that B and C are inverses of the invertible matrix
A and then go on to show that B = C:

B =Bl =B(AC) = (BA)C =1IC =C
{ (¢) (¢)

since C is an since B is an
inverse of 4 inverse of 4

Here are three additional results pertaining to invertible matrices:

THEOREM S.11 (i) If 4 is invertible, then so is 4-!, and:
(A1) =4

(i1) If 4 is invertible and » # 0, then 74 is also

invertible, and:
(rd4)' = lA‘1
r
This is sometimes refered (ii1) If 4 and B are invertible matrices of the

to as the same dimension, then 4B is also invertible,
shoe-sock theorem
Can you guess why? and:

(4B)! = B-14!

PROOF: (i) We must suppress the temptation to appeal to the familiar

exponent rule (a 1)1 = a-DED = g for we are now dealing with
matrices and not numbers. What we do, instead, is to turn to Defini-
tion 5.6 which tells us that:



From the given condi-
tions, we know that B!

and A1 exist. What we
do here is to show that the

product B 147l is, in
fact, the inverse of 4B.

Answer: See page B-19.

5.2 Invertible Matrices 167

If 47! |:|=|:| A1 for some matrix in the box, then the

matrix A-! is invertible, and the matrix in the box is its
inverse: (4~1)"! =[]. Now put 4 in the box:

Al aat =1
We have shown that (471)~! ={4].
(i1) Exercise 25.

(i11) Returning to our “box game,” we see that:

(AB)(B AN = A(BB)A™! = Al47! = 447! = |
and: (A4B) = BY(4'4)B = BB = BB =1

The above shows that (4B)! = B14~! . In words:

The inverse of a product of invertible matrices is
the product of their inverses, in the reverse order.

CHECK YOUR UNDERSTANDING 5.8

Use the Principle of Mathematical Induction to show that if
A, A,, ..., A, areinvertible, then so is their product, and:

(AlAz"‘An)71 = A,;IA;I,I--AII

As you know, for any nonzero number a:
(i) a® = 1 and (i) a” = — (for a#0)
a
While we can adopt the notation in (i) for invertible matrices, we can-

not do the same for (ii), since the expression }4 is simply not defined

for a matrix 4. We can however rewrite (ii) in the form a7 = (a7 !)",
and use that form to define 47 :

DEFINITION 5.7 For 4, an invertible matrix, and » a positive
integer, we define:
A0 and 4™ () A° =7

(i) A4 = (41
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ELEMENTARY MATRICES

Elementary row operations ~ DEFINITION 5.8 An elementary matrix is a matrix that is
were introduced on page 3. S ———— obtained by performing - elementary -
MATRIX operation on an identity matrix.

Here are some examples of elementary matrices:

1 000
010 0500 1 6
Ey=1100 E, = Ey =
0010 01
0 0 1
0001 .
Interchange . Add 6 times the
the first and Multiply the second second row of / 2
second row of 13 row of / 4 by 5 to the first row of /,

CHECK YOUR UNDERSTANDING 5.9

Show that the above three elementary matrices, £, £, and E; are

answen;Seepage BT, invertible, and that the inverse of each is itself an elementary matrix.

The situation in the above Check Your Understanding box is not a
fluke. You are invited to establish the following theorem in the exercises:

THEOREM 5.12 Every elementary matrix is invertible, and its
inverse is also an elementary matrix. Indeed:

(a) If E is the elementary matrix obtained by
interchanging rows 7 and ;j of the identity

matrix /, then E-! is the elementary matrix
obtained by again interchanging rows i and
jofl

(b) If E is obtained by multiplying row i of /
by c¢#0, then E-! is obtained by multi-
plying row i of / by % .

(c) If E is obtained by adding ¢ times row i to

row j of 1, then E~! is obtained by adding
—c times row i to row j.

Consider the row operation that is performed in the first and second
line of Figure 5.2. As you can see in line 3, the matrix resulting from
performing the elementary row operation on 4 coincides with the prod-
uct matrix E£A4:
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multiply row 3 by -2 and add it to the first row

\

2103 1z o e, |[4-5-81

A=11326——>|1 3 2 6] <
3341 33 41 o
>
S
10 0—2R3+R1—>R11 0 -2
Li=]101 0)———=| 0 1 o|=E
00 1 0 0 1

1 0 -2[|2103 4-5-81
EA=10 1 ol|[1326/=|1 3 26
0 0 1/|3341 33 41

Figure 5.2
The following theorem, a proof of which is relegated to the exercises,
tells us that the situation depicted in Figure 5.1 holds in general:

THEOREM 5.13 The matrix obtained by performing an elemen-

tary row operation on a matrix 4 e M,

equals that matrix £4, where E is the matrix
obtained by performing the same elementary
row operation on the identity matrix 7, .

CHECK YOUR UNDERSTANDING 5.10

(a) Switch the first and third rows of the matrix 4 of Figure 5.1 to
arrive at a matrix B, and then find the elementary matrix £ such
that £4 = B.

(b) Multiply the second row of the matrix 4 of Figure 5.1 by 2 to
arrive at a matrix B, and then find the elementary matrix £ such
that £E4A = B.

Answer: See page B-19.

We remind you that two matrices are equivalent if one can be derived
from the other via a sequence of elementary row operations (Definition
1.1, page 3). The following theorem asserts that if a matrix 4 is invert-
ible, then every matrix equivalent to A4 is also invertible.

THEOREM 5.14 If 4 and B are equivalent square matrices, then
A is invertible if and only if B is invertible.

PROOF: Since 4 and B are equivalent, there exist elementary matrices
E, E,, ..., E  such that:
B = ES"'EzElA
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Any matrix 4 is equivalent
to rref(4) .

Theorem 5.11 tells us that each E; is invertible. Consequently, if 4 is
invertible then so is B, for it is a product of invertible matrices. By sym-

metry we also have that if B is invertible then so is A4.
You can quickly determine whether or not a matrix is invertible by

looking at its row-reduced-echelon form:

THEOREM 5.15 4 e M, is invertible if and only if:
rref(4) = 1,

PROOF: If 1ref(4) = I, then, sine / is invertible, 4 is also invertible
(Theorem 5.14).
We establish the converse by showing that if rref(4) # 1, , then 4 is
not invertible:
Let rref(4) = C#1,. Since C = [cl.j] has less than n leading
ones (otherwise it would be 7,), its last row must consist
entirely of zeros. This being the case, for any given n xn
matrix D = [dl.j], the product matrix CD = [el.j] cannot be
the identity matrix, as its lower-right-corner entry is not 1:

n n
€un — ch(xdom: Zo'danzo;tl
a=1 a=1

Since there does not exist a matrix D such that CD = I,

rref(A) = C is not invertible. It follows, from Theorem 5.14,
that 4 is not invertible.

The following theorem provides a systematic method for finding the

inverse of an invertible matrix:

THEOREM 5.16 If a sequence of elementary row operations
reduces the invertible matrix 4 to I, then

applying the same sequence of elementary
row operations on / will yield A~!.

PROOF: Let E|, E,, ..., E, be the elementary matrices correspond-
ing to elementary row operations which take A4 to I:
E-E,E A =1
Since elementary matrices are invertible, their product is also invert-
ible and we have:
A= (E,...EJE\)"'I = (E,...E,E|)"" = E{'E;'...E]!
Thus:

We have shown that E_...E,E I is the inverse of the matrix 4; to put
it another way:
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= E,...E,E, = E,...E,E,I
The exact same sequence of row operations that trans-
form A to I can also be used to transform I to A~!.
We now illustrate how the above theorem can effectively be used to
find, by hand, the inverse of an invertible matrix:
EXAMPLE 5.6

1
Determine if 4 = | is invertible. If it
1

S N
co W W

is, find its inverse.

SOLUTION: We know that 4 is invertible if and only if rref(4) = 1.
Rather than obtaining the row-reduced-echelon form of A4, we will
find the row-reduced echelon form of the matrix [4|/] which is that

matrix obtained by “adjoining” the 3 x 3 identity matrix to 4:

1 2 3/1 00
(A1 =12 5 310 1 0
1 0 80 01
This will feed two birds with one seed:
First bird: A is invertible if and only if rref([4|I]) = [{| ]
(By Theorem 5.14)
Second bird: 1If A is invertible, then rref([4|I]) = [I|47!]
(By Theorem 5.16)

Using the Gauss-Jordan Elimination Method (page 10), we have:

o 12 3100—2R1+R2—>R2 12 3100 2Ry +R, SR, 10 915 -20
= —_ J—
[A111=25 300 10| agmg> 001 32 10|52l lo 1 =312 1 0
10 8001 0-2 5|-101 00 -1|-5 21
|
rgory (100N 200 o g g [10 04016 9 o
%01*3*210W01013—5—3_[1|A]
00 15 -2-1 00 1] 5 —2-1
Oh well: [[RA] [A1-1
[[1 2 3] [[-48 1g 2_1]
[2 5 3] [13 -5 -3]
[1 8 211 [S -2 -111
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Answer: See page B-19.

CHECK YOUR UNDERSTANDING 5.11

Determine if 4 = is invertible. If it is, find its inverse.

S = O =
W —= N O
e
— O AN

Theorem 5.15 says that a matrix A4 is invertible ifand only rref(4) = 1.
Here are some other ways of saying the same thing:

THEOREM 5.17 Let 4 € M, . The following are equivalent:
(i) A is invertible.

(i) AX = B has a unique solution for
every Be M, .

(iii)) AX = 0 has only the trivial solution.
(1v) rref(4) = 1.

(v) A is aproduct of elementary matrices.

PROOF: We show (i) = (ii) = (iii) = (iv) = (v) = (i):

(i) = (ii): Let 4 be invertible. For any given equation 4AX = B, we
have:
AX = B
Aax) = 47'B
A'A)x = 4'B
IX=A'B

X=4'B < unique solution

(ii) = (iii) : If AX = B hasauniquesolution forany B,then 4AX = 0
has a unique solution. But 4X = 0 has the trivial solution X = 0. It
follows that 4X = 0 has only the trivial solution.

(iii) = (iv) : Assume that AX = 0 has only the trivial solution.
Since A and rref(4) are equivalent matrices, [rref(4)]X = 0 has

only the trivial solutions. This tells us that rref(4) does not have a
free variable, and must therefore have n leading ones. As such:
rref(4) = 1.
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(iv) = (v): If rref(4) = [ then:
E-E,EA =1
for some elementary matrices E|, E,, ..., E . Since elementary
matrices are invertible, their product is also invertible and we have:
A= (E,..E,E)' I =(E . EE)" =E{'E;'...E]!
A

a product of elementary matrices
(see CYU 5.9)

(v) = (i) : If 4 is aproduct of elementary matrices, then it is a product
of invertible matrices, and is therefore invertible [CYU 5.9].

We defined a matrix 4 to be invertible if there exists a matrix B such that
AB = BA = I.Asitturns out, B need only “work” on the left (or right

side) of 4:
THEOREM 5.18 Let 4 e M, . If there exists Be M, ,
such that B4 = I, then A is invertible and

A1 =B.

PROOF: Assume that B4 = I, and consider the equation AX = 0.

AX =0

B(AX) = BO

(BA)X = B0
IX=0
X=0

Since the equation AX = 0 has only the trivial solution, the matrix A4
is invertible (Theorem 5.17). Upon multiplying both sides of B4 = [

(BA)A~! = 14!
on the right by A1, we have: B(44-1) = 4-!
B =4

In a similar fashion:

CHECK YOUR UNDERSTANDING 5.12
Let A e M

nxn-

LRSI AL AB = I,then Bis invertibleand B! = 4.

Show that if there exists B e M, , such that

n
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EXERCISES

Exercises 1-6. Find the inverse of the given invertible matrix 4, and then check directly that

Ad ' =4t = 1.

L |20 , |12 ;|22
05 32 13
10 0 01 1 21 3

4. 120 5. 120 6 123
123 01 2 20 4

Exercises 7-15. Determine if the given matrix A4 is invertible and if so, find its inverse.

;|23 o |32 o |-1 4
46 31 5 20
12 3 1 4 0 13 0

10. 3 2 I1. 2 -2 3 12. 2 -2 3
33 3 132 12 12 1
101 2 1 0 1 -1 4 0 4 8

;3 021 4 W |0 2 1 0 5|0 1 1 0
112 2 1 -1 2 0 01 2 0
031 8 003 1 1 2 1 1 2

Exercises 16-18. (a) Find elementary matrices £, and E, such that E,E ] = 4 for the given
matrix 4. (b) Find two elementary row operations which will take 4 to 1.

1 00 0 01 1 00
16. 4=10 -3 0 17. 4=101 0 18 4=100 1
0 0 1 500 710

Exercises 19-24. Assume that 4, B, and X are square matrices of the same dimension and that 4
and B are invertible. (a) Solve the given matrix equation for the matrix X.

(b) Challenge your answer in (a) using 4 = {1 2} and B = {2 }
01 31

19. 2XA = AB 20. 2XA = BA 21. AXB! = B4
22. BXA = B2 23. BXB = (BAB)? 24. AXB = A2(BA)™



25.
26.
27.

28.
29.

30.

31.

32.
33.
34.

35.

36.

37.

38.
39.

40.

41.

42.

43.

44,
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Prove Theorem 5.11(ii).
Prove Theorem 5.12.

Prove Theorem 5.13.

Prove that if 4 is invertible, then 4243 = 475.

Let A € M,, . Prove that there exists an invertible matrix C € M, such that
CA = rref(4).

Let {A,,A,, ..., A} be alinearly independent set of vectorsin M, ,,andlet4 e M, ,
be invertible. Show that {44, AA4,, ..., AA } is linearly independent.

Let{A4,,A,,...,A,,} beabasis for M, ., andlet 4 € M, , beinvertible. Show that
{AA|, AA,, ..., AA,,} is also a basis.

Show that a (square) matrix that has a row consisting entirely of zeros cannot be invertible.
Show that a (square) matrix that has a columns consisting entirely of zeros cannot be invertible.

Show that if a row of a (square) matrix is a multiple of one of its other rows, then it is not
invertible.

State necessary and sufficient conditions for a diagonal matrix to be invertible. (See Exercise
18, page 161.)

Prove that 4 € M, , is invertible if and only if the rows of 4 constitute a basis for R”.

Prove that the transpose AT of an invertible matrix 4 is invertible, and that
(A4T)! = (4 HT. (See Exercise 19, page 161.)

Prove that 4 € M, is invertible if and only if the columns of 4 constitute a basis for R”.

Prove that if a symmetric matrix is invertible, then its inverse is also symmetric. (See Exer-
cise 20, page 161.)

Prove thatif 4 e M,
page 162.)

, 1s an idempotent invertible matrix, then 4 = 7, . (See Exercise 22,

Prove that every nilpotent matrix is singular. (See Exercise 23, page 162.)

(a) Prove that 4 = {a b} is invertible if and only if ad —bc # 0.

cd

(b) Assuming that 4 = [a b} is invertible, find A~! (in terms of a, b, c, and d).

cd

Let 4 € M, , besuchthat 42—24+1 = 0. Show that 4 is invertible.

Let 4 € M, , besuchthat 42+s4 +¢I = 0, with 7+ 0. Show that 4 is invertible.
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45. LetA e M, , besuchthat 43 —34+2] = 0. Show that 4 is invertible.

46. (PMI) Show that if 4 is invertible, then so is A" for every positive integer 7.

47. (PMI) Let 4 and B be invertible matrices of the same dimension with 4B = BA . Sow that:
(@) (BH"4-! = A-Y(B-1)" for every positive integer .

(b) (AB)™ = A "B for every positive integer 7.

PROVE OR GIVE A COUNTEREXAMPLE

48. If A is invertible, then so is —4, and (—4)~! = —-4~1,

and if
is not the zero vector, then {44, AA4,, ..., AA } is linearly independent.

49. 1f {4, A,, ..., A} is alinearly independent set in the vector space M, ,,
AeM,,

n
50. Let A be an n x n invertible matrix,and Be M, . If AB = 0,then B = 0.
51. Let4A e M, , beinvertible,and Be M,  ,.1f BA = 0,then B = 0

52. If A and B are n x n invertible matrices, then 4 + B is also invertible, and
(A4+B)y1 =41+B1.

53. If 4 e M, , and A2 = 0, then 4 is not invertible.

n
54. If a square matrix 4 is singular, then 42 = 0.
55. If A and B are n x n matrices, and if 4B is invertible, then both 4 and B are invertible.

56. If 4 and B are n x n matrices, and if 4B is singular, then both 4 and B are singular.
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§3. MATRIX REPRESENTATION
OF LINEAR MAPS

The main objective of this section is to associate to a general linear
transformation 7: V'— W, where dim(V) = n and dim(W) = m, a
matrix 4 € M, ., which can be used to find the value of 7(v), for every
v € V. The importance of all of this is that, in a way, the linear transfor-
mation 7'is “linked to a finite object:” an m x n matrix 4.

The notion of an ordered basis for a vector space plays a role in the
current development. The only difference between a basis and an
ordered basis is that, in the latter, the listing of the vectors is of conse-

quence. For example, while {(1,2),(3,5)} and {(3,5),(1,2)} are
one-and-the-same bases, they are not the same ordered bases (different
ordering of the elements).

Choosing an ordered basis for a vector space V of dimension n enables
us to associate vertical n-tuple to each vector of V:

DEFINITION 5.9 Let B = {v,,v,,...,v,} be an ordered
COORDINATE basis for a vector space V, and let
VECTOR v=cvtev, o te,v,
We define the coordinate vector of v rela-
tive B to be the column vector:
‘1

]

[V]ﬁ =

EXAMPLE 5.7 In Example 3.10, page 94, we showed that
B=1{(1,3,0),(2,0,4),(0,1,2)} is a basis
for R3. Find the coordinate vector of
(1, 11, 8) with respectto f3.

SOLUTION: As is often the case, the problem boils down to that of
solving a system of linear equations:

If: (1,11, 8) = a(1, 3, 0) + 5(2, 0, 4) + (0, 1, 2), then:

S: 3a+0b+c¢ =

Oa+4b+2c

1
11
8

abc

abe 1002 =2

120[1 ; 2
awg($)] 1 o 11111°75 (o 1 0_% > b= —5=[1,11,8)]= 1

0428 0oilsl c=s 5
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-1/4
Answer: |_3/8

7/4

Throughout this sec-
tion the term “basis”
will be understood to
mean “ordered basis.”

We remind you that we are

using R” to denote M,

LB(err v')

= rLB(v) + LB(V')

Y (gamma) is the Greek
letter c.

CHECK YOUR UNDERSTANDING 5.13

Find the coordinate vector of (-1, 1, 2) € R3 with respect to:

B=1{(1,3,0),(2,0,4),(0,1,2)}

THEOREM S.19 1fB = {v,,v,,...,v,} is a basis for a vector

space V, then the function Lg: V' — R given
by LB(V) = [v][j (avertical n-tuple) is linear.
[Indeed, it is an isomorphism (Exercise 32).]
n n
PROOF: For v = z av; and v' = Z by, in V, and r € R, we
have: ol il

n n n

Lg(rv+v') = Lg rZaivi+ z biv;| = Lg z (ra; +b,)v,
i=1 i=1 i=1

ra, +b, ra, b, a, b,

ra,+b, ra, b a b,

n n
=rLg Z av;|+Lg Z biv;| = rLg(v)+Lg(v')
i=1 i=1

Consider a linear transformation 7: V' — W, with dim(¥») = n and
dim(W) = m. If we fix abasis B = {v,,v,,...,v,} for V" and a basis

Y = {w;, Wy, ...,w,} for W, then for every v €  we can determine
the coefficient matrix [v]B of v with respect to 3, as well as the coeffi-
cient matrix [T (v)]y of T(v) with respect to y. The following defini-

tion provides an important relation between [v]B and [T (v)]y :
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DEFINITION 5.10 Let T: ¥ — W be a linear map from a vector
MATRIX REPRESEN- Space V of dimension n to a vector space W

TATION OF ALIN-  of dimension m. Let B = {v,,v,,...,v,}

EAR MAP
and y = {w,w,,...,w,} be bases for V

and W, respectively. We define the matrix
representation of 7' with respect to 3 and vy

to be the matrix [T],5 €M, ,, whose "

column is [T(vl.)]y.

The above definition looks intimidating, but appearances can be mis-
leading. Consider the following example.

EXAMPLE 5.8 Let T: R3 — P, be the linear map given by:
T(a,b,c) = 2ax*+ (a+b)x+c
Determine the matrix representation [ 7] B of

T with respect to the bases:
B=1{(1,3,0),(2,0,4),(0,1,2)}
and
y = {2x2+x,3x2-1,x}

SOLUTION: Definition 5.10 tells us that the first column of [T ]YB is

the coefficient matrix of 7(1, 3, 0) with respect to y [entries are the
values of a, b, ¢ stemming from (1) below], the second column is

[7(2,0, 4)]Y [values of a, b, ¢ stemming from (2)], and the third column is
[7(0, 1, 2)]Y [values stemming from (3)]:

(1): T(1,3,0) = 2x2+4x+0 = a(2x2+x)+b(3x2—1) + c(x)
(2): T(2,0,4) = 4x2+2x+4 = a(2x2+x)+b(3x2-1) + c(x)
(3): T(0,1,2) = 0x2+1x+2 = a(2x2+x) + b(3x2 - 1) + c(x)

Equating coefficients in each of the above we come to the following
three systems of equations:

0x2+1x+0

3xz+0xf|1I

2x2+1x+\?/ \l/\}/ a b c a b c
2 3 02 2 3 04 2 3 00

M1 0 114 @1 0 1]2] G100 11
0-1010 0-1014 0 -1012
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Answer:

12-3/4 1/4
10 -1/8 23/8

01 13/4 5/4

Note that the dimensions
match up:

[TM)], = [T),4[v]p
m m m
5 32

3
X
&

Since
v; = 0y ++ 1y, + .. +0v
0
0
[V,‘] =

o .th o
| <i' position

0

We want the solutions of the above systems of three equations in the
three unknowns a, b, c. Noting that the coefficient matrix of all three
systems are one and the same, we can “compress” all three systems
into a single matrix form:

system (3) solutions of system (3)

system (2) solutions of system (2)
system (1)_\1/ solutions of system (1)—\1/ —J/

C
23 02 4 0 1 00|18 3 e s
1o 1[4 2 1/=8 0 1 0|0 42 [Tl = |0 -4 2
0-10l0 4 2 00 1|3 -6-2 R Mol
Figure 5.2

CHECK YOUR UNDERSTANDING 5.14

Let T: M, , — R3 be the linear map given by:

T = {" b} = (b, a,c+d)

cd
Determine [T ]YB for:
1-1] |26 }
511159

o= {337

and v = {(1,3,0),(2,0,4),(0,1,2)}.

n’

To know the coordinates of a vector v in a finite dimensional vector
space V with respect to a fixed ordered basis for that space is the same
as knowing the vector v itself. This being the case, the following theo-
rem tells us that the action of a linear transformation 7: J'— W can, in
effect, be realized by means of a matrix multiplication.

THEOREM 5.20 Let 7: V' — W be a linear map from a vector
space V of dimension n to a vector space W of

dimension m. Let B = {v,v,,...,v,} and
Y = {w,Ww,,...,w,} be bases for V" and W,
respectively. Then, for every v € V:
[TO)], = [Tlg[v];
PROOF: Since [T].4[v]g V- %™ and [T(v)],: ¥ — K™ are both
linear, it suffices to show that [T]YB [vi]B = [T(vl-)]Y foreach 1 <i<n
(Theorem 4.6, page 115). They are:
[T]Yﬁ[vi]ﬁ is the i column of [T]yB , namely: [T(vi)]y (see
margin and Exercise 10, page 160). By Definition 5.10,
[T(vi)]y is also the i column of the matrix [T],p -



INCIDENTALLY, noting
that the coefficient matrix
of system (*) is identical
to that of (**) we could
save a bit of time by
doing this

[A]
[[1 1133 12]
112871
FA1 26 1817
Frefl [H]D
[[1 ®d@a[l 3|5
B 1 88 -&/-3
B A 12& A
[Tﬂﬁ T
[7(5,7)],
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EXAMPLE 5.9  Let 7: R2 - R3 be the linear map given by:
T(a,b) = (a+b, b, 2a)
Determine [T l,p of T'with respect to the bases:

p=1(1,2),(3,0);

and
vy = {(1,0,0),(1,1,0),(1,1,1)}
and then show directly that:
[7(5, )], = [T1,5[(5, )]

SOLUTION: Proceeding as in Figure 5.2 of Example 5.8 we find
[T]YB' Since 7(1,2) = (3,2,2) and 7(3,0) = (3,0,6):

T
abc []YB

11133 1001 3

101 1]2 o]-ef 510 1 0/ 0 —6
001126 T 0012 6
/I\

The three vectors in y Solving the two systems of equations:
(3,2,2)

a(1,0,0)+b(1,1,0)+c(1,1,1) = {(3, 0,6)

Finding [7(5, 7)]y. Since 7(5,7) = (12,7,10):

[T(i, N1,
11112 ¢ 100|5
001 1]7]—=5/010]-3
001/10 001]10
Finding [(5, 7)]51
V.

10
13‘5 rref
20/7 01

The two vectors in 3

NI— NI

We leave it for you to verifying that

5 1 3|2
[7(5, 7)), = [Thpl(3, s thatis: | 3| = o —6||*|-
10 2 612
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CHECK YOUR UNDERSTANDING 5.15
Referring to the situation described in CYU 5.15, verify directly that:

13 _ 13
Answer: See page B-20. {T[ |:2 O:D} N [T]YBH:Z O:HB
Y

The next result is particularly nice — it tells us that a matrix of a com-
posite of linear transformations is a product of the matrices of those
transformations:

THEOREM 5.21 Let 7: V> W and L: W—Z be linear

T L
@ THE COMPOSITION maps, and let B,y, and & be bases for the
LoT-

THEOREM finite dimensional spaces V, W, and Z, respec-
_ tively. Then:

[LOT]sﬁ = [L](sy[T]yﬁ
[LOT]SB = [L]SY[T]YB

PROOF: For any v € V' we have:
Theorem 5.20—~

[LOT]SB[V]B = [(LeT)(v)]; l

= [L(TO)]; = [L15,I[T0)], = [L15,[T] 501,
The result now follows from Exercise 34 which asserts that if 4 is a
matrix such that [LOT]BB[V]B = A[V]B for every v € V, then the

matrices [LoT] 5p and 4 must be one and the same.

EXAMPLE 3.10 1et 7: %2 > M, , and L: M, _, — P, be the
linear maps given by:

T(a, b) = {" ‘”b}

0 2b

and

ab

L({ D = ax?+bx+(c+d)

cd
Show directly that:

[LOT]ag = [L](sy [T]yg
For bases:

p = 1(1,2),(0,4);

~Bdededed

& = {x2 x2+x,x2+x+1}
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SOLUTION: Determining [T ]YB:

183

_ |13

nlnfLJ
11/]02|]o 0] [0 0]
pJLJLJ&Ll
SR
1 000110 1 00 0 0 10
120013 4 01 00 2:[T]Vl3:12
011000 001 0[-1-2 -1 -2
001 11438 000 1/5°10 510
Determining [L] 5y

h h

=~ R

SNES D2 s
LREL Y & o
+ + 4+ r o 8
crzz ¥ 1 %
+ o+ 4|+ - N
R
1111 0 100020 0 020 0
0111200%01011—2_13@]&:11—2—1
001(012 1] 001/0 1 2 01 2 1

Determining [L°T] 5p

0 +X0 + X1
0+ XTI+ XI
I+x[+le

L°T(1,2) = L[T(1,2)] = Lq& j)

L°T(0,4) = L[T(0,4)] = ng SD = 0x2+4x+8

= x2+3x+4

by
1 11|10 100]-2-4 -2 -4
01 1|3 4|-1refloqol-1-4|=[LTls=|-1-4
001148 00114 8 4 8
And it does all fit nicely together, as you can easily check:
V V
1 0
-2 -4 0-20 0
1 2
-1 -4 = |1 1 -2-1
-1 =2
4 8 01 2 1
10
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Answer: See page B-21.

We recall that 7, denotes

the identity matrix of
dimension 7, and that 7,

denotes the identity map
from V'to V.

Answer: See page B-21.

CHECK YOUR UNDERSTANDING 5.16

Let T: R° — P, and L: (P, —> iRz) be the linear maps given by:
T(a,b,c) = bx2+ax+c

and
L(ax?2+bx+c) = (a,a+b+c)
Show directly that:
[LOT]gﬁ = [L]gy [T]YB
for bases:

B=1{(1,1,1),(1,1,0),(1,0,0)}
y = {x%,x,2}
o = {(0,1),(1,1)}

A proof of the following result is relegated to the exercises:

THEOREM 5.22 Let B be a basis for a vector space V of

dimension n. Then:
Uylgy = 1o
As might be expected:

THEOREM 5.23 Let T: V— W be an isomorphism. Let B and
v be bases for V" and W, respectively. Then:

- 7

PROOF: We have:

-1
T T
-1 _
T OT - [V

[T 5Tlgp = [ylg,

Theorems 5.21 and 22: [Til]By [T]Yﬁ =17

[T, = [T]4

CHECK YOUR UNDERSTANDING 5.17

Show that if the matrix representation of 7: V' — W with respect to

any chosen basis 3 for V'and y for W is invertible, then the linear
map 7 is itself invertible (an isomorphism).
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EXERCISES

Exercises 1-3. Let 7: RZ — R2 be the linear operator given by T(a,b) = (a+b,2b). Find
[(2, 3)]B and [7(2, 3lp for the given (ordered) basis f3.

L. B =1{(1,0),(,1)} 2. B =1(0,1),(1,0)} 3.8 =1{(1,2),(-2,1)}
Exercises 4-5. Let 7: R3 — R3 be the linear operator given by T(a, b, c¢) = (a+ b, b —a, c). Find
[(2,3, 1)]B and [7(2, 3, 1)]B for the given basis f3.

4. B =1{(1,0,0),(0,1,0),(0,0,1)} 5. B =1{(-1,0,1),(0,1,0),(-2,1,1)}
Exercises 6-7. Let 7: R> — P, be the linear map given by 7(a,b) = ax?—bx+(a—b). Find
[(1, 2)]B and [T(1, 2)]Y for the given bases 3 and vy.

6. B={(2,1),(1,0)},y = {2x% —x,2}

7. B = {(3,-1),(1,2)},y = {2x2+ 1,2x,x2 +x+ 1}

Exercises 8-9. Let 7: P; —> M, , be the linear map given by 7 (ax®+bx?+cx+d) = {a _ﬂ )
b ¢

Find [x2+x+ 1]g and [T(x?+x + 1)], for the given bases B and y.

8. B = {x2xx+lx-1},y= Hl 1_[0 1_,{00_ {0 0_}

IBINININININIE]

9. BZ{x3+x2,x2+x,x+l,l},y={11} 01} 00} 00}}

IBINIRINIRINLE
Exercises 10-11. Let 7: R3 — RZ be the linear map given by T(a, b, ¢) = (a+ b, 2¢). Find [7],
with respect to the given bases B and vy, and show directly that [7(1,2,1)], = [T],4[(1,2,1)]g.
10. B ={(1,1,0),(1,0,1), (1,1, 1)}, v = {(2,2),(0, 1)}
1. B =1{(0,1,1),(1,0,1), (1,1,0)},v = {(0,1),(2,2)}

Exercises 12-13. Let 7: R2 — P, be the linear map given by 7T'(a, b) = ax?>—bx+(a—b). Find
[T]y[3 with respect to the given bases 3 and v , and show directly that [ 7(1, 2)]y = [T]YB[(I’ 2)]B .

12. B = {(2,2),(0,1)},y = {x,x%x+1}
13. B=1{(1,2),2, 1),y = {x,x2+x,x2+x+1}
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Exercises 14-15. Let 7: P, — P, be the linear map given by T'(p(x)) = xp(x) +p(0). Show
directly that [7(2x + D1, = [T]g[2x+ 1] for the given bases 3 and v .

14. B = {4,2x},y = {4,2x,4x2}

15. B={x+1,2x+3},y = {x,x2+x, x2+x+1}
Exercises 16-17. Let I;;: %3 — R3 be the identity map on R3. Find gl with respect to the
given bases B and B’, and show directly that [/,(1, 2, 1)]B' = UW]B'B[(I’ 2, 1)]B

6. B ={(1,1,0),(1,0,1),(1,1,1)}, B’ = {(1,1,0),(1,0,1),(1,1, 1)}
17. B = {(1,1,0),(1,0,1),(1,1, 1)}, B’ = {(1,0,1),(1,1,1),(1, 1, 0)}

Exercises 18-19. Let 7: M, ., - M, , , be the linear map given by Tq“ Zp = E) ﬂ {a j . Find
C c

[T] BB for the given bases 3 and ', and show directly that [T(B ZDJ = [T]B’B E 21} .
p’ —p

18, p = [11] Jo 1] ool [o o] B = [0 1] Joo] [11] [oo0]
IRIRIRINININIRInk 1 o1 11 1]

19. p = o 1] Joo| [11] [0 0] B — [10/ Jool [o1] [o1]
1 ot 1 [yl 01/ (11 |oo] [o1]

Exercises 20-22. Let 7: 2 — R2 be the linear operator given by T(a, b) = (a+ b, 2b). Find
[T]BB with respect to the given basis 3, and show directly that [ 7(1, 3)]B = [T]BB[(I’ 3)]B.

20. B = {(1,0),(0,1)} 21. B = {(0,1),(1,0)} 22, B =1{(1,2),(-2,1)}

23. (Calculus Dependent) Let T: P, — P; be the linear map given by 7'(p(x)) = xp(x) and let
D: Py — P, be the differentiation linear function: D(p(x)) = p'(x). Determine the given

matrices for the basis B = {1, x,x?} of P,,and the basis y = {1, x,x%,x3} of P;.

@) [Tl (b) [Dlg, (¢) [D°Tlgg
(d) [TD],, (¢) [TeD°T]. (f) [DoToD]g,

24. (Calculus Dependent) Let J be the subspace of F(R) spanned by the three vectors 1, sinx,
and cosx. Let D:V—V be the differentiation operator. Determine [Dlgg for

B = {1, sinx, cosx}, and show directly that [D(5 + Zsinx)]B = [D]BB[S + 2sinx]l3.

25. (Calculus Dependent) Let D: P; — P; be the differentiation operator. Determine [D]B B for
B = {1,2x,3x2 4x3}, and show directly that [D(5x> +3x2)]g = [D]BB[5x3 +3x%]p.
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26. Find the linear function T: R2 — R2, if [T]gg = Ll) j for p = {(1,2),(2,0)}.

27. Find the linear function T:R2—R? if [T]gg = é; for B’ = {(1,2),(2,0)} and

B=1{(1,1),(1,2)}. o
10
28. Find the linear function T:R?—> P, if [T]YB =191l for B = {(1,2),(2,0)} and
11

y = {2,2x+1,x2}.
1111
29. Find the linear function 7: M, , > M, , if[T]B'B = |0 T 1] for

IR

0001
30. Let T: R? > M, , and L: M, _, — R3 be the linear maps given by: T(a, b) = {a _b}

P3Ed)

and L({a le = (b, a, c +d). Show directly that [LOT]8B = [L]Sy [T]YB for bases:

C R

31. Let T: R — R3 and L: R3 — P, be the linear maps given by: 7(a, b) = (-a,0,a +b)

B= {(1,2>,<0,1>},v=ﬂ1 1}

: {0 0} },6 = {(1,1,1),(1,1,0),(1,0,0)}
00

01

and L(a, b, c) = bx?—cx + a. Show directly that [LoT]sp = [L]s,[T1],p for bases:
B=1{(1,2),(0,1)},vy=1{(1,1,1),(1,1,0),(1,0,0)},8 = {x%x+1,3}
32. Prove that the linear function of Theorem 5.21 is an isomorphism.

33. Prove Theorem 5.24.

34. Let T: V— W be a linear map from a vector space V' of dimension n to a vector space W of
dimension m. Let B and y be bases for V" and W, respectively. Show thatif 4 € M, , is such

n
that A[v]B = [T(v)]y forevery v € V,then 4 = [T]y13 .

Exercises 35-36. Prove that the function 7: R? — P, given by T'(a,b) = ax+2b is an isomor-
phism. Find the linear map 7-': P; — R?. Determine [T l,p and [T g, for the given bases B

and vy , and show directly that [T _I]Bv = [T ]_YIB )
35. B ={(2,2),(0, )}, y = {x,x+1}
36. B ={(1,2),(2, D}y = {x,2}
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Exercises 37-38. Prove that the function 7: R* — M, _, givenby T (a, b, c,d) = Z a +2 is an
c_
isomorphism. Find the linear map 7-': M, , —> R*. Determine [T l,p and [T g, for the

given bases 3 and y , and show directly that [T ‘1][3y = [T ]}IB .

37. B = {(1,1,0,0),(0,1,1,0),(0,0,1,1),(1,0,0,0)},y={ Eh oL Hoop go}
11 11 11 1

38. B = {(1,1,1,1>,(1,1,1,0>,<1,1,0,0>,<1,0,0,0)},y={?}, ‘1’?, 8? H}

39. LetL: M, ,—> M, ; begivenby L(4) = AT (See Exercise 19, page 161). Let:

va jra fa] ] ] o
_ _Jlrool {110 [t {ira] fraaf {11
B 11111 1]-[10[s|ool-|oo]f>Y , , , , ) :
000 000/ {000/ {100/ (110|111
11| {10 {oo| oo [00] |00

(a) Determine [L],6-
(b) Show that L is an isomorphism, and use Theorem 5.25 to find [L‘l]BY .

40. Let T: V— V be a linear operator. A nontrivial subspace S of V is said to be invariant
under T'if 7(S) = {T(v)|v € S} < §. Assume that dim(}) = n and dim(S) = m. Show

that there exists a basis 3 for V" such that [T] Bp = {’; Ij , Where 0 is the zero (n—m) xm
matrix.

41. Let T: V— W be a linear function and let B and y be bases for the finite dimensional vec-
tor spaces V and W, respectively. Let 4 = [T ]YB . Show that:
(a) v € Ker(T) if and only if [v]ﬁ e null(4).

(b) w € Im(T) if and only if [w]y is in the column space of 4.

42. Let V and W be vector spaces of dimensions n and m, respectively. Prove that the vector
space L(V, W) of Exercise 35, page 122, is isomorphic to M,

xn-*
Suggestion: Let B and y be bases for V and W, respectively. Show that the function
O: L(V,W)y—>M,, , givenby ¢(T) = [T]YB is an isomorphism.

43. (PMI) Let V|, V,, ..., V,, be vector spaces and let 3; be a basis for V;, 1 <i<n. Let
T::V,—V;,, bealinearmap, 1 <i<n-—1. Use the Principle of Mathematical Induction

to show that [T, _yoT}, _yo--oTilg g = [Ty 1lg g [Ty2lg g - [T2lgp [Tilgp -
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PROVE OR GIVE A COUNTEREXAMPLE

44,

45.

46.

47.

48.

49.

50.

51.

Let 7: V' — W be an isomorphism, and let B = {v;,v,, ..., v,} be abasis for V. Then, for
everyvel, [v]B = [T(v)]y, where y = {T(vy), T(v;), ..., T(v,)}.

Let 7: V— W be linear, and let B and y be bases for V" and W, respectively. Let
rT: V— W be defined by (#T)(v) = r(T(v)). Then: [rT]YB = r[T]YB .

Let B = {v,v,,...,v,} beabasisfor V,andlet B’ = {2v,2v,,...,2v, } M T: V—>Vis
a linear operator on V, then [T]BB = 2[T]l3'l3"

If Z: V— W is the zero transformation from the n-dimensional vector space V to the m-
dimensional vector space W, then [Z]YB is the m x n zero matrix for every pair of bases 3

and y for V and W, respectively.
Let I,: V— V be the identity map on a space V of dimension n, and let B and B" be

(ordered) basis for V. Then [/}/] bp I, ifandonlyif B = B’.

Let T: R2 — R2 be givenby T(a, b) = (a+3b,2a+ 2b). There exists a basis B such that
[T]gp is a diagonal matrix (See Exercise 18, page 161).

Let T: R2 — R2 be given by T(a, b) = (a+3b,—2a+ 2b). There exists a basis B such
that [T ]BB is a diagonal matrix (See Exercise 18, page 161).

For T: R" —> M" and T: R"” — K" and any basis [ for R": [T+L]BB = [T]BB+ [L]BB'
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§4. CHANGE OF BASIS

In the previous section we observed that by choosing a basis 3 in an
n-dimensional vector space J one can associate to each vector its coor-
dinate vector relative to B (Definition 5.9, page 177). The following

result tells us how the coordinate vector of v € V' changes when
switching from one basis to another:

THEOREM 5.24  For B and B’ bases for the finite dimensional
vector space V, and for v € V' we have:

[Vl = [y]yslv]g
where 1}, denotes the identity map from V'to V.

PROOF: Consider the identity map /,: V' — V along with accompa-

nying chosen bases § and B’:

>
Applying Theorem 5.20, page 180 we have our result:
[v][}' = [IV(V)]Br = []V]BrB[IV(v)]B = [IV]B'ﬁ [v]B

CHANGE OF BASE The above matrix [Z,]g,q is called the

MATRIX .
change of base matrix from 3 to .

EXAMPLE 5.11 Find the change-of-base matrix [/ Pz]B’ 5 for the

basis B = {x%,x,1}, B’ = {1+x,x+x%x}
of P,, and then verify directly that

— = 2

SOLUTION: Definition 5.10, page 179, tells us that the first column of
[/ Pz]B’B is the coefficient matrix of / Pz(xz) with respect to ', the

second column is [IPz(x)]B" and the third column is [IPz(x)]B’;
bringing us to the following three vector equations:]

IPZ(xz) =x2 = a(l+x)+b(x+x%)+c(x)
Ipz(x) =x =a(l+x)+b(x+x?)+c(x)

Ip(l)=1= a(l+x)+b(x+x2)+c(x)



Answer: See page B-21.
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Noting that we also have to find [2x% + 3]p: we might as well throw
in the fourth vector equation:

2x2+3 = a(l +x)+b(x+x2)+c(x)
Equating coefficients in each of the above four vector equations we

come to the following four systems of equations in the three
unknowns a, b, and c:

=
= :.\): 1p2(x2)=x2=1x2+0x+0
o L) =x =02+ 1x+0
5 R 2
i f;’| | Ip(1) =1 =0x2+0x+1
SEE 2243 = 2624 0x+3
T VTV vy a be
0 101002 1 000 0 13
11 1joto0oo0-"olo 1 oli1 0 02
100001 3 00 1/-11 -1''s]

b — — L

Uplyg [2x2+3]y
At this point we have two of the three matrices in the equation

2 = 2
(227 + 3] = [p,]5,5[242+ 3]

2

As for [2x% + 3], it is simply H ,since B = {xZ x,1}.
3

We leave it for you to verify that, indeed:

3 0 0 1|2
2= {1 0 010
5 -1 1 -1]|3

CHECK YOUR UNDERSTANDING 5.18

Let V= R%2, B={(1,2),(2,1)}, and B’ = {(0,3),(2,-1)}.

Determine the change-of-base matrix [/_,] and verify directly

KPP
that [(2,3)]y = [yl [(2,3)]

EXAMPLE 5.12  Find the coordinates of the point P = (1, 3)
with respect to the coordinate axes obtained
by rotating the standard axes by 45° in a
counterclockwise direction.
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SOLUTION: We are to find the coordinate vector of the point (1, 3)
with respect to vectors of length 1 (unit vectors) in the direction of the
x"-and y'-axis depicted in Figure 5.3.

IA

P =(1,3) = (x,»")

(—cos45°, sin45°) = (— ,

Figure 5.3
We begin by finding the change-of-base matrix [/ ‘Rz] B for
1 1 1)].
B = 1(1,0), 0 D} and p = (& L), (L L)),
B’ 1,:(1,0) = (1,0)
{1 l 1,:(0,1) = (0, 1)
10| 2 L2
[z [2 rref 2 2
1L N2 2
0 1 _N& ANz
N2 2 0 =7 3

Applying Theorem 5.20, page 180, we have:
2 A2
[(1,3)]g = Uggl(1,3)]g=] * 2 H _ 242
A2 42 2
2 2

Conclusion: In the x', y" -coordinate system of Figure 5.3:

P = (242, 2)

Check:

2ﬁ([ [) [2(—%%) =(2-1,2+1) = (2,3)

CHECK YOUR UNDERSTANDING 5.19

Find the coordinates (x’, ') of the point P = (1, 3) with respect to

Answer: Ses page B21. the coordjnatq axes obtained by rotating the standard axes by 60° in
a clockwise direction.




In other words: [IV]M3
and [/ plpp are invert-

ible, with each being the
inverse of the other.

A generalization of this
result appears in Exer-
cise 24.

In reading the composition
of functions, you kind of
have to read from right to
left: the right-most func-
tion being performed first.
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The adjacent identity map is pointing
in two directions. The left-to-right
direction gives rise to the change-of- 4 V

base matrix [/ V]B’B , while the right-to- 1
left directions brings us to [/ V]BB’ . Are

9 .
[IV]B'B and []V]BB' related? Yes:

THEOREM S.25 Let B and B’ be two bases for a finite

dimensional vector space V. Then:
= 71
[[V]BVB ([IV]BB')

PROOF: A direct consequence of Theorem 5.23, page 184, with
Ly Vg =V playing the role of 7 Ve—=> W, (note that II;I = 1y).

We now turn our attention to the matrix representations of a linear
operator 7: V— V.

THEOREM 5.26 Let 7: V— V be a linear operator on a finite

CHANGE OF Basis  dimensional space V. Let B and B’ be two
bases for V. Then:

[T]B'B' = [IV]B’B[T]BB[IV]BB'

PROOF: Consider the following figure:

" B ——C p

: A
I, : .
V. g
v oV
--------- G
T - IV OTOIV
Top path j\
F— =
Dotted path: 1,, at left of figure, then T, then I}, at right of figure
Figure 5.4
Since the identity map /;, does not move anything, we have:
T = I,°Tely,

and therefore: [T]g.gr = [Lp° TOIV]B’B’
Applying Theorem 5.21, page 182, to the above equation, we have:

top path in Figure 5.4 dotted path in Figure 5.4

¥ Y
[T]B'B' = [IV]B'B [T]BB[IV][SB’
)

this function first
then this function

and finally this function
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EXAMPLE 5.13  Verify, directly, that Theorem 5.26 holds for
the linear operator 7: R3 — R3 given by:
T(a,b,c) = (2a,b+c¢,0)
and bases:
B=1{1,1,1),(1,1,0),(1,0,0)}
B = {(1,0,1),(0,1,0),(0,0,1)}

SOLUTION: We determine the four matrices:
(Mpp Mg Uy Uy Jgg:

For [T]B'B’

7(1,0,1) = (2,1,0)

a

5 7(0,1,0) = (0,1, 0)

l’ 1 l 7(0,0,1) = (0,1, 0)
\l/ | |
1 0 0]20 0 1 0 0|20 0
o1 01 1 1]-2lo 1 0|1 1 1
1 0 1/0 0 0 00 1120 0

For[T]BB

T(1,1,1) = (2,2,0)

8 7(1,1,0) = (2,1,0)
vr l iT(1,0,0)=(2,0,0) e
11 122 2 1 0 0/l 00 0
11 o0l210/-hio 1 0l21 o0
1 00/00 0 00 1/01 2

For[lw]B,[3

19’{(1) 13 1) = (13 1) 1)

B

5 Iy(1,1,0) = (1,1,0)

J 1 l I5(1,0,0) = (1,0,0) .
| |

1 00|11 1 1 0o 11 1
01 0/ 1100 1 0o 11 0
1 0 1]1 0 0 00 1] 0-1-1
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For [LR;,]BB,

15)‘{(1’ 0, 1) = (1’ 0’ 1)
193(05 19 0) = (09 15 0)

JB—\L ll im(o,0,1)=(0,0,1) et
1 |
1 0
1 0

1 1 0 0 1 0 0/ 1 0 1
I 01 0% 0 1 of-1 1 41
0 1 0 1 0 0 1] 1 -1 0
As advertised:
11 1]loo o1 01 2 0 0
[TgplTlgpllpg = |1 1 of[2 1 of|-1 1 <1] = |1 1 1| = [Tlgp
0 —1-1f[o 1 2/[1 -1 0 20 0

CHECK YOUR UNDERSTANDING 5.20

Verity, directly, that Theorem 5.26 holds for the linear operator
T: P, — P, givenby T(ax?+ bx +c¢) = bx*—ax +2c, and bases:

Answer: See page B-21. B = {x2’ x2 +x,x2+x+ 1}, B = {x2+ l,xz—x, 1}

DEFINITION 5.11 4,B e M, , are similar if there exists an
SIMILAR MATRICES  invertible matrix P e M, , such that
B =P4P.
Theorem 5.26 tells us that if 7: V — V' is a linear operator on a vector
space of dimension n, and if B and B’ are basis for V, then[T] BB’ and

[T ]BB are similar matrices. The following result kind of goes in the oppo-
site direction:

THEOREM 5.27  LetB = {v,,v,,...,v,} beabasis for V, and

let 7' be a linear operator on V. If 4 is similar
to [Tgg, then there exists a basis ' for V,

such that 4 = [T]B'B"
PROOF: Since 4 is similar to [T]BB , there exist a matrix P = [pl.j] such
that 4 = P I[T ]BBP' In Exercise 22 you are asked to verify that

B" = {v,,v,,...,v,"}, where v." = p, v, +p,v,+...+p,v,, is a
basis for V. Applying Theorem 5.26 we have:

[T = Ul Tlppllvlgg -
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By its very construction: []V]BB’ = P (see margin). Moreover:
The ith column of [ylgg

[IV]B’B = P! (Theorem 5.23, page 184). Hence:

namely:
[[V(Vi')]B = [Vi’]B [T] = [I])a ol Tlaaldy/] = Pfl[T] P=A
’ 7 V ' V ,
equals the i column of P P’ p'aLt-1Bp Bp BB

since:
TP tpata et et EXAMPLE 514 Let 7: %2 - %2 be the linear map given by
T(a,b) = (3a+ 6b, 6a).

(a) Find [T]g4 for B = {(1,2),(2,1)}.

(b) Show that —12 81 5 similar to [T]ag -
Bp
18 15|
(c) Find a basis B’ for R? such that
-12 8
[T]gp =
PP 18 1)
T(1,2) = (15,6)
B 7(2,1) = (12, 12) [T]
= J \lxﬁﬁ
SOLUTION: (a): | 1 2‘15 12| rref |1 0‘_1 4
2 116 12 0 1|8 4

(b) We determine P = |¢ b such that
cd

_ _ - e

-12 8| _ (a b| |-1 4||ad

—18 15 cdl |8 4]||cd

abl|-12 8] _[-1 4|[ab

c d||-18 15] | 8 4||cd

The above leads us to a homogeneous system of four equations in
four unknowns:

—12a—-18b = —a+4c —11a-18b—-4c+0d = 0
8a+15b = —b+4d N 8a+16b+0c—-4d = 0
—12¢-18d = 8a+4c —8a+0b—-16c—-18d =0
8¢+ 15d = 8b+4d 0a—8b+8c+11d =0

a b c d a b ¢ ;l—

“11-18 -4 0 o 2 3

_ 11

88 106 (1)6 148 mef, | 91 1] o
_O 8_8 _11 0 000
- 10 0 0 0]




[E]

Answer: See page B-21.
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Matrix (*) has two free variables, telling us that there are infinitely

-1
many |4 bl for which |12 8] = |4 I 4\ja bl Letting
cd —18 15 cd 8 4i|cd
d=0 and ¢
a=-2,b=1,¢c =

- R R

(c) Following the procedure spelled out in the proof of Theorem 5.27,

1, we arrive at a solution, namely:
1,d = 0.And so we have:

with P = {_2 1} ,and B = {(1,2),(2,1)}, we determine a basis
1 0

-12 8
B = {v,",v,'} suchthat [T]sp = :
b PP 15

vi'=-2(1,2)+(2,1) = (0,-3)
vy = 1(1,2)+0(2,1) = (1,2)

Let’s verify that [Tlgp = -12 8} for B* = {(0,-3),(1,2)}:
—18 15

7(0,-3) = (~18,0)
7(1,2) = (15, 6)

JB'—\L [T]B’B’

0 1‘—18 15| pef | 1 0‘—128
3 200 6 0 1| -18 15

CHECK YOUR UNDERSTANDING 5.21

Referring to Example 5.14, determine a basis, 3" distinct from

B' = {(0,-3),(1,2)}, for which [T]g.g = {—12 8}

~18 15|
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EXERCISES

Exercises 1-7. Verify directly that [v] = (1] B'B[v] B holds for the given vector space V, the

vector v € V, and the bases § and B’:
L V==%R2v=(25),8=1{(1,0),(0,1)},and B’ = {(1,2),(-2,1)}.
2. V= 9{29 v = (39_1)9[3 = {(1,0)9(0’ 1)},8,1’1(1[3 = {(152)5 (_25 1)}
3. V=%R,v=(23-1),B = {(1,1,0),(1,0,1),(1,1,1)} ,and
B = {(1,0,0),(0,1,0),(0,0,1)} .
4' V= 9{3, v = (39 0’_2)9B = {(1’ 03 2): (09 0’ 1)9 (1’ 1’ 2)}’and
B =1{(1,0,1),(0,1,1),(1,1,0)},
5. V=P vy =2x2+x+1,B = {x%x,x+1},and B’ = {x,x2+x,x2+x+1}.

6. V="Pyv=x2+1,B=1{2,2x,2x2},and B’ = {1,x+1,x2+x}.

Rt R A
S A

8. Find the coordinates of the point P = (x, y) in the xy-plane with respect to the coordinate axes
obtained by rotating the standard axes 0° in a counterclockwise direction. (See Example 5.12.)

Exercises 9-13. Verify directly that [T ]B'B’ = [/ V]B’B[T ]BB[I V]BB' holds for the given vector
space V, the linear operator 7, and the bases B and B’:
9. V=R2, T:V—>Vgivenby T(a,b) = (-b,a), B = {(1,0),(0,1)}, and
B ={(1,2),(-2,)}.
10. V = R3, T: V-V givenby T(a,b,c) = (b, a,c),
B=1{00,1,0),(1,0,1),(1,1,1)},and B’ = {(1,2,0),(0,-2,1),(1,0,1)}.
11. V= P,, T: V>V givenby T[ax’>+bx+c] = cx?+b,p = {x%,x+1,1},and
B = {2,x,1+x2}.

12. V= M, ,, T: V— V given by T([“ bD - {‘b ‘},

= { ool 3}}&;1'{{3 SR
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13. (Calculus Dependent) V = P;, T: V— V givenby T(p(x)) = p'(x),

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

B={1,x,x2x3},and B’ = {1,x,2x2 3x3}.
Let T: R2 — N2 be the linear operator given by T(a, b) = (2a,—b) . Find a basis B’ for R2
such that [T]pp = P~ [T]gpP, where B = {(1,0), (0, 1)} and P = E ﬂ
Let T:R3—> N3 be a linear operator. Find the basis B’ for R3 such that

-10-2
[Tlgp = P [T]peP, where: B = {(1,0,0),(1,1,0), (1,1, 1)} and P = |¢ | 1].
101

Let T:P,—>P, be a linear operator. Find the basis B’ for P, such that
110
[Tlgp = P '[TlppP, where B = {1l,x+1,x*+x} and P = |o 1 1.
001
Show that | 2 9| and |2 9| are similar.
-2 -1 11 1]
Show that | 2 1| and |2 ©| are not similar,
-2 -1 1 -1

Find all matrices that are similar to the identity matrix 7, .
Let T: R2 — N2 be the linear map given by T(a, b) = (a+ b, b).
(@) Find [Ty for B = {(1,2), (2, 1)}

(b) Show that | 20 8
38 —1

} is similar to [T]BB.
7

-38 -1

Show that “similar” is an equivalence relation on M, . (See Exercises 37-39, page 147 for

(c) Find a basis B’ for 2 such that [Tlgp = {20 8 } )
7

the definition of an equivalence relation).

Show that B" = {v,’,v,’, ..., v,"} in the proof of Theorem 5.27 is a basis for V.
Let A,B € M, , , be similar. Show that there exists a linear operator 7: R” — R”" and bases
B and B’ for R”" such that 4 = [T]BB and B = [T]B’B"

(A generalization of Theorem 5.26) Let 7: V— W be a linear map from the finite dimen-
sional vector space V to the finite dimensional vector space W. Let 3 and B’ be bases for V,
and let y and y’ be bases for W¥. Prove that: [T, = [IW]y’y[T]YB[IV]BB"
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Exercises 25-29. Referring to Exercise 24, show directly that [T]Y’B' = [[W]y’y[T]YB[]V]BB'

holds for the given linear transformation 7: V' — W, the bases B and B’ for V, and the bases y
and y' for W.

25. V=RL W =R T(a,b) = (-b,a,a+b), B = {(1,0),(0,1)},

B =1{(1,2),0,1)},y = {(1,1,0),(-2,0,1),(1,1,1)},and
Y =4{(1,1,1),(0,0,1),(1,1,0)}

26. V=R, W =R, T(a,b,c) = (a+b,—), p = {(1,1,0),(-2,0,1),(1,1,1)},

pr = {(1,1,1),(0,0,1),(1,1,0)},y = {(1,0),(0,1),and y" = {(1,2),(0,1)}.

27. V=R, W =P,, T(a,b,c) = bx’+cx—a, B = {(1,1,0),(-2,0,1),(1,1,1)},

B = {(1,1,1),(0,0,1),(1,1,0)}, vy = {2, 1 +x,2-x*},and y' = {1,x,x%}.

28. V=P, W =R} T(ax’>+bx+c) = (a+b,0,—¢), B = {1,x,x?},

B' = {2,1+X,2—X2}, B = {2,1+x,2—x2}, Y = {(1’ 0,1),(0,0,1),(1, 1,0)} and
Y’ = {(1’ 1’ 0)’ (—2, 0’ l)a(ls 1’ 1)}

29. V=P, W = P, T(ax>+bx+c) = bx+(a+c),p = {x%x,x+1},

30.

31.

B = {2,1+x,2-x%2},y={x,x—1}andy = {x,2x+1}.

Let 7: V— W be linear. Let 3, B’ be bases for the n-dimensional space V, and let v, Y’ be
bases for the m-dimensional space W. Prove that there exists an invertible matrix
QeM,  , and aninvertible matrix P € M, , such that [T]Y'B' = Q[T]YﬁP.

Suggestion: Consider Exercise 24.

Let 7: V— W and L: W — Z be linear maps. Let 3, B’ be bases for V, v, ¥’ be bases for IV,
and J, &' be bases for Z. Show that [LOT]S,B' = [IZ]S’S[L]5Y[T]VB[]V]BB"

n

PROVE OR GIVE A COUNTEREXAMPLE

32.

33.

34.
35.
36.
37.
38.

39.

Let 7: V' — V be a linear operator, and let B = {v,,v,, ..., v,} and B’ be a bases for V. If
[T]B'B’ = 2[T]BB,then B = {2v,2v,,...,2v,}.

If 4 and B are similar matrices, then 42 and B? are also similar.

If A and B are similar invertible matrices, then A*1 and B! are also similar.

If A and B are similar matrices, then at least one of them must be invertible.

If A and B are similar matrices, then so are their transpose. (See Exercise 19, page 161.)

If 4 and B are similar matrices, and if 4 is symmetric, then so is B. (See Exercises 20, page 161.)

If 4 and B are similar matrices, and if 4 is idempotent, then so is B. (See Exercises 22, page 162.)

If 4 and B are similar matrices, then Trace(4) = Trace(B). (See Exercises 24, page 162.)
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CHAPTER SUMMARY

MULTIPLYING MATRICES | You can perform the product C =4 _ _ B of two

mxn mXr-—rXxn
matrices, if the number of columns of 4 equals the number of

rows of B, and you get Cj of the product matrix C by running

across the i"" row of A and down the jth column of B:

Cij = ailblj+ aizszJr ai3b3j ot airbrj

Properties | Assuming that the matrix dimensions are such that the given
operations are defined, we have:

(i) A(B+C)=A4AB+AC
(i) (A+B)C = AC+BC
(i) A(BC) = (4B)C

(iv) r(4AB) = (rA)B = A(rB)

A connection between matrix | For 4 e M, ~ and any positive integer z, the map

multiplication —and  linear ) . _ -

e Ty M, =M, _givenby T, (X) = AX is linear.

In particular:
For AeM, , the map T,:R"—>NR" given by
T,(X) = AX is linear, where X is a vertical n-tuple and T ,(X)
is a vertical m-tuple.
NULL SPACE OF A MATRIX, | For 4 € M, , the null space of 4 is the subspace of R" con-
AND NULLITY

sisting of the solutions of the homogeneous linear system of
equations 4AX = 0. It is denoted by null(4).

INVERTIBLE MATRIX | A square matrix A is said to be invertible if there exists a
matrix B (necessarily of the same dimension as A4), such that:

AB = BA =1
The matrix B is then said to be the inverse of A, and we write

B = A7!.Ifno such B exists, then A is said to be non-invert-
ible, or singular.

Need only “work” on one | Let A be a square matrix. If B is a square matrix such that
side | either AB =1 or BA =1, then A is invertible and

A1 =B.

Uniqueness | An invertible matrix has a unique inverse.
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Properties | 1f A is invertible and » # 0, then 74 is also invertible, and:

Ay =4

1
Ailz— -1
(rd) rA

(A1AyA,)" = A4 .. A7

ELEMENTARY MATRIX | A matrix that is obtained by performing an elementary row

operation of an identity matrix

Invertibility | Every elementary matrix is invertible.

Inverses by means of | The matrix obtained by performing an elementary row opera-
multiplication | tion on a matrix 4 € M equals that matrix obtained by

mXxn
multiplying 4 on the left by the elementary matrix obtained by
performing the same elementary row operation on the identity
matrix 1.

Inverses by row-reduction | If a sequence of elementary row operations reduces the invert-

ible matrix A4 to Z, then applying the same sequence of elemen-
tary row operations on I will yield A1 .

EQUIVALENCES OF | Let 4 M, ., - The following are equivalent:

R ) A is invertible.
(i) AX = B has a unique solution for every B e M, .
(ii1)) AX = 0 has only the trivial solution.
(iv) rref(4) = 1.
(v) A isaproduct of elementary matrices.
COORDINATE
VECTOR ¢ where v = ¢yv, +c,v, + ...t c,v,
[v] B~ |: and
c, B = {v, vy ...,v,} is abasis for V
MATRIX | Let T: V' — W be linear, B = {vi, ¥y, ..., v,} beabasis for V, and
REPRESENTATION OF dv = basis for W.
A LINEAR Map | 20d ¥ = {wy,w,, ...,w, } abasis for W.

The matrix representation of 7" with respect to 3 and y is that

matrix [T]YB eM,  , whose i™ column is [T(vl.)]Y
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The matrix representa-
tion of a linear map T
describes the “action”

of T.

Let T: V— W be linear. If B = {v,v,, ...,

., W,,} 1s a basis for W, then:

[TO)1, = [Thglv];

v, } 1s a basis for V, and

Y= AW, w,, ..

The matrix of a com-
position function is the
product of matrices of

Let 7: V— W and L: W — Z be linear maps, and let B,y and & be
bases for the finite dimensional spaces V, W, and Z, respectively.
Then:

those functions.
% [LoT]sg = L1571,
Relating  coordinate | Let B and B’ be bases for V. Then:
vectors with respect to
different bases. [v]B, = [I]B’B[V]B
The matrix of the | Let T: V— W be an invertible transformation and let B and y be

inverse of a transforma-
tion is the inverse of the
matrix of that transfor-
mation.

bases for V" and W, respectively. Then:
[T, = [T14

Relating matrix repre-
sentations of a linear
operator with respect
to different bases.

Let 7: V— V be a linear operator, and let B and ' be two bases for
V. Then:

[T]B' = [IV]B’B[T]B[I]BB'

SIMILAR
MATRICES

The matrices 4, B € M, , are similar if there exists an invertible

suchthat B = P 4P.

matrix P e M, ,

Similar matrices repre-
sent linear maps with
respect to different
basis.

Let B = {v,v,, ..
tor on V. If A is similar to [T ]BB’ then there exists a basis ' for V,
such that 4 = [T]B'B"

., v, } beabasis for V, and let T be a linear opera-
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CHAPTER 6

DETERMINANTS AND EIGENVECTORS

As you know, a linear operator 7: V' — V' has a matrix representation
[Tlgg, which depends on the chosen basis B for V. A main goal of this
chapter is to determine if there exists a basis 3 for which [T]BB turns

out to be a diagonal matrix. Determinants, as you will see, play an
essential role in that endeavor.

§1. DETERMINANTS

Using mathematical inductgion, we define a function that assigns to
each square matrix a (real) number:

DEFINITION 6.1 Fora 2 x 2 matrix:

DETERMINANT
det|* °| = ad-bc
cd
FordeM, , ,withn>2, letAlj denote the

(n—1) x (n—1) matrix obtained by deleting
the first row and jt column of the matrix 4

(see margin). Then:
n

det(4) = Z (D! +J'alj det(4,;)
j=1
IN WORDS: Multiply each entry a, j in the first row of 4 by the

determinant of the (smaller) matrix obtained by discarding the

first row and the jh column of 4, and then sum those » products
with alternating signs (starting with a + sign). L

EXAMPLE 6.1

2 93
Evaluate: det| 3 _» 4
5 7 -6

SOLUTION:

-2 4 3 4 32
7 -6 5 -6 5

det| 3 5 4| = 2det| 2 4| —odet|3 4| 3det|3 ~
7 6| 56 57

5 7 -6

2[(-2)(-6)—(4 - 7)1 -9[3(-6)—(4-5)]-3[3-7-5(-2)] = 217
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GRAPHING CALCULATOR GLIMPSE 6.1

HAMES li[i]li EDIT

5&:{9

dimy
4 F111(

cdet. {[A] 2
217

Definition 6.1 defines the determinant of a matrix by an expansion
process involving the first row of the given matrix. The next theorem,
known as the Laplace Expansion Theorem, enables one to expand along
any row or column of the matrix. A proof of this important result is
offered at the end of the section.

THEOREM 6.1  For given 4 e M

nxn> A will denote the

(n—1)x(n—1) submatrix of 4 obtained

Note that the sign of the by deleting the i row and j column of 4.

itj We then have:
-1 has an alternat- n
ing checkerboard pattern EXPANDING ALONG
B .
ECECETE THE i ROW det(4) = 3 (-1)i*a,; det(4;)
—| | || || — |+ ;
+|- [+ [+ ]-[+]- j=1
— IS8 — [E — IS — IS and:
RN EXPANDING ALONG n
= ith = —1)itia., "
e e THE jt" COLUMN det(4) z (1) a; det(AU)

i=1

Note: det(Au) is called the minor of a;, and

= (- 1)1+Ja det(4,;) is called the [i, j1™ cofactor of 4

EXAMPLE 6.2  Evaluate:

2 9 3
det| 3 2 4
5 7 -6
by expanding about its second row.
SOLUTION:
e 9 -3 2 _3] 29
[+ =
s 7.6 |5 ¢ |57

2 9 -3 l

det| 3 2 4| = —3de{9 _3} —2det {2 _3}—4det {2 9}
7 -6 5-6
5 7 -6 S 7

<-1'9 odwexH ur se owes

—3[9(-6)-7(-3)] - 2[2(-6) = 5(-3)] -4[2-7-(5-9)] = 2

—
|



Answer: See page B-23.

An upper triangular matrix
is a square matrix with zero
entries below its main diag-
onal. For example:

1 —
=2

%)

S O 3 O
— O

3
9
0 0 5
Alower triangular matrix is
a square matrix with zero
entries above its main diago-
nal. For example:
20 0
51
-2 3
4 0

S O O O N
S O~ W

S

N A O
wn O O O

Answer: See page B-23.
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CHECK YOUR UNDERSTANDING 6.1

2 9 -3
Evaluate det| 3 _» 4 | expanding along:
5 7 -6
(a) The third row. (b) The second column.

While it was not so bad to calculate the 3 x 3 determinant of Example
6.1, the task gets increasingly more tedious as the dimension of the
matrix increases. If we were only interested in calculating determinants
of matrices with numerical entries, then we could avoid the whole mess
entirely and simply use a calculator. But this will not always be the case.

In any event, one can easily calculate the determinant of any upper
triangular matrix (see margin):

THEOREM 6.2 The determinant of an upper diagonal matrix
equals the product of the entries along its diagonal.
PROOF: By induction on the dimension, n, of M, .

. Claim holds for n = 2: det&b} = ad—b-0 = ad.
d

II. Assume claim holds for n = %.

II1. We establish validity at n = k+1:
Let 4 = [a;] € My, 1y« (k+1)- Since all entries in the first

column below its first entry a,; is zero, expanding about the

first column of 4 we have det(4) = a,,det(4,,;) (where 4,

is the & by k upper triangular matrix obtained by removing the
first row and first column from the matrix 4. As such, by II:

COROLLARY For any n: det(/,) = 1.

CHECK YOUR UNDERSTANDING 6.2

Prove that the determinant of a lower diagonal matrix equals the prod-
uct of the entries along its diagonal.
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ROW OPERATIONS AND DETERMINANTS

Since it is easy to find the determinant of an upper triangular matrix,
ad since any square matrix can be transformed into an upper triangular
matrix by means of elementary row operations, it would be nice to have
relations between the determinant of a matrix and that obtained by per-
forming an elementary row operations on that matrix. Niceness is at
hand:

THEOREM 6.3 (a) If two rows of 4 e M, are inter-

nxn
changed, then the determinant of the
resulting matrix is —det(4).

(b) If one row of 4 is multiplied by a con-
stant ¢, then the determinant of the result-
ing matrix is c[det(A4)].

(c) If a multiple of one row of 4 is added to
another row of 4, then the determinant of
the resulting matrix is det(A4).

PROOF: (a) By induction on the dimension of the matrix 4. Forn = 2:

det|? P = ad—be and det|€ 9| = cb-da
cd ab

L negative of each other J

Assume the claim holds for matrices of dimension £ > 2 (the induc-
tion hypothesis).
Let 4 = [al.j] be a matrix of dimension £+ 1, and let B = [bl.].]
denote the matrix obtained by interchanging rows p and g of 4. Let i be
the index of a row other than p and ¢q. Expanding about row ; we have:
k+1 k+1
det(4) = Z (—l)Hfaijdet(Alj) and detB = Z (—1)i+fbljdet(Bl.j.)
j=1 j=1
Since rows p and g were switched to go from 4 to B, row i of B still
equals that of 4, and therefore: bl.j = a;. Since B is the matrix Al.j

with two of its rows interchanged, and since those matrices are of
dimension &, we have: detBl.j = —detd; (the induction hypothesis).

Consequently:
k+1 k+1

det(B) = z (—1)i+fbl-].det(Bl.j) = Z (—=1)""Ja,[~det(4;)]
j=1 j=1

k+1
= _Z (_1)i+jal.jdet(Al.j) = —det(A)

j=1



Matrix 4 and B differ only

inthe ith row, and thatrow
has been removed from
both 4 and B to arrive at
the matrices Ay and By

Answer: See page B-23.
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(b) Let B denote the matrix obtained by multiplying row i of matrix 4
by c. Expanding both matrices about the it row, we have:

n n
det(4) = Z (—1)i+faljdet(Alj) and det(B) = Z (—1)i+fbl.].det(Bl.j)
j=1 j=1
Since bij = cay, and since B, =4, (margin), we have:
n n
det(B) = Z (—1)"+J'bljdet(Blj) = Z (—1)i+f(calj)det(Alj)
j=1 j=1
n
pull out that common factor, ¢: = ¢ z (_I)Hjaijdet(Aij) = c[det(A4)]

j=1

(c) Let B be the matrix obtained by multiplying row r of 4 by ¢ and
adding it to row i. If i = r, then the result follows from (b). Assume

i # r. Expanding B about its i row, we have:

n

det(B) = Y (—1)'"/(a, + ca,;)det(4,)

j=1
n n
= Z (—1)i+fal.]-det(Al-J-) +c z (—1)i+farjdet(Al-j)
j=1 j=1
n
= det(4)+c¢ Y (-1)i +jarjdet(Aij) = det(4)+co = det(A)
j=1 1 i\

n
Z (-1)i +/'arjdet(A ;) s the determinant of a matrix with

j=1 two equal rows: the ith and #™ row
The result now follows from CYU 6.3 below

CHECK YOUR UNDERSTANDING 6.3

Show that if two rows of a matrix A are identical, then det(4) = 0.
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The following example illustrates how Theorem 6.3 can effectively
be used to calculate determinants.

EXAMPLE 6.3 L 2 6 8
Evaluate: det|! 0 0 2
2 1 35
-1 1 1 1
SOLUTION:
Theorem 6.3(a) Theorem 6.3(c)
(applied three times)
1 2 6 8 1 0 0 2 100 2
det 1 0 0 2 Y det 1 2 6 8 = _det 026 6
21 3 5 21 3 5 0131
-1 1 1 1 -1 1 1 1 011 3
Theorem 6.3(b)
l 100 2 1 0 0 2 1 00
= —2det 0133 = —2det 0 1 3 3 = 2det 0 1.3 3| 8
0131 0 0 0 - 0 0 -2
0113 0 0 -2 0 0 0 0 =2
Theorem 6.3(c) Theorem 6.3(a) Theorem 6.2

(applied two times)

CHECK YOUR UNDERSTANDING 6.4

Evaluate:

det

B~ = O
—_— O =
—_— = N O
W AN

Answer: See page B-23.

To establish any of the following three elementary matrix results, you
need but substitute the identity matrix /, for 4 in Theorem 6.3:

Note that det, = 1 THEOREM 6.4 (a) If E€ M, , is obtained by interchang-
ing two rows of /, , then det(£) = —1.

The restriction ¢ =0 is (b) If Ee M, , is obtained by multiplying
imposed in (b) since we arow of /, by ¢ #0, then det(E) = c.
are concerned with ele-

mentary row operations . . .

(see page 3). (c) If EeM, , is obtained by adding a

multiple of one row of 7, to another row,
then det(E£) = 1.



Answer: See page B-24.

You can add this result to
the listof equivalences for
invertibility appearing in
Theorem 5.17, page 172:

(vi) det(4) %0

If rrefA = I, then:
det[rref(4)] = 1#0
If rref(A) # I, theniits last

row consists entirely of
zeros, and

det[rref(4)] = 0
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Soon, we will be in a position to show that the determinant of a prod-

uct of any two n x n matrices is equal to the product of their determi-
nants. For now:

THEOREM 6.5 Forany Be M, , andany n x n elementary

matrix £:
det(EB) = det(E)det(B)
PROOF: Let £ € M, be an elementary matrix obtained by inter-
changing two rows of /, . By Theorem 5.13, page 169:
(*) EB is the matrix obtained by interchanging the same
two rows in the matrix B.
Consequently:
det(EB) = —det(B) = det(E)det(B)
(*) and Theorem 6.4(a) ) /L det(E) = —1 [Theorem 6.4(a)]

As for the rest of the proof:

CHECK YOUR UNDERSTANDING 6.5

(a) Establish Theorem 6.5, for the elementary matrix £ € M, ., :
(i) Obtained by multiplying a row of /, by ¢ #0.
(11) Obtained by adding a multiple of one row of 7, to another row
of I,.

(byLet Be M, , and E,E,, ..., E € M, , be elementary matri-
ces. Use the Principle of Mathematical Induction to show that:

det(E,---E,E,B) = det(E,---E,E,)det(B)
= det(E,)---det(E,)det(E, )det(B)

We now come to one of the most important results of this section:

THEOREM 6.6 A matrix 4 e M,
if det(4) #0.

, 1s invertible if and only

PROOF: Let E, E,, ..., E; be a sequence of elementary matrices

such that £ ---E,E A = rref(4) (Theorem 5.13, page 169). Appeal-
ing to CYU 6.5(b), we have:

det(E|)---det(E,)det(E,)det(4) = det[rref(4)]
By Theorem 6.4, det(E)...det(£,)det(E£,) # 0. Consequently:
det[rref(4)] # 0 if and only if det(4) =0
margin: if and only if rref(4) = [

Theorem 5.17(iv), page 172: if and only if 4 is invertible
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Austin Cauchy, a prolific
French  mathematician
(1789-1857).

Answer: See page B-24.

For the brave at heart:

The column-expansion part
of the theorem is relegated
to the exercises.

This will show that the
expansion about any row
equals that of expanding
about the first row.

We are now in a position to establish another powerful result,
attributed to Cauchy:

THEOREM 6.7 ForA4,BeM

nxmn-*

det(4B) = det(4)det(B)

PROOF:
Case 1: 4 is invertible. By Theorem 5.17, page 172, 4 can be
expressed as a product of elementary matrices:

A4 =E . .E)E,
Then: det(4B) = det(E,...E,E B)
CYU6.5(b): = det(E,...E,E )det(B) = det(4)det(B)

Case 2: A is not invertible. AB is not invertible; for:

AB invertible = 3C> (4B)C =1
= A(BC) = I = A invertible -- a contradiction.

It follows, from Theorem 6.6, that both det(4AB) and det(A4) are
zero, and we again have equality:

det(AB) = 0 = 0[det(B)] = det(A)det(B)

CHECK YOUR UNDERSTANDING 6.6

Prove that if 4 is invertible, then:

det(41) = —1

det(4)

PROOF OF THE LAPLACE EXPANSION THEOREM

We use induction on n to show that the determinant of 4 € M, can
be evaluated by expanding about any row of 4:

The claim is easily seen to hold when n = 2:

dyp G| _ _

det = apay —dypdy T —dydpp T ayay

dpy dpp
Assume that the claim holds for » = & (the induction hypothesis).
Let A € M,y +1)- Weshow that forany 1 <z<k+1:

k+1 k+1
S (D) det(4,) = 3 (-1 FSa,det(4,)
j=1 s=1

*) **)

expanding about first row i) /]\— expanding about row ¢
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Working with (*), we employ the induction hypothesis and evaluate
the determinant of each k x k matrix 4,; along its —1 row, which is

row t of 4 (see Figure 6.1). In so domg, we need to keep in mlnd that
just as each 4, has a row and a column removed from 4 (1 oW

and j column), so then will each submatrix in the expansion of
det(4;)) have two rows and two columns of 4 removed.

column numbers for 4

1 2 j-1 j j+1 n
(1% 912 - A1G-1) Q5 4G+ o Dan

2 |921 92 - o1y 925 o+ 1) - Yon| 1

Clsl aS2 e Cls(Jil) asj as(]+1) cee asn

} 10) SI9QUINU MO
N
~
|
[u—
'y 103 s1oquInu mor

\ 1 |%n1 Gnz oo A1) Dpj G+ 1y - Gn
1 2 j-1 j n—1

S
|
e

column numbers for A,
Figure 6.1
Let 4, t,js denote the submatrix of 4 with rows 1 and ¢, and columns
j and s of 4 removed. Using the induction hypothesis we can obtain the
determinant of 4, j by expanding about its  — 1 row (which is the ¢th

row of A4), breaking that sum into two pieces the “before-j” piece, and
the “after-j” piece we have:

j-1 k+1
det(4;) = (—DU=D*s g, det(4,, ;) + 3 (DEDTE-D g, det(4,, ;)
s=1 s=j+1
Bringing us to:
k+1
3 (1) aydet(4,))
j=1
k+1 j—1 k+1
z( DY ayl 3 (DUED*S a det(4, )+ Y (~D)UDTED g det(4,, )
Jj= s=1 s=j+1
j+ 1+ j+ 1+
=3 (13 ey ja,det(4y, )+ Y (1) ey a, det(4y, ) (A)
s<j T s> T

I+J+(@-1)+s L+j+(t—1)+(s—1)
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Turning to (**), we again appeal to the induction hypothesis, and
expand about the first row to calculate each det(4,,):

k+1
S (1) *a,det(4,,)
s=1
k+ 1 s—1 ke+1
_ z (-1)*sa, Z (~1)1+i aljdet(Alt,js)+ Z (~1)IG-D aj; det(Alt,jS)
s=1 y =1 Jj=stl
_ Z(_l)t+s+j+l amaudet(An,js)“L Z(—l)t+s+j atsaljdet(Alt,jS) B)
j<s j>s

To complete the proof, we observe that the left summation in (A) is
equal to the right summation in (B), and that the right summation in (A)
equals the left in (B):

. .
Z(—I)J t saljatsdet(Alt,js) = Y (DT aya det(4y, o)

§<j j>s
jttts—1 _ +s+j+1
Z(—l) aljatsdet(Alt,js) = Z(_l)t o atsaljdet(Alt,js)
s> Jj<s

note that (—=1)/ T ¢Fs=1 = (-1)¢Fsti+]
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EXERCISES

Exercises 1-8. Compute the determinant of the given matrix.

21 0 15 3 2 2 4 (12 4
L1 2 2. 1o 3015 711 4 |91 9
10 1 4 29 13 6 9 (4 6 1
21 0 1 03 0 1 130 4 6339
5 -12 1 2 6 -1 2 4 2 7 -12 4 6 8 333 6
1 01 0 4 0 4 0 0 0 4 2 30 3 12
02 0 2 123 5 (1 03 5 19 0 3 6
a b c
Exercises 9-14. Given that det| ;7 . 7| = 9, find
g h i
¢ h ] 4 b« a+2d b+2e c+2
9. det| 4 p» ¢ 10. det| 24  2¢ 2f 11. det| 4 e f
|d e f] -3g -3h -3i g h i
_ _ _ ) _ _
a b c a b c atd-g bte—h c+f-i
12. det| ¢ ¢ 1 13. det| g /i 14. det| 4 e f
Lg h i de f g h i
Exercises 15-18. Find all values of & for which the given matrix is invertible.
15 ko1 k-1 0 k kK 0 k0 0 1
kok 16. 10 &« -1 17.10 & & 1810 £ 10
2 4 1 2k o 1 0 £ O
01 1 k
Exercises 19-22. Verify:
(X -1 0] BRI
19. det| o x _1| = ax?+bx+c 20. det|a b ¢| = (a=b)(b-c)(c—a)
lc b a] a2 p2 2
111 H+a 1 1
2l.detla b c| = (a-b)(b-c)c—a)a+b+c) 22.det| | 1+4p 1 | =abctbctactbe
&3 53 3 11 1+ec
23. While one can certainly find matrices 4, B € M, , such that AB # BA, prove that one can

not find matrices 4, B € M, , such that det(4B) # det(BA).
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

1 11
Show thatthe matrix | , p | isinvertibleifand only ifthe numbers a, b, and c, are all distinct.

a? b2 2

Prove that if a matrix A4 contains a row (or column) consisting entirely of zeros, then
det(4) = 0.

If D =[d;]eM,
i™ entry is 1 and all other entries are 0, then DX, = d.X;.

«n 1s a diagonal matrix and if X; € M, is the column matrix whose

Let A € M, ,. Prove that det(4) = det(A47), where A7 denotes the transpose of 4 (see

Exercise 19, page 161).
Prove that if A e M is skew-symmetric, then det(4) = (—1)"det(A) (see Exercise 21,

nxn
page 162). What conclusion can you draw from this result?

FordeM,, ,,
Express det(B) as a function of m and det(4).
Let 4 be similar to B (see Definition 5.11, page 195). Prove that:
(a) det(A4) = det(B) (b) det(4 —cI) = det(B—cl) forevery c € R.
Suggestion: Consider Theorem 5.1, page 153.

let B be obtained from 4 by interchanging pairs of rows of 4 m times.

x y 1
Show that det| *; ¥; 1 | = 0 is an equation of the line passing through the points (x,, y,)

Xy y21

and (x,, y,) in R2.

x y z 1
oy oAl . . . :
Show that det L= 0 is an equation of the plane passing through the points
Xn Vs Z
2 2 "2
X3 Y3 Z3 1

(x]ay]azl)a (xzayZaZZ)a and (x3:J/3,Z3) in ER3'

Show that the area of the triangle with vertices at (x;,y,), (x,,¥,), and (x5, y3) is given by

X1 ¥ 1
i%det xy ¥, 1|, where the sign (£ ) is chosen to yield a positive number.
X3 V3 1

(Cramer’s Rule) If AX = B is a system of n equations in n unknowns, with 4 invertible, then

the system has a unique solution (x,, x5, ..., x,,) [Theorem 5.17(ii), page 172]. Cramer’s rule
asserts that:

det(4,) det(4,) det(4,)
1T det(4) "2 det(4) 7T det(4)
where A; is the matrix obtained by replacing the i column of 4 with B.
Use Cramer’s rule to solve the system of:
(a) Example 1.3, page 9. (b) CYU 1.3, page 10.
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35. Prove the “column-expansion-part” of Theorem 6.3 (Laplace Expansion Theorem).

Exercises 36-39. Use the Principle of Mathematical Induction to show that:
36. Foranymand 4, e M, ,, det(4,-A,--4,) = det(A4,)det(A4,)---det(4,,).

37. Forany A e M, , and c € R: det(cA) = c"det(4).

n

38. Prove that for 4 € M, and any positive integer m: det(A4™) = [det(A4)]™.

cl X

39. If4e M, , isofthe form 4 = , where I is the r x r identity matrix, 0 is
0 v

the (n—7)xr zero matrix, and X and Y are rx(n—r) and (n—r) x (n—r) matrices,
respectively, then: det(A4) = c"det(Y).

X Y

40.1f 4 e M, ., is of the form 4 = , where X and Z are square matrices and
0 z

0 is a zero matrix, then: det(4) = det(X)det(Z).

PROVE OR GIVE A COUNTEREXAMPLE

41. FordeM,  ,,ifdetd = 1,then 4 = I.
42. Forde M, ,,if det(4) = 0, then A4 is the zero matrix.

43, ForA,Be M

nxn’

if det(4B) = 1, then both 4 and B are invertibleand 4 = B!,
44. Forany A,Be M,  ,, det(4 +B) = det(A4) +det(B).

45. Forany A e M

nxmn?

det(-4) = —det(4).

46. 1f 4 € M, , 1s nilpotent, then det(4) = 0 (see Exercise 23, page 162).
X Y

47. fdeM, ,and X, Y, Z, WeM, ,,andif 4 = , then:
Z W

det(4) = det(X)det(W) — det(Y)det(Z).
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The German word eigen §2. EIGENSPACES

translates to: characteristic.

At one time, eigenvalues . . . . .
were called la,eng, values We begin by defining eigenvalues and eigenvectors for matrices:

and it is for this reason that

) (lamba), the Greek letter ~DEFINITION 6.2 An eigenvalue of a matrix 4 € M, is a

nxn
for “/” is used.

EIGENVALUES AND  scalar A € R (which may be zero) for which

, EIGENVECTORS : R

n
P———— R TE) :ﬁeie exists a nonzero vector X € R” such
we at:
%" to denote M, ,, and AX) = A X
that v e ®" is the vector Any such vector X is said to be an eigenvec-

7S R AR L L tor corresponding to the eigenvalue A .

EXAMPLE 6.4 Show that (2, 1) and (-1, 3) are eigenvectors of

the matrix 4 = 32 .
3 -2

SOLUTION: Since 32112 = |8] = 4 2 , (2,1) is an eigenvec-
3201 4 1

tor of A corresponding to the eigenvalue 4. By the same token,

(-1, 3) is an eigenvector corresponding to the eigenvalue —3:

B RFE

Since the set of eigenvectors corresponding to an eigenvalue A of a
matrix 4 € M, , does not contain the zero vector, it cannot be a sub-

space of R If you throw in the zero vector, however, you do end up
with a subspace:

eigenvectors, along with the zero vector n-by-n identity matrix
Recall that null (4) denotes
the solution set of the {X[AX =AX} = {X|[AX-AX=0} = {X|AX-M[ X=0}

homogeneous system of
equations AX = 0. ={A-M)X=0} = nlll%(A—?LIn)

a subspace of R” (Theorem 5.4, page 159)
Bringing us to:

DEFINITION 6.3 The eigenspace associated with an eigen-
value A of a matrix 4 e M denoted by

E[A], 1s given by:
E[A] = null(4—M\1,)



null[ -12 ] is the solu-
3 -6

tion set of the homoge-
neous system:

-x+2y =0
3x-6y =0

Answer: See page B-24.
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EXAMPLE 6.5 Find a basis for the eigenspace E[4] of the

matrix 4 = {3 2} of Example 6.4.

3-2

SOLUTION: E[4] = nun(F 2} _4{1 OD _ nunu—l 2D
3-2 01 3 -6

From {‘1 2}%{1 ‘} we see that E[4] = {(2r, r)|r e R}
3 -6 00

with basis {(2,1)}.

CHECK YOUR UNDERSTANDING 6.7

Find a basis for the eigenspace E[—3] of the matrix 4 = {3 2} of
3-2

Example 6.4.

CHARACTERISTIC POLYNOMIALS

At this point, there is a gap in our eigenvector development; namely:
How does one go about finding the eigenvalues of a matrix?

The answer hinges on the following objects:

DEFINITION 6.4 For AeM

nxmn?

CHARACTERISTIC det(4 — Al ) is said to be the characteristic
POLYNOMIAL n

(FOR MATRICES)  polynomial of 4, and det(4-A/,) = 0 is

said to be the characteristic equation of 4.

the n-degree polynomial

We are now in the position to state the main theorem of this section:

THEOREM 6.8 The eigenvalues of 4 € M, are the solutions

nxn

of the characteristic equation det(4 —AZ,) = 0.

PROOF: To say that A is an eigenvalue of A4 is to say that there exists

a nonzero vector X € R” such that:
AX = A X
AX-2AX =0
AX—- (M )X =0
A-r)X =0
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But, to say that (4 —A/,)X = 0 has a nontrivial solution is to say
that det(4—-AJ,) = 0 (Theorem 6.6, page 212, and Theorem
5.19(ii1), page 172).

EXAMPLE 6.6 Find the eigenvalues and corresponding eigens-
paces of the matrix:

1
4=|2
1

S DO

1

1

1

SOLUTION: The eigenvalues are the solutions of the equation:
1-A 0 1

det(A—Al;) =det| 2 2_3 1 | =0

1 0 1-A
Expanding about the third row, we have:
A better choice is to expand

about the second column. If 1‘detLO 1 }O'de{l_}b 1 }-F(l?u)det{]z)” 0 } =0

you do, pay particular atten- -2 1 2 2-2
tion to the checkerboard \ /
sign pattern of page 206. —2-M)+(1=-2)1-2)2-2) =0
Q-M[-1+(1-2)2]1=0
Q2Q-A)(-1+1-21+A2) =0
2-MNEM2-A) =0
A2-2)2 =0
A=0,A=2
We now determine the eigenspaces for the two eigenvalues, 0 and 2.
Finding E[0]:
1 01 1 00 1 01
E[0] =nulll 12 2 1/-0{0 1 of| =mnulljj2 2 |
IAI I 01 0 01 I 01
(11 @ 1]
12 2 11
(14111 X y z X y z
PFEF({ET]%FEPEG] 1 0 1 ] 1 0 1
GRS R e O | _%
ol 0 0 0

Setting the free variable z equal to 7, we have:

E[0] = {(—r, % r)

with basis: {(-2,1,2)}.

re ER} = {(2r, r,2r)|r € R}



6.2 Figenspaces 221

Finding E[2]:
1 01 1 00 -1 0 1
E[2 =mnulll {2 2 1|-2|0 1 0||=mnull]| 2 o 1
(B [[-18 11 1 01 0 01 1 0 -1
[z- @11
[1 & -111
X y z Xy z
138 i 20 1 Lef() 01
1 0 -1 000

Setting the free variable y equal to », we have:
E[2] = {(0,r,0)|r € %}
with basis {(0,1,0)}.

EXAMPLE 6.7 Find the eigenvalues and corresponding eigen-
spaces of the matrix:

02-20
S |1 10
11 -21
11 -21

SoLUTION: To find the eigenvalues of 4 we need to solve the charac-
teristic equation:

A TI-92 teaser:

T b B o el | —A 2 -2 0
det(d-aly) =det| 1 1=A 0 =Ty
. -1 1 —2-x 1
Se— 11 2 1

In this endeavor, we first use Theorem 6.3, page 208, to express
det(4 — Al,) as the determinant of a matrix in upper triangular form,
and then take advantage of Theorem 6.2, page 207, to finish the job:
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switch the first two rows (AR + Ry > Ry);(Ry + Ry = R3):(R; + Ry —> Ry)

-y 2 -2 0 1 1-2 0 -1 1 1-x 0 -1
det| ! 1-» 0 1| _ Vgl 2 -2 0 |2 _getl0 2+2-22 2
-1 1 —2-% 1 -1 1 —2-% 1 0 2-% 2-% 0
-1 1 2 1-x -1 1 2 1-x 0 2-x 2 -
switch rows 2 and 4 (introduces another minus sign) |
— IR, TRy > R, (-1-MR,+R, >R
1 1-x 0 -1 1 1-2a 0 A—l 1 1-» 0 -1
_ et 272 2 A Y 0 2-2 2 MYl 022 2
0 2-x 2-% 0 0 A A 0 A A
0 2+1-22 -2 - 0 2+1-A%2 2 - 0 2% A2
2R, +R, >R,
1 1-» 0 -1
0 2-1 =2 A
=d = (D= A2+20) = A2 -2)(A+2
et 0 n . N (D2 =M (1) (A +220) (A=2)(A+2)
0 0 0 A2+22 Theorem 6.2, page 207
Setting det(4 —AJ,) = A*(A—2)(A+2) to 0, we see that there are
three distinct eigenvalues: A =0,A = 2, and A = 2. As for their
corresponding eigenspaces:
0 2-20 1000 0 2-20
E[0] = null 1 10—1_00100 ~ null I 1 0 -1
-1 1 -21 0010 -1 1 -21
e = =241 -1 1 -2 1 0001 -1 1 -2 1
(1, 148 -1]
ERECERE y oz ow Xy oz ow
FFE*EEé‘H%?'l_l 51 0 2-20 ) 1 0 1 -1
_ rre —
Bog a1 1 1 0 1| et 10 1 -1 0
-1 1 -21 0 0 0O
-1 1 -2 1 0 0 0 O

Setting the free variables z and w equal to r and s respectively, we
find that E[0] = {(-r+s,r,r,8)|r,s€R}. By letting
r=1s =0, and then » = 0,5 = 1 we arrive at the basis
{(-1,1,1,0),(1,0,0,1)} .
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0 2-20 1000 -22-20
E[2] = null L' 1T 0-11_, 0100 _ ! -10-1
-1 1-21 0010 -1 141
. e -1 1-21 0001 -1 1 -2-1
(17 =1 @ 1]
(-1 1" -4 1]
[-11 -2 -111 X ¥y zw X Yy z W
rrefti b e 2220 1-100
a6 & 1) 1 -10 -1/ 10 01 0
B 6 8 &l B B
-1 1 -41 0 0 01
-1 1 -2-1 0 00O
Setting the free variable y equal to 7, we have
E[2] = {(r,1,0,0)|r € R} withbasis {(1,1,0,0)}.
0 2-20 1000 2 220
= -1 1 -21 0010 -1'1 0 1
e 2 .29,1 -1 1 -21 0001 -1 1-23
[-1 16 1]
[-i1 =231 oz ow oy ozow
T g o1
6780l 2 2-20 1 0 0 -1
(28l 1 3 0 -1 rref _ |0 1 0 0
-11 0 1 0 0 1 -1
-1 1 -23 0 00O

Setting the free variable w equal to », we find that
E[-2] = {(r, 0,7, 7)|r € R} withbasis {(1,0,1,1)}.

CHECK YOUR UNDERSTANDING 6.8

Find the eigenvalues and corresponding eigenspaces of the matrix:

16 3 2
A4=143 -8
Answer: See page B-24. -2 -6 11
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TURNING TO LINEAR OPERATORS

Shifting our attention from matrices to linear operators we have:

DEFINITION 6.5 Let 7: ¥V — V be a linear operator. An eigen-

Compare with Definition 6.3, EIGENVALUES ANp Value of 7' is a scalar A € R (which may be
page 218. EIGENVECTORS  zero) for which there exists a nonzero vector
(FOR LINEAR OPERATORS) vy € V/ such that:

T(v) = Ay
Any such v is then said to be an eigenvector
corresponding to the eigenvalue A .

EXAMPLE 6.8 Show that (2, 1) and (-1, 3) are eigenvectors of

: the linear operator 7: R2 — R2 given by:
Note that the linear map 7'

stretches the eigenvector T(a,b) = (3a+2b,3a—-2b)
(2, 1) by its eigenvalue 4,

and (_1.3) by 3 : SOLUTION:
- (@) T(2,1) = (6+2,6-2) = (8,4) = 4(2,1)
&
S e, 1) and T(-1,3) = (-3+6,-3-6) = (3,-9) = —3(-1,3).
-1,3)|,° 7 . . . .
\/ a1y v We see that (2, 1) is an eigenvector corresponding to the eigenvalue 4,
% Ez & and that (—1, 3) is an eigenvector corresponding to the eigenvalue —3 .
[ Since the set of eigenvectors corresponding to an eigenvalue A of a
%, linear operator 7: V' — V does not contain the zero vector, it cannot be
fe@fofjed’:é a subspace of V. As it was with matrices, however, if you throw in the
e, zero vector, then you do end up with a subspace, for:
-3(-1,3)

eigenvectors, along with the zero vector
{(v|T(v)=Av} = {v|T(v)-Av =0}
= (v|(T-Aly)v=0} = Ker(T—A\I})
1

a subspace of V' (Theorem 4.8, page 126)
Bringing us to:
Compare with Definition 6.4, DEFINITION 6.6 The eigenspace associated with an eigen-

page 219. value A of a linear operator T: V—V,
denoted by E[A], is given by:

E[M] = Ker(T—- A1)

EXAMPLE 6.9 Find a basis for the eigenspace £[4] of the lin-
ear operator:
T(a,b) = (3a+2b,3a—2b)
of Example 6.8.

Compare with Example 6.5.
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SOLUTION: The kernel of the linear operator:
(T- 41912)(“’ b) = T(a,b)—4(a,b) = (3a+2b—4a,3a—2b—4b)
= (—a+2b,3a—-6b)
is, by definition, the set:
{(a,b)[(~a+2b,3a—6b)=(0,0)}

Equating coefficients, we have:
a b

a b
—a+2b =0
a -1 2| rref_ |1 -
3a—6b =0 3 -6 00
Setting the free variable b equal tor, wehave E[4] = {(2r,r)|r € R}
with basis {(2,1)}

CHECK YOUR UNDERSTANDING 6.9

Find a basis for the eigenspace E[-3] of the linear operator
Answer: See page B-25. T(a,b) = (3a+2b,3a—2b) of Example 6.8.

How does one go about finding the eigenvalues of a linear operator?
Like this:

THEOREM 6.9  The eigenvalues of a linear operator T: ¥V — V
on a vector space of dimension #n are the eigen-
values of the matrix [T ]Bﬁ eM where [

nxn?
is any basis for V.

PROOF: We show that v is an eigenvector for the linear operator 7
corresponding to the eigenvalue A, if and only if [v]B 1s an eigenvec-

tor for the matrix [T lgp corresponding to the eigenvalue A :

T(v) = v (withv=0)

Note that [T(v)]g = [7“’][5
[v]B =0=>v=0

(Why?) Theorem 5.22, page 180: [T]BB[V]B = }\'[V]B (with [V]B #0)

The above theorem leads us to the following definition:

Theorem 5.28, page 193, DEFINITION 6.7 Let T: ¥V — V be a linear operator on a vector

and Exercise 30(b), page CHARACTERISTIC  space V of dimension n. The characteristic
216, tell us that POLYNOMIAL polynomial of 7 is the n-degree polynomial
det([T]gg =M1, (FOR LINEAR OPERATORS) det([ T pp — M,) where B is any basis for V,

= det([T]pg — A1) and det([T]pg—21,) = 0 is said to be the

for any bases p and p' characteristic equation of 7.
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Embedding the above terminology in the statement of Theorem 6.9,
we come to:

THEOREM 6.10 Let V' be a vector space of dimension n. The
Compare with Theorem 6.8 eigenvalues of the linear operator 7 V — V
are the solutions of the characteristic equation
det([T]BB —Al,) = 0, where [ is any basis
for V.

EXAMPLE 6.10 Find the eigenvalues and corresponding eigen-
spaces of the linear operator T: P, — P,

given by:
T(ax2 +bx +c)
= (a+c)x2+(2a+2b+c)x+(a+c)

PROOF: With respect to the basis B = {x?,x, 1} in P,, we have:

T(x2) = 1x2+2x + 1/—i

T(x) = 0x2+2x+0 [Tlgp = | 2

T(l) = szrerl\l#\
Theorem 6.10 tells us that the eigenvalues are the solutions of the
equation:

S DO
—_ = =

1—A 0 1 ij see Example 6.6

det([T]BB—X%) = det 2 2 1 = _k(z_x)Z =0

1 0 1-2a
We now determine the eigenspaces associated with the two eigenval-
ues, A = 0 and A = 2.

Finding E[0]:

E[0] = ker(T~0Ip) = ker(T) = {ax*+bx + c||T(ax2 +bhx+c)= (T}
|

\Z
(a+c)x?+QRa+2b+c)x+(a+c) = 0x2+0x+0

Equating coefficients brings us to the following homogeneous system

of equations:
abc a b
atc=20 101 10 1
_ rref l
2a+2b+tc=0;r—>221——>|0 1 5
atc=20 101 0 0 0



Answer: See page B-25.
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As shown in Example 6.6, {(—2r,r, 2r)|r € R} is the solution set of
the above system of equations. Thus:
E[0] = {-2rx?2+rx+2r|r e R} with basis {-2x>+x+2}

Finding E[2]:

E[2] =ker(T-21p) = {ax2+bx+c|(T—2[P2)(ax2+bx+c) =0}

(a+c)x2+Qa+2b+c)x+(a+c)-2(ax?+bx+c) =0
= (—at+c)x?+Ra+c)x+(a—c) = 0x2+0x+0
Equating coefficients:

a b c¢ ab c
—a+tc =0 1 0 1 100
2a+c=0¢r—> |2 o 1| —xrefsio o 1
a-c =0 1 0 -1 000

As shown in Example 6.6, {(0, 7, 0)|7 € R} is the solution set of the
above system of equations. Thus:
E[2] = {rx|r e R} withbasis {x}

CHECK YOUR UNDERSTANDING 6.10

Find the eigenspaces of the linear operator of Example 6.10 using
B={x2+x+1,x+1,1} insteadof B = {x2,x,1}.
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EXERCISES

Exercises 1-14. Determine the eigenvalues and corresponding eigenspaces of the given matrix.

N 11} ) 14}
62 2 -

3 2 -1 1111

5012 6 2 6, (1111

-1-23 1111

1111

3. |7+

6 2
1000
;o200
31-10
2002

234
4. 1230
005

21000
0-1000
8. 100401
00530
00008

A factorization for the characteristic polynomial in the next six
exercises can be obtained with the help of the following result:

A zero of a polynomial p(x) is a
number which when substituted for
the variable x yields zero. For

example, —1 is a zero of the poly-
nomial p(x) = x3—3x -2, since
p(=1) = 0. One can show that: ¢
is a zero of a polynomial if and only
if (x —c¢) is a factor of the polyno-
mial.
The adjacent example illustrates

how the above result can be used to
factor certain polynomials.

20 1
9. 4=1013 4 10. 4 =
00 1
3 2 2
2.4=13-13 13. 4 =
120

Since —1 is a zero p(x) = x3—-7x -6,
x—(-=1) = x+ 1 must be a factor, and we

have:
x2—x-6
x+l‘ x3 —Tx-6
x3+x2
x2—Tx—-6
—x2—x
—6x—-6
—6x—6

So: x3-7x-6 = (x+1)(x2—x—6)
= x+D)(x+2)(x-3)

401

232 11.
102

111 0

0 0 0 -1 14.
01 0 O

01 1 -1

12 2
A= |25 2
6 6 -3
4 2 22
S |13 1
00 2 0
1135
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Exercises 15-31. Determine the eigenvalues and corresponding eigenspaces of the given linear

operator.
15. T: R —> R given by T(x) = —5x.
16. T: R? — K2 where T(1,0) = (2,0) and 7(0,1) = (1,1) .
17. T: R?2 — R2 given by T(a, b) = (8a—6b, 12a—19b).
18. T: M3 — N3 givenby T(a,b,c) = (0,a+c,3b-c).
19. T: R3 - N3 givenby T(a,b,c) = (a—9b+9c,a—5b+3c,2a—6b+4c).
20. T: R*—> R4, where T(a, b,c,d) = (a,d, b,c).
21. T: R*—> R4, where T(a, b,c,d) = (2a,a—b,3a+2c—d,a—b+c—2d).
22. T: P, — P,,where T(ax+b) = (a+b)x—>.
23. T:P,— P,,where T(1) = x and T(x) = 1.
24. T:P,— P, givenby P(ax>+bx+c) = —bx—2c.
25. T:P,— P, givenby P(ax?>+bx+c) = —cx>+bx—a.
26. T:Py—>P,,if T(x?) = 3x2—2x+4, T(x) = 7x—8,and T(1) = 1.
27. T:Py— Py, if T(ax3+bx2+cx+d) = (a+d)x3+(—2a—c+dx?+(2c-2d)x—b+d.
28. T:M,,,—> M, , givenby Tﬂ“ b} - {C 0} .
cd a —d
29. T: M, ,— M, ,, where T{l 0} = |0 0} , T{O } = {‘9 ‘2} , T{O } - {0 0} ,and
01 11-1 00 0 0 10 -2 1
-1
01 -7 2
30. I: V— V, where [ is the identity map: I(v) = v.
31. Z: V— V,where Z is the zero map: Z(v) = 0.
32. (Calculus Dependent) Let V' be the vector space of differentiable functions, and let
D: V — V be the derivative operator. Show that v = e2* is an eigenvector for D.
33. Prove that a square matrix A is invertible if and only if 0 is not an eigenvalue of 4.
34. Let A4 be an invertible matrix with eigenvalue A # 0 and corresponding eigenvector v. Prove
that % is an eigenvalue of 4~! with corresponding eigenvector v.
35. Let }‘1 and A, be distinct eigenvalues of 4 € M, . Prove that E[A,;] N E[A,] = {0}
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36.

37.Let A,PeM

38.

39.

40.

41.

42.

43,
44.

45.

46.

47.

48.

(a) Show that similar matrices have equal characteristic polynomials (see Definition 5.11,
page 195).

(b) Let T: V' — V be a linear operator on a finite dimensional space V. Show that if f and B’
are bases for V'then: [T ]BB and [T ]B' B have equal characteristic polynomials.

2 x n» With P invertible. Prove that if v is an eigenvector of 4, then P ly is an

eigenvector of P~1AP.

Letd = |4 b . Prove that a, and c are eigenvalues of 4.

For 4 = |¢ b , find necessary and sufficient conditions for 4 to have:
cd

(a) Two eigenvectors. (b) One eigenvector. (c) No eigenvector.
11 %12 “13

Let A =10 a5y sy . Prove that a,, a,,, and a,; are eigenvalues of 4.
I 0 0 33

(a) Let T: V'— V be a linear operator with eigenvalue A . Prove that:

E[A] = {v|visan eigenvector of T} U {0}
(b) Let 4 € M, , with eigenvalue A . Prove that:
E[A] = {v|visaneigenvectorof 4} U {0}

FordeM

nxn’

show that null(4 — A1) = ker(T,—1AI).

Prove that 0 is an eigenvalue for a linear operator 7: V' — V' if and only if ker(7) # {0} .

Show that if v is an eigenvector for the linear operator 7: V' — V. then so is rv for any
r#0.

Let 7: V' — W be an isomorphism. Show that v is an eigenvector in V if and only if 7(v) is
an eigenvector in .

Let v be an eigenvector for the linear operators 7: V— V and L: V' — V. Show that v is also
an eigenvector for the linear operator Lo7: V' — V. Find a relation between the eigenvalues

corresponding to v for 7, L, and LoT.

Show that if A, and A, are distinct eigenvalues of a linear operator 7: V' — V, then
E[2] A E[A] = {0}

Let v, and v, be eigenvectors corresponding to distinct eigenvalues A, and A, of a linear
operator 7: V' — V. Show that {v,, v,} is a linearly independent set.



49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.
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Let 7: V— V be a linear operator on a vector space V of dimension n, and let L: V' — R”
be an isomorphisms. Prove that A is an eigenvalue of 7 if and only if A is an eigenvalue of

the matrix A4 = [LoT°L !]g, where S is the standard basis of 9R”, and that
E[A] = {L7'(v)|v e null(4 - AD)}.

Let 7: V— W be an isomorphism. Show that if v is an eigenvector of the linear operator
L: V— V,then T(v) is an eigenvector of the linear operator (ToLoT-1): W — W.

Let B be a basis for a space V' of dimension n, and L: V' — V a linear operator. Prove that if

ve )V is an eigenvector of 7 with eigenvalue A, then [v]B 1s an eigenvector of

T[L]BB: R" — R™ with eigenvalue A .
Show that if A is an eigenvalue of 4 € M, then A is also an eigenvalue of AT . (See
Exercise 19, page 162)

Show thatif 4 e M,
page 163.)

, 1s nilpotent, then 0 is the only eigenvalue of 4. (See Exercise 23,

Show that the characteristic polynomial of 4 € M, , can be expressed in the form

A2 —Trace(A)\ + det(A4), where Trace(4) denotes the trace of 4 (see Exercise 24, page
163).

Let 4e M, ,. Prove that the characteristic polynomial of 4 is of the form

p(L) = A2+ bA +det(4), and that 42+ bA + det(4)] = 0. (This is the Cayley-Hamilton
Theorem for square matrices of dimension 2.)

(PMI) Let 4 € M, . Use the Principle of Mathematical Induction to show that the coeffi-
cient of the leading term of the characteristic polynomial of 4 is £1.

(PMI) Let 4 € M, ,,. Show that the constant term of the characteristic polynomial of 4 is
det4 .

(PMI) Let A, Ay, ..., A, be the distinct eigenvalues of 4 for 4 € M,, , . Prove that

7»;’, 7»;, e ?»Z are the distinct eigenvalues of A”.

(PMI) Let 4 be a square matrix with eigenvalue A and corresponding eigenvector v. Show
that for any positive integer n, A" is an eigenvalue of A with corresponding eigenvalue v.

(PMI) Let 4 be a square matrix with eigenvalue A and corresponding eigenvector v. Show
that for any integer n, A" is an eigenvalue of 4" with corresponding eigenvalue v.
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61. (PMI) Let A be an eigenvalue for a linear operator 7: V' — V. Use the Principle of Mathe-
matical Induction to show that A" is an eigenvalue for 7": V' — V', where 7" is defined
inductively as follows: 7! = T, and T**! = ToT*k,

PROVE OR GIVE A COUNTEREXAMPLE

62. If A is an eigenvalue for 7: V"— V then it is also an eigenvalue for (k7): V' — V', where
(kT)yv = kT(v).

63. If A is an eigenvalue for the two operators 7: V— V and L: V— V, then it is also an
eigenvalue for the operator (T+ L): V— V, where (T+ L)(v) = T(v)+ L(v).

64. For A,Be M, ,,if L, and A are eigenvalues of 4 and B, respectively, then A, + A, is
an eigenvalue of 7, , 5.

65. For A,Be M, ,,if A, and A are eigenvalues for 4 and B, respectively, then A A, is an
eigenvalue for 4B.

66. If A is an eigenvalue of the linear operator 7: V' — V', then A2 is an eigenvalue of

(TeT): V>V.

67. If L, and A, are eigenvalues for the linear operators 7: V' — V and L: V' — V, respectively,
then A A, is an eigenvalue for (7ToL): V' — V.

68. If A, and A, are eigenvalues for the linear operators 7: V' — V and L: V — V, respectively,
then A, + A is an eigenvalue for (T+L): V> V.

69. If v is an eigenvector for 7: V—V and L: V— V', then v is also an eigenvector for
(T+L):V->V.

70. If T: V' — V is a linear operator with eigenvector v, then v + rv is also an eigenvector of 7
for every r € R.

71. For4 e M, ,, A> = 0 if and only if O is the only eigenvalue of 7, .

72. Let T be a linear operator on a vector space V of dimension n. Let A be an eigenvalue for 7

and let {v,v,, ..., v, } beabasis for E[A]. Then, for any r € R, A + r is an eigenvalue for

T+rl,,and {v|,v,,...,v,} isabasis for E[A +7r].



a; 0 0
0 ay 0
0 0 a

The X; ‘s can be zero and
need not be distinct (sev-
eral of the eigenvectors
in B may share a com-
mon eigenvalue).
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§3. DIAGONALIZATION

We begin with:

DEFINITION 6.8 A square matrix 4 = [a,], , for which

DIAGONAL MATRIX a; =0 if i#j is said to be a diagonal
matrix (see margin).
DIAGONALIZABLE

OPERATOR A linear operator 7: V— V on a finite

dimensional vector space V is said to be
diagonalizable if there exists a basis 3 for
which [T ]BB is a diagonal matrix.

There is an intimate connection between diagonalizable matrices and

eigenvectors. Focusing first on linear operators, we have:

THEOREM 6.11 Let 7: V— V be a linear operator on a finite
dimensional vector space. Then:

T is diagonalizable if and only if there exists a
basis for V' consisting of eigenvectors of 7.
PROOF: Assume that T is diagonalizable. Let B = {v, vy, ..., v, }
be such that [T]BB is a diagonal matrix: [T]BB = [al.j] with a; = 0
for i # j . Since the i column of [T ]BB consists of the coefficients of
the vector T(v;) with respect to the basis 3, we have:
T(v;) = O0v;+...+0v,_+a,v;+0v,,  +...+0v, = a;v;
From the above we see that v; is an eigenvector for 7 corresponding

to the eigenvalue a; .

Conversely, let B = {v,v,,...,v,} be a basis for V' consisting of
eigenvectors, and let A, &,, ..., A, be the eigenvalues corresponding
to vy, v,, ..., v, . From:

we have (see Definition 5.10, page 179):

n

A 0 .. .. 0]

0 ... ... 0
[T]BB O,

0 0 ...A,,0

| 0 ?\.n_
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CHECK YOUR UNDERSTANDING 6.11

Let T: R3 — R3 be the linear map given by:

T(a,b,c) = (3a—b—c,2a—2c,2a—b——c)
Show that B = {(1,2,0),(1,2,2),(2,1,1)} is a basis for R3 con-
sisting of eigenvectors of 7. Determine [T’ ]B B and show that its diag-
Answer: See page B-25. onal elements are eigenvalues of 7.

In our quest for bases consisting of eigenvectors, we note that:
THEOREM 6.12  If &, A,, ..., A

linear operator 7: V— V, and if v; is any

,, are distinct eigenvalues of a
eigenvector corresponding to A;, for
1<i<m, then {v,,v,,...,v,} is a linearly
independent set.

PROOF: By induction on m:

If m = 1,then {v,} consists of a single nonzero vector and is there-
fore linearly independent (Exercise 33, page 92).

Assume the assertion holds for m = k (the induction hypothesis).
Let {v,,v,, ..., v, |} beasetofeigenvector corresponding to distinct

eigenvalues A}, A,, ..., A, , | . We are to show that {v,v,, ..., v, |}
is a linearly independent set. With this in mind, we consider the linear
combination:

apvytayy,t . tavta v =0 (*)
Applying T to both sides, we have:

: : : T(a,v, +a,v,+...+ta,v,+a v = T(0
Since v; is an eigenvector ( 171 272 k" k k+1 k+1) (0)

corresponding to 2., : a;T(vy) +a,T(vy) + ... +a, T(vy) + a, . 1T(Vk+ ) =20
T(v;) = L, ajhvy tayhgvy bt gyt ag M =00 (%)
Multiply both sides of (*) by &, , ;:
Ay vy T aghg ot Tyt ag b Ve = 00 (FFF)
Subtract (***) from (**):
ay(hy =gy Py tayy by Pyt ta Oy =2y Py = 0
By the induction hypothesis, the k eigenvectors v, v,, ..., v, corre-

sponding to the distinct eigenvalues A, X,, ..., A are linearly inde-
pendent. Consequently:

aj(hy =) = a2 ) = s = q (=) = 0
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Since the eigenvalues A, A,, ..., A, , ; are distinct, none of the above
(A - A+ 1) is equal to 0. Hence:
a, =a, = ...=a, =0
Returning to (*), we then have:
Ay 1Vi+1 = 0
Being an eigenvector, v, , ; # 0, and therefore a; , ; = 0 (Theorem
2.8, page 54).

We have just observed that if you take eigenvectors corresponding to
different eigenvalues you will end up with a linearly independent set of
vectors. More can be said:

THEOREM 6.13  Let A, A, ..., A, be distinct eigenvalues of a
linear operator T7:V—>V, and let
S; = {vi1»Vj2 ---» v ; be any linearly inde-
pendent subset of E[A;]. Then:
S§=5§uSu...us§,
is a linearly independent set.

PROOF: Consider the vector equation:

linear combination = 0 The r, vectors in S, Th/erm vectors in S,
/ \
. = *
(apvpttagvy )t (@, vyt ta, v, ) =00 (%)

(we will show that every coefficient must be zero)

For 1<i<m,letv;, = a;v;; +... +a,.v;, . Assume, without loss of

generality, that v; # 0 for 1 <i<¢ and that the rest are zero vectors.
As for any of the zero vectors, v; = a; v,y +... + A Vip = 0, its
coefficients must be zero, as {v;, v;, ..., vir,-} 1s given to be a
linearly independent set.
As for the nonzero vectors, we begin by rewriting (*) in the form:

vttty =0 (%
Since the nonzero vectors {v, v, ..., v,} are eigenvectors associated
with distinct eigenvalues A, A,, ..., A, they are linearly independent

(Theorem 6.12). It follows, from (**), that each v; must be 0:

v. = a.u;yt...ta u, =0
each coefficient is 0 ! i iy

Using, again, the fact that each S; = {u;;, u;y, ..., u;, } is a linearly

independent set, we conclude that each scalar a;; must be zero

CHECK YOUR UNDERSTANDING 6.12

Let T: V' — V be a linear operator on a space of dimension n. Prove
Answer: See page B-26. that if 7 has n distinct eigenvalues, then 7 is diagonalizable.
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RETURNING TO MATRICES

To say that 7: V' — V is diagonalizable is to say that V" contains a
basis consisting of eigenvectors of 7 (Theorem 6.11). Let’s modify this
characterization to accommodate matrices:

DEFINITION 6.9 A matrix 4 € M, _, is diagonalizable if
DIAGONALIZABLE —

MATRIX there exists a basis for R" consisting of
eigenvectors of A4.

Here is a link between diagonalizable matrices and diagonalizable
linear operators:

THEOREM 6.14 4 c M,

, 1s diagonalizable if and only if the

linear map T: R" - R given by
T, X = AX is diagonalizable.

(X is a vertical n-tuple: a column matrix.)

PROOF: The linear map 7 ;: R — N7 is diagonalizable
if and only if:

there exists a basis {X,X,,...,X, } of R", and scalars
A5 Ay, ..y Ay, such that 7,(X;) = AKX
if and only if:
AX; = )X, (Definition of T, )
if and only if
A is diagonalizable (Definition 6.9).

Definition 6.9 is okay, but how do we go from a diagonalizable
matrix to a specific diagonal matrix? Like this::

This theorem asserts that THEOREM 6.15 1Let 4eM, , be diagonalizable. Let

any diagonalizable matrix

izable if and only if it is
similar to a diagonal

matrix. onal matrix, with diagonal entry d;; = A;

is similar to a diagonal B ={X,X,, ...,X,} be any basis for R”
hmﬁgix'( The converse "‘153 consisting of eigenvectors of 4, with associated
olds (Exercise 37). An . .
eigenvalues A, Ay, ..., A . IfPe M isthe
so we have: g L e nxn
AeM, , is diagonal- matrix whose i column is X, then:

D = P 14P where D = [d;] is the diag-
;e
PROOF: Let S, = {e_l, e_z, e e_n} denote the standard basis for

R (see page 94). Employing Theorem 5.26 (page 193), and The-
orem 5.23 (page 184) to the linear map 7 ,: R — R given by
T,X) = AX, we have:



(See page 193)
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(Talpy = Pl s, P ()
where P = [I]g B (see margin). Since /(X;) = X, the ith col-

umn of P is simply the vector X; (recall that §, is the standard
basis). Now:

The i column of [T ]  is:
[T,(e)]s = [de]g = the i™ column of 4

Hence: [T, =A.

]Snsn

Since B is a basis of eigenvectors:

T, (X)) = MX, = 0X, +0X, + ... + XX, + ... +0X,

n
It follows that [T A]BB is the diagonal matrix D = [dl.j]
with d;, = A;.
Putting all of this together we have (see *):
D = P'4P,or: 4 = PDP!

EXAMPLE 6.11 Show that the matrix:

02-20
L- |1 10~
11 -21
11 -21

is diagonalizable, and find a matrix P such
that P14P is a diagonal matrix.
SOLUTION: In Example 6.7, page 221, we found that 0, 2, and —2 are
the eigenvalues of 4. We also observed that {(-1,1,1,0),(1,0,0,1)}
is a basis for E[0], {(1,1,0,0)} is a basis for E[2], and that
{(1,0,1,1)} is basis for E[-2]. It is easy to see that the four eigen-
vectors {(-1,0,1,0),(1,1,0,1),(1,1,0,0),(1,0,1,1)} are lin-

early independent, and therefore constitute a basis for R4, Taking P to
be the matrix with columns the above four eigenvectors:

-1

O = =
—_—0 O
S O = =
e

we have:
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02 -20 000 0
pi|1 1015 _1000 0
11 21 002 0
11 -2 1 000 -2

iy
——

[ e oA |
L=

| ] R
e

._.
EEEEm| FEeEe
[ h

——r—————
Sy
—

CHECK YOUR UNDERSTANDING 6.13

| Determine if the given matrix is diagonalizable. If it is, use Theorem
6.15 to find a matrix P such that P-14P is a diagonal matrix.
-1 0 1 3 2 -1
@4=1-130 by4=12 6 2
Answer: See page B-26. -4 13 -1 -1-23

@DhaEim | GG
| I
[}

The next result plays an important role in many eigenvector applica-
tions:

THEOREM 6.16 1If 4eM is diagonalizable with

mxm

A = PDP-!,then A" = PD"P-! .
PROOF: (By induction on n) For n = 1 we have:
P14P=D'= 4 = PDP-!
Assume that 4% = PD¥P-! (the induction hypothesis). Then:
Pl4P=D=4 = PDP!
ARH1 = g4k : A(PDP1Y Y (PDPYY(PDEP )

induction hypothesis = P(DDk)P’l = pDk+1p-1

CHECK YOUR UNDERSTANDING 6.14

Answer: See page B-27. Calculate 40 for the diagonalizable matrix 4 of Example 6.11.

ALGEBRAIC AND GEOMETRIC MULTIPLICITY OF EIGENVALUES

An eigenvalue A, of a matrix 4 € M, (or of a linear operator 7 on
a vector space of dimension n) has algebraic multiplicity £ if
(Ay—A)* is a factor of 4’s (or T’s) characteristic polynomial, and
(Ay— 1)k 1 is not. We also define the geometric multiplicity of A, to

be the dimension of E[A,] (the eigenspace corresponding to ).




Recall that 7,: R" — R" is
the linear operator given
by:

T,(v) = Av

Recall that the ith column

of [TA]B consists of the

coefficients of the vector
T ,(v;) with respect to the

basis B = {v, vy, ...,v,}.
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EXAMPLE 6.12 Find the algebraic and geometric multiplicity
of the eigenvalues of the matrix:

1 01
A=12 21
1 01

SOLUTION: In Example 6.6, page 220, we showed that —A(2 —1)? is
the characteristic polynomial of 4. It follows that the eigenvalue 0
has algebraic multiplicity 1, and that the eigenvalue 2 has algebraic
multiplicity 2. Since both of the eigenspaces E[0] and E[2] were

seen to have dimension 1, the geometric multiplicity of both eigen-
values is 1.

The above example illustrates the fact that the geometric multiplicity
of an eigenvalue can be less than its algebraic multiplicity; it cannot go
the other way around:

THEOREM 6.17 If 2, is an eigenvalue of 4 € M, , with

nxn

algebraic multiplicity m_, and geometrical

multiplicity m 2 then m,<m,.

g

PROOF: (By contradiction) Assume that m a<Mg and let

{v_l, v_z, ...,v_mg} be a basis for (£[A]) . Expand {v_l,v_z, ...,v_mg} to

a basis B = {v,vy,...,v,,V ..,v,; for R". Since, for

2 Vmy Tmg+ 10
<7< .
l_l_mg.

T,(v) = Alv;] = Aoy,
= 0y, +...+0v, [ +Agv;+0v,,  +...+0v

i— n

the matrix [T A]BB is of the following form:

— mg —
hg O ... 0
(.) 7“0 (:) m X

(Talgs = {0 0 . 2,

0 0 0
0 (:) 0 v

_o 0 ... 0 U en

In the proof of Theorem 6.15 we observed that [T'] s A (where

S, 1is the standard basis in R"). It follows, from Exercise 36(a), page
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det

cf = crdet(Y)

o] [y]

230, that the characteristic polynomial of 4 equals that of [T ] Bp
namely, det([TA]BB I E

_ m, —
gt U e 0 Exercise 40, page 217
0 M—A ... 0 m, X (see margin)
L b b
... 0
0 0 .. 0
o o o Y
0 0 .. 0
L= — | nXn

This leads to a contradiction, for the factor (A, —2A) cannot appear
with exponent greater than m, in the characteristic polynomial of 4

(remember that m , is the algebraic multiplicity of A).

In certain cases, the algebraic and geometric multiplicities of a linear

operator can be used to determine if the operator is diagonalizable:

THEOREM 6.18 Assume that the characteristic polynomial of
a linear operator 7: V' — V (or of a matrix),
can be factored into a product of linear fac-
tors (with real coefficients). Then 7 is diago-
nalizable if and only if the algebraic
multiplicity of each eigenvalue of T is equal
to its geometric multiplicity.

PROOF: Assume that 7 is diagonalizable. By Theorem 6.11, there
existsabasis § = {v,v,,...,v,} for V consisting of eigenvectors of
T.Let {A[, Ay, ..., A} be the set of T’s (several of the v;’s may cor-

respond to the same eigenvalue). If necessary, reorder  so that
B=SuUS,u..uUS,, where S; consists of the eigenvectors in 3

corresponding to A T
Since the vectors in Sj are linearly independent, and since their com-

bined sum equals the dimension of V, it follows, from Theorem 6.13,
that the number of vectors in S] must equal g = dimE[A j] , the geo-

metric dimension of kj. Hence:n = g, +g,+ - +g;.

We are given that the characteristic polynomial of 7" can be factored
into a product of linear factors:

det([T]g—21) = (A=A)D(h=2Ay)™ ... (A=) (*)
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It follows that:
n=g tgyttgsatayt o tag =

Theorem 6.17 degree of the characteristic polynomial (*)

Consequently:
a,ta,t - +a, =g tgt+ttg
Or: (a;—g)t(ay—gy)+...+(a,—g) =0

Knowing that a; > g; (Theorem 6.17), we conclude that a; = g; for
each 1 <i<k.
Conversely, assume that the multiplicity of each eigenvalue A s
1 <j<k,is equal to its degree: a; = dim(E[%j]) = g;-LetS; be a
basis for E[Xj] . By Theorem 6.13, the set §; U S, U ... U S}, which

contains g, + g, + -+~ + g, vectors, is linearly independent. It is in

fact a basis, since it contains n vectors (Theorem 3.11, page 99):
degree of the characteristic polynomial

v
& T& T g T aytayt o ta=n

Possessing a basis of eigenvectors, 7 is diagonalizable (Theorem
6.11).

EXAMPLE 6.13 Appeal to the previous theorem to show that
the linear operator 7: R* — R* given by:

T(a,b,c,d)
=2b-2c,atb-d,—a+b—-2c+d,—a+b—2c+d)
is diagonalizable. Find a basis 3 for which [T ]BB is a diag-
onal matrix.
SOLUTION: For S the standard basis of R*, we have:

T(l, 05 0, 0) = (0,1571,71) - -V

0 2 -2 0
11 0 -1
[T]gg =
S0 21
11 21

The above matrix was encountered in Example 6.7, page 221, where
we found its characteristic polynomial to be A2(A—2)(A+2). We
also showed that:

The eigenspace corresponding to the eigenvalue 0, of multiplicity
2, has dimension 2 (with basis {(-1,1,1,0),(1,0,0,1)}).

The eigenspace corresponding to the eigenvalue 2, of multiplicity
1, has dimension 1 (with basis {(1,1,0,0)}.)
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Answer: See page B-27.

The eigenspace corresponding to the eigenvalue —2 , of multiplicity
1, has dimension 1 (with basis {(1,0,1,1)}).
Since the algebraic multiplicity of each eigenvalue equals its geometric
multiplicity, the linear operator is diagonalizable. Moreover, since

B = {(_1’ 1’ 1’ 0)9 (1’ 0’ 0’ 1)’ (la 1) 0’ 0)) (la Oa la 1)}
is a basis for V of eigenvectors, we know that [ 7] Bp will be a diagonal

matrix with diagonal entries equal to the eigenvalues corresponding to
the eigenvalues of 3 ; namely:

0000
0000
002 0
000-2

CHECK YOUR UNDERSTANDING 6.15

Verify that the algebraic multiplicity of each eigenvalue of the diago-
nalizable matrix of CYU 6.13(b) equals that of its geometric multi-
plicity.
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EXERCISES

Exercises 1-19. Determine if the given linear operator 7: V' — V is diagonalizable. If it is, find a
basis 3 for V' such that [T ]BB is a diagonal matrix.

> » b

e

10.
11.
12.
13.

14.

15.
16.

17.

18.

19.

(Note: To factor the characteristic polynomial of the given operator, you may need
to use the division process discussed above Exercise 9 on page 228.)

: R2 - N2 given by T(a, b) = (2a,3b).

: M2 — N2 givenby T(a,b) = (Ta—b, 6a+2b).
R2 > N2 given by T(a, b) = (2a,—a +3b).

R2 — R2 where T(1,0) = (4,-1) and 7(0,1) = (1,2).
R2 > R2 where T(1,1) = (1,2) and T(0, 1) = (2, 0).
: M3 — N3 givenby T(a, b, c) = (—a,2c,2b+3c).

: R3 - N3 givenby T(a, b,c) = (13a—4b,8b—2c,5¢).

: R3 > N3 where 7(1,0,0) = (0,-1,-1), 7(0,1,0) = (1,4,5), and
7(0,0,1) = (1,-1,-2).

T: N3 —> R3 where T(1,1,1) = (1,0,1), 7(0,1,1) = (1,1,0), and
7(0,0,2) = (1,1,0).

T: R3 - N3 givenby T(a, b,c) = (2a+4b—4c,—-3b+5¢c,— 6b+8¢).
T: R* — R4 givenby T(a, b, c,d) = (b,a,d,c).
T: R* — R* givenby T(a, b, c,d) = (—a,0,a+2c,-2b).

T: R4 — R4 where 7(1, 0, 0,0) = (1,0,0,0), 7(0, 1,0, 0) = (3,-2,0,0),
7(0,0,1,0) = (2,-1,4,0),and 7(0,0,0,1) = (6,0,5,-3).

T: R4 - R4 where 7(1,1,0,0) = (1,0,0,1), 7(0,0,1,1) = (0,0, 1,0),
7(1,0,0,1) = (0,1,1,1), and 7(0,0,0,1) = (1,1,1,1).

T: > — N> givenby T(a, b, c,d,e) = (2a,a—b,4c+5d,3d,c+8e).
T:P,— P, givenby T[p(x)] = p(x+1).

T: P,— P, givenby T(ax?>+bx+c) = (3a-2b+c)x>+(2b—c)x+b.

T: P, — P, where T(x?) = x>, T(x) = 2x+1 and 7(1) = x2—1.

. b a —b
M, ,—>M,, , givenby l‘(a j =
a2 TR Ld 3¢ 0
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Exercises 20-34. Determine if the given matrix 4 is diagonalizable. If it is, find a matrix P such

that P~1AP is a diagonal matrix.

20.

23.

26.

29.

32.

35.

36.

37.

38.

39.

40.

4= 11 21, 4=|1 6 2. 04=12"4

11 12 3-3

13 5 5 0 0 2 34
4=10-26 24.4=115 0 25.4=12 30

0 0 4 2 3 2 005

(2 03 000 12 1
4=1-103 27.4=11 23 28. 4=12 4 22

(102 123 121

12 3 4 s 0 0 0 0 2 20
L_ |0 2-13 0. 4- 12200 34— |1 10

005 1 191 0 1121

00 0 1 335 7 1121

2 5 3 6 (31 2 2 4] 2100 0]
S—|—2 4 0 2 01 4 4 2 0-10 0 0

4 210 -6 12| 33.4=100 2 1 1 3. 4=10 0 4 0 1

17 3 5 000 30 005 30

0000 3 0000 8

LetdeM be such that 42 = I. Show that:

nxn

(a) If A is an eigenvalue of 4,then L = 1 or A = 0.
(b) Ais diagonalizable.

Let A € M, ., be diagonalizable. Prove that the rank of 4 is equal to the number of nonzero

eigenvalues of 4.

Prove thatif 4 € M, is similar to a diagonal matrix, then 4 is diagonalizable.

Let A € M, . Prove that 4 and its transpose A7 have the same eigenvalues, and that they

occur with equal algebraic multiplicity (see Exercise 19, page 161).

LetA e M

.« n- PrOVE that if A is an eigenvalue of 4 with geometric multiplicity d, then A is

an eigenvalue of its transpose 47 with geometric multiplicity d (see Exercise 19, page 161).

Let L: V' — W be an isomorphism on a finite dimensional vector space. Prove that:

(a) The linear operator 7: V— V and LoToL~!: W — W have equal characteristic polyno-
mials.

(b) The eigenspace corresponding to an eigenvalue A of LeT°L-! is isomorphic to the
eigenspace corresponding to that eigenvalue of 7.

(c) Tis diagonalizable if and only if LoT°L~! is diagonalizable.
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PROVE OR GIVE A COUNTEREXAMPLE

41.

42.

43.

44,

Let T: V' — V be a linear operator on a space of dimension n. If A, A,, ..., A, are distinct

m
eigenvalues of 7, and if there exists a basis 3 for V' such that [T ]B is a diagonal matrix, then

m = n.

Let X, A,, ..., A, be the distinct eigenvalues of a linear operator 7: V' — V' on a vector

space V of dimension n. The operator 7 is diagonalizable if and only if £ = n.

If 4, B e M, , are both diagonalizable, then so is AB.

If 4,B e M, , are such that AB is diagonalizable, then both 4 and B are diagonalizable.

n
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Leonardo Fibonacci (Ital-
ian; circa 1170 - 1250), is
considered by many to be
the best mathematician of
the Middle Ages. The
sequence bearing his name
evolved from the follow-
ing question he posed and
resolve in 1220:

Assume that pairs of rab-
bits do no produce off-
spring during their first
month of life, but will
produce a new pair of
offspring each month
thereafter. Assuming that
no rabbit dies, how many
pairs of rabbits will there
be after k months?

-

§4. APPLICATIONS

Applications of eigenvectors surface in numerous fields. In this sec-
tion we focus on recurrence relations, and on differential equations.

FIBONACCI NUMBERS AND
SYSTEMS OF DIFFERENTIAL EQUATIONS

The Fibonacci sequence is that sequence whose first two terms are 1,
and with each term after the second being obtained by summing its
two immediate predecessors:

S 8+13,
1,1,2,3,5,8,13, 21, 34,55, ...
1+2 34+55—/r

What is the 100" Fibonacci number? Given enough time, we could
keep generating the numbers of the sequence, eventually arriving at its

100t element. There is a better way:

Letting s, denote the k" Fibonacci number we have s, = 5, = 1,
and, for k>3

Sk = Sk-17T Sk
We observe that s, is the top entry of the matrix product:

[1 1} Sk
1 0f|s;_»

Letting F = 11 and §; = Sk
10 Sk_1

S, =FS,

Sk—1Sk_a| _ | Sk *)

Sk-1 Sk-1

we can express (*) in the form:

In particular
S3 = FSy = FH’ Sq = FS3 = F'FH = FZH oo S = FkZH

Note that the " Fibonacci number s, in (*) is the top entry in the

matrix S, = k| = F kz{l} , which is simply the sum of the

Sk 1
entries in the first row of F*¥~2 (see margin). But this is of little benefit

1 1} . We can:

unless we can readily find the powers of the matrix ' = {
10
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Since the characteristic polynomial of Fis A2~ —1 (margin), the

det[|:l 1} ;{1 ODZ 0 matrix F has eigenvalues A, = 15 and A, = %“/—5 Let’s find

10 01 . . . .2
eigenvectors associated with those eigenvectors:
1-A 1 7
det =0 —
e{l —} 1+“/§a ! ﬁa+b=0
) 11| |a| _(1+45)|a a+b| _ 2 2
Mo vollel V2 e T el e sl T 14lB
\ o L£ /174 1"‘2 Sh a5 = 0
2 homogeneous system of equations N
a /\[ b a b a
1-.J/5 1 &
B 1 rref | 1t «/g g 1+ ﬁ
L > 2 =>a= > b
A 0 0
2 —
. . 1+.5
Setting the free variable b to 1 we find that a = 5 - It follows that
1+./5
4 = D) is an eigenvector associated with the eigenvalue A, .
b
1
. 1-./3
R IEE 1‘/3 +1 In the same manner one can show that D is an eigenvector
L 0} f ) 1-./5 1
| 2 associated with the eigenvalue A, — a fact that is verified in the margin.
[5_ NG Theorem 6.15, page 236, tell us that:
= 2 a diagonal matrix N
_I_T_Aé -1 1 + ,\/g
| 2 1+.45 1-./5 11 1+.5 1-./5 5 0
D=2 2 2 2 | =
_ 1|l S U B £ S R 0o Lo
2 2
1
PlFP

Leading us to:

] -1
1+5 1-.5 # 0 [[1+.5 1-./5
2 2 2 2
11| o 1—*5-@ (|

F = PDP! =

Applying Theorem 6.16, page 238, we have:

_1 5\k
1451005 (+2[) 0 1+ 51-45
2 2 2 2
1

1 1 0 (ﬂ)k 1

Fk — Pka—l =
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You are invited to show that the first row of the above matrix product
can be expressed in the following form:

k+1 k+1 k k
| (s

NG

sk ok s sk ok sk sk sk ok s ke sk skeosk skok sk sk kosk sk >k ok o sk ok sk sk s ok s sk sk skosk skok skok

Recalling that the k" Fibonacci number is the sum of the entries in

the first row of F¥~2 we have:

k-1 k-2 k=1 _ k—1 k-2 B k-2
I I i o o A

:(1+2J§)"*2[(1 zﬁ)_l} 1 1+ Bk 1 [mk2 1— /b1 1_ ekl
ey RS THESTET)

2
_ (1 + ﬁ)kfz - %[(1 +2J§)k — (1 —zﬁ) k} (see margin)

Looking at the above “./5 -expression” from a strictly algebraic point

TR of view, one would not expect to find that each s, is an integer. Being a
W BLAT S (14 ) ) ) -
PR Fibonacci number, that must be the case. In particular, the 100%™ Fibo-
N AR nacci number is:
ey g :
wMeq & £ 100 100

: | 1 (1+ﬁ) (1—[5) J
2 1z S = —=||— - — = 354,224 .848,179,261,915,075
§ [ A 100 J5 [ 2 2
=34
C1+.5 . o .
The number ¢ = 5 has an interesting history dating back to the

time of Pythagoras (c. 500 B.C.). It is called the golden ratio (¢ is the

first letter in the Greek spelling of Phydias, a sculptor who used the
golden ratio in his work).

Basically, and for whatever aesthetic rea-
son, it is generally maintained that the most
“visually appealing” partition of a line seg- |
ment into two pieces is that for which the
ratio of the length of the longer piece L to
the length of the sorter piece / equals the
ratio of the entire line segment to that of
the longer piece, leading us to:

L _L+1

/ L
L2—IL-[2=0 /

I+1J5 L 1+.5
2 1 2

L =




RECURSIVE RELATION

Answer: See page B-27.
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The formula s, = s, _| +s,_, for the kth element of the Fibonacci

sequence describes each element of the sequence in terms of previous
elements. It is an example of a recurrence relation. You are invited to
consider addition recurrence relations in the exercises, and in the fol-
lowing Check Your Understanding box.

CHECK YOUR UNDERSTANDING 6.16

Find a formula for the k™ term of the sequence §15 89,83, .y if

s, =2,sy,=3,ands;, = s, _;+2s, , fork=3.

SYSTEMS OF DIFFERENTIAL EQUATIONS
(CALCULUS DEPENDENT)

We begin by extending the concept of a matrix to allow for function
entries; as with:

A) = 3% €| and B =| 0 Ix
4  sinx x-5 2x

The arithmetic of such matrices mimics that of numerical matrices.
For example:

3x  eX |, | 0 Inx| _ | 3x  e**+ Inx
4 sinx x—5 2x x—1 sinx+2x

3x e 0 Inx| _ | e(x—5) 3xlnx+2xe?*
4  sinx||x—-5 2x sinx(x—5) 4Inx + 2xsinx
We also define the derivative of a function-matrix to be that matrix
obtained by differentiating each of its entry. For example:

If A(x) = {336 ezx}, then A'(x) = {(3)6)’ (ezx)} - {x 262)‘}

4 sinx (4)"  (sinx) 0 cosx

and:

In the exercises, you are invited to show that the following familiar
derivative properties:

[fx) +g(x)]" = fi(x) +g'(x)
[Ax)g(x)]" = flx)g'(x) + g(x)f'(x)
[cf(x)]" = cf'(x)

extend to matrices:
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([(_{l " gf(x) —fx)g' (x)
&G ()1

If the derivative of a func-
tion is zero, then the func-
tion must be constant.

THEOREM 6.19 Let the entries of the matrices A(x) and B(x)
be differentiable function, and let C be a
matrix with scalar entries (real numbers).
Then:

@) [4(x)+B(x)]" = 4'(x) +B'(x)
(i) [A(x)B(x)]" = A(x)B'(x)+ B(x)A'(x)
(iii) [CA(x)]" = CA'(x)
(assuming, of course, that the matrix dimen-
sions are such that the operations are defined)

Differential equations of the form:
f(x) = aftx)  (or y' =ay)
play an important role in the development of this subsection. As you may
recall:

THEOREM 6.20  The solution set of /'(x) = af{x), conists of

all functions of the form f(x) = ce® +d for
any constants ¢ and d.

PROOF:
J(x) = (ce®+d)' = a(ce™) = af(x)
At this point, we know that every function of the form y = ce® isa

solution of the differential equation f'(x) = af(x). Moreover, if f(x)
is any solution of f"(x) = af(x), then the derivative of the function

g(x) = ]% 1s zero:
e

since f'(x) = af(x)

g(s) = ELRADaet _ [ afiler . D _

It follows that g(x) = f(T)sz) = ¢ for some constant ¢, or that
e

f(x) = ce?*.

We now turn our attention to systems of linear differential equation of
the form:

fll(x) = allfl(x)"'alzfz(x)"' +a1nfn(x)
le(x) = azlfl(x)"'azzfz(x)"' +a2nfn(x)

£ = a, fy(0) Fa o fs(0) F o ta, f(x)

where the coefficients a;; are real numbers. As it is with systems of lin-
ear equations, the above system can be expressed in the form:

F'(x) = AF(x)
were Fi(x) = [fi(x)]eM,, ,and 4 = [al.j] eM, .



flr(x) = lel(x)
F'(x) = Xpf5(x)

S’ () = A fu(x)
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In the event that 4 is a diagonal matrix, the system F'(x) = AF(x) is
easily solved:

THEOREM 6.21 A
fi(x) A 0 o 0|fi(x) £1(x) c e
If fz,:(X) B (:) k:z ? fz(;X) then: (20| = |e,eh
! 0 ... 0ALllf
S () n| fn(¥) f(xX) cnek"x

Y
where ¢, c,, ...c, € R.

PROOF: Simply apply Theorem 6.20 to each of the n differential
equations: f;'(x) = Af;(x).

We now consider systems of differential equations of the form:
F'(x) = AF(x) (*)
where A4 is a diagonalizable matrix. In accordance with Theorem 6.15,
page 236, we know that for any chosen basis B = {v,v,,...,v,} of
eigenvectors of A:
A = PDP!

column of PeM,, , is the -eigenvector

where the ith

v,e(a,;a,;, ..., a,;) with eigenvalue A;, and D = [dl.j] is the diago-

nal matrix with d;; = A;. Substituting in (*), we have:
F'(x) = (PDPY)F(x)
Multiply both sides by P : P*lF’(x) = DP*lF(x)

Theorem 6.19(iii): [P 1F(x)]' = DP1F(x)
Letting G(x) = P 1F(x), brings us to:

G'(x) = DG(x)
Applying Theorem 6.21, we have:

Ax Ax Ayx
cle cle cle

Ax X
G(x) = [©2¢ 7 | = P1F(x) = |%¢ 7| = F(x) = P|&e

A x A X A X

cne" ce” ce

At this point we have:

Vi V2 Y
A Voo .
Ax
app Arp --- Ayl e
a a e a X
F(x) = 21 %22 2n cye 2
A X
Ap1 Apa ann_ ce”

Appealing to Theorem 5.3, page 154, we conclude that:

A A A
F(x) = cie"y +cre v, + - +c,e "xvn
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Summarizing, we have:

THEOREM 6.22 Let 4 e M,,, be diagonalizable, and let
{v1» ¥y ..., v,} beabasis for R” consisting
entirely of eigenvectors of 4 with corre-
sponding eigenvalues A,. Then, the general
solution of:

F'(x) = AF(x)
is of the form:
Ayx Ayx Ax
cie"v te,er v, tetc ey,

for ¢y, ¢y, ...c, € R.

In alternate notation form: EXAMPLE 6.14 Find the general solution for:
f ) = =3,(x) +f2(x)} yi' =3 +y2}

[y (x) = 6£1(x) +2/,(x) v, = 6y, +2y,

SOLUTION: Our first order of business is to find (if possible) a basis

{vy, vy} of R? consisting of eigenvectors of 4 = {_3 1} .
6 2

From: det| >~ % 1 | = (3-2)2-2)-6
6 2-A
= AM+A-12 = (A+4)(L-3)
=31
6 2
—4 and 3. Here are their corresponding eigenspaces:

Fl 4 - nuu[{—; j - [}j‘ _°4D - “““([é éD

we see that the matrix 4 = { } is diagonalizable, with eigenvalues

XV x
homogeneous 11| rref (11
system of equations: |:6 6}H 00

Setting the free variable b equal to , we have:
E[-4] = {(=r,r)|[r € R}

st =l [2 ] ) (1)

a b a b
1
—6 1 I’I'Cf 1 _8

E[3] = {(r,6r)|r e R}

And:

Bringing us to:
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Choosing the eigenvector v; = (-1, 1) for the eigenvalue —4 and

Any other two eigenvec- the eigenvector v, = (1, 6) for the eigenvalue 3, we obtain a basis of
tors corresponding to the o . .

two eigenvalues will do M2 consisting of eigenvectors for 4. Applying Theorem 6.22, we
just as well. conclude that the general solution of the given system of differential

equations is give by:

—4x 3x
— —ce "+ cye
yl =c 674}6 1 +c e3x 1 = 1 2
! 2 4 3
Vs 1 6 cle + 6c, e
Which is to say:
v = —ce®+ce’ and y, = e+ 6c,e3F

»' =3y +J’2}

Let’s check our result in the given system

’

y) =6y, +2y,

v = (—cje ¥ +cye¥) = deje ¥+ 3c,e3%

and: l

=3y, +y, = —3(—cie ¥+ e3) + (cje P+ 6c,e3F) = deje ¥ +3c,e3

Similarly: y," = (cie™ +6c,e3¥) = —4c e + 18¢,e*

= 6(—cie ¥+ cpe?) +2(cre ™ + 6cye3) = 6y, +2p,

CHECK YOUR UNDERSTANDING 6.17

Find the general solution for:

' =2y,-2y,

Vo = V1TV,

¥y ==y ty, =2yt
Y4

L= T2ty
Suggestion: Consider Example 6.11, page 237.

Answer: See page B-28.

Let us return momentarily to the system of equations of Example 6.14:

!

Y = _3J’1+J’2
' =6y, +2y,

with general solution: *)

} s y, = cie ¥ +6c,e3
To arrive a particular or specific solution for the system, we need some

additional information. Suppose, for example, that we are given the ini-

. . y1(0) ) e
tial condition Y(0) = = . Substituting in (¥*), we then
y,(0) 3

have:
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Answer: See page B-28.

4.0 15
-2 = —cye +c,e3 0 -2 =—,tc ¢ = =
1 2 1 2 7
= B = 1
3=cle*4'0+6cze3'0 3 =c t6c, 022?
1 —4x 15 3x
= _ = +_
Y1 7€ 7€

Solution:
1 90
y, = 56 4x+7e3x

CHECK YOUR UNDERSTANDING 6.18

Find the specific solution of the system in CYU 6.17, if
yl(O) = 0>)’2(0) = lay3(0) =2, and J/4(0) =3

EXAMPLE 6.15 In the forest of Illtrode lived a small peaceful
community of 50 elves, when they were sud-

denly invaded by 25 trolls. The wizard Callan-
dale quickly determined that:

d
1) = ST(1) — 5E(D)

d
TE(®N = -T(1) +3E(t)

where 7(¢) and E(¢) represents the troll and
elves populations ¢ years after the troll inva-
sion. Analyze the nature of the two popula-
tions as time progresses.

SOLUTION: To find the general solution of the system:

{T'(r)} |53 {T(r)}
20 R

we first find the eigenvalues of the above 2 x 2 matrix:

3-h = 1 | =
det |2 = (3-M - =0i-A=t1>
1 Yoy 9 3 =1
6
L1 s 1l
Then: EH —nutl| [ 2 0|8 || = qun|| 3 ®
6 I !
2 6 3
y X

X Y

homogeneous 1 1 1

~ 3 ol rref |1 =

system of equations: | 3 LA 3
1

3 0 0




Answer: See page B-29.
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Setting the free variable y to 3, we obtain the eigenvector (-1, 3) for

the eigenvalue % . In a similar fashion, you can show that (1, 3) is an

eigenvector for é . This leads us to the general solution:

5 1
5 1 —cie + et
{T(t)} _ cleﬁt{_l} +czeét{l} _ c,e cye
E(t 3 3 s 1
() 3cle<’t+ 3czeét
Turning to the initial conditions, we have:

25 = —¢,tc
o) - |25 = b =>c = A and ¢, = 125
E(0) 50, 50 = 3¢, +3c, 6 6

Leading us to the specific solution:

25 % 125 ki
T(1) = 2t + 22
(0 =% c e

25 5 125 L
E =260 4
(0 =-3 e

A consideration of the graphs of the two functions reveals that while
the troll population will continue to flourish in the region, the poor
elves vanish around two-and-a-half years following the invasion:

Flotl Flotz Flotz WIHDOL :
x¥1EEESHEhE:i5KH Kmln:E

?h+ﬂ125f6h9 0SS ﬁEET;? ndb//ﬂ
W zBC -5 e SR Ymin=6

SEIFCL2SS2 e CES Ymax=15A

G52 Y=o 1=25 elves
WM ares=1

CHECK YOUR UNDERSTANDING 6.19

Turtles and frogs are competing for food in a pond, which currently
contains 120 turtles and 200 frogs. Assume that the turtles’ growth
rate and the frogs’ growth rate are given by

T'(t) = ST(” F(t) and F'(f) =

respectively; where 7(z) and F(¢) denote the projected turtle and
frog population ¢ years from now. Find, to one decimal place, the
number of years it will take for the turtle population to equal that of
the frog population.

2E()
1)




256 Chapter 6 Determinants and Eigenvectors

EXERCISES

Exercises 1-8. Find a formula for the kth term of the sequence S15 89, 83, ..., 11
l. s, =2,sy=2,ands;, = s;,_|+s,_, fork=3.
2. s, =a,sy =a,ands, = s;,_,+ts,_, fork=3.
3.s;,=1,sy,=2,ands, = s, _|+s,_, fork=3.
4. sy, =1,s, =6,ands, = 6s,_;—9s, , fork=3.
5.8, =1,s,=4,and s, = 35, _;—2s,_, fork=3.
6. s, =1,s, =2,ands, = as, ,—bs, , for k>3 and a®>-4b>0.

7.5y = 1,8, = 2,83 =3,ands; = 285, +s;,_,—25, 5 fork=4.

21-2||3
Hint: Note that S, = (1 ¢ ¢ .
01 0|1

8. S] = 1,S2 = 2>S3 = 3aandsk = _2Sk—l+sk—2+2sk—3 for k>4.

9. (PMI) Let s, denote the " Fibonacci number. Prove that 5,5, ,— (s, _{)> = (-1)¥*1, for
k>3.

Suggestion: Use the Principle of Mathematical Induction to show that for 4 = {1 1} and

10
k>3, Ak = | %k k1)
Sk—1Sk-2

10. Let s, and s, be the first two elements of a sequence and let s, = as, | + bs,_, be arecur-
rence relation which defines the remaining elements of the sequence. Prove that if the quadratic
equation A2 —aX —b = 0 has two distinct solutions, A, and A,,then s, = clkrf + czkz for
some ¢, ¢, € R.

1 1} in the development of the Fibonacci sequence with

Suggestion: Replace the matrix {
10

the matrix |% °|.
10
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11. Let the entries of the matrices 4(x) and B(x) be differentiable function, and let C be a

matrix with scalar entries (real numbers). Given that the dimensions of the matrices are such
that the operations can be performed, prove that:

(1) [A(x)+B(x)] = 4'(x) +B'(x)
(i) [A(x)B(x)]" = A(x)B'(x) + B(x)A'(x)
(i) [CA(x)]' = CA'(x)

Exercises 12-17. Find the general solution of the given system of differential equations, then
check your answer by substitution.

. f1'(x) = 2f1(x) } 3 ' =Evi-»m }
CA(x) = 3f(x) —fr(x) Ly =2y 4y,

T 3y1+2y2} 110 = )+ 2(0) ~ ()

Yy = 6y, -y, 15. g'(x) = 2f(x) +4g(x)—2h(x)
h'(x) = —f(x)—2g(x) + h(x)

x'=4x+3y+3z X' ~126!lx

16. ' = —x+3y+8z 17. |yl = =13 5|y
z' = —6x+8y+6z z' 0 25|z

Exercises 18-21. Solve the given initial-value problem.

. ] {3 —1} i o] _ [1}
_yz’ 6 2 Yy y2(0) -1
o 1) {z A 1O
ne 2 he] o]
o fo=21]lx k)] |1
20. 1yl =10 0 3|y [»(0)] = |0
| (10 0|z] [z20)] |2
o) 126 [l [0
2L |g'(x)| = |-1 3 5][g(y)|° |g(0)| =
h'(x) 0 25| |h(z)| |h(0)
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22.

23.

Given enough space and nourishment, the rate of growth of plants 4 and B are given by
A'(t) = %A(t) and B'(t) = %B(t), respectively, where ¢ denotes the number of months

after planting. One year, 50 of 4 and 30 of B were planted, and in such a fashion that the
rates of growth of each of the two plants were compromised by the presence of the other; in

accordance with: 4'(t) = %A(t) —B(t) and B'(¢t) = %B(z) = iA’(t) . Analyze the nature of
the two plant populations as time progresses.

Assume that initially, tank 4 contains 20 gallons of a lig-
uid solution that is 10% alcohol, and that tank B contains
30 gallons of a solution that is 20% alcohol. At time
t = 0, the mixture in 4 is pumped to B at a rate of 1 gal-
lons/minute, while that of B is pumped to 4 at a rate of
1.5 gallons/minute. Find the percentage of alcohol con-
centration in each tank ¢ minutes later.




Stochos: Greek for “guess.”
Stochastices: Greek for “one
who predicts the future.”
Andrei Markov: Russian
Mathematician (1856-1922).

Transition matrices are also
called probability matrices.

Since the entries in the transi-
tion matrix are probabilities,
they must lie between 0 and
1 (inclusive). Moreover, since
the entries down either col-
umn account for all possible
outcomes (staying in Y, or
leaving Y, for example), their
sum must equal 1. In particu-
lar, since there is a 0.23 prob-
ability that a person in state Y
returns to state Y, there has to
be a 0.77 probability that the
person will leave that state
and, consequently, move to
state N.
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§5. MARKOV CHAINS

Certain systems can occupy a number of distinct states. The transmis-
sion in a car, for example, may be in the neutral state, or reverse (state),
or first gear (state), etc. When chance plays a role in determining the
current state of a system, then the system is said to be a stochastic pro-
cess, and if the probabilities of moving from one state to another
remain constant, then the stochastic process is said to be a Markov
process, or Markov chain.

Here is an example of a two-state Markov process:

State Y: Person x was involved in an automobile accident within
the previous 12 month period.

State N: Person x was not involved in an automobile accident
within the previous 12 month period.

Let’s move things along a bit by citing the following study:

Probability of x being involved 23
in an accident within the next }: {

12 month period .19 if xisin N

if xisinY

The above information is reflected in Figure 6.2(a) (called a transi-
tion diagram), wherein each arrow is annotated with the probability of
taking that path. The same information is also conveyed in the transi-

tion matrix, 4 = [al.j], of Figure 6.2(b), where t;; represents the

probability of moving from the jth state to the i state in the next
move. The 0.19 in the upper right-hand corner of the matrix, for exam-
ple, gives the probability of moving from state N to state Y in the next
move, while the entry 0.81 is the probability of remaining in state N.
current state
23

T 81
A: -
N 77 81 |NE
Transition Diagram Transition Matrix
(a) (b)
Figure 6.2
Assume that, initially, 25% of the population was involved in an auto-

mobile accident within the previous 12 month period (and 75% was
not). This given condition brings us to the so called initial state matrix

of the system: S, = 25 .
5
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Answer: 757, 686, and 636
of the current freshmen will
live in the dorm in their soph-
omore, junior, and senior
year, respectively.

Utilizing matrix multiplication we can arrive at the next state, S :
T So S
) [.23 .19} {.25} _ {(.23)(.25) + (.19)(.75)} _ {.20} Y
77 81]1].75 (.77)(.25) + (.81)(.75) 80| N
The above tells us that there is a 0.20 probability that a person will be
involved in an accident in the first 12 month period.

To get to the next state matrix, we replace S, with §; in (*):
T S, S,

23 .19( (.20 _ | (.23)(.20) + (.19)(.80) | _ [.198]Y

77 .81] (.80 (.77)(.20) + (.81)(.80) .802| N
The above tells us that there is a 0.198 probability that a person will be
involved in an accident in the next (second) 12 month period.

T S, S,
o o 1.23 .19((.198| _ |.19792|Y
Similarly: =
77 .81].802 .80208| N
Working backwards, we find that we can also arrive at §; by multi-

plying the initial state matrix S, by T 3,

Sy, = TS, = T(TS,)) = T>S; = TATS,) = T3S,

Generalizing, we have:

THEOREM 6.23 If T is the transition matrix of a Markov pro-
cess with initial-state matrix S, then the

n'h state matrix in the chain is given by:

S, =T"S,

n

CHECK YOUR UNDERSTANDING 6.20

Of the 1560 freshmen at Bright University, 858 live in the dorms.
There is a 0.8 probability that a freshman, sophomore, or junior cur-
rently living in the dorms will do so in the following year, and a 0.1
probability that a currently commuting student will live on campus
next year. Assuming (big assumption) that all 1560 freshmen will
graduate, determine (to the nearest integer) the number of the current
freshman that will be living in the dorms in their sophomore, junior,

and senior years.
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POWERS OF THE TRANSITION MATRIX

Let us formally define the concept of a transition matrix:

DEFINITION 6.10 A transition matrix Te M, is a
TRANSITION MATRIX  matrix that satisfies the following two
properties:
(1) T contains no negative entry.
(2) The sum of the entries in
each column of 7 equals 1.

Consider the three-state Markov process with transition matrix:

I'1I 1

3.1.61
T 2.1 4|10
5.8 0| 11

Assume that at the start of the process we are in state II:

ay
So = 1|11
o] 111
[ I
3.1 .6][o {1 I
Observe that: S, = TS, = |2 .1 4|[1 1 11
5.8 0[]0 8| 111
/I\—same—/]\

0 |41.52.22[|0] |.52|1

1| = |.28 .35 .16/ (1| = |.35/11

0 [31.a3.62/[0] 13|11
r 4

same

And that: S, =T2§, =

[, T NS BV
00 = =
= =)

In general:

THEOREM 6.24 Let T denote the transition matrix of a Mar-
kov chain. If the process starts in state j,

then the element in the i row of the j™ col-

umn of 7 represents the probability of end-
ing up at state i after m steps.

EXAMPLE 6.16 Analyze the nature of the second column of
T2, T4, and T? for the transition matrix:
I 11T I
2 .6 4|1
=13 .1 3/n
S 3 3|10

Given that the system is initially in state II.
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SOLUTION:
2 6 4|2 6 4 42 30 38| I
T2= 13 1 3|3 1 3| = |24 28 24| 1
5 3 3|5 33 34 42 38 11

The second column of 7?2 tells us that if you start in state II, then
there is a 0.30, 0.28, and 0.42 probability that you will end up at
states I, 11, and III, respectively, after two steps.

42 30 38|42 30 38 3776 3696 3760| 1
T4 =T2-T?= |24 28 24|24 28 24| = | 2496 2512 2496| I
34 42 38||34 42 38 3728 3792 3744| 1

The second column of P* tells us that if you start in state II, then
there is a 0.3696, 0.2512, and 0.3792 probability that you will end up
at states A, B, and C, respectively, after four steps.

o o g | 37763696 3760[| 3776 3696 3760 |.3750 3750 3750
T°=T%T"= 2496 2512 2496|2496 2512 2496 = | 2500 .2500 2500
3728 3792 3744||3728 3792 3744|  |.3750 .3750 3750

Whoa! The three columns of 7'# are identical (to four decimal
places). Moreover, if you take higher powers if 7, you will find that

you will again end up at the above 78 matrix. This suggests that
eventually there is, to four decimal places, a 0.375, 0.250, and 0.375
probability, respectively, that you will end up at states I, II, and III,
independently of whether you start at state I, or II, or III!

Indeed, no matter what initial state you start with, say the state

2
Sy = H , it looks like you will still end up at the same situation:
3

o|2 3750 3750 .3750| |. 3750 3750 3750| A
T®|s| = |2500 2500 2500(|.5| = |.2500 2500 2500| B
3 3750 3750 .3750| |3 3750 3750 .3750]

It appears that for this Markov chain, there is a probability of 0.375
that you will eventually end up in state 4, a probability of 0.250 that
you will end up in state B, and a probability of 0.375 that you will end
up in state C, independently of the initial state of the process! Even
more can be said; but first, a definition:

DEFINITION 6.11 Sr € RM" is a fixed state for a transition
matrix Te M, if TS, = Sp.

EXAMPLE 6.17

Show that the transition matrix 7 =

o L N
W =
W L N

of Example 6.16 has a fixed state.



.2500 .2500 .2500

3750 .3750 .3750
TS =
.3750 .3750 .3750

For example:

~

Il
o o
W W
L L o

is regular, since:
28 .18 21

T2 = | 42 55 51
30 27 28
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X
SOLUTION: We are to show that there exists a state S = y such

that 7S, = Sgp:

z

2 .6 4||x X 2x+.6y+ .4z X
301 3|y Ty = 3x+t.dy+3z] T |y
S 3 3|z z Sx+3y+ .3z z

Equating entries brings us to a system of three equations in three
unknowns:

2x + 6y + 4z =x -8x+.6y+.4z =20
3x+.dy+3z=y (= 3x-9y+3z=0
Sx+3y+3z=z2 Sx+3y-T7z=0

It can be shown, however, that for any transition matrix 7, the system

X X
of equations stemming from 7|, = |,| will always have more than
z

z

one solution (Exercise 22). By adding the equation x+y+z = 1
(the sum of the entries in any state matrix of the system must equal 1)
to the system, we do end up with a unique solution:

—8x+.6y+.4z =

I
=)

-8 6 4]0 100[3/8

3x-=9y+3z=0 — |3 =9 3|0|ef, [010|1/4

Sx+3y—-7z=10 5 3 =700 001|3/8
xt+y+z=1 1 1 111 000| 0

We see that the matrix 7 has a unique fixed state; namely:

3/8 .3750
Sr = |1/4] = | 2500/, which, to four decimal places, coincides with
3/8 .3750

the columns of the matrix 78 in Example 6.14 (margin).

The above rather surprising result, as you will soon see in Theorem

6.26, actually holds for the following important class of Markov
chains:

DEFINITION 6.12 A Markov chain with transition matrix 7 is

REGULAR MARKOV  said to be regular if TX consists solely of
CHAIN positive entries for some integer k. The
transition matrix of a regular Markov chain

is said to be a regular transition matrix.

Note that it is possible to eventually go from any state to any
other state in a regular Markov chain (see Theorem 6.24).
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In other words, AT is that .
i Gl by it DEFINITION 6.13 The transpose of a matrix
changing the rows and col- TRANSPOSE A4 =1la;]eM is the matrix

umns of A. For example: T _
Al = [aij] eM,

where a;; = a;

xm?> ij Ji

o odar
2EE 35 The following results will be called upon within the proof of Theo-
rem 6.25 below:

A-1: If AeM and Be M

mXn nxr?

[Exercise 19(f), page 161.]
A-2: If A is an eigenvalue of 4 e M then A is also an

nXn

then (AB)T = BTAT,

eigenvalue of AT . (Exercise 52, page 231.)

THEOREM 6.25 ) = 1 is an eigenvalue of every transitional

matrix T'e M, .

PROOF: Let w € R” be the n-tuple with every entry equal to 1. Being
a transition matrix, the columns of 7 = [tl.j] sum to 1. Hence:

—

9
/ Lty -ty

t 1t t

wr = (11,1202 Tl =,y = w
. . . . /P
}'Ill n2 " ‘nn L — 1

Lttty b, =1

Taking the transpose of w7 = w, we have TTwT = wT (A-1), and

Nt i ! m el this tells us that w’ is an eigenvector of TT corresponding to the
vector of the transpose of eigenvalue A = 1. Applying A-2 we conclude that A = 1 is also an
T, and not necessarily of 7. eigenvalue of 7.

THEOREM 6.26  Everyregulartransitionmatrix 7 € M, ., has

In a sense, independently of

its initial state: FUNDAMENTAL THEOREM "
The fixed state of a reg- OF REGULAR MARKOV . .
ular transition matrix is CHAINS a unique fixed state vector S = |2/, and:
also the final state of the .
matrix n

§—> ®©

(each column of the matrix 7% approaches
Sy as s increases).



That “(s)” in Mgs) is not

an exponent; it is there to
indicate that we are con-

sidering the matrix 7%
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PROOF: Assume that 7 = [ti].] consists of positive entries. (You are

invited, in Exercise 27, to establish the result under the assumption that 7%
consists solely of positive entries for some integer k> 1.)

Consider the matrix 7% = [c(:‘)] which must also consist of positive

entries. Let Mgs) = CSJSA)l and m(s) cfj) denote the largest and

smallest entry in the ™" row of 75. We will show that
lim (M(S) (S) = 0. This will tell us that all entries in the ith row
s —> 0

of lim 7% are equal, which is the same as saying that the columns of
s —> 0

lim 7% are all equal.
S —> 0

From 75! = [c(ﬁl)] = T = [c(s)][tl-j] we have:

(s +1) _ (S) (S)
Z cloc oc] Um JmJ Z Clon o
oaFEj,
n
(), (s)
Mt Y Cigly
O F

), 9
smtl Mi 2 Ly

_lJJ

o Fj,
The entries in the jh column of the In

transition matrix 7 sumto 1: = mgs)t +MS)(1 —t. )
1

T

We have shown that for every entry c(f D in the ith row of 75" 1

(s+ 'y s)
Cjj <m;t; .+ M( (1-
In particular, for the largest entry in that row we have:

M(9+1) fs) M(s)(lf

A similar argument (Exercise 26) can be used to show that for the

(s+1)

smallest entry m; inthe ™ row of 7°*! we have:

s MOy w1 )

Consequently:

M.(S+1)—m(s+l)

i i

), (s) 5) (s)
<my MU )= Dm0 )

_llm/

= M=) (1 -

i~ i)
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Let ¢ be the smallest entry in 7. Since T consists of positive entries,
and since the entries in every column of 7 sums to 1, we have

—1; )< (1-2t) . Hence:

1 ) .
0<t< pl and, in particular that (1 — 4

M‘(S+ 1)_

1

ml(.s+l) < (A/Igs)_mgs))(l —Zt)
Leading us to:

]Wg-s)—mgs)ﬁ(l —21‘)(]\4?71)—171?71))

<(1 —21)2(1\/I§S72)—m§“2))

S.(1—2t)s—1(Ml.—mi)

Since 0<(1-26)<1, (1-2¢)s"1 -0 as s — o, and this tells us

that the elements in the i row of the matrix 7° must get arbitrarily
close to each other as s tends to infinity. In turn, the columns of 7%
r

r

must all tend to a common vector |"2/. We complete the proof by

T

ry
showing that S, = |"2| is the unique fixed state of 7"

rn
X1

Employing Theorem 6.25, we start with an eigenvector X = [*2| of 7,

X
n
of eigenvalue 1. Since 7X = X, 75X = X for all k. Hence:
lim 75X = |72 72 72| [*2] = %2
§ —> 0
P Ty Tl X, e
From Theorem 5.4, page 156:
ryory | 1 y | " " "1
Ty Ty .. Vsl [¥o| _ 7y ) Fal = )
2 21 X |72 x| 2]y le.
i=1
r n r n r n xn rn_ _rn_ _rn_ _rn_
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Since T(X) = X:

)Cl l"l
= [*2| = r
X Z xi 2 (*%)
i=1
*n "n

n
Since X # 0 (it is an eigenvector), ¢ = Z x;# 0, and dividing both

sides of (**) by ¢ brings us to: i=1

X, r
1|x r
SF -
_xn_ —rn—
We then have:
r X X X r
72| = L% = Lp[Xa 2 Ljxf _ |ny
c c c
"n [*n] *n] R

The above argument also establishes the uniqueness of the fixed state
vector, for if X is to be a (fixed) state vector, then ¢ must equal one.

EXAMPLE 6.18 An automobile insurance company classifies
its customers as Preferred, Satisfactory, or
Risk. Each year, 10% of those in the Preferred
category are downgraded to Satisfactory,
while 12% of those in the Satisfactory cate-
gory move to Preferred. Twenty percent of
Satisfactory drop to Risk, while 15% of Risk
goes to Satisfactory. No customer is moved
more than one slot in either direction in a sin-
gle year. Find the fixed state of the system.

SOLUTION:
C@ Pr S R
9.12 o|Pr
T=11.68.15S
12 0 2 85 R
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How large is large enough? If
the rows look different, then
take a higher power.

The easiest way to go, is to take a “large” power of the transition
matrix, and let any of its rows represent an approximation for the fixed

state matrix of the regular Markov process:

MATEIx[A] 3 =3 [A]"208

[ .80 A won ] [[.33952 28302 .37ra6]
[ .1z .58 Z0 ] [.33962 28382 .37ragl]
L .00 A% -B% 1 [.33962 28302 .37736l1]

This establishes the fact that we are
in a regular Markov situation (how)?

We conclude that roughly 34% of the company’s clients will (eventu-
ally) fall in its Preferred category; 28% in its Satisfactory category;
and 38% in its Risk category. But that is but an approximation, for:

912 0|.34 .3396
.1 .68 .15||.28| = [.2814
0 .2 .85/|.38 .3790

You can, however, find the exact steady state by the method of Exam-
ple 6.17:

912 0 |lx X Ix+.12y+0z = x
1 .68 15|y y| = 1x+.68y+.15z = y

0 .2 .85||z z Ox+.2y+.85z = 2 —‘
! 10 04
—Ix+.12y+0z = 0 s
dx—32+.152 = 0 01 0]53

rreﬁ
Ox+.2y—.15=0 20
001 3
xty+tz=1
0 0 00
see solution of Example 6.15. — -
We found (;—g ;—g i—g) to be the (exact) steady state of the given Mar-

kov chain; telling us that the longer the process, the closer it will be

that ;—g% of the customers, for example, will be in the preferred cate-

gory.



Answer: Approximately 41%,
26%, 33% of the population,
will vote democratic, republi-
can, green, respectively.
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CHECK YOUR UNDERSTANDING 6.21

The transition matrix 7 below represents the probabilities that an
individual that voted the Democratic, Republican, or Green party
ticket in the last election will vote D, R, or G in the next election.

D R G
73 32 09 P

T |21 61 04 R
06 07 87| G

Determine the eventual percentage of the population in each of
the three category.
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EXERCISES

Exercises 1-6. Indicate whether or not the given matrix represents a transition matrix for a Mar-
kov Process. If not, state why not. If so, indicate whether or not the given transition matrix is reg-

ular.
|2l 5 |01 5 |0
8§ .9 110 1 9
2 4 14 0 3 4
4 17 0 3 5.0 0 3 6. |5 3 6
1 6 6 0 6 .6 1 0

Exercises 7-8. Determine the transition matrix associated with the given transition diagram.

Ctosey | G QG0

Exercises 9-11. Determine a transition diagram associated with the given transition matrix.

B A B C A B C D

0 {3 %]A L o0 11A 0 1 2 6|/A
7 .6|B 10 0 0 0|B 11. S5 0 5 4B
01 0|cC 0 0 0 o0C

50 3 0|D

12. Determine the probability of ending up at states A and B after two steps of the Markov chain
associated with the transition matrix in Exercise 9, given that you are initially in state:

@A (b)B

13. Determine the probability of ending up at states A, B and C after two steps of the Markov
chain associated with the transition matrix in Exercise 10, given that you are initially in state:

@A (B (©)C

14. Determine the probability of ending up at states A, B, C and D after two steps of the Markov
chain associated with the transition matrix in Exercise 11, given that you are initially in state:

@A (B (©C (D
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Exercises 15-20. (a) Proceed as in Example 6.15 to find the stationary state matrix of the given
regular transition matrix.

21.

22.

23.

24.

25.

26.

27.

28.

29.

(b) Use Theorem 6.26 and a graphing utility to check your answer in (a).

15. .7 .2 16. .1 .6 17. .5 .3
3 .8 9 4 S

8 5 0 S 3 0 6 . .
1812 1 6 1911 7 6 2013 5 5
0 4 4 4 0 4 4
001
Show that the matrix 4 = || g o| 1is not a regular matrix, by:
010

(a) Demonstrating that for each k, A% will contain a row that does not consist solely of posi-
tive entries.
(b) Showing that 4 does not have a fixed state vector.

X X
Show that for any transition matrix 7, the system of equations stemming from 7’|, = |,| has
z z

infinitely many solutions.
Suggestion: Use the fact that the sum of the elements in each column of 7 sum to 1.

Let T € M, , be aregular transition matrix. Prove that (x — 1) is a factor of the character-

istic polynomial of 7.

Show that if the entries in each column of 4 € M, , sum to k, then k is an eigenvalue of 4.

n

Referring to the proof of Theorem 6.26, show that:
k+1 k k
m V> MO, w1 b, )

Establish Theorem 6.26 for an arbitrary transitional matrix 7.

Suggestion: Let » be such that 4 = T consists of positive entries, and consider the matrix
TA.

Prove that if A is any eigenvalue of a regular transition matrix, then |A| <1 .

Show that if A is an eigenvalue of a regular transition matrix, then A #—1.

(Rapid Transit) A study has shown that in a certain city, if a daily (including Saturday and
Sunday) commuter uses rapid transit on a given day, then he will do so again on his next com-
mute with probability 0.85, and that a commuter who does not use rapid transit will do so
with probability 0.3. Assume that on Monday 57% of the commuters use rapid transit. Deter-
mine, to two decimal places, the probability that a commuter will use rapid transit on:

(a) Tuesday (b) Wednesday (c) Sunday
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30. (Dental Plans) A company offers its employees 3 different dental plans: A, B, and C. Last

31.

year, 550 employees were in plan A, 340 in plan B, and 260 were in plan C. This year, there
are 500 employees in plan A, 360 in plan B, and 290 in plan C. Assuming that the number of
employees in the company remains at 1150, and that the current trend continues, determine
the number of employees in each of the three plans:

(a) A year from now. (b) Two years from now.

(¢) In4 years (Suggestion: use the square of the 2-year matrix).

(d) In 8 years (Suggestion: use the square of the 4-year matrix).

(e) In 12 years (Suggestion: use the product of 4-year and the 8-year matrix).
(Campus Life) The following transition matrix gives the probabilities that a student living in
the Dorms, at Home, or Off-campus (but not at home), will be living in the Dorms, at Home,

or Off-campus (but not at home) next year (assume that all freshmen will graduate from the
college in four years).

D H O

62 23 25| D
A1 .64 09 | H
27 13 .66] O

Currently, 55%, 24%, and 21% of the freshman class are living in the Dorms, at Home, and
Oft-campus (but not at home), respectively. Determine (to two decimal places) the probability
that a current freshman will, three years from now, be living in the:

(a) Dorms (b) Home (c) Off-campus.

32. (Higher Learning) The transition matrix below represents the probabilities that a female

child will receive a Doctorate, a Masters, or a Bachelors (terminal degree), or No degree;
given that her mother received a D, M, B (terminal degree), or No degree.

mother
D M B N

31 24 11 .06/D
25 26 .09 .05|M &
37 42 52 49|B
07 .08 28 .40|N

nep

I

Given the initial state matrix Sy = [.05 .09 .39 .47] (in column form), determine the
probability that:
(a) A granddaughter will receive a Bachelors degree.

(b) A great granddaughter will earn a Doctorate.

(c) A fifth generation daughter will receive no degree.



33.

34.

35.
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(HMO Plans) A company offers its employees 5 different HMO health plans: A, B, C, D,
and E. An employee can switch plans in January of each year, resulting in the following tran-
sition matrix:

this year
A B C D E.
54 13 .08 .10 .06/A
11 .61 17 .12 8B §
17 10 56 .17 .15C S
06 .05 .08 .49 10D 8
12 11 11 12 S1E

Given the initial state matrix S, = [.11 .20 .31 .14 .24] (in column form), deter-
mine, to three decimal places, the probability that:

(a) An employee will chose plan B in the next enrollment period.

(b) An employee will chose plan B two enrollment periods from now.

(c) An employee will chose plan B three enrollment periods from now.

(d) Determine to 5 decimal places, the fixed state of the system.

(e) Repeat (a) through (d) with initial state matrix S, = [.24 31 .0 .26 .19]

(Mouse in Maze) On Monday, a mouse is placed in a maze consisting of paths A and B. At
the end of path A is a cheese treat, and at the end of path B there is bread. Experience has
shown that if the mouse takes path A, then there is a 0.9 probability that it will take path A
again, on the following day. If it takes path B, then there is a 0.6 probability that it will take
that path again, the next day. The mouse takes path B on Monday. Determine the probability
that the mouse will take path A on:

(a) Tuesday (b) Wednesday (c) Sunday
(d) Answer parts (a), (b), and (c), under the assumption that the mouse takes path A on
Monday.

(e) Show that the transition matrix is regular, and then proceed as in Example 6.14 to
determine the exact stationary state of that matrix.

(f) Indicate the long-term state of the system (the probability that the mouse will take path

A and the probability that the mouse will take path B, at the n" step of the process, for
n “large”).

(Cities, Suburbs, and Country) Within the period of a year, 2% of a population currently
residing in cities will move to the suburbs, while 2% of them will move to the country. 4% of
those living in the suburbs will move to the cities, while 3% of them will move to the country.
One percent of the country folks will move to the cities, while 2% of them will go to the sub-
urbs. Currently, 65% of the population are in cities, and 20% are in the suburbs. Determine, to
two decimal places, the percentage of city dwellers:

(a) Next year. (b) Two years from now. (c) Four years from now.
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(d) Answer parts (a), (b), and (c), under the assumption that 50% of the population are in
cities, and 35% are in the suburbs.

(e) Determine to 5 decimal places, the fixed state of the system.

36. (Crop Rotation) A farmer rotates a field between crops of beans, potatoes and carrots. If she
grows beans this year, then next year she will grow potatoes or carrots, each with 0.5 proba-
bility. If she grows carrots, then she will grow beans with probability 0.2, potatoes with prob-
ability 0.5 (and carrots with probability 0.3). If she grows potatoes, then she will grow beans
with probability 0.5, and potatoes with probability 0.25. If she grows beans this year, what is
the probability that she will grow beans again:

(a) Next year? (b) Two years from now? (c) Three years from now?
(d) Answer parts (a), (b), and (c¢) under the assumption that she grows potatoes this year.

(e) Determine to 5 decimal places, the fixed state of the system.

37. (Wolf Pack) A wolf pack hunts on one of four regions: A, B, C, and D:

If the pack hunts in any given region one day, then it is as likely to hunt there again the next
day as it is for it to hunt in either of its neighboring regions. On Monday, it hunted in region A.

(a) Determine, to two decimal places, the probability that the pack will hunt in Region B on
Tuesday.

(b) Determine, to two decimal places, the probability that the pack will hunt in Region B on
Sunday.

(c) Determine the fixed state of the system.
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CHAPTER SUMMARY

DETERMINANTS

The determinant of an n x n matrix A4, denoted det (4), is defined
inductively as follows:

Fora 1 x 1 matrix 4 = [a,,], det(4) = a,.

Fora nxn matrix 4, with n> 1, let 4;; denote the (n—1) x (n—1)

matrix obtained by deleting the i row and jh column of the matrix 4;
Then:

n

det(4) = 3 (-1)! *a,; det(4,)

j=1

Laplace’s Theorem

-+
-
+

Ul ] [
S I S I
P [
S I e B o R S
U e ]
IR
+ 1 [+ [

e

FordeM, ,andany 1 <i<n:

n n
det(4) = Z (71)f+fal.j det(4;) and detd~ Z (71)i+fal.j det(Al.j)
j=1 i=1

Expanding along the i row Expanding along the jth row

Determinants of diago-
nal and upper triangu-
lar matrices

The determinant of a diagonal matrix or of an upper triangular matrix
is the product of the entries in its diagonal.

Determinants and
row operations

(a) Iftworowsof 4 € M, , areinterchanged, then the determinant
of the resulting matrix is —det(4).

(b) If one row of 4 is multiplied by a constant ¢, then the determi-
nant of the resulting matrix is c[det(A4)].

(c) If a multiple of one row of 4 is added to another row of 4, then
the determinant of the resulting matrix is det(4)

Invertibility

A matrix 4 € M, , is invertible if and only if det(4) # 0.

Product Theorem

Ford,Be M, .
det(AB) = det(A)det(B)
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EIGENVALUE AND
EIGENVECTOR

An eigenvalue of a linear operator 7: VV— V is a scalar A € R for
which there exists a nonzero vector v € V such that:

T(v) = Ay
Any such v is then said to be an eigenvector corresponding to the
eigenvalue A.

An eigenvalue of a matrix 4 € M, is a scalar A € R for which

there exists a nonzero vector X € R" such that:

AX) = A X
Any such X is then said to be an eigenvector corresponding to the
eigenvalue A .

EIGENSPACE

The eigenspace of an eigenvalue A of a matrix 4 e M, , is
denoted by E[A] and is given by:

E[A] = mull(4 — A1)
The eigenspace of an eigenvalue A of a linear operator 7: V' — V is
denoted by E[A] and is given by:

E[\] = ker(T—-AI)

CHARACTERISTIC
POLYNOMIAL AND
CHARACTERISTIC

EQUATION

FordeM

nxn?

the n-degree polynomial det(4 — AJ) is said to be the

characteristic polynomial of 4, and det(4 —AJ) = 0 is said to be
the characteristic equation of 4.

For T: V— V' a linear operator on a vector space V of dimension #,
the n-degree polynomial det([ 7] B Al), where B is a basis for V is

said to be the characteristic polynomial of 7, and
det([T]g - AI) = 0 is said to be the characteristic equation of 7.

Finding Eigenvalues

The eigenvalues of 4 € M, , are the solutions of the characteristic
equation det(4 —Al) = 0.

The eigenvalues of a linear operator 7: V' — V' on a vector space of

dimension n are the eigenvalues of the matrix [T ]13 eM,, ,, where

[ is any basis for V.

DIAGONAL MATRIX

A diagonal matrix is a square matrix 4 = [a;] with a;; = 0 for

%)
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DIAGONALIZABLE
MATRICES AND
LINEAR OPERATORS

A matrix 4 e M,

matrix.

, 1s diagonalizable if 4 is similar to a diagonal
A linear operator 7: V' — V on a finite dimensional vector space V is
said to be diagonalizable if there exists a basis B for which [T ]B isa

diagonal matrix.

Diagonalization | Let T: V — V be a linear operator on a finite dimensional vector
Theorem | space. The following are equivalent:
(1) T1s diagonalizable.
1) [T ]B is a diagonalizable matrix, for any basis 3 of V.
(ii1)There exists a basis for V consisting of eigenvectors of 7.
Eigenvectors corre- | If A, A,, ..., A, are distinct eigenvalues of a linear operator

sponding to different
eigenvalues are lin-
early independent.

m

T:V—V, and if v, is an eigenvector corresponding to A;, for

1 <i<m,then {v,v,,...,v,} isalinearly independent set.

The union of linearly
independent subsets of
different eigenspaces is
again a linearly inde-
pendent set.

Let A, A, ...,A, be distinct eigenvalues of a linear operator
T:V—V,andlet S; = {v;;,v,}, ..., v, } be a linearly independent

subset of E(A;). Then:

§=5uUSu...uUS

is a linearly independent set.

m

ALGEBRAIC AND
GEOMETRIC
MULTIPLICITY OF
EIGENVALUES

An eigenvalue A, of amatrix 4 € M, ., (or of a linear operator 7 on
a vector space of dimension #) has algebraic multiplicity % if
(A—Xy)k is a factor of 4’s (or T”s) characteristic polynomial, and
(A—2g)** 1 is not. We also define the geometric multiplicity of A,

to be the dimension of E[A,] (the eigenspace corresponding to A)

The geometric mullti-
plicity cannot exceed
the algebraic multi-

plicity.

M

If A, is an eigenvalueof 4 e M,

with algebraic multiplicity m,

and geometrical multiplicity m 2> then m gSM,.

Another Diagonaliza-
tion Theorem.

Assume that the characteristic polynomial of a linear operator
T: V— V (or of a matrix), can be factored into a product of linear

factors. Then T'is diagonalizable if and only if the algebraic multiplic-
ity of each eigenvalue of 7 is equal to its geometric multiplicity.
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Diagonalizing a Matrix

LetAeM

nxn

be diagonalizable. Let the columns of P € M be

nxn
any basis for R”" consisting of eigenvectors of 4. Then D = P-14P
is a diagonal matrix. Moreover, the diagonal entry d;; € D is the

eigenvalue A, corresponding to the i column of P.

Power Theorem for
diagonalizable matri-
ces

Let 4 € M, . be diagonalizable with P~'AP = D. Then for any n:

A" = pD"P1,

FIBONACCI
SEQUENCE

The Fibonacci sequence is that sequence whose first two terms are 1,
and with each term after the second being obtained by summing its
two immediate predecessors.

L) (18]

The k™ Fibonacci number is given by %K 3 3

SYSTEMS OF DIFFER-
ENTIAL EQUATIONS

The solution set of f'(x) = af(x), consists of those functions of the

form f(x) = ce%* for some constant c.

Let A € M, , be diagonalizable, and let {v,v,, ..., v, } be a basis

for R” consisting entirely of eigenvectors of 4 with corresponding
eigenvalues A;. Then, the general solution of:
F'(x) = AF(x)
is of the form:
vyt et cnex"xvn

Ax Ayx
cie’"v, teye

for ¢y, ¢y, ...c, € R.

MARKOV CHAINS

TRANSITION MATRIX

FIXED STATE

FUNDAMENTAL THEO-
REM OF REGULAR
MARKOV CHAINS

Markov chain: When the probabilities of moving from one state of a
system to another remain constant.

A transition matrix 7 € M, is a matrix that satisfies the follow-
ing two properties:
(1) T contains no negative entry.

(2) The sum of the entries in each column of 7 equals 1.

SreR" is a fixed state for a transition matrix 7e M, , if
TSp = Sg.
If T is the transition matrix of a Markov process with initial-state

matrix S, then the n’# state matrix in the chain is given by:
S, =T"S,

n

Every regular transition matrix 7 € M, ., has aunique fixed state vec-

tor and each column of the matrix 7* approaches S as s increases.
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CHAPTER 7
INNER PRODUCT SPACES

Basically, an inner product space is a vector space augmented with an
additional structure, one that will enable us to generalize the familiar
concepts of distance and angles in the plane to general vector spaces.

§1. DOT PRODUCT

We begin by introducing a function which assigns a real number to
each pair of vectors in R”:

DEFINITION 7.1 The dot product of u = (uy,u,,...,u,)

DoT PRODUCT and v = (v, vy, ...,v,),denotedby u-v,
is the real number:

u-v =umv +u2v2+ +unvn

For example:
2,4,-3,1)-(5,0,7,-1) = 2-5+4-0+(-3)-7+1-(-1) = -12

The following four properties will lead us to the definition of an inner
product space in the next section, much in the same way that the eight
properties of Theorem 2.1, page 36, lead us to the definition of an
abstract vector pace on page 40.

THEOREM 7.1 Let u,v,w € R", and r € R . Then:
positive-definite property: (1) v-v=0,andv-v = 0 onlyifv = 0
commutative property: (i) u-v=v-u
homogeneous property: (i) ru-v =r(u-v) = wu-rv

distributive property: (V) (u+v)-w=u-wtv-w

PROOF: We establish (iii) and invite you to verify the remaining three
properties in the exercises:

ru-v = r(Up gy ooy tty) (V1 V9 ooy V)

scalar multiplication: = (rug, g, oo ru,) - (v, vy 0y v,)
definition 7.1: = (rup)v, + (ruy)vy + ...+ (ru,)v,
associative property: = r(uyvy) +r(uyvy) + .o+ r(u,v,)
distributive property: = r(uvy tuvy + .o tu,v,)
definition 7.1: =r(u-v)
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CHECK YOUR UNDERSTANDING 7.1

Let u,v € R", and r € R . Prove that:
Answer: See page B-30. ru-v = u-ry

DEFINITION 7.2 The norm of a vector v = (v, V5, ..., v,,),
NORM IN ‘R" denoted by |[|v], is given by:

vl = ~v-v
For v = (v;,v,) € R2, || = Jv-v =)y Jrv2 represents the

length (magnitude) of v [Figure 7.1(a)], and the same can be said about
IVl for v = (v, v,, v3) € N3 [Figure 7.1(b)].

2
Il = i) vl = v+ 43

Figure 7.1

In general, for v € R":

[v|| is defined to be the length of v.

Moreover:

|l —v| is defined to be the distance between u, v € R”".
In particular, for u = (uy, u,) and v = (v, v,) in R2:

v = ("'1, Vz)

| ON\Ju=vl = Juy =v )2+ (uy—v))?
[v2— g
n |v_1__ul|_

u = (”1, “2)




Answer: See page B-30.

For any -1<x<1,

cos 'x is defined to be
that angle 0<6<n
whose cosine is x.

In Exercise 44 you are
asked to verify that
u-v

MR
laefl v

Assuring us that:

1 u-v .
cos (—) exists.
el 1w
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CHECK YOUR UNDERSTANDING 7.2

Prove that for u, v € R” and c € R:
(@) llevll = lelllvl
(b) [l —vl> = llaull> =24 - v+ v

[Reminiscent of: (a —b)? = a2 —2ab + b?]

ANGLE BETWEEN VECTORS

Applying the law of cosines [Figure 7.2(a)] to the vectors u, v € R2
in Figure 7.2(b), we see that:

lee —v[I% = [u]®+|v]? = 2]ul||v] cos®

b
c?2 = a?>+b%2-2abcosH

Law of Cosines lee = viIZ = llul| >+ [[¥]|2 — 2] [ ¥]| cos ©
(a) (b)
Figure 7.2
From CYU 7.2, we also have:
e — vl = llull? =22 - v+ |v]2
Thus:
el 2+ [1v]12 = 2 |ul [V cos® = [lu]? —2u - v+ [v]?
2|ulv|cos® = —2u -v
cos = 4V
el [|v]
) 1 u-v
see margin: 0 = cos (—)
laa[ ]

Leading us to:

DEFINITION 7.3 The angle 6 between two nonzero vectors

ANGLE BETWEEN
VECTORS

u,v € R" is given by:

1 u-v
0 = cos (—)
el | v
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EXAMPLE 7.1 Determine the angle between the vectors
u=(1,20,-2)andv = (-1,3,1,2).

SOLUTION:

o _ 71( u-v) B 71((1, 2,0,-2)- (-1, 3, 1,2))
= COS — | — COS
zell[[ ] JI+4+4/1+9+1+4

_ 71( 1 ) °
= cos | —— | =85
3.J15

CHECK YOUR UNDERSTANDING 7.3

Determine the angle between the vectors u# = (1,2,0) and

COSJ(??S:S) =5 y = (-1,3,1).

ORTHOGONAL VECTORS IN R"

The angle O between the vectors u,v € R?2
We remind you that, for any depicted in the adjacent figure has a measure of

~1<x<1,cos x isthatangle 90° (3 radians ), and we say that those vectors are

0<0<m suchthat cos6 = x. perpendicular or orthogonal. Appealing to Defini-
tion 7.3 we see that:
So, if 00571(4) = 90°,

o
leel v

cos_l(u) =90° or u-v=90

then -2 = 0, oriu-v = 0 2l v

el [l

(see margin)
Bringing us to:

DEFINITION 7.4 Two vectors u and v in R” are orthogonal
ORTHOGONAL VECTORS ify -y = (.

Note: The zero vector in R” is orthogonal to every vector in R”.

CHECK YOUR UNDERSTANDING 7.4

Let v € R”. Show that the set v of vectors perpendicular to v:
vl = {ueR"u-v=0}

Answer: See page B-31. is a subspace of R”.

It is often useful to decompose a vector v € R” into a sum of two vec-
tors: one parallel to a given nonzero vector u, and the other perpendicular

to u. The parallel-vector must be of the form cu for some scalar ¢ (see
Figure 7.3).




ORTHOGONAL
PROJECTION

v = (v—proj,v) + proj,v

Vv — proj,v

U

proj,v = (H)u
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_ v—cu
e
e
e

e
€ _ .

- cu = proj,v
v—cu -

Figure 7.3

The vector cu in Figure 7.3 is said to be the orthogonal projection of
v onto u and is denoted by proj, v. To determine the value of ¢, we note
that for v — cu to be orthogonal to u, we must have:

Theorem 7.1(iv): (v—cu)-u=90
Theorem 7.1(iii): V- # — (cu)-u =20
v-u—cu-u) =0
c = — = —
w-u o ul?
Summarizing, we have:
THEOREM 7.2 Let y € R” and let u be any nonzero vector in R”.
VECTOR Then:
DECOMPOSITION v = (v —proj,v) + proj,v
where:

proj,v = (ﬁu and (v —proj,v) - proj,v = 0

The vector proj,,v issaid to be the vector component
of v along u, and the vector v —proj,,v is said to be
the vector component of v orthogonal to u.

EXAMPLE 7.2 Express the vector (2,1,-3) as a sum of a

vector parallel to (1, 4, 0) and a vector orthog-
onal to (1,4,0).

SoLUTION: Forv = (2,1,-3) and u = (1,4, 0) we have:
o (uewy o 1(1,4,0)-(2, 1,—3)} _ 6
pro,¥ (u : u)” [(1, 4,0)-(1,4,0) /b4 0 = 7(1,4.0)

. 6 24 28 7
and v —proj,v = (2, 1’_3)_(ﬁ’ e 0) = (ﬁ’ 17 )

Cheki (B2 9 (620 = 219 =

ma (27,3) (5:240) = BID)(HE) - o
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CHECK YOUR UNDERSTANDING 7.5

Express the vector (3,0, 1,—1) as the sum of a vector parallel to
Answer: See page B-31. (0,2,4,1) and a vector orthogonal to (0,2,4,1).

EXAMPLE 7.3 Find the distance from the point P = (3, 1, 3)
to the line L in K3 which passes through the
points (1,0,2) and (3, 1, 6).
SOLUTION: We first find a direction vector for the given line (see
Theorem 2.17, page 70):
u=(316)-(1,0,2) = (2,1,4).
Choosing the point 4 = (1,0,2) on L
we determine the vector v from A4 to P:
v=(3,13)-(1,0,2) = (2,1,1)
Applying Theorem 7.2, we have:

proj,v = (F)u

want this distance

V—Dproj,v r,

u
(2,1,4) (2, 1.1)
= 2,1,4
(GromTneny
a8 T
21" 7 7T T
Thus:
6312
i, o] = a1 -($2.2)
-1B22)) £ dis. 45 - eaeTeeas - AR
7 7 7 1\7
CYU 7.2(a)

CHECK YOUR UNDERSTANDING 7.6

(a) Find the distance from the point P = (2, 5) to the line L in R2
passing through the points (1,-2) and (2,4).
(b) Find the distance from the point P = (1, 0, 1, 3) to the line L in

(a) = (b)4 L .
R passing through the points (1,2,0,1) and (1,2,2,1).

37
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PLANES REVISITED

We now offer an alternative representation for a plane in R3 than that
given in Theorem 2.19, page 71.

Just as a line in R? is determined by a point on the line and its slope,

so thenis a plane in R3 determined by a point on the plane and a nonzero
vector orthogonal to the plane (a normal vector to the plane). To be
more specific, suppose we want the equation of the plane with normal

vector n = (a, b, ¢) that contains the point 4, = (x, ¥, z,) . For any
point P = (x, y, z) on the plane we have:
n -m =0
or: (a,b,¢)- (X —Xgp ¥~ Yy i—2g) = 0
or: a(x—xy)+tb(y—yy) tc(z—zy) =0
or: ax+by+cz=d, whered = ax,+ by, +cz,

Note that a normal to the plane can easily be spotted from
any of the above forms. For example, n = (2,5,-4) is a

normal to the plane:
2x-1)+5(y—-3)—-4(z+2)
2x+5y—4z

25

EXAMPLE 7.4 Find a normal, scalar, and general form equa-
tion of the plane passing through the point

(1, 3,-2) with normal vector n = (4,-1,5).
SOLUTION:
normal: (4,-1,5)-(x—1,y-3,z+2) =0
scalar: 4(x—1)-1(y—-3)+5(z+2) =0
general: 4x—y+5z = -9

CHECK YOUR UNDERSTANDING 7.7

Find an equation of the plane passing through the point (1, 3,-2)
with normal parallel to the line passing through the points
Answer: See page B-31. (1,1,0),(0,2,1).

EXAMPLE 7.5 Express the plane 3x+y—2z = 6 in the vec-
tor form of Theorem 2.19, page 71.
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SOLUTION: In order to write the plane in vector form we need two
direction vectors and a translation vector. We chose (2,0, 0) as our
translation vector (corresponding to the vector w = (xg, ¥y, Zy) In

Figure 2.9, page 71).
Any two linearly independent vectors
(3,1,-2)-(0,2,1) = 0

and (3,1,-2)-(2,0,3) =0 sponding to # = AB and v = AC in

orthogonal to n = (3,1,-2)

can serve as direction vectors, say (0,2,1) and (2,0,3) [corre-

Figure 2.9]. This leads us to

the following vector form equation of the plane:
{(2,0,0)+r(0,2,1)+5(2,0,3)|r,s € R}

CHECK YOUR UNDERSTANDING 7.8

With reference to Example 7.5, show, directly that:

Answer: See page B-31.

{G,y,2)3x+y-2z=6} = {(2,0,0)+7(0,2,1)+s(2,0,3)|r,s € R}

EXAMPLE 7.6 Find the distance from the point P = (4, 3, 2)
to the plane 2x -3y +z = 5.

SOLUTION: We begin by choosing
Any point (x,y,z) satis-

fying  the  equation (note that 2-0—-3-0+5 = 5). We
2x-3y+z=5 would position  the  normal  vector
do just as well. n = (2,-3,1) so that its initial

point is at 4, and then determine the
vector v from A4 to P:

v =(43,2)-(0,0,5) = (4,3,-3)
Applying Theorem 7.2, we have:

proj,v = (ﬁn

the point 4 = (0,0, 5) on the plane =~

\

~~
\  we want this distance B

— (47 3, _3) : (2’ _3a 1) _
((2, 73’ 1) . (2’ 73’ 1)>(2’ 3’ 1)
_ 4, _ (46 2
- 22,31 ( 28 7)
Hence:
[proj,»| = %||(_4, 6,-2)| = %A/mi 3674 - @ - 2@
CYU 7.2(a)
CHECK YOUR UNDERSTANDING 7.9

Prove that the distance D from a point (x, v, 2,) to the plane
ax + by +cz = d is given by the formula:
axg+byg+ezy—d|

Answer: See page B-32.

NJa?+ b+ c?
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CROSS PRODUCT

Here is a handy result:

THEOREM 7.3 1If v; = (ay, ay, a3), v, = (by, by, b;) are lin-

early independent vectors in R3, then:
v = (ayby—asby,—a,by+azby, a1b, —a,b,)
is perpendicular to both v, and v,

PROOF: Rolling up our sleeves, we simply show that v- v, = 0, and

leave it for you to verify that v - v, is also zero:
= (ayby—azby)a, + (- a byt asb))ay + (a,by—a,b))as

= aya,by—aasb,—aya,by+ayazb, +aja3by—aya3b = 0

Handy or not, how is one to remember that complicated three-tuple
v = (a,by—asby,—a,by+asby,a,b,—a,b;) of Theorem 7.3? By
formally evaluating the following determinant about its first row:

e, e, e,
a, a a, a a, a
det a, a, a, det[2 3]e1det[ 1 3]e2+det[ 1 2]e3

b, b b, b b, b
b, by by 293 193 192

= (ayby—asby)e; —(a by —asby)e, +(a b, —ayby)e;

and then replacing e, e,, and e; with the standard basis vectors

(1,0,0),(0,1,0),and (0,0, 1), respectively, to arrive at the three-
tuple of Theorem 7.3:

v = (ayby—asb,,—a by +aszb,a;b, —a,b;)
The above vector is called the cross product of v, = (a,, a,, a;) and

vy = (by, by, b3),andis denote by: v; x v, . Moreover, to conform with
standard notation, we shall replace the standard basis vectors
e,, e,, and e with the symbols i, j, and k, respectively; bringing us to:

DEFINITION 7.5  The cross product of v, = (ay,a,, as)

CROSS PRODUCT and v, = (by, by, b;) 1is denoted by
vy X v,, and is expressed in the form:

i j k
vy xv, = detla; a, ay
by b, b,
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Answer: See page B-32.

For example:

ik
det|2 3 4
31-2

= det|[3 4 |i—det|? 4j+det23’k
11-2 3-2 31

(-6-4)i—(-4-12)j+(2-9)k = (-10,16,-7)

(2’ 3, 4) X (37 1’ 72)

-+

EXAMPLE 7.7 Find the general form equation of the plane
that contains the points 4 = (1,2,-1),
B=1(231),C=(3-1,2).

SOLUTION: Noting that the vectors

—_\

AB = (2,3,1)-(1,2,-1) = (1,1,2)

and AC = 3,-1,2)—-(1,2,-1) = (2,-3,3)
are parallel to the plane, we employ Theorem 7.3 to find a normal to the
plane:

i jk
n=det|] | 2|=9i+j-5k =(9,1,-5)
2-33

Choosing the point 4 = (1,2, —1) on the plane, we proceed as in
Example 7.4 to arrive at the general form equation of the plane:

91,-5)-(x-1,y-2,z+1) =0
Ix-1)+(y-2)-5(z+1) =0
Ox+y—-5z—-16 = 0

CHECK YOUR UNDERSTANDING 7.10

(a) Find the general form equation of the plane that contains the
points 4 = (3,-2,2),B = (2,5,-3),C = (4,1,2-3).

(b) Verify that your answer in (a) coincides with that of Example
2.15, page 72.
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EXERCISES

Exercises 1-2. Evaluate u - v for the given n-tuples.
. u=(573),v=(6,1) 2. u=1(0,3,57),y=(2104)
Exercises 3-5. Determine the norm |v|| for the given vector.
3. v=(3,2) 4. v =(1,0,-5) 5. v=(3,-1,2,-1)
6. Find all values of ¢ such that [¢(2, 3, 1)|| = 9.
7. Find all values of a such that the vector (a, 3) is orthogonal to the vector (2a, -5).
8. Find all values of a such that the vector (3, a, 2a) is orthogonal to the vector (a, 2, a).
9. Find all values of @ and b such that the vector (a, 3, b) is orthogonal to the vector (b, 3, a).
Exercises 10-11. Determine the angle between the vectors # and v.
10. u = (5,3),v = (6,1) 11. u = (0,3,5,7),v = (2,1,0,4)

Exercises 12-13. Express the given vector v as a sum of a vector parallel to the given vector # and
a vector orthogonal to u.

12. v = (1,5),u = (3,2) 13. v = (2,3,-1),u = (-2,0,4)

Exercises 14-15. Find a normal form, the general form, and a vector form representation (Theo-
rem 2.20, page 72) of the plane passing through the point 4, with given normal vector n.

14. Ay = (2,1,3),n = (1,2,-1) 15. Ay = (1,2,-1),n = (2,1,3)

Exercises 16-18. Find both a normal form equation and a vector form representation (Theorem
2.20, page 72) for the given plane.
16. 2x—-3y+z =2 17. 4x+z =1 18. x—-3y—-2z =-2
19. Find the distance from the point P = (1, 4) and the line L in )2 passing through the points
(1,2) and (2,1).

20. Find the distance from the point P = (1,4, 1) and the line L in R3 passing through the
points (1,2,1) and (2, 1,0).

21. Find the distance from the point P = (1,4, -1, 1) and the line L in R* passing through the
points (1,2, 1,-2) and (2, 1,0, 2).

22. Find the distance from the point P = (2, 1,-2) to the plane x —4y +2z = 3.
23. Find the distance from the point P = (1,4, -2) to the plane 3x +y+4z = 2.

24. Determine the angle of intersection of the planes x -3y +2z = 1 and 2x+y—z = 2.
Suggestions: Consider the normals to those planes.
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25.

Find the set of vectors in R3 orthogonal to:
(a) the vector (1, 3,2). (b) the vectors (1, 3,2) and (2,2,-1).
(c) the vectors (1, 3,2), (2,0,-1),and (2,5,-3).

Exercises 26-27. Find the general form equation of the plane that contains the given points.

28.
29.
30.
31.

32.

33.

34.

35.

36.

37.
38.

39.

40.
41.

42.

26.(2,1,-2),(1,0,-1), (-1, 3, 0) 27. (0,0, 1), (2,0, 0), (0,3, 0)

Find the angle between a main diagonal and an adjacent edge of a cube of volume 8 in .
Prove Theorem 7.1(i).
Prove Theorem 7.1(i1).

Prove Theorem 7.1(iv).

Establish the following properties for u, v, w € R” and r € R:

@0-v=v-0=0 ®uv-w=u-v+tu-w
QQQu-rv=ru-v dDu-v-w=u-w—-v-w
@u-(v—w)=u-v-u-w Oy w=v-(—w) =—(v-w)

Show that two nonzero vectors v and u are normal to a given plane if and only if each is a
scalar multiple of the other.

(Normal form equation of a line in R2) Express the line ax +by = ¢ in the form
n-v = n-p,where v = (x,y), pis apoint on the line, and n # 0 is a normal to the line

Letd e M

nxn?

and let u, v € R". Show that Au -v = u - ATv. (See Exercise 19, page 161).
u € R". Show that the function p,: R” — R given by p,(v) = u - v is linear. What is the
kernel of p,, ?

Let u € R". Show thatif u-v = 0 forevery v e R”,thenu = 0.

(Pythagorean Theorem in R”) Let u, v € R”. Show that |u+v|? = |ul|?+|v|? if and
onlyifu-v = 0.

(Parallelogram Law in R™) Let u,ve R, Show that:
loe + w12+ [l — vl 2 = 2]Jul|> + 2| v]|?

Let u, v € R". Prove that ||ul| = |v| ifand only if u + v and u — v are orthogonal.

Prove that if  {v{,v,, ...,v,} ©R" is such that Vi v = 0 if 1<i<j<n, then
{v{, vy, ..., v, | 1s abasis for R”.

Let u, vy, v,,...,v, € R". Prove that if u is orthogonal to each v;, 1 <i<m, then u is

orthogonal to every v € (v;,v,, ..., v,,).



43

44

45.

46.

47.
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(Cauchy-Schwarz Inequality in 37 ) Show that if u, v € R”, then |u - v| < |u||]v] .
Suggestion: (If u = 0, then equality holds). For u=0, use the fact that
0<(ru+v) - (ru+v)=(u-u)x*+ (2u-v)x+ (v-v) to conclude that the discriminant of
the quadratic polynomial (u - u)x%+ (2u - v)x + (v - v) cannot be positive.

Use the above Cauchy-Schwuarz Inequality to show that for any nonzero vectors u, v € R":

u-v
lael ¥

<1

Establish the following properties for u, v, w € R3 and r, s € R:
(@) (ru) x (sv) = (rs)(u xv) b)) (—u)xv = ux(-v) = —(uxv)
QQux(v+w) = (uxv)+(uxw) dDu-(vxw)=(uxv) - w
(Metric Space Structure of R”) Define the distance between two vectors u, v € R” to be
d(u,v) = |u—v|.Prove that for all u,v,w € R":
(a) d(u,v)=0.
(b) d(u,v) = 0 ifandonly if u = v.
(c) d(u,v) = d(v,u)

(d) d(u, w) <d(u,v)+d(v,w) Suggestion: Use the Cauchy-Schwuarz Inequality of
Exercise 41.
(PMI) Use the principle of mathematical induction to show that for any
u,v,vy,...,v, €R"andany a,, a,,...,a, € R:.

u-(avytay,*t...+ta,v,)=au-vitau-vy+t.. +ta,u-v,

PROVE OR GIVE A COUNTEREXAMPLE

48.
49.
50.

51.

52.
53.

Letu,vywe R". Ifu=0andifu-v =u-w,thenv = w.
Letu,ve R". Ifv-w = u-w forevery w e R” ,thenu = v.
Letu,ve R". If v = w;+w, and v = z; +z, with w,; and z; multiples of v, and if w, and

2, are orthogonal to u, then w; = z; and w, = z,.

Let u,v,z € R", with u#0. If u is orthogonal to both v and z, then v = ¢z for some
ceR.

The function N: R” — R given by N(v) = |v| is linear.

uxv =vxu forall u,v e R3.
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§2. INNER PRODUCT

As you know, a vector space ¥ comes equipped with but two opera-
tions: addition, and scalar multiplication. We now enrich that algebraic
structure by adding another binary function on /'— one inspired by the
dot-product properties of Theorem 7.1, page 279:

While the scalar product DEFINITION 7.6 An inner product on a vector space V is a

P EssloTe @ v (0 8 INNER PRODUCT function which assigns a real number (u, v)
scalar r and a vector v, to any two vectors u, v € V', such that:

the inner product (u, v) .. q q . :

assigns a real number to positive-definite axiom: (i) (v,v)>0,and (v,») = 0 onlyifv = 0

2 pEl O VSO, commutative axiom: (i) (u,v) = (v, u)

homogeneous axiom: (iii) (ru,v) = r{u,v)
distributive axiom: (iv) (# +v,w) = (u, w) + (v, w)

INNER PRODUCT SPACE A vector space together with an inner product
is said to be an inner product space.

The Euclidean vector space R” with dot product (u,v) = u-v is
called the Euclidean inner product space of dimension n. There are

other inner products that can be imposed on R”, among them:

EXAMPLE 7.8 For any positive real numbers ¢, ¢,, ..., ¢, :

Why are we requiring WEIGHTED U, u u Vi, V v
the ¢’s to be positive? EUCLIDEAN INNER (1t ey s (V3o V3o oes V)
PRODUCT SPACE = ciu vy tceuyvy o teu,y,

is an inner product on R”.
SOLUTION: We show that the distributive axiom (iv) holds and invite
you to establish the remaining axioms in the exercises:
Foru = (upuy, ...;u,),v = (), V9 oc0s v,), W = (Wi, Wy, ooy W)
(u+v,w) = ((u1 + T + Vi e g + vl), (wl, Wy, ...wn)>
= cl(u1 + vl)w1 -i-cl(u1 +v1)w1 +...+ cl(u1 + vl)w1
= (clulw1 tejuywy .t cnunwn) + (clvlw1 Fepvowy o cnvnwn)

= (u,w) + (v, w)



Answer: See page B-33.

In the exercises you are
asked to establish the fol-
lowing generalization and
combination of (b) and (c).

Foru,vi,vy...,v, eV
and ¢y, ¢,...,¢c, € R:
n

(u, z cvy = Z c;(u, vy
i=1

i=1

Answer: See page B-33.
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CHECK YOUR UNDERSTANDING 7.11

Verify that
(ayx*+a;x+ayb,x*+b,x+by) = ab,+a b, +ayb,

is an inner product on P, .

The following theorem extends the Euclidean dot-product results of
Exercise 32, page 290 to general inner product spaces:

THEOREM 7.4 Foreveryu,v,and winan inner product space V-
(@ (0,v) = (v,0) =0
(b) (u,v+w) = (u,v)+ (u,w)
(c) (u,rv) = r{u,v)
d) (u—v,w) = (u,w) — (v, w)
(e) (u,v—w) = (u,v)—(u,w)
® (v,w) = (v,-w) = (v, w)

PROOF: We verify (d), and leave it for you to establish the rest.

Definition 2.7, page 55: (u—v, w) = (u+(-v), w)
Axiom (iv): = (u,wy + (—v, w)
Theorem 2.11 (x), page 56: = (u, w) + (—1v, w)

Axiom (iii): (u,v) — {(u, w)

CHECK YOUR UNDERSTANDING 7.12

Prove: {ru, rv) = r*{u,v)

DISTANCE IN AN INNER PRODUCT SPACE

In the previous section we defined the norm (or magnitude) of a vec-

tor v in R” in terms of the dot product: |v|| = /v - v. The dot product
was also used to describe the distance between two vectors # and v in

R |lu—v| = J(u—v)-(u—v). Replacing “dot-product” with
“inner product” enables us to extend the notion of magnitude and dis-
tance to any inner product space:
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Answer: See page B-33.

(a) 741

(b) A/645

DEFINITION 7.7 The norm (or magnitude) of a vector v in an
inner product space V, denoted by |[|v|, is

given by:
vl = (v, )

The distance between two vectors # and v in
Vis given by |u—v| .

NORM AND
DISTANCE

CHECK YOUR UNDERSTANDING 7.13

Show that for any vectors u# and v in an inner product space V" and
any r € R:

@) [l = [A[v (b) e+ w2 = [[ull>+2(u, v) +|v]?

EXAMPLE 7.9 Find the distance between the two vectors
pi(x) = 2x?—x+1 and p,(x) = 3x+4 in
the inner product space P, of CYU 7.11

SoLuTION: Utilizing the inner product:
(azx2 +ax+a, b2x2 +b,x+by = aybyta b, +ayb,
we have:

P —py(x) = (222 —x+1)-(3x+4) = 2x2 —4x-3

Py —p,| = JP1—PyP1-Py) = J(2x2 —4x —3,2x2 —4x—3)

= 22+ (424 (53)? = 29

CHECK YOUR UNDERSTANDING 7.14

With reference to the weighted inner product space:
((uy, g, u3), (vy,v5,v3)) = Suyvy +2uyvy +4usv,
on N3 (see Example 7.8), determine:
(a) The magnitude of the vector (3, 5, -8).
(b) The distance between the vector (3,5,-8) and the vector
(1,0,2).




The proof sketched out in
Exercise 43, page 275, can
also be used to establish
this result.

Answer: See page B-34.
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THE CAUCHY-SCHWARZ INEQUALITY

The following theorem will enable us to extend the concept of an

angle between two vectors in R” to vectors in an inner product space:

THEOREM 7.5 For any two vectors u# and v in an inner product

CAUCHY- space:
SCHWARZ | Cu, v)| < [ul [V

PROOF: Ifeitheru = 0 orv = 0,then|{(u, v)| = 0 and we are done.
Foru#0 and v#0 , we first show that (u, v) > —|ul|v| :

1 1
Definition 7.5(i): —_— — 0
ol <||u|| ||v|| ||u|| ||v||">
7.5(iv): (Lu+1 uy + (— v,—v>_
p Tl ||u|| ||u|| 1
=2
1 1
—u, —u u v vy 20
Tl Tl ™ * <||v|| ||u||> <||u|| ||v||> <||v|| v ||>
1
CYU7.10: —— , v,v) >0
P * iy ||< i ||v||2< )2
u,vy+1>0
T |||| ||< )

o] 222

Cuy vy 2 —ul [y
In the following Check Your Understanding box you are asked to
show that (u, v) < ||ul|||v||. Putting the two inequalities together, we
come up with —|ul|v| < {(u,v) <|ul|v], which is to say:
[Cu, )] < [laall Il

CHECK YOUR UNDERSTANDING 7.15

Verify:
Cu, v) < ulllvl
1 1 1
Suggestion: Begin with <||u|| ”v”v mu M v)20.
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Here are norm properties that are reminiscent of absolute value prop-
erties in R :

THEOREM 7.6 Let V be an inner product space. For all
u,ve Vandre R:

(@) |v| >0, and |v| = 0 ifand onlyif v = 0
) [[7vll = [#|v]

TRIANGLE INEQUALITY (¢) |l + v| < |u| + |V

PROOF: (a) A consequence of Definition 7.5(i) and |v]| = J/{», v).

@Mw=vaw7JMuw=ﬁwa=MM

CYU 7.11
CYU 7.12(b)
(©) o+ w2 L a2+ 2y ) + o2
Cauchy-Schwarz inequality: <|lul? + 2||ull|v] + |v]|?
— (lal + Ily?

Taking the square root of both sides of |lu + v||2 < (||lu] +[v])?
yields the desired result.

We now extend the angle concept of Definition 7.3, page 281, to
inner product spaces:

DEFINITION 7.8 The angle 0 between two nonzero vectors u

The Cauchy-Schwarz

inequality plays a hidden ANGLE BETWEEN and v in an inner product space is given by:
role in this definition. VECTORS B -1( {u, v)

(Where?) 0 = oos” (1)

EXAMPLE 7.10 Find the angle between the two vectors
pi(x) = 2x?—x+1 and p,(x) = 3x+4 in
the inner product space P, of CYU 7.10

SOLUTION:

While it is admirable that we were able to extend the geometrical
notion of the angle between vectors in the plane to vectors in an arbi-
trary inner product space, the real benefit of that generalization surfaces
in the next section, where the concept of orthogonality takes center
stage.



,1(
Ccos

—49
351 /29

~119.1°
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B —1((2x2—x+1,3x+4>)
0 = cos
22 = x + 1]|[|3x + 4]
3 71( 2.0+(=1)-3+1-4 )
= COS
JOx2—x+1,2x2—x+ 1)J/(3x + 4, 3x + 4)
= cos ! : )
= COS
J2-2+4(=D(1)+1-1 J3-3+4-4
— _1( 1 ) o
= co ~ 84
J6 15

CHECK YOUR UNDERSTANDING 7.16

With reference to the weighted inner product space:
(g, g, u3), (v, 5, 3)) = Suyvy +2uyvy +4usv,

on R3 (see Example 7.7), determine the angle between the vectors
(3,5,-8) and (1,0,2).
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EXERCISES

Exercises 1-8. With reference to the weighted inner product space:
((uyg, g, u3), (vy, V5, v3)) = Suyvy +2u,v,y +4usv,

of Example 7.7, determine:

1. The magnitude of the vector (1, 2,-3).
The magnitude of the vector (3,2, 0).
The distance between the vectors (1, 2,-3) and (1,0, 2).
The distance between the vectors (3,2, 0) and (1,2,-3).
The angle between the vectors (1, 2,-3) and (1, 0, 2).
The angle between the vectors (3,2, 0) and (1, 2,-3).
Verify that the Cauchy-Schwarz inequality holds for the vectors (1, 2,-3) and (1,0, 2).
8. Verify that the Cauchy-Schwarz inequality holds for the vectors (3, 2,0) and (1, 2,-3).

U T

Exercises 9-16. Referring to the inner product space:
(ayx?+ax+ag b,x?>+byx+by) = ayb, +a,b,+ayb,

on P, of CYU 7.11, determine:

9. The magnitude of the vector 2xZ —x + 3.

10. The magnitude of the vector —xZ+x—5.

11. The distance between the vectors 2x2 —x +3 and —xZ+x—5.

12. The distance between the vectors 3x2+ 1 and 2x — 5.

13. The angle between the vectors 2x2 —x+3 and —x2+x—5.

14. The angle between the vectors 3x2+ 1 and 2x — 5.

15. Verify that the Cauchy-Schwarz inequality holds for the vectors 2x2 — x + 3 and
—x2+x-5.

16. Verify that the Cauchy-Schwarz inequality holds for the vectors 3x2+ 1 and 2x - 5.

by, b
17. Ford = |11 912 , B =11 "12] in the vector space M, ,, define:
dr1 9 by1 by

(4,B) = ay,byy +abyy+ay by +ayby,

Show that the above operator is an inner product on M, _ ,.
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Exercises 18-22. Referring to the inner product space on Exercise 17, determine:

18.

19.

20.

21.

22.

The magnitude of the vector 1 3} .
02

The magnitude of the vector 2- } :
10

The distance between the vectors 13 and 2- .
02 10

The angle between the vectors 13 and 2-1 .
02 10

Verify that the Cauchy-Schwarz inequality holds for the vectors {1 3} and [2 B } .
02 10

n n n

23. Verify that z ax’, Z bxy = Z a;b; is an inner product on the polynomial space P,, .

i=0 i=0 i=0

24. (Calculus Dependent) (a) Show that C[a, b] = {f: [a, b] = R|f is continuous} is a sub-
set of the function vector space F[a, b] of Theorem 2.4, page 44.

b
(b) Show that (f,g) = I f(x)g(x)dx is an inner product on C[a, b] (called the standard
a

inner product on Cla, b]).

Exercises 24-35. Calculus Dependent) Referring to the inner product space on Exercise 24,
determine:

25.
26.

27.

28.
29.
30.
31.
32.
33.

The magnitude of the vector 2x2 — x + 3 in the inner product space C[0, 1].

The distance between the vectors 2x2 —x + 3 and —x2 + x — 5 in the inner product space
C[o, 1].

The angle between the vectors 2x% —x + 3 and —x2 + x — 5 in the inner product space
C[o, 17.

The magnitude of the vector e* in the inner product space C[0, 1].

The distance between the vectors e* and x in the inner product space C[0, 1].

The angle between the vectors e* and x in the inner product space C[0, 1].

The magnitude of the vector sinx in the inner product space C[-mn, 1t].

The distance between the vectors sinx and cosx in the inner product space C[-m, 1] .

The angle between the vectors sinx and cosx in the inner product space C[—m, 7] .
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34. Verify that the Cauchy-Schwarz inequality holds for the vectors e* and x in the inner
product space C[0, 1].

35. Verify that the Cauchy-Schwarz inequality holds for the vectors sinx and cosx in the
inner product space C[-m, «t].

36. Prove that ordinary multiplication in the set of real numbers R is an inner product on the vec-
tor space R.

37. Prove Theorem 7.3(a).
38. Prove Theorem 7.3(b).
39. Prove Theorem 7.3(c).
40. Prove Theorem 7.3(e).
41. Prove Theorem 7.3(f).

42. Letu,v e V, Van inner product space. Show that || + v|2 — |u—v|? = 4(u, v)

43. Let u,v € V, V an inner product space. Show that (u + v, u—v) = |ul? —|v|?.
44. Let u,v € V, V an inner product space. Show that |lu + v||2 = ||u]|2 + |[v|? if and only if
(u,v)y = 0.
45. Let u € V, V an inner product space. Show that {v € V|(u, v) = 0} is a subspace of V.
46. (PMI) Let V' be an inner product space.Use the principle of mathematical induction to show
that for any u, v,,v,, ...,v, € Vandany a,,a,, ...,a,, € R:
(u,avita,vy,+...+a,v,) = a{u,vy) ta,(u,vy) +...+a,(u,v,)

and:
(ayvyTtayvy+ ... +a, v, u)y = a{u,vy)+a,(u,vy +...+a,(u,v,)

PROVE OR GIVE A COUNTEREXAMPLE

47. Letu,v,w € V,V an inner product space. If u # 0 and if (u,v) = (u,w),thenv = w.

48. Letu,ve V.If (v,w) = (u,w) forevery w e V,thenu = v.

49. There exists an inner product on R3 for which [|(1,1,1)] = 1.

50. There exists an inner product on R3 for which |(1, 1, 1)| = [|(2, 2, 2)] .

51. There exists an inner product on R3 for which [(1, 1, 1) > [|(2, 2, 2)I|.
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§3. ORTHOGONALITY

Having extended the concept of angles between vectors in R” to vec-

tors in inner product spaces, we can now extend the definition of
orthogonality to those spaces:

DEFINITION 7.9 Two vectors # and v in an inner product
ORTHOGONAL VECTORS Space V are orthogonal if (u, v) = 0.

A set S of vectors in an inner product space
ORTHOGONAL SET V' is an orthogonal set if (u,v) = 0 for

every u,ve S,withu=v.

EXAMPLE 7.11  Verify that:
S = {2x2+2x—-1,-x2+2x+2,2x2—x+2}
is an orthogonal set in the inner product space
P, of CYU 7.11, page 293, wherein

(azx2 +ax+a, b2x2 +bx+by)
= ayby+aby +ayb,

SOLUTION: All pairs of vectors from S are orthogonal:

(2x2+2x—1,-x2+2x+2) = 2(=1)+2-2+(-1)2 = 0 (check)
(2x2+2x—1,2x2—x+2) = 2-2+2(=1)+(=1)2 = 0 (check)
(=x2+2x+2,2x2—x+2) = (-1)2+2(-1)+2-2 = 0 (check)

You can check directly that the set S in the above example is a lin-
early independent in P, . In general:
THEOREM 7.7 If {v,,v,,...,v,} is an orthogonal set of non-

zero vectors in an inner product space V', then
{v, vy, ..., v, | isalinearly independent setin V.

PROOF: Let:

+ + =
oy e = 0 cvytevyte,v, =0

For each v;, 1 <i<n, we have:
Therem 7.4(a), page 277:  (V;, ¢ vy + -+ tcv;+ - +c,v,) = (v, 0) =0
c{vpvp toFe(vvy) +- e, (vpyv,) =0
(vpvp) = 0ifizj: c;(v,vy) = 0

cach ¢, = 0 Definition 7.5 (i), page 276: ¢ = 0
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CHECK YOUR UNDERSTANDING 7.17

Let {v{,v,, ..., v,,} be an orthogonal set of vectors in an inner prod-
uct space V, and let u € V' be such that (u,v;) = 0 for 1 <i<m.

Answer: See page B-34. Prove that u is orthogonal to every vector in Span{v,,v,, ..., v, }.

DEFINITION 7.10 A unit vector in an inner product space is
UNIT VECTOR a vector v of magnitude 1.

NORMALIZATION To normalize a nonzero vector v in an inner product space simply mul-

C 1
tiply it by M :

vl =1

i
—V
Il Tllvll

CYU 7.13(a), page 294

DEFINITION 7.11 An orthonormal set of vectors in an inner
ORTHONORMAL SET  product space is a set of orthogonal unit
vectors.

The standard basis S = {e, e,, ..., e,} of page 94 can easily be
shown to be an orthonormal set in the Euclidean inner product space

R". Moreover, forany v = (¢, ..., ¢j, ..., C,):
v=(v-e)e+ -+(v-e)e+.--+(v-e,e,
since:
V- ei = (Cl, ey ci’ ceey cn) * (0, ey 1, ey 0) = ci
ith entry

This nicety extends to any orthonormal basis in any inner product
space:

THEOREM 7.8 If B = {v, vy ...,v,} isanorthonormal

basis in an inner product space V, then, for any
vel:
v =Av, vyt (vvpv, (v, v )y,

n
PROOF: Let v = ch We show c; = (v,v;) for 1 <i<n:

j=1
n
vy = (chvj,vi ZC<J’ P = (v, vy _C‘VHZZ i
Jj=1 Tj—l T T

. lifj =i
Exercise 46, page 300. <"j> vy = { (v, vy =

0ifji



Answer: See page B-34.
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CHECK YOUR UNDERSTANDING 7.18

Let B = {v,, v, ...v,} be an orthonormal basis for an inner prod-
uct space V. Show that for any a,v,+a,v,+...+a,v, and

n

w=bw,+bywv,+...+by, , (v,w) = Zaibi.

nn °

i=1

The following theorem spells out a procedure that can be used to con-

struct an orthogonal basis in any given finite dimensional inner product
space. Basically, the construction process is such that each newly added
vector in an evolving basis is orthogonal to all of its predecessors.

Let B = {v{,v,,...,v,} Dbe abasis for an inner product space V,

and let V', be the following subspaces of V:

V, = Span{v,}

V, = Span{v,, v,}

THEOREM 7.9
GRAHM-SCHMIDT
PROCESS
Uy = v
<u19 V2>
Uy = vV, — u
2 2 <”1,u1> 1
u, = v —<u1’v3>u -
3 3 <u1’u1> 1
<u13 vn>
u

n_

Vv, — U, —
" <”1a”1> 1

<u29 v3>
(n,, u2>u2 V3 = Span{v, v,, v3}
<u2’ vn> <un7]’ vn>

Uy—...— —————u, V= Span{v,v,,...,v, }
<u2’u2> 2 <”n71:”n71> n—-1 n 1> 72 n
Then, {u,,...,u;} is an orthogonal basis for V;. In particular,
{uy, uy, ...,u,} 1s an orthogonal basis for V.

PROOF: By Induction on the dimension of V-

Since u, = v, and since {u,} is an orthogonal set, the claim is seen
to hold for V;.

Assume that {uy, ..., u;} is an orthogonal basis for V,, for k<n.

We show that {u,,...,u; } is an orthogonal basis for V, ,
where:

y _, (uy, "k+1>u (g "k+1>” *)
k+1 k+1 <u1’u1> 1 <”k’ ”k> k
We are assuming that {u,,...,u;} is an orthogonal set. Conse-

quently, to establish orthogonality of {u,, ..., u;, }, we need but
show that (u;, u; ) = 0 for 1 <i<k:
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(uou,. ) = (u,v (Uy, Vi) <”k>vk+1>u>
Pk +1 P Vk+1 <”1’”1> 1 <uk5”k> k
(Uy, Vs ) (U Vi) (up vy
= <uiavk+1>_ <ui,u1>—”'——l (ui,ui>—...—l—<ui, uk>

(uy, uyp) u.u

(uj, u;) (uj, uy)
(U, Vi) \ M

= (ui, Vk+1> — < > (ui, lll-> < since (ui,uj) =0ifi#j
W, u;

B (ujuy) . 1 -0

= (u; Vk+1>_ﬁ<”ia Ve = (Up Vi —Wup v ) =
24 1
Being an orthogonal set, {u, ..., u; |} is linearly independent. To
show that Span {u,,...,u; .} = Span{v,,v,,...,v, .} we need

but show that Span{v,, v, ...,v,, } =Span {uy, ..., u;,}
(why?). Let#stdo it: k

! doaw; = > ap;t (s Vg 1)

ZaivieSpan{vl,...,vkﬂ}» _ _
; i= i=
k
Induction Hypothesis: = Z bi”i + (ak+ Wi+ 1)

i=1

(Uy, v >
Nk Tkt 17
from (*): = bu;+a u, .+
k+1] *%k+1

Z Z oy "

i=1 i=1

k+1
k+1 x ch_ui
Zaivie Span{u,, ..., u; |} i=1
i <u1 v2> (uzs V3>

where: ¢, =b,ta,, ;———,c;=byta,, ,——,...,c =a
1 k+l<u1’u> k+l<u2,u2> k+1 k+1

Note: To obtain an orthonormal basis for an inner
product space, simply normalize the orthogonal
basis generated by the Gram-Schmidt process.

EXAMPLE 7.12 Extend {(1,2,0)} to an orthogonal basis for

the Euclidean inner product space R?3.

SOLUTION: ONE APPROACH: Extend {(1,2,0)} to a basis for R3:

{(1,2,0),(1,0,0),(0,0,1)}:
1%{%@2, 0

and then apply the Grand-Schmidt process to the above basis:



Multiplying any u; in the
Gram-Schmidt process
by a nonzero constant
will not alter that vectors
“orthogonality-feature,”
but will simplify subse-
quent calculations.

This brute force approach
is not always practical.
Software, such as Maple
and MATLAB, include the
Gram-Schmidt process as
a built-in procedure. Yes,
the Gram-Schmidt process
works off of a basis for the
inner product space, but
that is not a problem: if
you randomly choose n
vectors in an n dimen-
sional space, even if
n = 100, there is little
chance that those vectors
end up being linearly
dependent!

Answer: See page B-35.
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u, = (1,2,0)
_ (g, vy) . (1,2,0)-(1,0,0)
u, = z—mul = (1,0,0)- (1’2’0).(1’2’0)(1,2,0)

! - (i 2
(1’ 0’ 0) 5(1’ 2’ 0) 5’ 5’

0] >(4,-2,0)>(2,-1,0)
)¢ N
see margin
B <u1, V3> B <”2> v3>
3 <”17 "1> 1 <”2a ”2> 2

(1,2,0)-(0,0,1)
(1,2,0)-(1,2,0)

u; = v

(1,2,0) - (2,-1,0)-(0,0,1) (2,-1,0)

= (0,0,1)~ (2,-1,0)-(2,-1,0)

= 0,0,0)-20,2,0-32,-1,10) = (0,0,1)

The above process led us to the following orthogonal basis:

{uI’ u2’ u3} = {(1’ Za 0)’ (2,—1, 0),(0, 0’1)}

ANOTHER APPROACH:

Since we are dealing with a vector space of dimension 3, we can sim-
ply roll up our sleeves and construct an orthogonal bases by “brute

force.” First, add a nonzero vector, (a, b, ¢), to {(1,2,0)} with:

(a,b,c)-(1,2,0) = 0
at2b+0-¢c =0
This can be done in many ways. One way: (a,b,c) = (0,0,1),
brings us to the orthogonal set {(1,2,0),(0,0,1)}. We still need
another nonzero vector (a, b, c) — one that is orthogonal to both
(1,2,0) and (0,0,1):
(a,b,c¢)-(1,2,0) = 0 and (a,b,c)-(0,0,1) =0
a+2b+0-¢c=0 and 0-a+0-b+c=0
a+2b =0 and c=0

How about (a, b, ¢) = (6,3, 0) ? Sure. Leading us to the orthogonal
basis {(1,2,0),(0,0,1),(6,3,0)}

CHECK YOUR UNDERSTANDING 7.19

Apply the Gram-Schmidt Process to construct an orthonormal basis
for the subspace S of the Euclidean inner product space of R*
spanned by the vectors

2,1,1,0), (1,0,1,0), (3,1,2,0),

(0’ 1’ 0’ 1) *
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ORTHOGONAL
COMPLEMENT

In this part of the theo-
rem we assume that W is
finite dimensional (the
result does, however,
hold in general).

ORTHOGONAL COMPLEMENT

The set of vectors orthogonal to any subspace W of R3, denoted by
the symbol W+, is itself a subspace of R3. More specifically:

w Wl

{0} R3

Line W passing through the origin. | Plane passing through the origin with normal .

Plane W passing through the origin. | Line passing through the origin orthogonal to .

R3 {0}

In a more general setting, for W a subspace of an inner product space
V' we define the orthogonal complement of ¥ to be:

Wt = {ueV|{uw)=0forevery we W}
We then have:

THEOREM 7.10 If W asubspace on an inner product space V,
then:

(1) Wt isa subspace of V.

(i) Wnwt=1{0}

(ii1) Every vector in V can be uniquely
expressed as a sum of a vector in W and

a vector in W+,
(iv) If B, is a basis for W and ﬁWi is a basis

for W, then By B, is a basis for V.

PROOF: (i) For u,, u, W+, reR,and we W, we have:
(ruytuy,w) = r{ug,w) +(uyw) =r-0+0 =0
The result now follows from Theorem 2.13, page 61.

(ii) Let v e W WL, Being in both /¥ and WL, (v,v) = 0.1t fol-
lows, from Axiom (i) of Definition 7.5 (page 287) that v = 0.

(111) Let {w,, w,, ..., w, } be an orthonormal basis for W.Forv e V,
let:
v, = (vywpw (v, wpwy, + ..+ (v, wyw, €W

We show that the vector vy, = v—v  isin wt by showing that
(vp,w)) = 0,for 1 <i<m (see CYU 7.17):
(Vo W) = (v=v_,w) = (v,w) — (v, ,w)
= (v,wp = ((v,wpw (v, wpwy, + ...+ (v, w )W, W)
4? (v, wp — (v, wp (w;, w,) 42\ (vywp —(v,wp) =0

since (w;, wj) =0fori#j since (w, w) = 1



Answer: See page B-35.

Compare with Theorem
7.2, page 283.

We know that w1 will
turn out to be of dimen-
sion 2. How?
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At this point, we have shown that v can be expressed as a sum of a
vector in W and a vector in W: v = v, TtV
Uniqueness of the decomposition follows from part (ii) of this
theorem, and Exercise 43, page 67.

As for (iv):

CHECK YOUR UNDERSTANDING 7.20

Establish Theorem 7.10(iv)

Lets highlight an important observation lurking within the proof of

Theorem 7.10(iii):
THEOREM 7.11 Let {w,w,,...,w,} be an orthonormal

basis for a subspace W of an inner product
space V. For any v € V' there exist unique

vectors v, € W and v, € W such that
wt v =v, +v,., where

i / v, = (mwpwi (v, wyw, + (v, w,

w Vw and vy, = v-v, .

v
v

Note: v, is said to be the orthogonal projection

of v onto W, and we write: vy, = proj, V.

EXAMPLE 7.13 Let W = Span{ = {v,v,,...,v,} }, in the

Euclidean inner product space R*.
(a) Find a basis for W+ .
(b) Express (1, 2, 3,4) as the sum of a vector
in W and a vector in W+,
SOLUTION: (a) Since (1,0,0,2) and (1,1, 1,0) are linearly inde-

pendent, they constitute a basis for . To say that (a, b, ¢, d) € w s
to say that:

(a, b, ¢, d) * (1’ Oa Oa 2) =0 and (a: b: c, d) : (1’ 19 19 0) =0

at+2d =20 a+b+c=0

_ a b=-a-c
d 2

Choosing a and c to be our free variables, we have:

wt = {(a,—a—c,c,—g) a,ceiﬁ}

First setting @ = 0 and ¢ = 1, and then setting ¢ = 0 and a = 2
leads us to the basis: {(0,-1,1,0),(2,-2,0,-1)} for W+,
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(b) One approach: Simply express (1, 2, 3, 4) as alinear combination
of the basis {(1,0,0,2),(1,1,1,0),(0,-1,1,0),(2,-2,0,-1)} :

(1’ 2” 3’ 4) = (l(l, 0’ 0’ 2’) + b(l’ 1’ 1’ 0) + C(O’ _1’ 1’ 0) + d(z’ _2” 0’ _1)

atb+2d =1

b—c-2d =2 -3, 3 3
bte =3 —>a—2b—2,c—2,d——1
-d =4

Bringing us to:

, in W73 \ T in Wl
(1,2,3,4) =[3(1,0,0,2) + 31,1, 1,0) | +[ 50,1, 1,0) - (2,-2,0,-1)|

_(3,272a3) ( 292129 1)
Another Approach: First apply the Gram-Schmidt method on
{(1,0,0,2),(1,1,1,0)} to obtain an orthonormal basis for
ul = (1: 0’ 0’ 2)

a,1,1,0)-(1,0,0,2)
(1,0,0,2)-(1,0,0,2)

u2 = (19 19 19 0)7 (la Oa 0: 2)
Since u, is orthogonal = (L 1,1, 0)—%(1, 0,0,2) = (31,1,-3) Or: (4,5,5,-2)

to u,, S0 1S Su, )
see margin

Orthonormal basis for W:

1 1
D = 1: 0: 0:2 s T — 4: 5: 5:_2
{wy, Wy} {ﬁ( ) 70( )}

Applying Theorem 7.11 we know that
(1,2,3,4) = (1,2,3,4), + (1,2,3,4) .
where:
(1,2,3,4) ), = [(1,2,3,4) - w;1w; +[(1,2,3,4) - wy]w,
5 5 2 4 S 5 2
= 2,3,4 0 0, —, 0,0, 1,2,3, == R
[(1,,,) [5) [5) [ )(ﬂﬂﬂ’ﬁ}(ﬁo’m’m’ﬁ

S =2 33
& ’fs) fofoﬂﬂf 339

33 13
(1’ 2, 3’ 4)WJ_ = [(1’ 2, 3’ 4) - (1’ 25 3’ 4)W] = (1’ 2’ 3’ 4) - (3’ E’ E, 3) = (725 E’ 5’ 1)
Note that both approaches lead to the same decomposition, as must

be the case:
33 ) ( 13 )
= - = +[-2 = =
(1’ 2’ 3’ 4) (3’ 2’ 2’ 3 2! 2! 2’ 1

in W in Wt
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CHECK YOUR UNDERSTANDING 7.21

Find the orthogonal projection of the vector v = (2,0, 1) onto the
Answer: (1,1,3) subspace W = Span {(1,0,1),(1,2,0)} of the Euclidean inner
product space R3.

The shortest distance between a vector v in an inner product space V and
Consider Example 7.3, any vector w in a subspace W of J turns out to be the distance between

page 284. vand vy :

THEOREM 7.12 Let W be a subspace of the inner product
space V, and let v € V. Then:
[v— proj,, V| <|lv—w| forevery w e W
/]\
Vw
PROOF: Let v, = proj,v.Forany w e W:
lv—wl? = (v—w,v—w)

= ((v=v )+ (,-w),(v-v,)+(v,—w)

Theore 7.4(b), page 293: = (V =V, V=V )+ (v—v v —w) + (v —w,v—v )+ (v —w, v —w)

= v=v P+ (v, v, —w)+ (v, —wv—v )+ |v, —w|?
Sincev,—we Wandv-v, e W+, the two middle terms in the above
expression are 0, bringing us to:
lv—wl? = v—v 2+ v, —w|?

To complete the proof we need but note that ||y, —w| > 0.

CHECK YOUR UNDERSTANDING 7.22

Find the shortest distance between the vector v = 3x2 + ﬁx and the
subspace W = Span {x?>+ 1,x3+ 1} in the inner product space P,
of CYU 7.11, page 293:

3
(ag+ax+a,x®>+ax3, by+bx+byx?+byx3) = Z ab;.

Answer: 3 i=0
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EXERCISES

Exercises 1-7. Determine if the given set of vectors is an orthogonal set in the given inner product
space. If so, modify the set to arrive at an orthonormal set.

1.
2.

{(1,1,1),(-1,2,-1),(-1,0,1)} in the Euclidean inner product space R3.

{(1,1,1),(-1,2,-1),(-1,0,1)} in the weighted inner product space of Example 7.8,
page 292, with ((uy, uy, uy), (vy, V5, v3)) = Su vy +2u,v, + 4uyvs.

{(1,1,1),(-1,2,-1),(1,0,5)} in the weighted inner product space of Example 7.8,
page 292, with  ((uy, uy, u3), (v, vp, v3)) = Su vy +uyvy +uzvs

{x2+2x+1,3x2+x—-5,11x2—-8x+ 5} in the polynomial inner product space of CYU
7.11, page 293.

s > 11 1
34/ [0 0] |34

Calculus Dependent) { x2, — 4—1x + 1 ¢ in the inner product space C[0, 1] of Exercise 24,
3 p p

in the inner product space of Exercise 17, page 298.

page 299.

(Calculus Dependent) {xZ, — gx +1 } in the inner product space C[1, 2] of Exercise 24,

page 299.

Use Theorem 7.8 to express (3,5,2) in the Euclidean inner product space R3 as a linear

combination of the vectors in the orthonormal basis {—}(2, 1,0),(0,0,1),
5

La-2,0)
5

N

I

Use Theorem 7.8 to express 2x2 + 3x — 1 in the polynomial inner product space of CYU 7.11,
page 293, as a linear combination of the vectors in the orthonormal basis
2 ox 1 ox2 2x 1 ox2 1

10.

11.

12.

|

— — + _’ X - _’ B .
SoBOB e Jo o 2 ﬁ}
Find all values of a for which {(1,3,2),(1,a,1)} is an orthogonal set in the Euclidean
inner product space R3.

Find all values of @ and b for which {(1, 3, b), (1,a,1)} is an orthogonal set in the Euclid-
ean inner product space R3.

Find all values of @ and b for which{(1, 1, a), (-1, 2b,-1), (-1, 0, 1)} is an orthogonal set
in the weighted inner product space of Example 7.8, page 292, with
(g, g, u3), (v, 5, 3)) = 2uv) T uyv,y T uzvs.



13.

14.

15.

16.
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Find all values of @ and b for which {(1,1,1),(-1,2,-1),(-1,0,1)} is an orthogonal set
in the weighted inner product space of Example 7.8, page 292, with

((uy, uy, uy), (v, vy, v3)) = auvy+buyvy +usvsy.

Find all values of a, b, and ¢ for which {(1,1,1), (-1,2,-1),(1,0,5)} is an orthogonal set
in the weighted inner product space of Example 7.8, page 292, with
((uy, g, uy), (vy, V4, V3)) = auyv, + bu,v, + cuyvs.

(Calculus Dependent) Find all values of a and b for which {ax2+ 1, —x+ b} is an orthog-
onal set in the inner product space C[0, 1] of Exercise 24, page 299.

(Calculus Dependent) Find all values of a, and b for which {x2, —x+ 1} is an orthogonal

set in the inner product space C[a, b] of Exercise 24, page 299.
Exercises 17-26. Find an orthonormal basis for the given inner product space.

17.
18.
19.
20.
21.

22.

23.

24.

25.

26.

Span{(2,0,1),(-1,2,0)} in the Euclidean inner product space R3.
Span{(1,1,1),(~1,2,-1)} in the Euclidean inner product space R3.
Span{(1,1,1,1),(-1,2,-1,2)} in the Euclidean inner product space R*
Span{(1,0,1,0),(0,2,0,2),(2,0,0,0)} in the Euclidean inner product space R*.

Span{(2,0,1),(-1,2,0)} in the weighted inner product space of Example 7.8, page
292, with  ((uy, uy, u3), (1, V4, V3)) = 2u vy +3uyv, T uzvs .

{x2+1,x—5} in the polynomial inner product space of CYU 7.11, page 293.

2x+3y—z+w =0
4x+3y—-2z-2w =0

The solution set of } in the Euclidean inner product space R*.

x+3y-2z+w =20
4x+3y—-2z=0

The solution set of } in the Euclidean inner product space R*.

(Calculus Dependent) Span{xZ, 2x + 1} in the inner product space C[0, 1] of Exercise
24, page 299.

(Calculus Dependent) Span{x3,x+ 1,x2—1} in the inner product space C[-1,1] of
Exercise 24, page 299.

27. Find an orthonormal basis for {(a, 2a, 0)|a € R} in the Euclidean inner product space R3.

28.

29.

30.

31.

Find an orthonormal basis for {(a, b,a—b,2b)|a, b € R} in the Euclidean inner product

space R*.
Find an orthonormal basis for {(a,2a,c,a—c)|a,c € R} in the Euclidean inner product

space R*.

Find an orthonormal basis for {(a, b, c)|a+ b+ c =0} in the weighted inner product space
of Example 7.8, page 292, with  ((uy, u,, u3), (vy, V9, v3)) = —Suyv;—2u,v, T uzvy .

Find an orthonormal basis for {ax3+ (a+b)x?+cx+2ala,b,c € R} in the polynomial
inner product space of CYU 7.11, page 293.
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Exercise 32-36. (a) Find a basis for the orthogonal complement of the given Euclidean inner
product subspace W.

(b) Express the given vector v as a sum of a vector in W and a vector in W+,
(c) Determine the distance from v to W.

32. W = Span{(1,0),(1,1)},v = (1,3).

33. W = Span{(1,0,2)},v = (1,3,-2).

34. W = Span{(1,0,2),(1,3,-2)},v = (1,1, 1).

35. W = Span{(1,0,2,0),(0,1,0,1)},v = (4,-1,3,3).

36. W = Span{(1,0,2,3),(2,1,0,1),(1,1,0,1)},v = (1,3,-2,2).

37. Find a basis for the orthogonal complement of the subspace W = Span{(2,0,1),(-1,2,0)}
in the weighted inner product space of Example 7.8, page 292, with
((uy, uy, uz), (v, vy, v3)) = uyv, +2u,v, +uzv5 , and express the vector v = (1,2,-1)

as a sum of a vector in W and a vector in W-.

38. Find a basis for the orthogonal complement of the subspace W = Span{{x2+1,x—5}} in
the polynomial inner product space of CYU 7.11, page 293, and express the vector

v = 2x2 —x as a sum of a vector in W and a vector in W<,

39. Prove that the standard basis {e, e,,...,e,} of page 94 is an orthonormal basis in the

Euclidean inner product space R”.

40. Prove that {x",x"~1 ... x, 1} is an orthonormal basis in the polynomial inner product space
of CYU 7.11, page 277.

41. Let V be an inner product space. Prove that ¥+ = {0} and that {0}1 = V.

42. Let W = Span{w,, w,, ..., w,,} inan inner product space V. Prove that v € W= if and only

if (v,w;) = 0 forall w;,, 1 <i<m.

43. Let {v{, vy, ...,V V44 q» ---» Vs e an orthogonal set in an inner product space V. Show

thatif w e Span{v,,v,,...,v,} andze {v, ., ...,V,},then (w,z) = 0.

44. Let W be a subspace in an inner product space V. Prove that (WL)l = W.

45. Let w be a vector in an inner product space V of dimension n. Prove that
wl = {ve V|{v,w) =0} is asubspace of V of dimension n— 1.

46. Let S be a subset of an inner product space V. Prove that
St = {veV|(v,w)=0forall we S} is a subspace of V.

47. Let § be a subspace of an inner product space V of dimension n. Prove that
dim(S) + dim(S+) = n

48. Let B = {vy,v,, ..., v,} be an orthonormal basis in an inner product space V. Show that for
any u,veV (u,v) = [”]B . [V]B' (See Definition 5.9, page 178.)



Exercises 51-59 (Orthogonal Matrices) 4 € M,
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, 1s an orthogonal matrix if the columns of 4

is an orthonormal set in the Euclidean inner product space R”. (Orthogonal matrices would better
have been named “orthonormal matrices,” no?)

49.

50.
51.
52.
53.
54.

55.

56.

57.

58. (a) Prove that the null space of 4 € M,

Sow that the following are equivalent:
(1) AeM,, is orthogonal.

(i) ATA = I.(See Exercise 19, page 162).

(iii) [4X] = ||X] for every X € R”"

(iv) AX-AY = X-Y forevery X, ¥ € R".

Prove that every orthogonal matrix is invertible, and that its inverse is also orthogonal.
Prove that a product of orthogonal matrices (or the same dimension) is again orthogonal.
Prove that if 4 is orthogonal, then det(4) = *1.

Prove that if 4 is orthogonal then the rows of A4 also constitute an orthonormal set.
Prove that if 4 is orthogonal, and if B is equivalent to 4, then B is also orthogonal.

Prove that every 2 x 2 orthogonal matrix is of the form {a _} or {a b} where

b a b —a
Ja+ b = 1.

Show that every 2 x 2 orthogonal matrix is of the form {cos@ —sine} or {cose sine}

sin® cosO sin® —cos0O

Show that every 2 x 2 orthogonal matrix corresponds to either a rotation or a reflection

about a line through the origin in R2.

, 1s the orthogonal complement of the row space of

A.

(b) Prove that the null space of AT € M, is the orthogonal complement of the column space

(c) Verify directly that the null space of 4 = {

of 4. (See Exercise 19, page 162.)

132 0} is the orthogonal complement of the

-1012
row space of 4.

(d) Verify directly that the null space of 4T = { 132 0} is the orthogonal complement of

-1012
the column space of 4. (See Exercise 19, page 162.)
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59. (Bessel’s Equality) Let {v,, v,, ...,v, } be an orthonormal basis for an inner product space

n
V. Prove that for any w € V: z (w,v? = |wl?>.

i=1

PROVE OR GIVE A COUNTEREXAMPLE

60.

61.

62.
63.

64.

If {vy,v,,...,v,, } 1sanorthogonal set in an inner product space V, then

{alvl, AyVys oos AV, } 1is an orthogonal set for all scalars a,, a,, ..., a,,.
If {v, v, ...,v, } isan orthonormal set in an inner product space V, then
{alvl, APy ooes @V, } 1s an orthonormal set for all scalars a, a,, ..., a,,.

Let W be a subspace of an inner product space V. If {w,v) = 0 with w € W, then v € W+,

Let {v{, vy, ..., ¥}, ..., v, } be a basis for an inner product space V such that each v; for
k<j<n is orthogonal to every v, for 1<m<k. If W = Span{v,v,,...,v,}, then

wh = Span{v, , {, v }.

e Py

Let {v, v, ...,V ...,v,} be an orthogonal basis for an inner product space V. If

W = Span{v,,v,, ..., v, } hen wh = Span{v; ,{, ..., v, }.




In other words, the ith row
of 4 is the ith column of

AT . For example:

103 r_|M2

If 4 = , AT =
L4J 04
35

—

=[2-1+3-4+5-0]
=[14] = 14
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§4. THE SPECTRAL THEOREM

We begin by recalling Definition 6.13 of page 264:
The transpose of a matrix 4 = [al.j] eM, , is the

matrix AT = [b,] €M, where b, = a;,

J

X m?

DEFINITION 7.12

SYMMETRIC MATRIX 4 € My o is Symmetric if AT = 4.

As it turns out:

THEOREM 7.13 IfdeM

nxn
then its eigenvalues are real numbers.

is a (real) symmetric matrix,

An outline of a proof for the above theorem, which involves a bit of
complex number terminology, is relegated to the exercises.

ForX, Y e ‘.R_”

we now define X - ¥ to be the dot product of the corresponding vertical

We remind you that we are using R” to denote M, , ,

n-tuples (see margin). It is easy to show that R ,with (X, Y) defined to

be X - Y, is an inner product space (see Definition 7.6, page 292). Note,
that the above dot product can also be effected by means of matrix mul-
tiplication:

X-Y = XTY (see margin)

THEOREM 7.14

Any two eigenvectors in the inner product

space R~ corresponding to distinct eigen-
values of a symmetric matrix 4 € M, , are
orthogonal.

PROOF: Let A, A, be distinct eigenvalues of a symmetric matrix
AeM with corresponding eigenvectors X, Y, so that:

o AX = A X and AY =AY
We show that X- ¥ = 0:
MX-Y) = (MX)-Y = (4X)' ¥
Exercise 19(f), page 162 = (XTAT)Y
Definition 7.12: = (XTA)Y = XT(4Y)
= XT(L, Y) = L,(XTY)
= (X Y)
Then: A (X -Y)=0(X-V)=>(A -2)X-Y)=0
Since Ay #A,, X- ¥ = 0 ;whichistosay: X and Y are orthogonal.
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Note:

1 -1 0 10-1
ref| 1 2 1| = |01 -1
0 -1 1 00 0
0-10 101
ref| 1 1 —1/ =010
010 000
210 10-1
ref| 1 1 —1| = |01 2
0 -1-2 00 0

Answer: See page B-37.

EXAMPLE 7.14  Verify the result of Theorem 7.14 for the sym-
metric matrix:

1 =10
4=112 41
0 -1 1

SOLUTION: To determine the eigenvalues of 4, we turn to Theorem
6.8, page 219, and calculate the determinant of 4 — A/ :

1-2 -1 0
det(4—AD) = det| | 2.3 _1|=-A(A-1)(A-3)

0 -1 1-A details omitted

We see that 4 has three distinct eignevalues: A, = 0, A, = 1 and
Ay = 3, with corresponding eigenspaces:

1 -1 0]

E[0] = null(4—0]) = null|_; 5 _; T {(a,a,a)|a e R}
L0 -1 1] margin
0 -1 0]

E[1] = null(4—17) = null|_; | _i| = {(=b,0,b)|b e R}
10 -1 0]
21 0]

E[3] = null(4—37) = null|_; _1 4| = {(¢,—2¢, ¢)|c € R}
10 -1 -2

You can easily verify that for 1 <i<j <3, every vector in E[A,] is

orthogonal to every vector E[A ;1. For example:

(a,a,a)-(c,—2c,c) = ac—2ac+ac =0

CHECK YOUR UNDERSTANDING 7.23

211
Verify the result of Theorem 7.13 for the matrix 4 = |1 2 1] .

112

THEOREM 7.15 4 e M, , is symmetric if and only if
(AX)- Y = X-(A4Y)

for all vectors X, Y € R".



B

Answer: See page B-37.

Compare with Theorem 7.15.
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PROOF: If 4 is symmetric, then:
(AX)- Y = (AX)TY = (XTAT)Y = XT(ATY)
Exercise 19(1), page 1641\ symmetry: = X7 (AY) = X - (AY)
Conversely, assume that 4 = [a;] is such that
(AX)- Y = X-(4Y) (*)
Turning to the n-tuple e_k, with 1 as its 4" entry and 0 elsewhere, we

show that 4 is symmetric, by showing that a; = a;:

aij = (A ej) *€; (see margin)
By (*): = 5. 5
y (%) = e (Ae;)
Theorem 7.1(ii), page 279:

= (e)) ¢ = a;

CHECK YOUR UNDERSTANDING 7.24

111

(a) Let 4 = |1 2 1|. Show directly that (4X)-Y = X - (AY) for
113
every X, Y € N3,

(b) Write down an arbitrary non-symmetric matrix 4 € M5, ; and

exhibit X, ¥ € %3 for which (4X) - Y= X - (4Y).

SYMMETRIC OPERATORS

As you know, there is an intimate relation between matrices and lin-

ear maps; bringing us to:

DEFINITION 7.13
SYMMETRIC OPERATOR

Let V' be an inner product space. A linear
operator 7: V' — V is symmetric if

(T(v),w) = (v, T(w))

for all vectors v, w € V.

Here is the linear operator version of Theorem 7.14:

THEOREM 7.16

Let 7: V— V be a symmetric linear opera-
tor on an inner product space V. If v; and v,

are eigenvectors associated with distinct
eigenvalues A, and A,, then v, and v, are

orthogonal.
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Answer: See page B-38.

PROOF: (T(vy), vy) =(T(vy),vy) = 0
Definition 7.13: {T(v{), v5) — (v, T(v,)) = 0

Definition 6.5, page 224: (A, v{, V5) — (v, A,¥,) = 0

Theorem 7.4, page 293: A {Vy, Vo) — Ay (v, vy) = 0

(A =Ay) (v, vy =0

Since A #A,, (v, vy = 0.

The matrix representation [T]B B of a symmetric linear operator need

not be symmetric for every basis 3 (see Exercise 18). However:

THEOREM 7.17 If T: V— V is a symmetric linear operator
on an inner product space V, then [T ]BB isa

symmetric matrix for any orthonormal basis
B of V.

PROOF: Employing Theorem 7.15, we show that for any two (column)

n-tuples v = (v, vy, ..., v,), W = (W, Wy, ...,w,) In R
([Tlggv) - w = v-([T]gpw):
([T]BB‘_’) W= ([T]BB[V]B) ) [W]B
Theorem 5.22, page 180: = [T(v)]B . [w]B

(T(v), )
(n, TO0)) = [V [TO0)]g = 7~ ([Tlg™)

CYU 7.18, page 303:

By symmetry:

CHECK YOUR UNDERSTANDING 7.25

For R3 the Euclidean inner product space, let T: R3 — R3 be the
linear transformation given by:

T(a,b,c) = (a—b,—a+2b—c,—b+c)
(a) Show that T is symmetric.
(b) Verify that [T]B B is symmetric for the orthonormal basis

B = {(0,1,0),(0,0,1),(1,0,0)} of R3.

Theorem 7.9, page 303, assures us that every finite dimensional inner
product space contains an orthonormal basis . It follows that every
symmetric linear operator 7: V' — V' has a symmetric matrix represen-
tation [T ]BB .Indeed, B canbe chosenso that [T ]B B is a diagonal matrix:




Note that V' contains an
orthonormal basis if and
only if it contains a nor-
mal basis.
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THEOREM 7.18 A linear operator 7: ¥ — V on an inner

THE SPECTRAL product space V' is symmetric if and only if

THEOREM V' contains an orthonormal basis of eigen-
vectors of T.

PROOF: Assume that § = {v,v,,...v,} is an orthonormal basis of

eigenvectors of T" with corresponding eigenvalues {A, A,, ...A, }.
We show that 7'is symmetric:
n n

Letv,we V,with v = Z av,and w = Z b.v;. Then:

i=1 i=1

(T(v),w) = ( Z a;T(v,), Z by,

i=1 i=1

= { Z a;\v;, Z by

i=1 i=1

= Z Kaibi = <z av;, Z bi}\’vi> = (v, T(W)>

Ti=1 T i=1 i=1

Lif i =
Since (v;, v;) = { e [along with Theorem 7.4, page 293]

0ifi=j

To establish the converse, we apply the Principle of Mathematical
Induction on the dimension n of V-

I. Let dim(V) = 1. For any v#0, {rﬁ} is an orthonormal
basis for V. Since T(ﬁ) e V', and since {ﬁ} is a basis for V,

T(l) =L for some A .
|v] |v]

II. Assume that the claim holds for dim(V) = k.

III. We establish validity for dim(V) = k+1:

Applying the Grahm-Schmidt process, we can obtain an ortho-
normal basis  for V. By Theorem 7.17, [T1gp is symmetric.

Let A be a (real) eigenvalue of [T ]BB (Theorem 7.13). Let

» € N" be an eigenvector associated with A, and let v, be such
that [v"]B = v. Then:
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Answer: See page B-38.

[Tggw = 9= [Tlgglv, ], = Alv, ],
Theorem 5.21, page 181: = [T(vn)]B = 7\.[vn][3
=T(v,) = Av,
Let W = Span{v,} . Theorem 7.10, page 306 tells us that:
Wt ={veV|(vv)=0}
is a subspace of V of dimension k— 1.
Nothing that for any v € W-:
(T(w), vy = (v, T(vy)) = (v, Avp) = A(v,v) =0
we conclude that T(v) € W for every v € Wi,
Let Ty, : W+ — W denote the restriction of 7'to W= . The lin-
carity of T assures us that 7}, is linear. Moreover, since
(T(v),w) = (v, T(w)) holds for every v, w € V, it must cer-

tainly hold for every w,w e W'. Invoking the induction
hypothesis (II) to the symmetric linear operator

Ty Wt — W, we let {v,v,,...v,_,} denote an orthonor-
mal basis of eigenvectors of 7, . Since each vector in that
basis is orthogonal to the eigenvector v,, the set

Vi
Vil
consisting of eigenvectors.

{vl, Vs oo Vi |5 } is seen to be an orthonormal basis for V'

CHECK YOUR UNDERSTANDING 7.26

Find an orthonormal basis of eigenvectors for the symmetric linear
operator 7(a, b,c) = (a—b,—a+2b—c,—b+c) of CYU 7.25.

MATRIX VERSION OF THE SPECTRAL THEOREM|

Here is the link between symmetric matrices and symmetric linear
operators:

THEOREM 7.19 4eM is symmetric if and only if

nxn
TA:@—VJ?Z given by 7,(X) = AX is a

symmetric linear operator.
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PROOF: Assume that 4 € M is symmetric. Forany X, Y € R

nxn
Recall that for X, Y e R <TA(X)> Y> = A(X) .Y =4X-Y
(X,) = X-Y
(see page 307) Theorem 7.15: = X -AY = X - TA(Y) = (X, TA(Y)>

Conversely, if 7, is symmetric, then:
AX- Y = T(X)- Y = (T,(X), Y)

Definition 7.13: = (X, T,(Y)) = X-T,((Y) = X-AY

DEFINITION 7.14 4 e M, is an orthogonal matrix if the
ORTHOGONAL AND columns of 4 constitute an orthogonal set in

ORTHONORMAL the Euclidean inner product space R".
MATRICES ) . n.
A is an orthonormal matrix if its columns

constitute an orthonormal set in R .

THEOREM 7.20 Every orthogonal matrix is invertible.

PROOF: If 4 € M, is orthogonal, then the columns of 4 constitute

nxn
a linearly independent set of vectors in R” (Theorem 7.7, page 301),

and are therefore a basis for R” (Theorem 3.11, page 99). The result
now follows from Exercise 37, page 176.

Yes, every orthogonal matrix is invertible; but more can be said for
orthonormal matrices:

THEOREM 7.21 4eM,

is orthonormal if and only if

A—l - AT

n
PROOF: Let 4 = [al.j],AT = [a;], and AAT = [c;;]. Then:

n n
Cij = Z Aiqlqj = Z Aio9ja,
a=1 a=1 T

the dot product of the i column of 4 with the jth column of 4

It follows that 4~1 = AT, ifand only if 44T = I, if and only if

! C[1ifi=
2 iafa = ) ifiz]
a=1

if and only if the columns of 4 constitute an orthonormal set in R .

CHECK YOUR UNDERSTANDING 7.27

Prove that the product of any two orthonormal matrices in M, , is
Answer: See page B-39. again orthonormal.
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Note: In the literature the
term orthogonally diago-
nalizable is typically
used to refer to what we
are calling .

See Theorem 5.27, page 194)

(1), (2), (3) and (*) tell us
that:

P14P is a diagonal matrix,
with P = [I]gg an orthonor-
mal matrix.

In particular:

Ais!

Moreover:

Pl4P = PT4P

with X; the i" column of P.

DEFINITION 7.15 AdeMm

nxn
ORTHONORMALLY
DIAGONALIZABLE

is 1if there exists an orthonor-

mal matrix P and a diagonal matrix D such
that:

Pl4P =D
As it turns out:

THEOREM 7.22 4eM

nxn
THE SPECTRAL
THEOREM

PROOF: If 4 e M, ,
T,(X) = AX is a symmetric operator (Theorem 7.19). Employing
. 6

of eigenvectors of T, with corresponding eigenvalues A, A,, ..., A

is orthonormally diagonalizable

if and only if it is symmetric.

is symmetric, then 7,: R" — R" given by

Theorem 7.18, we chose an orthonormal basis B = {X|, X,,

n

For § = {e,,e,, ..., e,} the standard basis of R” we have:

[TA]BB = [[]BS[TA]SS[I]SB (*)
We now show that:
O[T A]BB is a diagonal matrix with the A,'s along its diagonal.

@) [Tylg =4
(3)The columns of [/] sp are the X;'s — an orthonormal set.
(1): A consequence of Definition 5.10, page 180, and the fact that
T,X;) = AX; = LX,.
(2): A consequence of Definition 5.10 and the fact that [T ,(e;)] is

the it column of A4.

(3):A consequence of Definition 5.10 and the fact that
(X)) = [X]lg = X;.

Conversely, assume that 4 is orthogonally diagonalizable. Let P be an
orthogonal matrix and D a diagonal matrix with:

Pl4P = D
A = PDP-!

Theorem 7.21: 4 = PDPT
By Then:

AT = (PDPT)T
Exercise 24(f), page 1643: = (PT)TpDTpPT
Exercise 24(a), page 164: = ppTp-1 T PDPl = 4

Since every diagonal matrix is symmetric

Since AT = A, A is symmetric.
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CHECK YOUR UNDERSTANDING 7.28

Find an orthonormal diagonalization for the symmetric matrix:

211
1 21
1 12
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EXERCISES

Exercises 1-4. Verify that the given matrix is orthonormal.

301 1 1 001 3 26
L2 2 5 |22 31100 7 77
1 .3 11 010 4. |26 3

5 2 2 77 7

6 23

7 7 7]

Exercises 5-8. Verify that the given matrix 4 € M, is symmetric. Show directly that

Xn

(Av)-w = v (Aw) forevery v, w € R".

5.[51} 6[7—} 010 2 -10
15 -3 4 70101 8. 1-1 3 1
012 0 12
Exercises 1-4. Find an orthonormal diagonalization for the symmetric matrix of:
9. Exercise 5. 10. Exercise 6. 11. Exercise 67 12. Exercise 8.

Exercises 9-12. Verify that the given linear operator 7: R” — R” on the Euclidean (dot product)
inner product space R” is symmetric. Determine [T]g ¢ where S, denotes the standard basis in

R,
13. T(a,b) = (2a+b,a+2b) 14. T(a,b) = (—a+3b,3a+5b)
15. T(a,b,c) = (a+2b+3c,2a+b,3a+2c)

16. T(a,b,c) = (a+2b+c,2a+2b,a+3c)

17. Verify that T(a, b) = (3a,2a+ b) is a symmetric operator on the weighted inner product
space R? with ((a, b), (c,d)) = 4ac+ bd. Verify that B = {G’ 0), (0, 1)} is an orthonor-

mal basis in this inner product space, and determine [T ]ﬁ, B

18. (a) Verify that T(ax2+ bx +c) = (a+2b+c)x?+ (2ab)x + (3a+ 2c) is a symmetric oper-
ator on the standard inner product space P, : [(ax?+ bx +¢) - (ax? + bx +¢) = aa + bb + ce].
(b) Use the Grahm-Schmidt process of page 303 on the basis B = {x2+x+ 1, x+1,x2+1}
to arrive at the orthonormal basis p = { R S R %, — ix + 41—‘} . Verify that

BT

[T][3 B is not symmetric, and that [T ]B i is symmetric.



19.

20.

21.

22.

23.

24.

25.

26.

27.
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Let %2 denote the standard Euclidean dot product inner product space. Find a symmetric lin-

ear operator 7: R%Z — R2 and a basis B for which [Tlpp = {3 2} .
21

Let R2 denote the weighted inner product space R? with ((a, b), (¢, d)) = 3ac+2bd. Find

a symmetric linear operator 7: R2 — R?2 and a basis B for which [T ]BB = {3 2} .
21

Let P, denote the standard inner product space P;: [(ax+b) - (ax+ b) = aa+ bb + c¢].

Find a symmetric linear operator 7. P; — P, and a basis 3 for which [ 7] Bp = {3 2}
21

Show that for any 4 € M, both A+ AT and AAT are symmetric.

Show thatif 4, B € M, , are orthonormally diagonalizable, then so is:

n

(a) cA forevery c € R. (b) A+ B (c) A2

(PMI) Show that if 4 € M, 1is orthonormally diagonalizable, then so is 4" for any posi-
tive integer n.

(PMI) Show that if 4, e M,
A +Ay,++ A,

., 18 orthonormally diagonalizable for 1<i<n, then so is

Show that if 4 e M,
A

Prove that if A4 is a real symmetric matrix, then the eigenvalues of 4 are real.

. 1s an invertible orthonormally diagonalizable matrix, then so is

Suggestion: For Av = Av, show that A» = Ay, where here A denotes the (complex) conju-
gate or A and v is the n-tuple obtained by taking the conjugate of each entry in the n-tuple v.

Proceed to show that A(#7v) = A(vTv).

PROVE OR GIVE A COUNTEREXAMPLE

28.

29.

30.

31.

If A eM,,, isasymmetric matrices, then so is A7
If A e M, , isasymmetric matrices, then so is A~!.
If A, B € M, , are symmetric matrices, thensois 4+ B.

If 4, B € M, , are symmetric matrices, then so is AB.
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32. If A, B € M, are orthonormally diagonalizable, then so is AB.

n

33.1f A € M, is orthonormally diagonalizable, then so is 47
34.1f A € M, is orthonormally diagonalizable, then so is 47!

35. Let V'be an inner product space. If 7: V— V' is a symmetric operator, then so is ¢T for every
ceR.

36. Let V' be an inner product space. If 7: V'— V and L: V' — V are symmetric operators, then so
isT+L.

37. Let V' be an inner product space. If 7: VV— V and L: V' — V' are symmetric operators, then so
is LoT.
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CHAPTER SUMMARY

DoT PRODUCT

The dot product of u = (u}, u,,...,u,) and v = (v, v,,...,v,),
denoted by u - v, is the real number:

u-v =uyvytuv,t.. +unvn

PROPERTIES
positive-definite property:
commutative property:

homogeneous property:

Letu,v,w € R",and r € R . Then:
(i) v-v=20,andv-v = 0 onlyifv = 0
i) u-v=v-u

(iii) ru-v = r(u-v)

distributive property: (iv) (utv)-w=u-wtv-w
NORM IN R” The norm of a vector v = (v, v,, ..., v,), denoted by |v|, is given
by:

vl = Jv-v

Denotes length of vector.

ANGLE BETWEEN

The angle 0 between two nonzero vectors u, v € R” is given by:

VECTORS i uv
0 = cos (—)
laal[ |
ORTHOGONAL VECTORS | Ty vectors u and v in R" are orthogonal if u - v = 0.
VECTOR Let v € R” and let u be any nonzero vector in R”. Then:
DECOMPOSITION

v = (v—proj,v) + proj,v
where:

proj,v = (:—;—-—-ﬁu and (v — proj,v) - proj,v = 0

INNER PRODUCT SPACE

positive-definite axiom:

commutative axiom:
homogeneous axiom:

distributive axiom:

An inner product on a vector space V' is an operator which assigns
to any two vectors, # and v in V, a real number (u, v), satisfying the
following four axioms:

(i) (v,¥v)>0,and (v,v) = 0 onlyifv = 0
(i) {u,v) = (v, u)
(iii) (ru,v) = riu,v)

(iv) (u+v,wy = (u,w) + (v, w)
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PROPERTIES

For every u, v, and w in an inner product space V-

(@ (0,vy = (v,0) =0

(b) (u,v+w) = (u,v) + (u,w)
(c) (u,rv) = riu,v)

(d) (u—v,w) = (u,w)— (v, w)
(e) (u,v—w) = (u,v)—(u,w)

® (vw) = (v,-w) = —(v,w)

NORM AND
DISTANCE

The norm (or magnitude) of a vector v in an inner product space V,
denoted by |v|, is given by:

vl = v, v)

The distance between two vectors u and v in Vis given by |u —v| .

CAUCHY-SCHWARZ

For any two vectors # and v in an inner product space:

INEQUALITY | Cu, W) < ] ¥
PROPERTIES | Let V be an inner product space. For all u, v € V and r € R:
(@) [v]| >0, and |v|]| = 0 ifand only if v = 0
(b) llrvll = [r{lvl
(©) lu+vl<ul + v
ANGLE BETWEEN The angle 6 between two nonzero vectors u and v in an inner prod-
VECTORS uct space is given by:
0 = cosfl(<u’ v})
laall |l
ORTHOGONAL VECTORS |Two vectors # and v in an inner product space V' are orthogonal if

ORTHOGONAL SET

(u,v) = 0.
A set S of vectors in an inner product space V is an orthogonal set if
(u,v) = 0 forevery u,ve S,withu=v.

THEOREM

If {v;,v,,...,v,} is an orthogonal set of non-zero vectors in an inner
product space V, then {v, v,, ..

V.

., v, 1s a linearly independent set in

UNIT VECTOR

A unit vector in an inner product space is a vector v of magnitude 1.

ORTHONORMAL SET

An orthonormal set of vectors in an inner product space is an orthog-
onal set of unit vectors.
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THEOREM

If B = {v,v,,..
space V, then, forany v € V:

., V,} 1s an orthonormal basis in an inner product

v =Av,vpriF vy, o (v v v,

GRAHM-SCHMIDT

An algorithm (page 303) for generating an orthogonal base in any finite

PROCESS dimensional inner product space.
ORTHOGONAL The orthogonal complement of a subspace W of an inner product
COMPLEMENT space:
W+ = {ueV|{uw)=0forevery we W}
PROPERTIES | If /¥ a subspace on an inner product space V, then:
(1) Wl isa subspace of V.
(i) Wnwt=1{0}
(i11) Every vector in V' can be uniquely expressed as a sum of a vec-
tor in W and a vector in WL,
(iv) If B,, 1s a basis for W and BWl is a basis for WL, then By v BWl
is a basis for V.
VECTOR Let {w;, w,, ..., w, } be an orthonormal basis for a subspace ¥ of an
DECOMPOSITION inner product space V, and let v € V. Then, there exists a unique vec-
tor w e W and u € W+ such that:
v v=w+tu
u
where:
/ d w = (v, wpw;+ (v, wpw, + .. (v, w, )W,
W w and: u = v—w.
SYMMETRIC MATRIX | , M, ., is symmetric if AT = 4.
THEOREMS

If4 €M, isa(real) symmetric matrix, then its eigenvalues are real.

Any two eigenvectors in the inner product space R” corresponding to

distinct eigenvalues of a symmetric matrix 4 € M, ., are orthogo-

n
nal.

AeM,, , is symmetric if and only if

(A4v)-w = v (4Aw)

n

for all vectors v, w € R" (in column form).
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SYMMETRIC Let V be an inner product space. A linear operator 7: V' — V is sym-
OPERATOR metric if
(T(w), w) = (v, T(w))
for all vectors v, w € V.

THEOREMS |[et T: V' — V be a symmetric linear operator on an inner product
space V. If v; and v, are eigenvectors associated with distinct eigen-
values A, and A, , then v, and v, are orthogonal.

If T: V— V is a symmetric linear operator on an inner product space
V, then [T lgp is a symmetric matrix for any orthonormal basis
B = {040, ..0,} of V.

SPECTRAL THEOREM

(Linear Operator) A linear operator 7: V'— V' on an inner product
space V'is symmetric if and only if J contains an orthonormal basis of
eigenvectors of 7.

(Matrix) 4 € M, is symmetric if and only if there exists a diago-

n
nal matrix D and a matrix P with columns an orthonormal set in R”
such that P1AP = D.




The Principle of Mathemati-
cal Induction might have been
better labeled a Principle of
Mathematical Deduction; for:
Inductive reasoning is a pro-
cess used to formulate a
hypotheses or conjecture,
while deductive reasoning is
aprocess used to rigorously
establish whether or not the
conjecture is valid.

PRINCIPLE OF MATHEMATICAL INDUCTION  A-1

APPENDIX A
PRINCIPLE OF MATHEMATICAL INDUCTION

We introduce a most powerful mathematical tool, the Principle of
Mathematical Induction (PMI). Here is how it works:

(PMI)
Let P(n) denote a proposition that is either true or false, depend-
ing on the value of the integer .

If: | 1. P(1) is True.

And if, from the assumption that: | [1.  P(k) is True

one can show that: | [II. P(k+ 1) is also True.

then the proposition P(n) is valid for all integers n > 1

Step II of the induction procedure may strike you as being a bit
strange. After all, if one can assume that the proposition is valid at
n = k, why not just assume that it is valid at » = £+ 1 and be done
with it? Well, you can assume whatever you want in Step I, but if the
proposition is not valid for all » you simply are not going to be able to
demonstrate, in Step III, that the proposition holds at the next value of
n. Its sort of like the domino theory. Just imagine that the propositions
P(1), P(2),P(3), ..., P(k), P(k+ 1), ... are lined up, as if they were
an infinite set of dominoes:

.

p P©)| |P7)|| P@®)| [PO)| [P0

If you knock over the first domino (Step I), and if when a domino falls
(Step II) it knocks down the next one (Step III), then all of the domi-

noes will surely fall. But if the falling k" domino fails to knock over
the next one, then all the dominoes will not fall.

To illustrate how the process works, we ask you to consider the sum
of the first » odd integers, for n = 1 throughn = 5:

n| Sum of the ﬁritnodd integers Su{n 0 TSum
1 1 1
2 1+3 4 2 | 4
3 1+3+5 ) | - 30
4 1+3+5+7 16 4 |16
5 1+3+5+7+9 25 5125
617

Figure 1.1
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Looking at the pattern of the table on the right in Figure 1.1, you can
probably anticipate that the sum of the first 6 odd integers will turn out

to be 62 = 36, which is indeed the case. In general, the pattern cer-
tainly suggests that the sum of the first n odd integers is n?; a fact that

we now establish using the Principle of Mathematical Induction.
Let P(n) be the proposition that the sum of the first » odd integers
equals nZ.
I. Since the sum of the first 1 odd integers is 12, P(1) is true.
II. Assume P(k) is true; thatis: 1+3+5+ -+ (2k—1) = k?

see margin

The sum of the first 3 odd
integers is:

1+3+5<—[2-3-1 | . .
The sum of the first 4 odd III. We show that P(k + 1) is true, thereby completing the proof:
integers is: the sum of the first k£ + 1 odd integers
1+3+5+7<—[41] | |
Suggesting that the sum of ~ [1+3+5+-+(2k-1)]+(2k+1) = K2+ (2k+1) = (k+1)?
the first k£ odd integers is: | |
143+ . + | induction hypothesis: Step II

(see Exercise 1).

EXAMPLE 1.1 Use the Principle of Mathematical Induction to
establish the following formula for the sum of
the first n integers:

1+2+3+...+n = ”—("2+1) (*)

SOLUTION: Let P(n) be the proposition:
n(n+1)

14243+ ... +n =
3 n 3

I. P(1l)istrue: 1 = @ Check!

k(k+1)
2
II1. We are to show that P(k + 1) is true; which is to say, that (*)
holds whenn = k+1:
(k+ D[+ D +1] _ (k+1D)(k+2)
2 2

II. Assume P(k) istrue:1+2+3+...+k =

1+2+3+...+tk+(k+1)=
Let’s do it:
1+2+3+ . +k+(k+1) = [1+2+3+-+k]+(k+1)
induction hypothesis: — ’_‘Q‘_Zi_l_l k+T)

_k(k+1)+2(k+1) _ (k+1)(kt2)
2 2
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The “domino effect” of the Principle of Mathematical Induction need
not start by knocking down the first domino P(1). Consider the fol-
lowing example where domino P(0) is the first to fall.

EXAMPLE 1.2 Use the Principle of Mathematical Induction to
establish the inequality n < 2" forall n>0.
SOLUTION: Let P(n) be the proposition n <27,
I. P(0) istrue: 0<20, since 20 = 1.

II. Assume P(k) is true: k < 2%

I11: We need to show that 1. We show P(k+ 1) is true:

n<2n holds for

. . k+1<2k+132k+2k:2(2k):2k+1
n =k+1; which is to A p
say, that: k+1<2k*1: I 1 <2k
Recall that:. EXAMPLE 1.3 Use the Principle of Mathematical Induction to
R show that n!>n? for all integers n>4.

SOLUTION: Let P(n) be the proposition n! > n?2

I. P(4)istrue: 4! = 1-2-3-4 =24>42,
II. Assume P(k) is true: k! > k2 (for k> 4)
1. We show P(k+ 1) is true; namely, that (k+ 1)! > (k+ 1)2:
(k+ 1)) = K(k+1)>k2(k+1)
| )

Now what? Well, if we can show that k2(k+ 1) > (k+ 1)%, then we
will be done. Let’s do it:

Since k>4 (all we need here is that k> 2):
k*>k+1
Multiplying both sides by the positive number (k+1):
K2(k+1)> (k+1)2.
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k+ 1 wahsers

e
o

k washers

new
base

Our next application of the Principle of Mathematical Induction
involves the following Tower of Hanoi puzzle:

Start with a number of washers of differing sizes on spindle A,
as is depicted below:

—

A B C

The objective of the game is to transfer the arrangement cur-
rently on spindle 4 to one of the other two spindles. The rules
are that you may only move one washer at a time, without ever
placing a larger disk on top of a smaller one.

EXAMPLE 1.4 Show that the tower of Hanoi game is winna-
ble for any number n of washers.

SOLUTION: If spindle A contains one washer, then simply move that
washer to spindle B to win the game (Step I).

Assume that the game can be won if spindle A contains k& washers
(Step IT —the induction hypothesis).

We now show that the game can be won if spindle A contains £ + 1
washers (Step I1I):

Just imagine that the largest bottom washer is part of
the base of spindle A. With this sleight of hand, we are
looking at a situation consisting of k& washers on a
modified spindle A (see margin). By the induction
hypothesis, we can move those & washers onto spindle
B. We now take the only washer remaining on spindle
A (the largest of the original £+ 1 washers), and
move it to spindle C, and then think of it as being part
of the base of that spindle. Applying the induction
hypotheses one more time, we move the k& washers
from spindle B onto the modified spindle C, thereby
winning the game.
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APPENDIX B
CHECK YOUR UNDERSTANDING SOLUTIONS
CHAPTER 1
MATRICES AND SYSTEMS OF LINEAR EQUATIONS
10 7/13] }oog
10 7]13] Le 10 713 ; 5
—<R, > 3R, +R, >R _ N
CYULL |01 3|4/ —=[01-3 éj 2010 5 | IBTR 2 1()§
00 15(24 00 12 8
> 0015 0013
L . L 5_
CYU 1.2 (a) Yes (b) No [fails (i1)] (c) Yes (d) Yes
X yz Xyz .
xty+tz =26 111]6 1oof1] *°<
T T B P R B B I D
3x+y+2z =11 31 2111 00113 z =73

CYU 1.4 (a) Inconsistent: The last row [0 0 0|2} corresponds to the equation
Ox + 0y + 0z = 2 which clearly has no solution.

free variable

—
Xyz l l
O o211 | yiop22=1)] x=1+2z
“ . 1+2r,4—-5r,r)lre R
offf 5 | 4 Ox+y+5z=4 %y=4—52 B ) }
00010
free variables
o T
201 |1 x+2y+0z+w =1 x=1-2y-w|
004 -2 | Ox+0y+z+4w = -2 %22—2—4\4/ .
© 10000/ 0

{1-2r—s,r,—2—4s,s|r,s € R}



B-2 CYU SOLUTIONS

CYU1.5
| 7, 4] 7, 4
100jat+—=b-=c = L2
(@  4x-2y+z=a 4 9 1la 1879 ¥ = atghoge
—2x+4y+2z=b ;> |2 4 2b%0 10 a+£—i : y = a+1—1-—i
S5x—y+4z =c 5 —1 4l¢ 18 9c 18 9c
1 2
001l|—a—=zb+=c _ 1 2
= _q—=b+=
i 3 37 ZT a 3 3c
|Soluti0n for all a, b, and c|
10-5q+2=2a
x—4y—-4z = a 1 —4 4 a| o |
atter two cycles
(b) 2x+8y—12z=b; |2 § —12b 01 _}1 b;62a
—x+12y+2z =c¢ -112 2 ¢
00 0 c+3a+b
v
The system is consistent if
andonlyifc+3a+b = 0
3x+7y-z=a 37 -1 100
CYU1.6 (a)S: 13x—4y+2z =0, O 113 4 - _rreffeoefS1 16 1 0
2x—4y+2z = ¢ 2 4 2 001
N
L does not contain a row of zeros:
system has a solution for all values of a, b, and ¢
x-3ytw=a 1301 100 10
() S 3x=y+2z-3w = b |coefs)_|3 —1 2 —3|"reflecoelfS)]g 1 ¢ 3
xtz-5w=c¢ 1 01-5 001-15
2x—y+3z-2w =d 2-112 000 O
A

|— contain a row of zeros:
system does not have a solution for all values of a, b, ¢, and d
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X y z

Xy zw
1 00

2x+3y+4z+5w =10 234 5
coef(S) rref |0 10

S: 3xtytdztw=0—>1314 1|7 >

x+7y+4z+11lw =0 17411 00 1

Setting the free varialble w to » we arrive at the system:

x=2r=20
ytr=20 Solution set: {(21", —r, —ér, r) re R}
3. % 2
+— =
z+3r

CYU SOLUTIONS

w

-2

1
3
2

= {(4r,-2r,3r,2r)|r e R}

CHAPTER 2
VECTOR SPACES

CYU2.1 rv+sw = 2(3,2,-2)+(-3)(-3,1,0) = (6,4,-4)+(9,-3,0) = (15,1,-4)

CYU2.2 (iv): v+ (-v) = 0 (in R2):

PofR

If v = (v,v,y),then: v+ (—v)=(vy, vy) + (v, —vy) = (vi =V, v, —v,) = (0,0) i 0

Definition 2.5 T— Definition 2.3
(in R"): If v = (vy, vy, ..., v,), then:

Definition 2.4

v+ (—v)= (v, vy e vn)+(—v1,—v2, sV )=V VY Vg Y, —Y,) = (0,0,...0)=0

CYU23 For 4 = [al.j] eM, . andr,s e R:

n

r(sA) = r(say]) = rlsa;] = [r(sa;)] = [(rs)ay] = (rs)a;] = (rs)4

n n n n

CYU24 Z al.xi+ z bl.xiE z (al.+bl-)xi = z (bl.+ai)xiz

i=0 i=0 i=0 i=0

i=0

CYU 2.5 ([(r+5)f1(x) = (r+5)[f(x)] = r[f0)] +s[f(0)]) = N (x) + (s/)(x)

n n
z bl.xi+ z al.xi

i=0
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CYU 2.6 The Zero Axiom: We need to find 0 = (a, b, ¢) such that for any (x,y,z) € V:
(x,y,2) +(a,b,c) = (x,y,z), which is to say:
xta-1=x a=1
(x+ta-1L,y+b+2,z+c-3)=(x,y,2)=>y+b+2 =y=b = -2
z+c-3 =z c¢=3
Let’s verify directly that (1,-2,3)+ (x,y,z) does indeed equal (x,y,z) for every
(x:ya z) ev: (la *2: 3) + (x’ys z) = (1 +x— 1972 +y+ 2a 3 +Z*3) = (x’y: z)'
The Inverse Axiom: For given (x,y,z) € V' we are to find (a,b,c) such that

(x,y,2)+ (a,b,c) = 0, which is to say:

xta-1=1 a=-x+2
(x+ta-1,y+b+2,z2+c-3)=(1,-2,3)=>y+b+t2=-2=b=-y+4
ztc-3 =3 c=-z+6

It is easy to verify, directly that: (x+y+z)+(—x+2,-y+4,—-z+6) = (1,-2,3).

CYU 2.7 Since V' = {0} mustbe closed under addition and scalar multiplication we have no choice
buttodefine: 0 +0 = 0 and 70 = 0 forevery r < R . Itis easy to see that all eight axioms of Defi-
nition 2.6 hold. We establish (v): If u,v € V', then they must both be 0. Consequently:
r(u+v)=r(0+0)=r0=0 and ru+rv=r0+r0=0+0=0.Hence: r(u +v) = (ru)+ (rv).

Asfor (ii1) and (iv), simply note that 0 is certainly the zero vector in ’and thatitis also its own inverse.

CYU2.8 vtz =wtz CYU 2.9 Startwith: 70 = (0 +0)
(v+z)+(-2) = (Ww+z)+(-2) 0 = r0+ 70
v+[z+(—2)] = wlz+(-2)] r0+(—r0) = (r0+r0)+(—r0)

v+0 =w+0 0=r0+[r0+(—r0)]
vV=w 0=7r0+0
Conclusion:() = ()
CYU 2.10 (a) v = rw (b) ry = sy

l(rv) _ l(rw) rv+[—(sv)] = sv+[—(sv)]
r r rv+[-s(v)] =0

b

1v

(r—=syv =20
Theorem2.8: r—s = 0
s

I
R
N =
NI
=

Il
<

l/' =
Axiom (viii): p = w
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CYU211 (@) —(—v) = (-D[(-yw] =[-DH(=D]y=1v =
®) (=r)v = [(=Dr]v = (=1)(rv) = —rv
(©) r(=v) = r[(=1)v] = [r(=D]v = D[rv] = =(rv)

CYU212 (a) (v+tw) = (-D)(v+w) = (-1)wv+(-1)yw=—-v+(—w) = —v—w
(b) I. Claim holds for n = 2 —(v; +v,) = —v,; —v, [by part (a)].

II. Assume —(v{ +v,+ " +v,) = —v; —v, — - —v, . (The induction hypothesis)
III. We show that —(v; + vy, + 4y, +v,  |) = v, =V, — =V, —v, | :
RCSRATRIR Pl VHED s (O P YR (o
Byl = —(vy+tvyt o tv)—weyy
Byll: = (—vy—=vy = =V,) =V, | = =V = Vy— =V, =V,
CYU 2.13 Since {0 0} e S, S=0.Sis closed under addition:
00

For any | ¢ 2a| | b 20| . {a 2a}+{b 2b} = [(G‘Fb) 2(a+b)} eS
—a 0] [-b 0 —a 0] |-b 0] |Aa+th) 0O

S is closed under scalar multiplication:

For any | ¢ 2a €S and r € R: l"[a 2a} = {(ra) 2(ra)} esS
—a 0 -a 0 —(ra) 0

CYU 2.14 Since {(0,0,0)} € S, S# . Forany (x,y,2),(a,b,c) € Sand r € R:
r(x,y,z)+(a,b,c) = (rx+a,ry+b, rz+c) is back in §, since:

(rx+a)+t(ry+tb)+(rz+c) = rﬁx+y+z}+(a,b,c) = r%+0 =0
|

CYU 2.15 Since the zero of that vector space is the zero function Z: R — R which maps every
number to zero, and since § = {f € F(R)|f(9) = 0}, S does not contain the zero vec-

tor and is therefor not a subspace of F(R).

CYU 2.16 Since (0,0,0) € S, S# . For any
(16a—2b,4a—17b,11a,11b), (16x—2y,4x— 17y, 11x,11y) € S and (r € R):

r(16a—2b,4a—-17b,11a,11b) + (16x — 2y, 4x— 17y, 11x, 11y)

= (16[ra+x]—-2[rb+y],4[ra+x]—17[rb+y], 11[ra +x], 11[ra + x])
= (164—-2B,44—-17B,114,11B), where A = ra+x and B = ra+x
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CYU 2.17 False. The subsets S = {0,1} and T = {0, 2} are not subspaces of ‘R since neither

is close under addition (nor under scalar multiplication), yet SN 7 = {0} is a subspace of R.

CYU2.18 (a)Forv = (2-1,3-5) = (1,-2) and u = (2,3):
{utrvireR} = {(2,3)+r(1,-2)} = {(2+r,3-2r)}
(b)Since (1+r,5-2r) = [2+(r—-1),3-2(r-1)]:
{(A+r5-2r)|reR} = {(2+r,3-2r)|re R}

CYU 2.19 Choosing r = -l andr = 1 inL = {(1,3,5)+r(2,1,-1)|r € R} we obtain the
two points (1,3,5)-(2,1,-1) = (-1,2,6), (1,3,5)+(2,1,-1) = (3,4,4) onL.Preceding
as in Example 2.14 we arrive at a direction vector v = (3,4,4)—(-1,2,6) = (4,2,-2). Select-
ing u = (3,4,4) as our translation vector, we have:

L={(3,44)+r(4,2,-2)|reR} = {(3+4r,4+2r,4-2r)|r € R}, which we now show
tobe equal totheset L = {(1,3,5)+r(2,1,-1)|[reR} = {(1+2r,3+7r,5-r)|re R}:

(B+4rA4+214—27) = (1421347 5—7), were 7 = V‘Tl

CYU 2.20 Choosing (4, 1, -3) to play the role of w, instead of (3, -2, 2) we obtain:
P = {w+1_fu+§v|i_f,3‘ e R}
= {(4,1,-5)+r(-1,7,-5) +5(1,3,-5)|r, s € R}

= {(4—r+s,1+7r+3s,—5-5r—5s)|r,s € R}

which we show to be equal to the set P = {w+ru+sv|r,s € R} :
= {(35_2a 2)""}"(—1, 7>_5)+S(1’ 3,—5)|I”,S € SR}
= {3-r+s,-2+7r+3s,2-5r—Ss)|r,s € R}

. - o ():d4—r+s=3-r+s
Equating the first two components of P and P we obtain: o .
(2): 1+7r+3s = -2+7Tr+3s
Multiplying equation (1) by —3 and adding it to equation (2) we find that » = r. Substituting in (1)
we then find that s = s—1; bringing us to:

(4—r+s5,1+7r+3s,—-5-5r—55) = (3—r+s,—2+7r+3s,2—5r—5s)
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CHAPTER 3
BASES AND DIMENSIONS
2b = -2 ab a b
CYU3.1 (a)No: a+2b = — - - _
—— aug(S) 2 -2 rref 1 00
S: 3a+5b 3 s| 3 o 1l o
Ba J1F\I‘(‘)bsoTu§io ! . 8 4] 8] 0 0] 1
d)Y 2= 2 a b a b
es: a+ = _ r - _
_ o lauges) 12| 2 ep| ! O] 2
S: 3a+5h = —4 s 5| 4 N
8a+4b =8 e a4l g o olo

|
\% (-2,-4-8) = 2(1,3,8)-2(2,5,4)

CYU 3.2 (a) We are to show that for any given matrix |4 b} there exist scalars x, y, z, w for which
cd

(*)x12+y10+201+w04=ab:

34 10 01 2 0 ¢ d]

x+y 2x+z+4w_ _ _ab_

3x+y+2w  4x+z ¢ d
xty+0z+0w =a 1100 1000
2x +0y+z+4w = b |coef(S) |2 o 1 4|[rref(coef(S)I{o 1 0 0

S: — 2

3x+y+0z+2w = ¢ 3102 0010
4x+0y+z+0w = d 4010 0001

Since rref[coef(S)] does not contain a row consisting entirely of zeros, the system S
[which stems from (*)] has a solution for any given a, b, ¢, d .

(b) x+y+0z+0w = -1 1100]-1 10002
S: 2x+0y+z+4w =5 | augS) (201 4|5| rref |0 10 0/-3
3x+y+0z+2w = 31021 0010[5
4x+0y+z+0w = 13 401013 000 1]|-1

from the above we see that: 2 12_3 10 +5 011 4104 _ |-15
34 10 01 20 1 13
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CYU 3.3 We are to find the set of vectors (a, b, ¢) for which there exist scalars X, y, z, such that:
(a’ bs C) = X(Z, 19 5) +y(13 _2’ 2) +Z(0’ 5’ 1) .

125 b

2x+y+0z = a 21 0a 1-25|p 12 5| b 01 a—2b
x=2y+5z=b=|1-25b210la (05 —-10{a—2b a 5
+2y+z = - - —
Sx+2y+z =c 52 1lc 52 1l 012 —24|c—5b 000c—5b—12("52b)

Note that in the above we didn’t bother to reduce the coefficient matrix to its row-reduced-echelon
forms with 0’s above and below leading ones. Rather, we obtained its row-echelon form with 0’s
only below the leading ones [see Exercises18-22, page 12]. This still enables us to determine

Span{(2,1,5),(1,-2,2),(0,5,1)}, for it consists of all vectors (a,b,c) for which

c—5b—12(a5_2b) _

Conclusion: Span{(2, 1,5),(1,-2,2),(0,5,1)} = {(a,b,c)|b=5c—12a}.
Any vector (a, b, ¢) for which b # 5¢—12a, say (1,2,3), will not be in the spanning set.

0, which is equivalent to: 12a+b—-5¢c = 0 or b = 5¢—12a.

CYU34For given velV we are to find -scalars A,B,C such that
v=Av, +B(v, +v,)+ C(v| + v, +v;).Since {v,, v,, v3} span V, there exist scalars a,b,c such

that v = av, + bv, + cv;. Equating these two expressions for v we have:
Av +B(v;+v,) + C(vi+ v, +Vvy) = av, +bv, +cv,
(A+B+Cyv+(B+C)vy;+Cvy = av +bv,+cv,
A+B+C =a C=c

b—C=b-c
a—B-C=a-(b-c)—c=a-b

Bringing us to: B+ C = b with solution: B
C=c A

CYU3.S gx2+ b(2x2+x) +c(x—3)

0 at2b+0c=01 1120 o 100
(@a+2b)x2+(b+c)x-3c =0 — (Oag+b+c=0,= 01 1 &010
0a+0b-3c=0] |00-3 001

No free variable
Linearly independent

CYU 3.6 avl+b(v1+v2)+C(v1+v2+v3)+d(v1+v2+v3+v4) = () (we are to show
— a=b=c=d=0)
(atb+tctdy,+(b+ct+dw,+(ctdyvy+dv, =0

/ Since {Vy, Ve V3. V4t IS _ o 4 phtc+d = 0
linearly independent: b+c+d =0

ct+d =20
d=20
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CYU3.7

A(al,az,a3,a4)+B(b b b b4)+C(c c3,c4)+D(d d d d4)+E(e1,e2,e3,e4)=0

a; bycyd e

a, by cy d; e,

—> rref must have a free variable
ay by ¢y dy ey (5 variables and 4 equations )

1y bycydy ey

25101 s 103
CYU 3.8 Linear dependent since: |1 9 3|—(0 1 1|-

3211 000
2511/8 1034
(8,4,12) € Span{(2, 1,3),(5,0,2), (11,3,11)} since: {1 o 3 |4 |0 1 1]0] -
3211112 0000

From the above rref-matrix we see that a(2, 1,3) + 5(5,0,2) +¢(11,3,11) = (8,4, 12) for any
+3c =4
a,b, and ¢ for which ¢ . ¢ 0 Letting ¢ = 0 we get a = 4 and b = 0, giving us the linear
c =
combination (8,4, 12) = 4(2,1,3)+0(5,0,2) +0(11, 3, 11) . Lettingc = 1 wegeta = 1 and

= —1, giving us another linear combination (8, 4, 12) = (2,1, 3)—(5,02) + (11,3, 11).

CYU 3.9 x3+x and —7 are clearly linearly independent. Since x2 cannot be “built” from those
vectors, {x3+x, 7, x2} is linearly independent. Can x3 be “built” by those three vectors? Noj; so

{x3+x,—-7,x2 x3} is linearly independent. Just to make sure:

abcd
) 1 001 1000
a(x* +x) + b(=T) Fex" +dx’ = 00 10 rmef (0100
(a+d)x3+cx2+ax+b(—7)=0/ 10 OOH 0010
0-700 0001

(Incidentally, if you throw in any two randomly chosen vectors from P; into {x* +x, -7} chances
are really good that you will end up with a linearly independent set. Try it.)
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CYU 3.10 For Spanning: X 21 +y 11 +z -3 0 +w 04 — |a b
13 0] 12 2] -5 =5 11 5] lc d|
For linear independence: X 21 +y Pl =30 +w 04 - |00
13 0] 12 2] -5 =5 11 5] 10 0]
21-30 1000 Spans: Does not contain a row
coofficient matrix |1 1 0 4 g 0 1 0 0| consisting entirely of zeros.
32-51 0 0 1 0| Linearly Independent: each row
0 2 _5 5 O O O 1 hasleading one.

CYU31IfS = {v,v,,...v,} is a basis, then it spans V insuring us that every vector in } can

be expressed as a linear combination of the vectors in S. Being a basis, S'is also linearly independent,
and Theorem 3.6, page 89 insures us that the representation is unique.

Conversely, if every vector in ' can uniquely be expressed as a linear combination of the vectors
in S then S certainly spans V. To show that it is also linearly independent consider

cvytev,+ .. +c,v, = 0.8ince Ov, +0v, +... +0v, = 0, and since we have unique repre-

sentation: ¢; = 0 for 1 <i<n.

CYU 3.12 We show that S = {(1,0), (0, 1)} is a basis for the space V' of Example 2.5.
S spans V: For (a, b) € V can we find r, s € R such that (a, b) = r(1,0)+s(0, 1)? Yes:

(a,b) = r(1,0)+s(0,1) T

Since r(x,y) = (rx—r—1,ry+r—1): = (r—r+1,r—1)+(—s+1,s+s—1)
=(Lr—1)+(-s+1,2s—1)
Since (x,y) +(x",y") = (x+x' =1,y +y" + 1) =(-s+1l,r—1+2s—-1+1)

=(-s+1,2s+r—1)

equating coefficients

a=-s+l | +1 and r = b+2a—1
S = —da an r = a—
— b 2s+r—1
Check: r(1,0)+5(0,1) = (b+2a-1)(1,0)+(—a+1)(0,1)
= [(b=2a—1)—(b+2a-1)+1,(b+2a—1)—1]+[=(—a+ 1)+ 1,(—a+1)—1]
= (Lb+2a-2)+(a,—2a+1) = (1+a—1,(b+2a—2)+(a—2a+1)—1) = (a, b)

S is linearly independent: Recalling that (1, —1) is the zero vector in S we start with the equation
a(1,0)+5(0,1) = (1,-1) and go on to show thata = b = 0:
a(1,0)+5(0,1) = (1,-1)

(LLa—1)+(=b+1,b+tb-1) = (1,-1)
(lL,a=-1)+(-b+1,2b-1) = (1,-1) 1—b
(1-b+1-1,a-1+2b-1+1) = (1,-1) a—1+2b

(1-b,a—1+2b) = (1,-1)

1
1} solution:a = b = 0
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CYU 3.13 (a) Knowing that M, , has dimension 4, we simply have to add two vectors to

L = { [2 }, [2 2} } without rupturing linear independence. By now, you may be convinced that
12 [11

-11 -2 6
will end up with a set of four independent vectors, and therefore a basis for M, , , . Let’s make sure
that we do:

if you add any two randomly chosen vectors, say { . 5} and {0 l} , chances are good that you

abc d

221 0 1000
21 22 15 01/ _ 1|00 125 11mef o100
a +b +c +d =
R s P R B I 5 o TR A St

211 6 0001

(b) Here is a brute force approach to obtain a basis for Span(S). We start with the first vector in
S=4{@G3,-1,2),(-9,3,-6),(1,2,-2),(-5,4,-6),(6,-2,4)} : {(3,-1,2)}. Since the second
vector is easily seen to be a multiple of the first, we discard it and turn our attention to the third
vector (1, 2,-2). Since that vector is not a multiple of {(3,—1,2)}, we throw it into that set to
obtain the two independent vectors {(3,-1,2), (1,2,-2)}. Can the vector (-5, 4,—6) be built
from those two independent vectors? Yes:

3 1|-5 10]-2
1214 I‘I'ef; 011 :>—2(3, —1,2)+ 1(1, 2, —2) = (_5, 4, _6)
2 -2|-6 00|0

Since we are looking for a maximal independent set, we discard (-5, 4, —6) and turn our attention
to the last remaining vector (6,-2, 4). Is it independent of the vectors {(3,-1,2),(1,2,-2)}?
Clearly not, since (6,-2,4) = 2(3,-1,2).

Conclusion: {(3,-1,2),(1,2,-2)} is a basis for Span(S). Since R3 is of dimension 3, S does

not span R3.

CYU 3.14:
first vector
391 -56 1]-30-22
13 2 4 —o|-trehlg o [1] 1 o Basisfor Span(S) = {(3,-1,2),(1,2,-2)}
2 6-2-6 4 00000

) third vector
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CHAPTER 4
LINEARITY

CYU 4.1 The function f: R2 — R3 given by f(a, b) = (a+b,2b, a—b) is linear.
fpreserves sums:
fl(a,b)+ (a',b')] = fla+a',b+b")
=[(a+a')+(b+b"),2(b+b"),(ata’)—(b+b")]
— (a+b,2b,a—b)+(a'+'b,2b",a' —b') = fa, b)+f(a', b")

fpreserves scalar products: f[r(a, b)] = f(ra,rb) = (ra+rb,2rb,ra—rb)
= r(a+b,2b,a—-b) = rf(a,b)

CYU 4.2 Since £(0,0) = 0x2+0x+1 = 1#0,fis not linear.

CYU 4.3 flr(a,b)+(a’,b")] = f(ra+a’,rb+b’)

= [(rat+a'")+(rb+b"),2(rb+b"),(ra+a')y—(rb+b')]

= [(ra+rb)+(a'+b'),2rb+2b",(ra—rb)+(a'—b')]

= (ra+rb,2rb,ra—rb)+(a'+b',2b',a’' — b'")
r(a+b,2b,a—b)+(a’'+b',2b,a'—b") = rfla,b) +f(a’,b")

CUU 4.4 A counterexample: The trivial function 7: R — R given by T(x) = 0 forevery x € R
is linear. The set S = R isnota subspace of R, but f(S) = {0} is a subspace of R.

CUU 4.5 True: The proof of Theorem 4.5 makes no mention of linear independence.

CUU4.6 (a) We first express (3,4,2) as a linear combination of the basis
{(1,0,0),(0,2,0),(1,1,1)}:

(3’ 4’ 2) = a(la 0’ 0)+b(0, 2, 0)+C(1, 1’ 1) atc =3
=(a+tc2b+cc) > 2b+tc=4y=>c=2,b=1,a =1
c =2

Then: 7(3,4,2) = 77(1,0,0)+(0,2,0)+2(1,1,1)]
By linearity: = 7(1,0,0)+ 7(0,2,0)+27(1,1,1)
= (2x2+x)+(2x2+x)+2(x—-5) = 4x2+4x-10

(b) Expressing (a, b, ¢) as a linear combination of the given basis we have:

(a,b,¢) = 4(1,0,0)+ B(0,2,0)+ C(1,1,1)] A TE€ 4 -
= (4+C,2B+C,C) —S2B+C=b=C=cB="54=a-c
C=c
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Then: Inuuc)z7{m—CXLOJn+Q§%m2Jn+cu,L1ﬂ
=(a—@TUJLm+Q%£Hm2JD+cHLIJ)
=(a—cxzﬂ+xy+95&zﬂ+xy+dx—ﬂ

= (2a+b—3c)x2+(a+§—§)x—50

CYU 4.7 (a) {(1,0),(1, 1)} is easily seen to be linearly independent, and therefore a basis of RZ.
{(0,1,0),(1,1,0), (0,1, 1)} is easily seen to be linearly independent and therefore a basis of R3.

(b) From the given information, we have:
(L°T)(1,0) = L[T(1,0)]
= L(0,2,0) = L[2(0,1,0)] = 2L(0,1,0) = 2(0,1) = (0,2)
To determine (L°T)(1,1) = L[T(1,1)] = L(1,0,1), we need to express (1,0,1) as a linear
combination of the basis {(0, 1, 0), (1,1, 0), (0, 1,1)} . Let’s do it:

b=1
sa+b+c=0r,=>c=1,b=1,a =-2

(1,0,1) = a(0,1,0) +5(1,1,0) + ¢(0,1,1)

(bya+b+c,c)

c =1

Then: (ZeT)(1,1) = L[T(1,1)] = L(1,0,1)
= L[-2(0,1,0)+(1,1,0)+ (0,1, 1)]
= —-2L(0,1,0)+L(1,1,0)+L(0,1,1)
= _2(09 1) + (la 0) + (19 0) = (2’ _2)
To determine (L°T)(a, b), we first express (a, b) as a linear combination of {(1,0),(1,1)}:
(a,b) = A(1,0)+B(1,1) = (A+B,B)=B = band A = a—b; so:
(a,b) = (a—b)(1,0)+b(1,1)
Putting this together we find that:
(LeT)(a, b) = (L°T)[(a-b)(1,0)+b(1,1)]
= (a—b)[(L°T)(1,0)] + b[(L°T)(1, 0)]
= (a—b)(0,2)+b(2,-2) = (2b,2a—4b)

CYU4.8 (a):

T[(ra+a")x2 + (rb + b)x + (re + ¢")]

1 ' ' '
_ |ratd rb+b'| _ lab|l  |a"b
re+c ra+a ca c a

= rT(ax2 +bx+c)+ T(a'x+bx+c")

T[r(arx2 +bx+c)+ (a'xe+bx+c")]
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(b) The vectors T(x%) = {1 O} , T(x) = {O 1} , T(1) = {O O} span Im(7) (Theorem 4.9), and
01 00 10

they are easily seen to be linearly independent. Consequently: rank(7) = 3.
Ker(7) = {ax2 ererc‘T(ax2 +bx+c)=0}
By definition,
={ax2+bx+c| a bl _ OO}DaZbZCZO
ca 00
Consequently, Ker(7) = {0} and therefore nullity(7) = 0

CYU 4.9 We first show that Ker(7) = {0} :

2a =
T(a,b,c) = 0= (2a,b+c,c,b) = (0,0,0,0)=b+c =
C:

b =

o o o o
.
Il
S
Il
)
Il
(=)

At this point we know that nullity(7) = 0 and that the kernel has no basis. Since
rank(7)+0 = 3, Im(7) has dimension 3. It is easy to see that the three vectors
7(1,0,0) = (2,0,0,0), 7(0,1,0) = (0,1,0,1), 7(0,0,1) = (0,1,1,0) in the image of T
are linearly independent. It follows that {(2,0,0,0),(0,1,0,1),(0,1,1,0)} is a basis for
Im(7).

CYU4.10 Let v € V be such that T(v) = T(v) = v = v (*) . We establish that 7' is one -to-one
by showing that Ker(7) = 0 [see Theorem 4.11(a)]:

Assume that 7(v) = 0 (we want to show that v = 0). Consider the vector v + v.

By linearity we have: T(v+v) = T(v)+T(v) = 0+ T(v) = T(v).

From (*) and the fact that T(v + v) = T(v) we have: v+v = v

v=20
CYU4.11 ! Y— X is one-to-one:
@) = D) =2 (@] = AU 0= (fof Na) = (fof Db=a = b

/1 Y— X isonto: Forany x € X, f"[f(x)] = (fflof)x = X.

CYU 4.12 T'is one-to-one: T(a,b) = T(a',b')=> (a+b)x—a = (ad+b)x—a

a=4d
Equating coefficients: =a=adandb =D
(atb) =a+b
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T is onto: For given ax + b € P, we need to find (4, B) € R? such that:

T(A,B) = (A+B)x—A4 = ax+b
-4 =05

A+B =a

Equating coefficients: }:>A — band B=a-A=a+b

Check: T(-b,a+b) = (-b+a+b)x—(-b) = ax+b.

Determining 7-!': Let T Y(ax + b) = (A4, B). Then:

Applying T to both sides: ax+b = T(4,B)=ax+b = (4+B)x—-4
-4 =5

Equating coefficients: =>A4=-band B=a-A4=a+b
A+B =a

From the above: T '(ax + b) = (=b, a + b). Let’s show that the function L: P, — R? given by
L(ax+b) = (—b,a+ b) is linear:
Llr(ax+b)+ (a'x+b")] = L[(ra+a')x+(rb+5")]
= [-(rb+ D), (ra+a’)+(rb+1b)]
=r(-b,a+b)+(-b,a' +b') = rL(ax+b)+ L(a'x+Db")

CYU 4.13 We show that 7: R* —> M, , givenby T(a, b, c,d) = {a b} is an isomorphism:
cd

T is one-to-one:

T(a,b,c,d)=T(a',b,c,d)= ab _|db =>a=da,b=>b,c=c,d=4d
cd cd

T is onto: For given ab eM,, ,, T(a,b,c,d) = ao
cd cd

T'1s linear: l‘(r[ab}Jr a]fj = r|rata rb+l_7 :rT{ab}JrT‘
cdl |ed re+ec rd+d cd e

CYU4.14 Let dim(V) = dim(W) = n. By Theorem 4.15, V= R" and W= R". By Theorem
4.14, V=Ww.

QO

Conversely, suppose that V= W.Let T: V' — W be anisomorphism, andlet B, = {v|,v,, ..., v, }

be abasis for V. We show S = {T(v,), T(v,), ..., T(v,) } isabasis for I, thereby establishing that
V and W are of the same dimension, .
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S is linearly independent:

n n n
ok

ZaiT(vl-)=0:>T Zaivi =0= Zaivi =

i=1 i=1 i=1
since Tis 11%—, Theorem 4.11(a), page 129

n

S spans W: Let w € W. Since T is onto, there exist v = Z a;v; such that 7(v) = w. Then:

since B, is a linearly independent set

a; = 0for1<i<n

i=1

n
n
w=T(v) = Z ay;| = Z a;T(v;)
i=1 i=1
since 7'1s linear

CYU 4.15 By CYU 4.15, we know that the dimension of W equals that of V. We can therefore
verify that {L(v),L(v,),...,L(v,)} is a basis for W by showing that the n vectors

{L(v{), L(vy), ..., L(v,)} span W (see Theorem 3.11, page 99):

n
Let w € W. Since L is onto, there exist v = Z a;v; such that L(v) = w. Since L is
; i=1
linear: w = L(v) = ZaiL(Vi)'
i=1

CYU 4.16 Lets move the elements of:
S = {2x373x2+5x71,x37x2+8x73,x2+11x—5,fx3+2x2+3x72}

over to R* via the isomorphism T(ax? + bx2+cx+d) = (a, b, ¢, d) to arrive at the 4-tuples:

T(S) = {(29 _3’ 5’ _1)’ (1: _1’ 8’ _3)’ (0’ 1’ 11’ _5)’ (_1’ 2” 3’ _2)}
Applying Theorem 3.13, page 103, we conclude that the first

VAN |
two vectors of 7(S), (2,-3,5,-1) and (1,-1, 8,-3), consti- ) Jl/ 0 -1 | L 1.1
tute a basis for Span 7(S). It follows that 311 2| rref_ |01 2 1
2x3 - 3x2 +5x—1 and x3 —x2 + 8x -3 is a basis for Span(s). > 8 113 0000

-1-3-5-2 000 O
CYU4.17 (a) f(x,y,z) = (2x+1,x +y,—z) is one-to-one:

f(xpylozl) = f(x27y2922)
2x,+1 = 2x, + 1 X = X,

(2x1+1,x1+y1,—zl) = (2x2+1,x2+y2,—22): x1+y1 = x2+y2 =9V T I

—Z1 T T2 21 T oy
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fis onto: For given (x, y, z) € X we need to find (a, b, ¢) € R3 such that:
fa,b,c) = (x,y,2)

g =1
2a+1 = x 2
+ + — = = —
Qa+lath-¢)= (cya)=qa+b=y =4, x1
—-c =z 2
c = -z

From the above formula: XT’ y— 5 —z) = (x,, z), we conclude that:

(b) From Theorem 4.16 and the above formula f _l(x, V,z) = ()%1, y— )%1, —z) we have:

x,—1 x;—1 x,—1 x,—1
(xlaylazl)@(XQay27zz) :fi:( 2 syl_Ta_Zl)+( 2 5y2_ 2 9_22)J

X1, X X1 X
:f(TT Lyitr=5-5+ 1,721722)

- _ — X Xy X2 Xy Xy
Since f(x,,2) = 2x,x +y,—2):= | 2| — + = — ] ,—+——l+y1+y2—3—3+19—(—21—22)

= (¥ txy =2,y typ 2y T2,)

) _ x—1 — x-—1 _) _ (rx—r rx—r o )
and: r ® (x, y, z) /[r(—z VT ZJ S Y 5T

rX—r rx—r rX—r

Since f(x, y,z) = (2x,x +y, —z):
= (rx—r,ry, rz)

(c) The zero in the space X: £(0,0,0) = (1,0,0).

The inverse of (x, y, z) in X:

A9 )] Tf[()%ly)%l ] - A=y F 2

)ﬁ-:-l _X*l = f(xbyaz) = (ZX+IJX+ya_Z)
2 ’y 2 b

flarnn = (
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CHAPTER 5
MATRICES AND LINEAR MAPS

CYU 5.1 (a) 35{64}_ 3:6+5:3 3:.4+45.5] (3337
4201 (| T |4-6+2:3 44425/ = 13026
90 9-6+0-3 9-4+0-3 54 36

(b) Number of columns in 4 does not equal the number of rows in B.

a8 I (R (R R e
wie: [ b AR -+ E b - [

13 The columns associated with the leading
2 5 3 4 10 ) 12 ones in rref(4); namely:
CYU53 | 4 _10 ¢ -_g|—xeb (2,-4,0) and (5,-10, 1)
0 1 2 -4 01 2 -4 constitute a basis for the column space
00 0 O of 4.

Since A4 and rref(A4) share a row space, (1, 0, —12—3, 12) and (0, 1, 2, —4) constitutes a basis for the

row space of 4. Note that the first two rows of A are not linearly independent. We are assured,
however, that two of 4’s rows will constitute a basis for its row space (either rows 1 and 3, or
rows 2 and 3, will do the trick).

CYU 5.4 If X, and X, are solutions of the homogeneous system of m equations in » unknowns
of equations, AX = 0, and if € R, then:
A(rX;+X,) = rAX;+4X, =r0+0 =0
It follows, from Theorem2.13, page 61, that the solutions set of 4AX = 0 is a subspace of R”.

213 0 100 -1 213 0
CYU S.5From |1 4 _p _7|1ref g 1 g —1|, we see that: null| |1 4 2 _7|| = {(c,c,—¢, ¢)|(c € R)}
301 =2 001 1 301 =2

A basis: {(1,1,-1,1)}

CYUS6Letd eM

mxn-*

By definition:
nullity(4) = dim{X|4X =0} = dim{X|7, X =0} = nullity(T,)
Since nullity(4) equals the number of free variables in rref(4) and since rank(4) equals the

number of leading ones in rref(4): rank(A4) = n —nullity(4). By Theorem 4.10, page 126:
rank(7,) = n—nullity(T,). Since nullity(4) = nullity(7,) : rank(4) = rank(7,).
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CYUSA.7
3 20la :1033a—2c=1 and3b_2d:0:a:—l,b:g,cz—é—‘,dzé
4 ~1lle d 01 4a—-c =0 4b—-d = 1 5 5 5 5
From the above, we see that the matrix 3-2 is invertible, with inverse -1/5°2/5 )
4 — -4/5 3/5

CYU 5.8 1. Theorem 5.8 tells us that the claim is valid for n = 2: (4,4,)7" = 45147,
II. Assume validity at n = k: (4,4, A4,)"" = A14;1 .. A7
III. We establish validity at n = k+ 1 :
(A Ay A dy )7 = [(Ay4y. . ADA 17!
Byl = Al (4,4,...4,)"]
ByIl = A, (A Al . A7Y) = A, (A AL A7)

1 100 o
-1 1000
CYU59 |0 1 0 010 _
oo =10 o | [0500 :oéoo {16}1:{1—6}
001 0 01 0 1
00 1 00 1 000 1 001 0
000 1]
E —_
2103 3341/ (100 001 001[[2103 3341
CYU 5.10 (a) R, & R, R, &R, d _
1326 —"3[1326/-l010-""3010/-and |[010[|1326] =[1326
3341 2103/ (001 100 100[|3341 2103
E —_
b){2103 334 1] (100 001 0012103 (3341
s> R, 2R2—>R2 _
1326/~ _J26412>/010—2""3020[-and [020[|1326]= |26412
3341 2103(1(001 100 100/[3341 [210 3]
-1
A= —— J
CYU 511 101 21000 1 0 0 0, -7 5 8 -6
—'[All]:021401oo 0 1 0 0 -3 2 3 =2
11100010 0 0 1 0| 10 -7 —10 8
031 110001 o 0o o 1 -1 1 1 -1

CYU 5.12 Assume AB = [. Multiplying both sides of the equation BX = 0 by 4 we have:
(AB)X=A40=1IX = 0 = X = 0= B is invertible (Theorem 5.17)
Then: AB = = (AB)B' = B! = ABB ') =B l1=>4=B1=4"1=08.
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120;—1 100;—1/4 —1 -1/4
CYUS13 (301 1 I‘r"*folo|—3/8:>1 = 1-3/8
0422 001, 7/4 2], 7/4
CYU 5.14
T( 3 3] - (3,3,4),T[ ”j = (2,7,2),{ ! ‘1J = (—1,1,6),{ 2 6} = (6,2, 14)
22 11 51 59
12032-1 6| . 1001;2—3/4 1/4 1 2 3/4 1/4
301371 2 Ho1o1|o ~1/8 23/8 3[T1y3= 1 0 -1/8 23/8
04242 6 14 00101 13/4 5/4 0 1 13/4 5/4
A AL N
Y T(B)

L3 1203t 100(3/4 L3 3/4
CYUS.15 F{ j=(3,1,2)and 3011 0109/83{ ] = | o/8
20 20/]

0422 001}5/4 ~5/4
37121 1000[69/28|  _ 69/28
32-1163] rref Jo100-11/14) | |1 3| _ |-11/14
21552 0010]|1/28 |2 0] 1/28
2111090 000 1]-13/28 ~13/28
1 2 3/4 1s4 %728 3/4
T 13 _ -11/14| _ _ 13
[T],p - 1 0 -1/8 23/8| 9/8 50
B 0 L 13/4 57401 15 o -5/4 Y

From CYU 5.15

Y T(B)
CYUS.16 [Tl T(LLD =1+ 1xt1) 100 100/ 1 10 1 10
7(1,1,0) = 1x2+1x+0(=|010[111 ot1o 1 11/=[Tlg=|1 11
7(1,0,0) = 0x2+ 1x+0 002[100 001/1/200 1/200

[L]syi L(x%) = (1,1) 5 L)
011100 10012 012
= L -
L(x) = (0,1) :{11112} {01100}3[]&’ LOO}

L(2) = (0,2)
[LoT]s: (L°T)(1,1,1) = L[T(1,1,1)] = L(x?+x+1) = (1,3) } 5w n®)
=

0110 101211 o _ 1211
(L°T)(1,1,0) = L[T(1,1,0)] = L(x>+x+0) = (1,2) L1l3 2 J L 1 OJ:WL Tsp L | 0}
(L°T)(1,0,0) = L[T(1,0,0)] = L(0x2+x+0) = (0,1) -
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CYU 5.17 Since [T ]YB is invertible, it must be a square matrix of dimension #n. It follows that

and W are both of dimension n. Let B = {v, v, ...,v,}, v = {w,wy, ...,w,}, and

[T];é = [al-j]. Consider the linear transformation L: W — V' which maps w; to the vector

...ta v

ap vy tayv,t niVn-

From its very definition, we see that [L]Bv = [al.j = [T]y‘é (note,
for example that [L(w,)] 5 is the first column of [al-j] ). Applying Theorem 5.22, we see that:

[LoT]BB = [L]BY[T]YB = [T]Y*é[T]YB = [. It follows that LoT: V' — V is the identity map, and
that therefore 7 is invertible with inverse L.

[(¢ D]

CYU5.18 [1;],, and [(2,3)]: Ulpg
0 2|122|ref |10[5/62/3/4/3
3-1213 01(1/2 1] 1

[(2,3)];: B f

2| tref 1 0
3 01

CYU 5.19 Rotating the standard basis B = {(1,0), (0, 1)} clockwise by 60° leads us to the basis

4/3][%]5,5[(2,3)]5 = {5/6 2/3} {4/3} _

3 - 12,31,
1/3 172 1 1/3

1

, 1 J3) (1.3 L
B = {(E’ —%),(5, —“é-:)} Finding [I]B'B and [(1, 3)][3,:
. | Ulgg  [(1,3)]
2 5 |10l 10(1 =/3/72|1-./3
32 320013 011 J/3/2]J3+1

Check: (1—J§)G,_§) (B 1)(%, %} = (1,3)

CYU 5.20 For [T]gp and [/]g. Noting that T(x2+1) = —x+2,T(x2-x) = —x2—x, and

T(1) = 2;and that B = {x2, x2+x,x2+x+ 1}, B = {x2+1,x2—x, 1} ; leads us to:

pr ") xp [Ty Ulpg
1 1 0J]0-10]1 1 1 1 0 0|-1-20]1 2 2
0 -1 -1-1 0]0 1 1%0101 1 00 -1-1
1 0 2 0 2|0 01 0 0 13 2 2(-1-2-1

Noting that 7(x?) = —x, T(x2+x) = x2—x,and T(x2+x+1) = x2—x + 2 leads us to:
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) 1(B") [T]gp [1gp'

p

1 110 1 1}1 1 O 1 1 2 2|1 2 0
1 1|-1-1-1]0 -1 o[t -1-1-3}-1-1-1
0 0

110 0 271 0 1 0 0 2|1 0 1

S = O
— o O

S O

1 2 21 2 2|1 20 -1-20
Then: [[]gg[Tlggldlpgp" = | 0 =1 —1||-1 =1 =3[|-1 =1 =1| = |-1 =1 =1| = [T]pp
—1-2-1/|0 0 2||1 0 1 1 01

CYU 5.21 (One possible solution). Choosing to let ¢ = 0,d = 8 in system (*) at the bottom of
page 197 we obtain the solution @ = 18,5 = 11,¢c = 0,d = 8. At this point, we know that:

-1
-12.8) _-18 11 -1 4118 1 . Preceding as in part (¢) of Example 5.13, we arrive
—18 15 0 8 8 4/| 0 8
at the basis B” = {v,”,v,"}, with:

v,"=-18(1,2)+0(2,1) = (-18,-36) and v,” = 11(1,2) +8(2,1) = (27, 30).

) . _ [-12 8 " o_ )
Let’s verify that [T]B”B" = for B” = {(-18,-36),(27,30)}:
—18 15

T(-18,-36) = (-270,-108)
5 7(27,30) = (261,162)

18 27]-270 261 10[-12 8]
[ 8 7‘ 70 6}.@[ 0 8}

-36 301-108 162 01|-18 15
[T1g
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CYU SoLuTtions B-23

DETERMINANTS AND EIGENVECTORS

29
324

CYU 6.1 (a-i) de{

5 7 -6

= 5det 9 3 —7det 23 —6det
2 4 34 3 2|

= 5(36-6)-7(8+9)—6(~4-27) = 217

2 9 -3 T
(a-ii) det|3 o 4 =9de{3 4}2de{2 }7det 23] = 9(—18-20)—2(— 12+ 15)=7(8 +9) = 217
s 7 5-6 5-6 15 6
CYU 6.2 By induction on the dimension, n, of M, .
I. Claim holds for n = 2: de{a O} =ad-0-c = ad.
cd

I1. Assume claim holds for n = k.
IIL. We establish validity at n = k+1:Let 4 = [a;] € My, 1), (x+1)- Since all entries in the

first row after its first entry a,, is zero, expanding about the first row of 4 we have
det(4) = a;,det(B), where B is the k by k lower triangular matrix obtained by removing the

first row and first column from the matrix 4. As such, by II: det(B) = ayya33--- a4 1+ 1)

CYU 6.3 Let the i™ and j™ row of 4 be identical, with i # j . Multiplying row i by —1 and adding
it to row j we obtain a matrix B whose j row consists entirely of zeros. As such det(B) = 0

(just expand about the j™ row of B). Applying Theorem 6.3(c), we conclude that det(4) = 0.

CYU6.4 Theorem 6.4(a) Theorem 6.4(c) (two times)
2101 J/ 1 01 4 1 0 1 4
det| 0 1 2 2|Y 4t 1 2 21Y 4oet O 1 2 2
1 01 4 2 1 0 1 0 1 -2 -7
411 3 411 3 o 1 -3 -13
1 0 1 4 1 0 1 4
o 1 2 2
L —det| OT 2 2 et N e O ) R E
0 0 -4 -9 R ) 4
15
0 0 -5 -15 o 0 0 -

4|  CYUG6.2(b)
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CYU6.5(a-1) Let Be M and let E be the elementary matrix obtained by multiplying row i of

nxn?

I, by ¢#0. By Theorem 5.12, EB is the matrix obtained by multiplying row i of B by c. Conse-

quently: det(EB) = cdet(B) = det(E)det(B)
Theorem 6.4(b) /]\— det(E) = ¢ [Theorem 6.4(b)]
(a-11) Let B € M, ,, and let £ be the elementary matrix obtained by adding a multiple of the ith

row of 7 to its j® row. By Theorem 5.12, EB is the matrix obtained by adding a multiple of row

i of B toits j™ row. Consequently:  det(EB) = det(B) = det(£)det(B)
Theorem 6.4(b) /L det(E) = 1
(b) We use the Principle of Mathematical Induction to show that forany B € M, , , and elementary

matrices £, E,, ..., E.e M,
det(E,---E,E\B) = det(E;---E,E|)det(B) = det(E,)---det(£,)det(£,)det(B)
I. Validity for s = 1 follows from Theorem 6.5.
I1. Assume det(E,--E,E\B) = det(E,---E,E|)det(B) = det(£})---det(£,)det(£,)det(B)

UL det(E , | - By E,E\B) = det[(E;, )(E;--E,E|B)]
Byl: = det(E,, )det(E, --E,E|B)
BylIl: = det(E,, )(det(E,)---det(E,)det(E,)det(B))

1
det(4)

CYU 6.7 E[-3] = nullq3 2} —(—3){1 OB = null[{6 2D From {6 2]%{1 1/3} we see
3 -2 01 31 31 0 0
that E[-3] = {(—g r)

CYU 6.8 The eigenvalues are the solutions of the equation:

l6-A 3 2
det(4—Al;) = det| 4 3_) -8 | =0

-2 -6 11-A
Which reduces to —A(x — 15)% = 0. It follows that 0 and 15 are the eigenvalues of A.

CYU 6.6 [ = A4 = det(]) = det(44™") = 1 = det(A)det(4") = det(4) =

re R} with basis {(1,-3)}.

16 3 2 100 16 3 2 16 3 2 101/2
Then: E[0] = null] |4 3 _8/-0[{p10/| =null] |4 3 _g||. From |_4 3 _3g rref 01 -2
-2 -6 11 001 -2 -6 11 -2 -6 11 00 0

we see that E[0] = {(—g, 2r, r)

re SR} with basis {(—1,4,2)}.
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16 3 2 100 1 3 2 1 3 2 132
E[151 =null| |_4 3 _g|—15|0 1 o|| = null| |_4 _12 _g||. From |_4 _12 _g|ef5|o ¢ ol we
-2 -6 11 001 -2 -6 —4 -2 -6 —4 000

see that E[15] = {(—-3r—2s,r,s)

r,s € R} with basis {(-3, 1, 0), (-2,0,1)}.

CYU 6.9 The kernel of the linear operator:
[T— (=31 2J(a;, b) = T(a,b)+3(a,b) = (3a+2b+3a,3a—2b+3b) = (6a+2b,3a+h)
R

is, by definition, the set: {(a, b)|(6a+2b,3a+b)=(0,0)} . Equating coefficients, we have:

+ =
6a+2b =01 16 2 |rref|1 1/3| |t follows that E[-3] = {(~r,3r)|r € R} with basis
3a+b =0 5 -6 0O 0
{(_193)}

CYU 6.10 With respect to the basis B = {x2+x+1,x+1,1}:

T(x2+x+1) = 2x2+5x+2
T(x+1) = x2+3x+1

J/_%J/iT(l)=x2+x+l [Tlgs

100211 1002 11
110531810103 20
111211 001=3-20
r_A
T(B)
2—A 1 1
From det([T]BB—7J3) =det| 3 o2_5 o0 | = -M2-X)?2 =0 we see that the eigenval-
3 (2) -\

ues are 0 and 2: same as those found in the solution of Example 6.10. Since the determination of

the corresponding eigenspaces only depends on 7" and the eigenvalues, the spaces E[0] and E[2]
are identical to those determined in the solution of Example 6.10.

CYU 6.11 The three vectors (1, 2, 0), (1, 2, 2), (2, 1, 1) are easily seen to constitute a basis 3 for
R3. Since 7(1,2,0) = (1,2,0), 7(1,2,2) = —(1,2,2),and T(2,1,1) = 2(2,1,1),

B=1{(1,20),(1,2,2),(2,1,1)} consists of eigenvector with corresponding eigenvalues
1, -1, and 2, respectively.

7(1,2,0) = 1(1,2,0)+0(1,2,2)+0(2, 1, 1) 1 00
From: 7(1,2,2) = 0(1,2,0)+ (~1)(1,2,2)+0(2, 1,1)} we have: [HBB =10-10
T(2,1,1) = 0(1,2,0)+0(1,2,2) +2(2,1,1) 00 2
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CYU 6.12 By Theorem 6.12, the n eigenvalues of T are linearly independent. Since V' is of dimen-
sion n, those n eigenvectors constitute a basis for V. It follows, from Theorem 6.11, that 7 is diag-
onalizable.

CYU 6.13 (a) Characteristic polynomial:
-1-2 0 1
det(A—X) =det|| 1 3_% 0 = A HFAZHA+2 = (A-2)(A2+ A +1)
-4 13 —-1-2A
From the above, we see that A = 2 is the only (real) eigenvalue of 4 (note that the discriminant
of A2+ A + 1 is negative). Determining the dimension of E[2]

-1-2 0 1
E2] =null(A-2) =null] | 1 3_2 0

—4 13 -1-2

-3 0 1 10-1/3
Turning to the homogeneous system of equations: |_1 1 ¢ |2 g 1 _q /3| we conclude
—4 13 3 00 O

that £[2] = {(r,r,3r) ‘ r € M} with basis {(1, 1, 3)} . It follows that there does not exist a basis

for R3 consisting of eigenvectors of 4, and that therefore 4 is not diagonalizable.

3-4 2 1|
(b)ydet| | 2 -0 —2 || =-A+A2+A+2 = —(A-2)%(L-38).
-1 -2 3-A
1 2 -1 52 -1 12 -1 12-1
E[2] =nulll |5 4 _p|| and E[8] = nulll |5 _2 _5||. From |2 4 _ol|xrefilg o o
-1-2 1] -1-2-5 -1-21 000
52 -1 101
and 2 2.0 % 012, we see that E[2] = {(-2r+s,r,s)|r,se R} and
-1 -2-5 000

E[8] = {(-r,2r, r)\r € R}, with bases {(-2,1,0),(1,0,1)} and (-1,-2, 1), respectively.

It follows that {(-2,1,0),(1,0,1),(-1,-2,1)} is a basis for R3 consisting of eigenvectors of
A, and that therefore 4 is diagonalizable. Theorem 6.15 tells us that the matrix P~!4P will turn
-2 1-1
out to be a diagonal matrix with eigenvalues along its diagonal, where P = | | o _2|.
011



CYU SoLuTIONS B-27

-1
-21-1 3 2 -1(|-21-1 200
We leave it for you to verify that: | | o 2 2 6 21l1 0=2=1020-

011 -1-2 3]0 11 008

CYU 6.14 From Theorem 6.19 and Example 6.11 we have:

0 220" Jooo ol J0o0 0 0

00 O 0

1 10-1 _loooo|l _|00 0 0+ 90 0 o

-1 1 =21 002 0 00 210 o 0 01024 O

1121 000-2 00 0 (210 00 0 1024
3 2 -1
CYU 6.15 In the solution of CYU 6.13(b), we found the characteristic polynomialof | » ¢ _2
-1 -2 3

to be (A —2)2(A—8) with E[2] and E[8] of dimensions 2 and 1, respectively.

CYU 6.16 Let s, denote the k" element of the sequence (for k>3), F = {1 2} and

10
S = % | . From: Sy = FS, = FH, Sy = FSy = F-Fﬁ = F2H s Sp = Fk_ZH , We see
Sp_ 1 2 2 2 2
that s, is the sum of the entries in the first row of Fki 2 3} . We now set our sights on finding the
2

matrix F*, and begin by finding a diagonalization for F:

det [1;7& 2}] = (A=2)(A+1); E[2] = {2r,r)|r e R}; E[-1] = {(-r,r)|r e R}

It follows that {(2, 1), (-1, 1)} is abasis of eigenvectors for F. Employing Theorem 6.18 we have:

S i

steps omitted
From Theorem 6.19: P

1 1 1 k+1 ] ke
k Z.0k+1 _ Z(_ . ok+1 L &0

steps omitted -

1
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1 N 1 k-1 1 B 2 k-1
Thus:Fk_ZHZ 32013 32D H

2 ok ook ok ok sk ok ok ok ok ok ok sk sk ok ok ok ok ok ok sk ok ok ok ok ok 2
2 k-1 4 5 1
B 2k—1_(_1)k—1+_,2 +_(_1)k—1 B __2k—1+_(_1)k—1
= 3 3 = |3 3
ok stk sk ook skokok ok skokok skokok ok skokok ok sk ok ok ok ok ook skokok ok sk ook ok ok

Conclusion: s, = g L2k-1 4 %(—l)k1 :

C¢Yu 6.17 {(-1,1,1,0),(1,0,0,1),(1,1,0,0),(1,0,1,1)} 1is a basis of eigenvalues for

0 2-20

1 1 0 -1
-1 121
-1 1 -2 1
associated with (1, 1, 0, 0) ,and -2 the eigenvalue associated with (1, 0, 1, 1) (Example 6.11, page
237). Applying Theorem6.25 we conclude that:

, with 0 the eigenvalue associated with (-1, 1, 1, 0) and (1, 0, 0, 1), 2 the eigenvalue

1 1 | 1 - +cz+c3ezx+c4e_2x
+ 2x
c e 1 +c et 0 +c e 1 +c e 0 = crrese
0 0 1 cl%-c4e*2x
0 1 0 1 ¢y + cpe
is the general solution of the given system of equations.
Y1 = —epteytesetoe™ y1(0) =0
0)=1
CYU 6.18 From CYU 6.16: V2 = ¢ T cze** Since »2(0) :
y3 = cptee™ y3(g) B j
Vg = eyt ge™ 740 =
—c;te,tegte, =0
b 11110 10002
. crtes = 1 augs) [1 0101 pref [0100]3
cptey = 2 1 0012 001 0|-1
cytec, =3 01013 00010

Solution: y, = 1 —e?*,y, =2—-e>,y; =2,y,=3.
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5 1
’ - =T 7\,
CYU 6.19 {T(f)} ~|2 4 T(f)} det |2 METESES )2—l=0:§—k=il:k={3
F'(l) . § _F([) ] §_ 2 4 2 2 2
2 277

Sy 5., 1
E[3] = null |2 4| = ((r2r)|re ) and E[2] = null |2 = (2 ey

- 373 122

Choosing (—1,2) and (1, 2) as eigenvectors for the eigenvalues 3 and 2, respectively, we have:

T( 1 [ _ | e ree : L Lo | TG 120
O = ¢ 3|~ +c2e2’ = . Turning to the initial conditions )] - :
F(1) 2 2 20163t+ 2c2e2’ F(1) 200

3-0 2.0 -, tc, = 120
—c e tche 17
1 2 = {120} :>{ == -10ande, = 110
201e3'0+2c232'0 200 201+202 =200

3t 2t
Bringing us to: {T(t)} _ | 107+ 110e . Setting 7(¢) = F(t) we have:
F(n]  |-20e3" +220,%!

10e3 + 110e?" = —20e3 + 220, 2!

30e3t = 110e2!
In(30€3%) = In(110¢2)
In30 + Ine3? = In(110) + Ine?!

In30+3¢t=In110+2¢t=1¢=1In110—-In30 ~ 1.3years

CYU 6.20 Let D denote the state that a student is living in the dorm, and C denote the state that

current state

D C

) 8 lD
the student is a commuter. Then: 7 = | -

with §, = 858 . Then:
2 9|C

1702

QJe]s IXau

] 3783 ]
o |8 .af[sss| _ |75 | |7s7]D
bol2 9fl702] 4017 [803)C

5

o _
S, = 8 .1||757| _ |686 and S, = 8 .11]686] 636/D
2 .9/|803 874|C 2 9874 924(C
Conclusion: 757, 686, and 636 of the current freshmen will live in the dorm in their sophomore,
junior, and senior year, respectively.
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CYUG6.21 |.73 32 .09||x x| 73x+.32y+.09z
21 .61 .04||y| = |y|= 2lx+.61y+.04z

06 .07 87||z| |z|  .06x+.07y+ .87z

—_—

! 10 o |22
_27x+ 32y +.09z = 0 1157
20x-39+04z2 =0 pet | 0 1 0o |[2L
— 1157

06x+.07y—.13 = 0
381
x+ty+tz = 1 0 0 1 ﬁ
0o 0 ol o]

see solution of Example 6.15.

479 297 381

1157 1157 1157
will vote democratic, republican, green, respectively.

Conclusion: Eventually or approximately 41%, 26%, 33% of the population,

CHAPTER 7
INNER PRODUCT SPACES

n n

CYUTA ru-v =r(upuy, ..,u,): (v, vy o v,) = z (ru)v; = z u(rv;) = w-rv
i=1 i=1

CYU 7.2

@) lev| = Jc(vl, Vs eves V) - C(Vyy Vps 00y V) = A/(cvl, CVy ey €V,) - (€Y, €V, oy CV,)

O lu—v2=@-v)-(u—v)=u-(u—v)—v-(u—v)

u-u—u-v—v-u+tv-v=|ul?-2u-v+|y|?

CYU73 6 = cosfl(u) = cosfl((l’ 2,0) (1.3, 1)) = cosfl(i) ~ 83°
zell [ v JI+4/1+9+1 J55
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CYU74 For u,mevt and reR: (ru+u)-v=r(u-v)+u-v =r(0)+0 = 0. We see
that 7u + u € v1. It follows, from Theorem 2.13 (page 61), that v is a subspace of R”.

: — u — (0’2,451)'(3,()’1’_1) — i — _6_ lz _3_
CYU7.5 proj v (u ' u)u [(0’ 2.4.1)(0.2.4.1) J(O, 2,4,1) = 57(0,2,4,1) (0, )

Y Dproi v = - 221):(,29_,%)
and: v —proj,v = (3,0,1,-1) (0,21,21,21 3, 37 31 .

_ 24) ( 6 12 3)
1) = +10, =, =, =
3,0,1,-1) ( ? 21 21 21 0, >21°21° 21

CYU 7.6 (a) A direction vector for the line L passing through (1,-2) and (2,4):
= (2,4)—(1,-2) = (1,6). The vector from the point (1,-2) on L to P = (2,5):
v =(2,5)-(1,-2) = (1, 7). Applying Theorem 7.2, we have:

proj,v = (22)u = (L2 D)1 6) = B0

(1,6)-(1,6
Hence: Hv proj . v H(l 7) - 43 258 H ‘ H 6+12_ 1
37 37 3737 37 ﬁ

b)u=1(1,2,2,1)-(1,2,0,1) = (0,0,2,0).v = (1,0,1,3)—-(1,2,0,1) = (0,-2,1,2).

o (uevy (0,0,2,0)-(0,—2,1,2)) _1 _
proj,» = (42 = (Gt L) 0,0.2,0) = 50.0.2,0) = 0,0,1,0)

Hence: |v—proj | = [(0,-2,1,2)=(0,0,1,0)| = [(0,-2,0,2)| = J/16 = 4.
u

CYU 7.7 A normal to the desired plane will have the same direction is that of the line passing

through the two given points; namely: n = (0,2,1)—-(1,1,0) = (-1,1,1). Normal form for

the plane: (-1, 1,1)-(x—-1,y-3,z+2) = 0.

CYU7.8 Let4 = {(x,y,z)|3x+y—-2z=6},and

B =1{(2,0,0)+7r(0,2,1)+5(2,0,3)|r,s e R} = {(2+2s,2r,r+3s)|r,s € R}.

BcAd:(x,y,z) = (2+2s,2r,r+3s)
=>3x+y—-2z=32+2s)+2r-2(r+3s)=6+6s+2r—2r—-6s==6

AcB: If (x,y,z) issuch that 3x+y—2z = 6 (*),canwe find r, s € R such that x = 2 + 25,
y =2r,and z = r+3s5? Yes:
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In order for x = 2+2s, s = )%2 In order for y = 2r, r = )2_/ We show that for

those particular values of rand s, z = r + 3s:
3x+y—-6 _ 3(2+25)+2r—6 _6+65+2r—=6
= = = =25+
Z/F 3 > > 2s+2
*)

~

CYU79 Let 4 = (x,y,z) be on the plane ax+ by +cz = d with normal n = (a, b, c) .
Determine the vector v from 4 to (x, ¥, 29) : v =

(x’ya Z)_(-x09y07 ZO) = (x—xo,y—yo,z—zo).
Applying Theorem 7.2, we have:

. B (v-n B (ax—ax0+by—by0+cz—czo) 5
|proj, v = peyL T2 a, b, c)
_ |z axo by byg F ez ey, )
a?+b?+c?

ax,+ by, +cz,—d ax,+ by, +cz,—d
Since ax + by +cz=d: = ‘ 0 o 0 ‘A/a2+b2+cz = | 0 Y0 0 ‘

a2+b2+02 /a2+b2+c2

CYU 7.10
(a) ITB = (25 59 _3) - (39 _23 2) = (_1, 75 _5) and E = (49 19 _3) - (37 _29 2) = (1, 3’ _5) .
i j k
Here is a normal to the plane: n = det|_j 7 _5| = —20i—10j- 10k = (-20,-10,-10).
1 3-5
Here is a “nicer” normal: n = —%)(—20, -10,-10) = (2,1,1).
Choosing the point 4 = (3, -2, 2) on the plane, we arrive at the general form equation of the
plane: (2,1,1) - (x-3,y+2,z-2) =0 or: 2x+y+z—-6 = 0.
(b) In Example 2.15, page 72, we found the vector form representation for the above plane:
P={@B-r+s,-2+7r+3s,2-5r—-35s)|r,s € R}.
We are to show that:
P={QB-r+s,-2+7r+35,2-5r-5s)|r,s e R} = {(x,y,2)[2x+y+tz=6} = Q.
If(x,y,z) = 3-r+s,-2+7r+3s,2-5r-5s) € P, then:
2z+y+z =23-r+s)+(-2+7r+3s)+(2—-5r—>5s)
=6-2r+2s-2+7r+3s+2-5r-5s = 6
If (x,y, z) is such that 2x + y + z = 6 can we find real numbers » and s such that:

3—r+s =x,-2+7r+3s =y, and2-5r—-5s =z = 6-2x-y

Thus: Pc Q.

. since 2x+ty+z==6
whichistosay: —r+s=x-3,7r+3s=y+2, and —5r—S5s=—-2x—-y+4

Turning to the system of equation:
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_ ros 1 —3x+y+19
—rts=x-3 11 x-3 10—
Tr+3s = y+2 TN 7 3 | y+2 rref 01 Tx+y—19

—Sr—5s = -2x—-y+4 -5 -5-2x-y+4 | 10
00, 0
steps ommited
_ _Ix+y—19 .
Weseethat r = —x+3 and s = BEET does the trick. Thus: Q c P.

CYU 7.11 (i) For v = ax2+bx+c, (v,v) = (ax?+bx+c,ax?+bx+c) = a2+ b%2+c2>0
and (v,v) = O onlyifa =6 =c = 0.
(ii) For u = ayx®>+apx+ay, v = byx? +bx+by:
(u,v) = <a2x2+a1x+a0, b2x2+b1x+b0> = a,b, +a;b, +ayb,
= bay,+tba; +bya,
= (byx?+bx+by, ayx*>+a;x+ag) = (v, u)
(iii) For u = a,x? +ax+ay, v = byx>+bx+by,and r € R:

(ru,v)y = (r(azx2 +ax+a), b2x2 +bx+by)

= (rayx*+rax+rag, byx>+bx+by)
= ra,b, +rab, +rayb, = r(ayby+a b, +ayby) = r{u,v)

(iv) For u = a2x2+a1x+a0,v = b2x2+b1x+b0 and z = ¢, x> +cx+¢q:

(u+v,2) = ((a,x®>+a;x+ay)+ (byx?+bx+by), cyx?+cx+cp)
= ((ay + by)xy +(a; +b))x+ (ay+ by), cx?+ ¢ ;x +cp)
= (ay+by)ey +(ay+by)ey +(ag+bg)eg

= (a,cytajcytaycy) +(byey thicytbycy) = (u,z) +(v,2)

CYU 7.12 (ru, rv) ’I\: ru, rv) X rir{u, vy = r*{u,v)

Definition 7.5(iii) Theorem 7.4 (c)

CYU 7.13 (a) ||rv|| = J{rv,rv) 7 Jr2 (o, vy = Jr2 vy = (v, v)

CYU 7.12
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Definition 7.5(iv)
®) lu+v|? = (u+v,ut+v) = (u,u+v)+ (vyu+v) = (u,u) + (u,v) + (v, u) + (v, v)
Definition 7.6 and 7.5(): = ||lu|2 + (u, v) + (u, v) + |v||?
= |lul? +2(u, v) +|v]?

CYU7.14 (a) (3, 5,-8)| = /(3,5,-8)-(3,5,-8) = /5(3%) +5(5%) + 5[(-8)*] = 7./10.

(b) 1(3,5,-8) = (1,0,2)] = [(2,5,-10) - (2,5,-10)
= «/(2, 5,-10)-(2,5,-10) = «/5(22) + 5(52) + 5[(_10)2] _ M

CYU 7.15
ol il R L L e v R i e
= s Tl ~ T T~ Tl o™ ™ 20
> o T T

—~1- (u,v}+120:>22m(u,v>:>(u,v)SIIuIIIIvII

_2
laal[ v

-1 <(3’51_8)1(1’092)>
cos (||(3, 5,-8)I(1,0, 2>||)
~ o 5(3)(1)+ 2(5)(0) +4(-8)(2) )
J5(3)(3) +2(5)(5) +4(=8)(=8)/5(1)(1) +2(0)(0) +4(2)(3
os_l(i ~119.1°

V351 /29

m
CYU 7.17 Forany v = Z c;v; € Span{v, vy, ..., v, }:

i=1

m m
(u,v) = (u, ZCivi> = Zci(u, vy = 0,since (u,v;) = 0 for 1 <i<m.

i=1 i=1

CYU7.16 ©
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CYU7.18
Exercise 46, page 300

(vyw) = (av;+...+tawv,,byv,+...+b,v,)

n-n°

= {ayvy*+...taywy bv1>+...+<a1v1+a2v2+ .ta,wv,bv,

n-n° n - n°
n n \f\/ n
Z(al » vt +Z<al p bV = Zaib1<vi,v1>+ +Zab(vl, n

i=1 i=1 i=1 i=1

n
. _J1ifi=y
since (v, v;) = c=ab,t...ta b = z ab.
L} {Oifi;tj 11 n-n i

i=1

CYU 7.19 The first order of business is to determine a basis for the space S spanned by the vec-
tors (2,1,1,0), (1,0,1,0), (3,1,2,0), (0,1, 0, 1). Applying Theorem 3.13, page 103 we see
that first, second, and fourth of the above four vectors constitute a basis: v, = (2,1,1,0),

2130 1jo10

v, =(1,0,1,0), v; = (0,1,0,1) of S: Lol o[1]1 0 We now apply the Grahm-
1120 0ooo[1]
0001 0000

Schmidt Process to that basis {v, v,, vy} to generate an orthonormal basis {u, u,, u;} forS:

u, =v, =(2,1,1,0)

(uy,vy) (2,1,1,0)- (1,0, 1,0)
= v, 1,0,1,0 ’ 22 23 1, 1,0
I Gyt T BTGy n Ly Y
_ 3 _ (o 11 )
(1,0,0-22,1,1,0) = (0,-3,3,0
11
05__5_50 (0’150’1)
_ o, lmpvy o (upvy) (2,1,1,0)-(0,1,0,1) ( 22 ) 11
u3 - 7<u]’u1>u17<u2au2> - (0 1 0 1) (2 H ’0)(25 1’150)(2’ 1’1’0)_ 0. ,0)

11 )( 11 ) T2
(0320 -(0-310

_ _ -1/2 _1):,111)
= (0,1,0,1) (2110) 1/2(0 »5 0 (3,3,3,1

1
2
.1 l(_l_l_)3(111). .
Conclusion: {6(2, 1,1,0), 5 0, 33 0 A3y is an orthonormal basis for
Span{(z’ 1’ 1’ 0)5 (1’ 0’ 1’ 0)’ (3’ 1’ 2’ 0)’ (0’ 1, 0, 1)} *
CYU 7.20 A consequence of Theorem 7.10(iii) and CYU 3.11, page 98.

CYU 7.21 We first use the Grahm-Schmidt Process to determine the orthonormal basis
{wy, wy} of W stemming from the given basis {v{,v,} = {(1,0,1),(1,2,0)}:



B-36 CYU SOLUTIONS

wy = v, = (L,0,1): w, = —}5(1,0,1)

U, =v

(wpvy) (1,0,1)- (1,2
- (12,0~ 1)-(1,0, 2 3\2

— u
2 <u]9u1> ! (130’

’(1);(1, 0,1) = G, 2,—1) Wy = Q(l, 2,—%)

Turning to Theorem 7.11, we determine the orthogonal projection, vy, of the vector
v =(2,0,1) onto -

v = (v wpw (v, wy)w,

o gaenFoon] faen- £ Y442 d)

3 1(1 1) (7 ?
et + = = =] == =
2(1! 0! 1) 2 2’ 2’ 2 4’ 1’ 4

CYU 7.22 NOTE: It is easy to see that the function
fag ay, ...,a,)] = ay+ax+ax®+ ... +a,x"

from the standard (dot-product) inner product space R” of Theorem 7.1 (page 279) to the polyno-
mial inner product space P, of Exercise 23 (page 299) is an isomorphism which ALSO preserves
the inner product structure of the two spaces:
n
(ag.ay,....a,) (by by, ....b,) = (flag, ay, ...,a,), f(by, by, ..., b)) = z ab,
i=0
As such, we could translate the given P -problem:
Find the shortest distance between the vector v = 3x2 + ﬁx and the
subspace W = Span {x?+1,x*>+ 1} in the inner product space P,
into the following R4 -form:
Find the shortest distance between the vector v = (0, 3, ﬁ, 0) and the sub-
space W = Span {(0,1,0,1),(1,0,0, 1)} in the inner product space R*.
You are invited to take the above R*-approach. For our part, we will deal directly within the
inner product space Py :
Employing the Grahm-Schmidt Process we go from the basis {v,, v,}, with v, = x>+ 1 and
v, = x>+ 1, to an orthonormal bases {w, w,} for W = Span {x?+ 1,x3+ 1} :

S N
Jui 2
(241,340
(x2+1,x2+1)

" 1 1
— ) -te2en=x-L2iliw =—2=f(x3——x2+9
(24D D = gt i T g TR

u, =v, =x>+1: w (x2+1).

<”1a v2>
=y, — = (x3+1
y =" <”1’”1>u1 ( )

(x2+1)
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Turning to Theorems 7.11 we determine the projection vy, of v = 3x2 + J3x onto W:

Vg = (vwpw T (v, wyw,

- <3x2+-4§x,j%(x2+1J>(j%(x2+-1ﬂ<+<3x2+-4§x,4%(x3%x2+-£b(4%(x3§x24-1)

= -A%(:-}_E(x2+l))—£(/\/§(x3—%x2+%)) = (x3+x2+1)

Appealing to Theorem 7.12 we calculate the shortest distance between the vector

v = 3x2+ ./3x and the subspace W = Span {x2+1,x3+1}:

|v—vyl = l(3x2+ 3x) = (x3 +x2+ 1)

— |-x3—2x2+ . 3+1| = J(—x3—2x2+ﬁ+1,—x3—2x2+ﬁ+1>

= D2+ (224 (BY+(1)2 = O =3
CYU 7.23 Determining the eigenvalues of 4:

2-» 1 1
det(A—Al) =det| 1 2_5 1 | = ~(A—4)(A—1)? Eignevalues: L = 4,1 = 1
1 1 2-a t details omitted
Determining the corresponding eigenspaces:

-2 1 1 -2 1 1 10-1
E[4] = null(4-4]) =null| 1 22 1| = {(a, a,a)\aeiﬁ} since rref| | 2 1| = |01 -1
1 1 -2 1 1 -2 000
111 111 111
E[1] = null(A-1) = null|] 11| = {(-c—d,c,d)|c,d e R} since rref|1 11| = (000
111 111 000

As is indicated in Theorem 7.14: (a,a,a)-(—c—d,c,d) = a(—c—d)+ac+ad = 0

CYU 7.24 (a)
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111 | (™
12 1] | vy | [wo| = (Vv T vg, v+ 2vy v, v+, 4+ 3v5) - (W), wy, w3)

11 3] v, Wi

= wi(vy t vy tvy) Fwy (v +2v, Fvg) Fws(vy v,y +313) <«

Vi 111(|™
Vol L1 2 1] wy|| = (Vs Vo, v3) - (W wy T ws, wy + 2w, +ws, wy +w, + 3ws)
Vs 113 Wi

= vi(w; twy twa) vy (wy + 2wy +Fws) Fvs(wy +w, +3ws)

11 1]fo]] [1]
000|]|1
000]]0

[a—

(b) One possible answer: =(1,0,0)-(1,0,0) = 1

o O

0 111)|1
while: 1|10 0 0llo|| = (0,1,0)-(1,0,0) =0

0 0000

CYU 7.25(a) (T(a,b,c),(A,B,C)) = (a—b,—a+2b—c,—b+c) (A,B,C)
= A(a—b)+B(—a+2b-c)+C(-b+c
((a,b,c), T(A4,B,C)) = (a,b,c)- (A-B,-A+2B—-C,-B+C)
a(A—B)+b(—A+2B-C)+c(-B+C)
= A(a—b)+B(-a+2b-c)+C(-b+c)
(b) For T(a, b,c) = (a—b,—a+2b—c,—b+c) and § = {(0,1,0),(0,0,1),(1,0,0)}:

1 -1 0
[T]BB - -1 2 -1
0 -1 1
1 -10
CYU 7.26 Consider the symmetric matrix 4 = [T ]BB = 1.1 2 —1| of CYU 7.25(b).
0 -11

Employing Theorem 6.10 of page 226, we find a basis of eigenvectors for the linear operator
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T(a,b,c) = (a—b,—a+2b—c,—b+c):

-2 -1 0
det(A—Al) = det| -1 -5 —-1| = MA-1)(A-3) Eignevalues: A = 0,AL = I,A =3
0 -1 1-a

Here are the associated eigenspaces:

1 -1 0 o 1 -10 10-1
E[0] = null(4) = null|_ 2 _q| = {(a,a,a)|la e R3} since rref|_1 2 _1| = |01 -1
0 -11 0 -1 1 000
0-10 _ 0-10 101
E[1] =null(A-1) = null|_1 1 —1] = {(-a, O,a)‘a e M3} since rref|_1 1 _1/ = lo10
0-10 0-10 000
-2-10 _ -2-10 10-1
E[3] = null(4-37) = null|_ _ _1| = {(a,—2a,a)|a € R3} since rref|_] _1 _1| = |01 2
0 -1-2 0 -1-2 000

Letting @ = 1 in each of the above eigenspaces we arrive at a normal basis for )3 consisting
of eigenvectors of T: {(1,1,1),(-1,0,1),(1,-2,1)} (Theorem 6.15); which is easily turned

into an orthonormal basis: {(

CYU7271f4" = AT and B = BT, then:
(AB)_1 /? B14-1 = BTYT X (AB)T

Theorem 5.12(iii), page 167 Exercise 19(f), page 162
211
CYU 7.28 In CYU 7.23 we showed that the matrix | | 2 1| has eigenvalues A = 4, A = 1
112

with E[4] = {(a,a,a)|a € R}, E[1] = {(—a—-b,a,b)|a,b e R}, with {(1,1,1)} a basis
for E[4], and {(-1,0,1),(-1,1,0)} a basis for E[1] (set a = 0 and b = 1, and then set
b=0 and a = 1). Applying the Grahm-Schmidt process (Theorem 7.9, page 303) to

{(-1,0,1),(-1,1,0)}, we arrive at the orthogonal basis {(—1, 0,1), (—%, 1,—9} of E[1], and

. . 1 1 1 1 1 1 1 1
to the orthonormal basis of eigenvectors {(—, —, —), (——, 0, ——), (——, —, __6) }
S3BN 2 2N e e e
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Turning to the marginal comment on page 314 we conclude that:
211 400 /43 -1/2 -1/.J6
PT\1 2 1|P = |0 10|, where P = | |, 73 0 1/.J6
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Appendix C
Answers to Selected Exercises
1.1 Systems of Linear Equations, page 11.

1.3 312 3. Sx+y+4z =06 5./1100 7.1100
5 5 —9|—1 —2x-3ytz =4 010 010
34 1]0 L 001 001

2 000

9.x=1,y=0,z=2 Mox, =1,x,=2,x3=2,x,=2,x5=~1

P _ o1t 13
13.x =0,y = 4,z =2 15. x 2,y 4,2 2,w )
19. No: first non-zero entry in last row is not 1. 23.x =5,y =-2,z=2

25.x=12,y=-5,z=1,w =0

1.2 Consistent and Inconsistent Systems of Equations., page 23.
1. {(r,2)[(reR)} 3.{(-2,-2,-2)} S. {(—s-3¢t,r,1-2¢,1-2s,s,t)|r,5,t € R}

7 {11 =5r—6+3rr)|reR} 9 {(7,9,-6)} I1. {2—1”, I +52”, 3+56r,r|r e m}

13.Yes. 15. No. Solutions if and only if a, b, c, satisty the equation 4a—b+2¢ = 0.

17. No. 19. Yes. 23. {(—ér, v, 0)

5 reR} 25. {(-r—1ls,r+6s,r,5)|r,s € R}

27.No. 29.No. 3l.a=#=l 33.None. 35.ab=#1 37. ad—bc#0

2.1 Vectors in the Plane and Bevond. page 38.

1 - 3. 5.
N (2.3) B =(-2.3) 37 3
/
2+ 7 (-3,2) N 2
B=(0,1/)n/ ) lx‘l'—(l,l) 1
/
SIS B T I 3 32 - 1 23
,]__
7 A [ B
21 )
A4 =(=21)
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7. (2,0,-2) 9. (=9,-1,11) 11. (13,-13)  15. (-6, 6) 17. (2,-5)

1

(©)r= 14

58 =

19.(a) r = —14,5 = 10 (b)r=—%,s -

|-
NIV

2.2 Abstract Vectors Spaces. page 49.

Follow instructions.

2.3 Properties of Vectors Spaces. page 57.

Follow instructions

2.4 Subspaces. page 65.

1. Yes. 3. Yes. 5. No. 7. Yes. 9. No. 11. No. 13. Yes.
15. Yes. 17. No. 19. No. 21. Yes. 23. Yes. 25. Yes. 27. Yes.
29. No. 31. Yes. 33. No. 35. Yes. 37. Yes.

2.5 Lines and Planes. page 73.

L{r(1,5)|reR} 3.{rG.-DlreR} 5 {(1,3)+r(1,-7)|re R}
7.{(3,5)+r(0,2)|re R} 13.{(3,7)+r(1,5)|re R} 15.{(3,7) +7(5,-1)|r e R}
17. {3, )+ r(1,-T)|r e R} 19. {(3,7)+r(0,2)[r e R} 21. {(3,7)+r(5 ~1)|r € R}
23. (3, D+, S)|reR}  25. {3, 1) +HT, DlreR}  27.{(3,7)+r(0,1)|r e R}
29. {1(2,4,5)|r e R} 3L {r(-2,4,0)|r e R} 33.{(2,4,5)+r(1,-3,-4)}

35. {(2,1,0)+r(1,3,-1)} 41. {(1,2,-1)+r(2,4,5)|r € R}

43. {(1,2,-1)+r(-2,4,0)|r e R} 45.{(1,2,-1) +r(1,-3,-4)|r e R}

47. {(1,2,-1)+r(1,3,-)|re R} 49.{r(1,3,2)+5(2,1,1)|r, s € R}

51. {+(2,0,0)+5(0,2,0)[r,s € R} 53.{(3,4, 1)+r(1,3,-4)+5(2,3,2)|r,s € R}

55{(2,4,-3)+r(3,-3,8) +5(2,-3,2)|r, s € R}
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3.1 Spanning Sets. page 84.
1. No. 3. Yes. 5. NO 7. No. 9. No. 11. No. 13. cos2x = coszx—sinzx

15. sin(E —x) = (sinﬂ) COSX — (coslt) sinx  17. Span.
7 7 7

19. Do not span. Just about any randomly chosen four-tuple will not be a linear combination of the
given vectors (check it out).

21. Do not span. Just about any randomly chosen four-tuple will not be a linear combination of the
given vectors (check it out).

23. Do not span. Just about any randomly chosen four-tuple will not be a linear combination of the
given vectors (check it out).

25. Span. 27. All c#0.

3.2 Linear Independence. page 91.

1. Yes. 3. No. 5. No. 7. Yes. 9. No. 11. No. 13. Yes. 15. Yes.
17. Yes. 19. Yes. 21. No. 23. No. 25. Yes. 27. No. 29.a =3

3.3 Bases. page 104.

1. () (-3,%) - —3e1+§e2 (0) (3, 4/2,0) = 3¢, + e, + Oey

19 25 14
. 243x—1 = =(2x2+3) - =(x2-x)+ —=(x—
3.(a) x*+3x—-1 13(2x 3) 13(x X) 13(x 5)

5. No. 7. Yes. 9. Yes. 11. Yes. 13. Yes. 15. No. 17. No. 19. Yes.

29.{ 1 3, 20 . 01, 21} 31. Do not span.
12 |1 -1} |12

01
33. Abasis for Span(S): {(2,1,4), (-1, 3,2)}. Abasis for R3: {(2,1,4),(-1,3,2),(1,1,1)}
35. Abasis for Span(S) = R3: S = {(1,1,3),(-1,3,2),(3,2,-1)}

37. Abasis for Span(§) = R°:
S=1{(1,3,1,3,2),(2,4,1,4,2),(1,1,2,0,2),(2,2,1,1,1),(1,2,3,4,5) }

39. A basisfor Span(S): {5, —x3 —x,x*+x3+x2+x+1,2x*—2x2} . A basis for R3:
{5, -x3—x,x¥+x3+x2+x+1,2x*-2x2%, 1 +x}
41. {sinx, cosx, sin’x, cos_x, sin2x} 43. {(~1,1,0,0),(1,0,1,0),(~1,0,0, 1)}

45. {x3+x2+2x,x+1} 47.c#0 49. a#0,b#0,and a#b
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4.1 Linear Transformations, page 120.

1. Yes 3. No 5. No 7. No 9. Yes 11. No 13. Yes 15. No

atb

17. No 19. (a) (4,10,-2) (b) ( >

,2a,—a+b)

21. (a) {8 3} (b){‘”b b} 27.h =0 39.(LoT)(a,b) = (2a+2b,—a—b)
13 8 2a+ba+b

41. (LoT)(a,b) = (3a+b)x+(6a+2b) 43. (KoLoT)(a) = (—2a,0,2a)

4.2 Kernel and Image, page 131.

1. Linear. Nullity: 0, Rank: 1.
3. Linear. Nullity: 0, Rank: 1. A basis for the image space: {(1,-1)}
5. Not linear. 7. Linear. Nullity: 0, Rank: 2.
11 }
10

A basis for the image space: {x—1,—-x2+1}. 11. Not linear.

9. Linear. Nullity: 2, Rank: 2. A basis for the kernel: { {0 0}
01

13. Linear. Nullity: 1, Rank: 2. A basis for the kernel: {xZ—x}.
A basis for the image space: {(0, 1), (1,1)}. 15. Linear. Nullity: 0, Rank: 4.

o)

19. Nullity: 1, Rank: 3. A basis for the kernel: {1} . A basis for the image space: {x2,x, 1}.

17. Linear. Nullity: 0, Rank: 3. A basis for the image space: {{1 0}, {_1 1}
10 |11

21. Nullity: 0, Rank: 4. A basis for the image space: {x3, x2, x, 1}

23. Nullity: 0, Rank: 3. A basis for the image space: {x2,x, 1}.

2
25. Nullity: 2, Rank: 1. A basis for the kernel: {)-C— — — l} A basis for the image space: {1} .

1x
3732 2
01}
10

27. Nullity: 0, Rank: 3. A basis for the image space: {x3, x2, x} . 29. (a) (0,-3,3)

#!

(b) x3 +x and 5. 31. Nullity: 0, Rank: 3. A basis for the image space: { {2 1} )
01

33.(a) T(a,b) = (9a,a,3a) (b) T(a,b) = (9a, b,0) (c) None exists.
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35. nullity(T) = n, rank(7) = 0; nullity(7) = 0, rank(7) = n.
37. nullity(7) = 1, rank(7) = 2; nullity(7) = 2, rank(7) = 1;
nullity(7) = 3, rank(7) = 0. 39. nullity(7) = 1, rank(7) = 4

4.3 Isomorphisms., page 145.

1L (x) = §x 3. f \ab) = (b, %a) 5. f ax2+bx+¢) = (—c.a, b)

7. Isomorphism. 9. Not an isomorphism. 11. Isomorphism. 13. Not an isomorphism.

15. Isomorphism. 17. Isomorphism. 19. Isomorphism. 21. Not an isomorphism.

23. /7 (x,y) = (y+4,x—y—7T). Zero: (3,—4) and —(x,y) = (—x+6,—y—8).

S.1 Matrix Multiplications., page 161.

0 11 002 010 Column: {(3,10,4),(2,6,2)}
L] 4 312000 ad 006/ 3 p L 31.5),(10.6. 1. 10))
~115 090 600 ' I

"Row: {(1,1,0,1),(~1,0,-1,4),(5,3,-2,7)} 01
27. |1 0] = 29|10 = (10
02 02" 02 027

5.2 Invertible Matrices. page 175.

;. Column: {(1,-1,5,5), (-1,0,3,2), (0,-1,-2,-D)} {1 1}"

-1

1.8 2
1 301 55
=0 2 = 41 2 . _
1. |2 3.4 2 5.5 01 7. Singular. 9. Singular. 11. |1 2 1
o1 11 ot 2 5710
42 2 L
33
IR
12 33 500 001
13. Singular. 15. g 21 _11 g 17.E, = o010/-E,= 1010
11 11 001 100
12 2 73 ¢
19. X = lABA*1 21. X = A"'BAB 23. X = AB?%4
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5.3 Matrix Representation of Linear Maps. page 186.

! Ki 17
L [@23)], = t s [T2.3)] = @ 31230 = ||, (723 = 54
; 3 3
(4] 7] B 2
5. 023,015 = | 6|5 [T23. D] = | 7 7. [(1L.2)] = J T2, = |12
-3 6| - -3
0| o
9. 2+x+1] = |1, (a2 +x+ 1), = |2
0 2
1] 0
11 -2 1 33 3
WL (71 = |1y | (P02 D), = 71,5002, D1 = | 3 13. |5 [, [7(1.2)], = [Tl D) = | 2
22 | 2 11 -1
01 -1
15.[70,5 = [0 —1] »[72x+ )], = [T]g[2x+ 115 = | |
13 1
010 1
17. (g = |00 1] 5 (1.2 D] = Mggl(1L2.D]g = | 2
100 0
203 2 5
19. 17 _1011{{12]}_T{12}:2
Tos =151 6 4|7 2 1))}, []‘“32—1B 8
-21-3-2 -8
20 ‘ Voo 0100
21. [T, = L J, [T(1,3)]5 = [Tlgpl(1.3)]5 = u 23. (a) 11,5 = 010 () D1, = o020
0003
001
© @ o101 (g Xr 0040
¢) [D°Tlgs = [0 2 0 [T°D],, = e) [T°DeT],; = [D°TeD]y, = 00 4 0
003 0020 020 00009
- 0003 003
000 0] 0
0130 3 _
25. [Dlpp = 0004’ [D(5x3 +3x2)]g = [D]ypl5x3 +3x2]5 = g 27. T(a,b) = (—3a+4b,2a)
0000 0
00
29. T is the identity map. 31. [LoTlgp = [L1s (70,5 = |2 7!
2 1

33



11
1 _ b s o = =
35.T (ax-l—b)—(a,E),[T]yB_ 22,[T ]Bv: 2 2
4 2 L
2
100 1 10-1-1
—1 bl| _ -1
37.T [a J—(a,b—a,d+c,c),my,3= PR PR ¥ i P
cd 211 -1 1110
0 1 -10 201 1
(000 0 1 1]
001 100
_loo-1-1-10
39. 1114 =
000 1 10
011000
100 0 00
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5.4 Change of Basis and Similar Matrices. page 199.

12
— 2
L [2.9)]g = a2 9] = f 3.[@23.-Dlg = Ugpl2.3,-D]g = |3
3 -1
—1 - 0
5. [2x2+x+ g = [[pl2x2 +x+ 115 = T2 =g 2] = |1
L a1 A R
2
gLl
9. [Tl = [gplTlplgy = |° ! 1L [Tl = Uyl Tl = | 2 2
B'p p'pl”ppliipp 10 p'p vippts ppLiipp 000
201
0100
0040
13' [T]B'B’ = [IV]BrB[T]ﬁB[[V]BBf = 00 0% 15‘ {(09 19 1)7 (17 17 0)7 (O’ 29 1)}
0000
(1
00—
3 -10-1
25. [T)yp = Uyl [T)al0 g = |0 ; 27. [Tlyp = U, [Typllplge = [ 11 0
| 101
N
_ 4122
29. [Tl = Uyl [T)glly)gp = B J

19.1,
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6.1 Determinants, page 215.

1.6 3.6 5.0 7. 86 9.9 11.9
15. k#0, k=1 17. k=0, £1

6.2 Eigenspaces. page 228.
1. A =-1,4;E[-1] = {(-r,2r)|re R}, E[4] = {(r,37r)|r e R}

3. h = 4,55 E[4] = {(r,3n)|re R}, E[5] = {(1,2r)|r e R}

5. A =2,8; E[2] = {(-2r+s,r,5)|r,s € R}, E[8] = {(r,2r,r)|r e R}

7. A = 2,413 E[2] = {(0,3r,7,0)|re R} ,E[1] = {(2r,0,3r, 4r)|r € R}

E[-1] = {(0,0,r,0)|r € R}

9. A =1,2,3; E[1] = {(3,2r,r)|re R}, E[2] = {(r,0,0)|r € R},
E[3] = {(0,7,0)|r e R}

1. A = £3; E[3] = {(r—s,1,8)|r,s € R}, E[-3] = {(r,r,3r)|r € R}
13. 2 = 0,-1; E[0] = {(r,0,r,r)|r e R}, E[-1] = {(7,0,0,5)|r,s € R}
15. A = 0, E[0] = R

17. % = 5,-16; E[5] = {(2r,r)|r € R}, E[-16] = {(r, 4r)|r € R}

19. 2 = 4,-2; E[4] = {(Br,1,2r)|[re R}, E[-2] = {(Br—3s,7,5)|r,s € R}

13. 81

21. & = 2,-1,+./3; E[2] = {(3r,r, 34r, Or)|r e R}, E[-1] = {(0,—r, 7, 3r)|r € R}

E[J3] = {(0,0,(2+3)(r, 1)|r € R}, E[/3] = {(0,0,(2—3)(r,r))|r € R}

23. 0 = 215 E[1] = {rx+r|jre R}, E[-1] = {-rx+r|re R}
25. 0 = +1,E[1] = {-rx2+sx+r|r,s e R}, E[-1] = {rx?+r|r e R}
27.0 = 0,1,2, E[0] = {rx*|re R}, E[1] = {—rx3+2rx3|r e R},

E[2] = {—rx?+2rx|r e R}

h = 43 E[4] = { 57r 38r
84r —72r

2

o

re‘ﬁ} 31.% = 0; E[0] = V

39.(a) a?+d*—2ad+4bc>0 (b)a’+d*—2ad+4bc = 0 (c)a*+d?*—2ad+4bc<0
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6.3 Diagonalization, page 243.

1. Not diagonalizable. 3. Diagonalizable. 5. Diagonalizable. 7. Diagonalizable.

9. Not diagonalizable. 11. Diagonalizable. 13. Diagonalizable. 15. Diagonalizable.
17. Not diagonalizable. 19. Diagonalizable. 21. Diagonalizable. 23. Diagonalizable.
25. Not diagonalizable. ~ 27. Diagonalizable. 29. Not diagonalizable. ~ 31. Diagonalizable.
33. Not diagonalizable.

6.4 Applications. page 256.
k k
S CERC)

I U C U G

2k+1 N l N l(_l)k ;. - —c e —¢,e3x
3 2 6 Vs Cl e 2x 4+ 26‘2673)‘

—2¢y+cy—cye™ e+ caet — Tere ™
fx) R 1 [eremr e -7e; o
15. |:g(x)] = C1—2c3e6x 17. {y] = Clef7x—202€x—3c3e*x 19. |71(X)J _ |:e3 +e;|

h(x) 6x fz(x) —e3x 4 o

S.Sk:3'2k71*2 7.Sk:

—Tx X —X
¢, tcse ce tcet tese

3 —7x 1 x 7 —X
7§e + ze" + ée 2 el
f(x) 3 ; A-concentration of alcohol: 4.8—2.8¢ 2
21. g(x) = —§677x—2x+§e’x 23. s
=t
) Bl Lo B-concentration of alcohol: 3.2 +2.8e 2
2° 8

6.5 Markov Chains, page 270.

A B

4 6|A
1. Regular 3.No 5. Regular 7.7 9. C@ D
9 1B
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(a) Probability 1 of ending up at A.
(0 probability of ending up in B or C)

(b) Probability 1 of ending up at A.
(0 probability of ending up in B or C)

(c) Probability 1 of ending up at A
(0 probability of ending up in B or C)

2 3 10 40
15. |° 17. |8 19. | 1 29.(2) |'92| ) |4 (¢) |0° 31 | 2o
3 5 2 39 36 34 ”
5 g 1 :
_5_
17141
27767
33.(2) 0247 (b)0.265 () 0273 (d) | 24065 (-2) 0.281 (e-b) 0.274 (e-c) 0.274
12204
18823

(e-d) The initial state of the system has no bearing on the fixed or final state of the system. Inde-
pendent of the initial state, eventually (to five decimal places):

17.141%, 17.767%, 24.065%, 12.204%, and 18.823% of the employees
will be enrolled in plans A, B, C, D, and E, respectively.

35.(a)0.63 (b)0.62 (c)0.59  (d-a) 0.50 (d-b)0.49 (d-c) 0.48 (e) FZ;;]
44444

1/4
37.(a)0.33  (b)0.25 (c) 1;2

1/4
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7.1 Dot Product. page 289.

.33 3.J3 5.5 Ta-=+]|8 9.a=c,b=2%foranyc¢o

1 31 (4 8) (6 3)
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11. cos

15. Anormal form: (2,1,3)-(x—1,y—3,z+1) = 0; a general form: 2x +y+3z = 1;
a vector form: {(0,1,0)+r(1,-2,0)+s(0,-3,1)|r,s € R}.

17. Anormal form: (4,0,1)-(x—1,y,z+3) = 0; a vector form:
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7.2 Inner Product, page 298.
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7.3 Orthogonality, page 310
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7.4 The Spectral Theorem. page 324
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	The TI-84+ calculator is featured throughout the text.
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	DEFINITION 1.2

	The matrices
	are in row-echelon form
	Answer: Yes: (a), (c), and (d).
	No: (b) [fails (ii)]
	EXAMPLE 1.2

	In harmony with graphing calculators, we will adopt the notation to denote the row-reduced-echelon form of a matrix A.
	EXAMPLE 1.3

	Answer:
	Gauss, Karl Friedrich (1777 -1855), the great German mathematician and astronomer.
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	Any variable that is not associated with a leading one in the row-reduced echelon form of an augmented matrix is said to be a free variable. In the current setting, the variable w is a free variable (see rref in Figure 1.3).
	Answer: (a) Inconsistent
	(b)
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	EXAMPLE 1.7

	Unlike the TI-84+, the TI-89 and above have symbolic capabilities. In particular:
	EXAMPLE 1.8

	Here, unlike with the smaller system of equations in Example 1.8, the TI-89 (or higher) is of little help:
	The last row of the above rref matrix tells us that there is no solution to the system, but it “lies,” for solutions do exist for certain values of a, b, c, and d [see (*)].
	Answer: (a) It is consistent for all a, b, and c.
	(b) Consistent if and only if
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	A system with more equations than unknowns (“tall”) is said to be overdetermined.
	A square system is a system which contains as many equations as unknowns.
	THEOREM 1.3
	EXAMPLE 1.10
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	Answer:
	While underdetermined (“wide”) homogeneous systems of equations are guaranteed to always have non-trivial solutions, this is not the case with overdetermined (“tall”) systems of equations [see Exercises 27-28], or with square systems of equat...
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	24.
	25.
	26.
	27.
	28.
	29.
	30.
	31.
	32.
	33.
	34.
	35.
	36.
	37. For what values of a, b, c, and d will the homogeneous system of equations have a unique solution:
	38. Show that if is a solution of a given two by two homogeneous system of equations, then is also a solution for any .
	39. Show that if and are solutions of a given two by two homogeneous system of equations, then is also a solution.
	40. Let M be the solution set of and let T be the solution set of the corresponding homogeneous system . Show that:
	41. Let M be the solution set of and let T be the solution set of the corresponding homogeneous system . Show that for any , .
	42. The system of equations associated with the augmented matrix is consistent, independent of the values of the entries a through f.
	43. The system of equations associated with the augmented matrix is consistent, independent of the values of the entries a through f.
	44. The system of equations associated with the augmented matrix is consistent if and only if .
	45. If a homogeneous system of equations has a nontrivial solution, then it has infinitely many solutions.
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	47. Any system S of linear equations in n unknowns with has nontrivial solutions.
	48. A system of n linear equations in m unknowns S is consistent if and only if has m leading ones.


	n-tuple
	Solution Set of a System of Equations
	An n-tuple is a solution of the system, S, of m equations in n unknowns
	if each of the m equations is satisfied when is substituted for , for .
	Consistent and Inconsistent Systems of Equations
	A system of equations is said to be consistent if it has non- empty solution set. A system of equations that has no solution is said to be inconsistent.
	Equivalent Systems of Equations
	Two systems of equations are said to be equivalent if they have equal solution sets.
	Overdetermined, Underdetermined, and Square Systems of Equations
	A system of m equations in n unknowns is said to be:
	Overdetermined if (more equations than unknowns).
	Underdetermined if (fewer equations than unknowns).
	Square if .
	Elementary Equation Operations
	The following three operations on a system of linear equations are said to be elementary equation operations:
	Interchange the order of any two equations in the system.
	Multiply both sides of an equation by a nonzero number.
	Add a multiple of one equation to another equation.
	Elementary row operations do not alter the solution sets of systems of equations.
	Matrices
	Since A has 3 rows and 4 columns, it is said to be a three-by- four matrix. When the number of rows of a matrix equals the number of columns, the matrix is said to be a square matrix.
	Elementary Row Operations
	The following three operations on any given matrix are said to be elementary row operations:
	Interchange the order of any two rows in the matrix.
	Multiply each element in a row of the matrix by a nonzero number.
	Add a multiple of one row of the matrix to another row of the matrix.
	Equivalent Matrices
	Two matrices are equivalent if one can be derived from the other by means of a sequence of elementary row operations.
	Augmented Matrix
	Equivalent systems of equations corresponding to equivalent augmented matrices.
	Row-Reduced-Echelon Form of a Matrix
	Gauss-Jordan Elimination Method.
	Coefficient Matrix
	Spanning Theorem
	Homogeneous System of Equations
	Trivial Solution
	Fundamental Theorem of Homogeneous Systems
	You can use to solve a homogeneous system of equations S
	Linear Independence
	Theorem
	CHAPTER 2
	VECTOR SPACES
	§1. Vectors in the Plane and Beyond
	Figure 2.1
	Figure 2.2

	EXAMPLE 2.1


	Pick up the top vector and move it 2 units down and 3 units to the right to the right so that its initial point . In the process, the original terminal point is also moved 2 units to the right at 3 units down, coming to rest at .
	Figure 2.3

	Note that the two-tuple in the expression appears in bold-face, so as to distinguish it from the form which represents a point in the plane.
	Figure 2.4
	DEFINITION 2.1

	Scalar Product and Sums of Vectors
	Figure 2.5
	DEFINITION 2.2

	Vector Addition
	(a) (b)
	Figure 2.6

	While identical in shape, the “+” in differs in spirit from that in : the latter represents the familiar sum of two numbers, as in , while the former represents the newly defined sum of two n-tuples, as in:
	DEFINITION 2.3
	EXAMPLE 2.2

	Answer:
	Euclidean Vector Spaces
	DEFINITION 2.4

	No direction is associated with the zero vector. A zero force, for example, is no force at all, and its “direction” would be a moot point.
	DEFINITION 2.5
	THEOREM 2.1

	To emphasize the important role played by definitions, the symbol instead of will temporarily be used to indicate a step in the proof which follows directly from a definition. In addition, the abbreviation “PofR” will be used to denote that a ste...
	This associative property eliminates the need for including parenthesis when summing more than two vectors. In particular,
	is perfectly well defined.
	In this, and any other abstract math course:
	definitions Rule!
	Just look at the above proof. It contains but one “logical step,” the step labeled PofR; all other steps hinge on definitions.
	Answer: See page B-3.
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19. For , , and , find scalars r and s such that:
	20. Find scalars r, s, and t, such that:
	21. Find scalars r, s, and t, such that:
	22. Show that there do not exist scalars r, s, and t, such that
	23. Find the vector of length 5 that has the same direction as the vector with initial point and terminal point .
	24. Find the vector of length 5 that is in the opposite direction of the vector with initial point and terminal point .
	25. On page 37, we established Theorem 2.1(ii) for . Prove that theorem for and for .
	26. On page 37, we established Theorem 2.1(v) for . Prove that theorem for and for .
	27. Prove Theorem 2.1(i) for: (a) (b) (c)
	28. Prove Theorem 2.1(iii) for: (a) (b) (c)
	29. Prove Theorem 2.1(vi) for: (a) (b) (c)
	30. Prove Theorem 2.1(viii) for: (a) (b) (c)
	31. Prove that if v, w, and z, are vectors in such that , then .
	32. For , if then .
	33. For , if then .
	34. For and , if then .
	35. For , if and only if or .
	§2. Abstract Vector Spaces

	The elements of a vector space V are called vectors, and will be denoted by bold-faced letters (like v). Scalars will continue to be denoted by non- bold-faced letters .
	The binary operator need not be represented with a plus-sign—see Example 2.4, page 46.
	DEFINITION 2.6

	A set is said to be closed, with respect to an operation, if elements of that set subjected to that operation remain in the set.
	V is closed under addition:
	For every in V,
	V is closed under scalar multiplication:
	For every and ,
	We also point out that, by convention, no meaning is attributed to an expression of the form , wherein a vector v appears to the left of a scalar r.
	Matrix Spaces
	EXAMPLE 2.3

	We are again using to indicate that equality follows from a definition, and “PofR” for “Property of the Real numbers.”
	THEOREM 2.2

	Answer: See page B-3.
	Polynomial Spaces
	In particular:
	The Greek letter (Sigma) is used to denote a sum.
	THEOREM 2.3

	Answer: See page B-3.
	Function Spaces
	All “objects” in mathematics are sets, and functions are no exceptions. The function f given by , for example, is that subset of the plane, typically called the graph of f:
	Pictorially:
	THEOREM 2.4

	A function is defined to be equal to a function , if for every .
	The fact that is closed under addition and scalar multiplication is self-evident.
	As you can see, we elected to use the letter Z, rather than the symbol 0, for our zero vector. It’s just that an expression like would strongly suggest that a multiplication by zero is being performed, which is not the case.
	Answer: See page B-3.
	Additional Examples
	EXAMPLE 2.4
	EXAMPLE 2.5

	Answer: Zero vector:
	Inverse of :
	EXAMPLE 2.6
	EXAMPLE 2.7

	Answer: See page B-4.
	1. , , and .
	2. , , and .
	3. , , and .
	4. , , and .
	5. , , and .
	6. , , and .
	7. , , and .
	8. , , and .
	9. , , and .
	10. , , and .
	11. , and .
	12. ; , , ; and , .
	13. , , and .
	14. , , and .
	15. , , and .
	16. , , .
	17. Complete the proof of Theorem 2.2.
	18. Complete the proof of Theorem 2.3.
	19. Complete the proof of Theorem 2.4.
	20. Establish the remaining three axioms for the space of Example 2.4.
	21. Establish the remaining six axioms for the space of Example 2.5.
	22. A polynomial is an expression of the form for which there exists an m such that for . Show that, with respect to the following operations, the set of all polynomials is a vector space:
	23. Let V be a vector space, and let . If , then .
	24. Let V be a vector space, and let . If and , then .
	25. Let V be a vector space, and let . If and , then .
	26. Let V be a vector space, and let . If , then .
	27. Let V be a vector space, and let . If and , then .
	§3. Properties of vector Spaces

	Strategy for (a): Assume that 0 and are any two zeros, and then go on to show .
	Strategy for (b): Assume that a vector v has two additive inverses, and , and then go on to show that .
	Answer: See page B-4.
	Answer: See page B-4.
	Multiplying any vector by the scalar 0 results in the vector 0.
	Answer: See page B-4.
	Multiplying any vector by the scalar results in the additive inverse of that vector.
	Answer: See page B-5.
	Strategy: Show that if you add to v you end up with the vector 0.
	Subtraction
	DEFINITION 2.7

	A definition is the introduction of a new word in the language of mathematics. As such, one must understand all of the words used in its description. This is so in Definition 2.7, where the new word “” on the left of the equal sign is described b...
	Answer: See page B-5.
	1. Theorem 2.11 (iv): If and , then .
	2. Theorem 2.11 (v): If and , then .
	3. Theorem 2.11 (ix): .
	4. Theorem 2.11 (xiii): .
	5. Theorem 2.11 (xiv): .
	6. Theorem 2.11 (xvi): .
	7. Theorem 2.11 (xvii): .
	8. Theorem 2.11 (xviii): .
	9. Show that for any vector v in a vector space V, and any : .
	10. Show that for any vector v in a vector space V and any integer : .
	11. Let v, w, and z be any vectors in a vector space V, and let , with . Show that if , then .
	12. Let v and w be vectors in a vector space V, with . Show that if , then .
	13. Let v and w be vectors in a vector space V. Show that if and , then .
	14. Show that for any v and w in a vector space V, and for any :
	15. Let v and w be non-zero vectors in a vector space V. Show that if , with not both r and s equal to 0, then there exist unique numbers a and b such that and .
	16. All vector spaces contain infinitely many vectors.
	17. Any vector space that contains more than one vector must contain an infinite number of vectors.
	18. For any vector v in a vector space V and any :
	19. Let and be vector spaces. Let with operations given by:
	20. Let and be vector spaces. Let with operations given by:
	§4. Subspaces
	DEFINITION 2.8

	(i)
	(ii)
	(v)
	(vi)
	(vii)
	(viii)
	EXAMPLE 2.8

	The “ticket” to be in S is that the third component is equal to the sum of its first two components.
	Since has the “ticket,” it is in S.
	Answer: See page B-5.
	EXAMPLE 2.9

	Answer: See Page B-5.
	The “ticket” needed for a function f to get into S is that it maps 9 to 0.
	EXAMPLE 2.10

	Answer: Not a subspace.
	EXAMPLE 2.11

	Answer: See page B-5.
	Intersection and Union of Subspaces

	S intersect T
	(a)
	S union T
	(b)
	In the exercises you are asked to show that the intersection of any number of subspaces of V is again a subspace of V.
	Figure 2.7
	EXAMPLE 2.12

	Answer: See page B-6.
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	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28.
	29.
	30.
	31. The subset of even functions:
	32. The subset of odd functions:
	33. The subset of increasing functions:
	34. The subset of decreasing functions:
	35. The subset of bounded functions:
	36. (Calculus dependent)
	37. (Calculus dependent)
	38. (Calculus dependent)
	39. Let V be a vector space. Show that:
	40. (PMI) Establish the following generalization of Theorem 2.14.
	41. (PMI) Let be vectors in a vector space V. Show that is a subspace of V.
	42. Let S and T be subspaces of a vector space V. Show that is a subspace of V.
	43. Let S and T be subspaces of a vector space V, with . Show that every vector in the subspace of the previous exercise can be uniquely expressed as a sum of a vector in S with a vector in T.
	44. If S and T are both subsets of a vector space V, and if neither S nor W is a subspace of V, then cannot be a subspace of V.
	45. If S and T are both subsets of a vector space V, and if neither S nor W is a subspace of V, then cannot be a subspace of V.
	46. If S and T are subspaces of a vector space V, then (see Exercise 43).
	47. If S and T are subspaces of a vector space V, then (see Exercise 43).
	48. If S, T, and W are subspaces of a vector space V, then is also a subspace of V (see Exercise 43).
	49. If S, T, and W are subspaces of a vector space V, then (see Exercise 42).
	50. If S and T are subspaces of a vector space V with , then is a subspace of V.
	51. If S is a subspace of a vector space V, and if T is a subspace of S, then T is a subspace of V.
	52. If a vector space has two distinct subspaces, then it has infinitely many distinct subspaces.
	§5. Lines and Planes
	Subspaces of
	THEOREM 2.15

	For any vector :
	The vector v is said to be a direction vector for the line, and the vector u is said to be a translation vector.
	THEOREM 2.16

	Those not satisfied with this geometrical proof are invited to consider Exercise 62.
	Figure 2.8

	Note that the set:
	This brings us to the so- called parametric representation of L:
	Answer: See page B6.
	EXAMPLE 2.13
	Subspaces of


	One cannot envision a line in for . We can, however define, in vector form, the line passing through:
	and
	in to be the set:
	where:
	and:
	THEOREM 2.17
	EXAMPLE 2.14

	The line can also be expressed in parametric form (see margin note of Example 2.13):
	Answer: See page B6.
	THEOREM 2.18
	Figure 2.9

	THEOREM 2.19
	EXAMPLE 2.15

	P consists of all points such that:
	The above is said to be a parametric representation of the plane (with parameters r and s).
	Answer: See page B6.
	THEOREM 2.20
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13. Exercise 1
	14. Exercise 2
	15. Exercise 3
	16. Exercise 4
	17. Exercise 5
	18. Exercise 6
	19. Exercise 7
	20. Exercise 8
	21. Exercise 1
	22. Exercise 2
	23. Exercise 3
	24. Exercise 4
	25. Exercise 5
	26. Exercise 6
	27. Exercise 7
	28. Exercise 8
	29.
	30.
	31.
	32.
	33.
	34.
	35.
	36.
	37.
	38.
	39.
	40.
	41. Exercise 29
	42. Exercise 30
	43. Exercise 31
	44. Exercise 32
	45. Exercise 33
	46. Exercise 34
	47. Exercise 35
	48. Exercise 36
	49.
	50.
	51.
	52.
	53.
	54.
	55.
	56.
	57.
	58.
	59.
	60.
	61. Complete the proof of Theorem 2.15. Incidentally:
	62. Prove Theorem 2.16.
	63. Prove Theorem 2.17.
	64. Prove Theorem 2.18.
	65. Prove Theorem 2.19.
	66. Prove Theorem 2.20.


	Euclidean Vector Space
	Abstract Vector Space
	Subtraction
	Uniqueness of 0 and
	Cancellation Properties
	Zero Properties
	Inverse Properties
	Subspace
	A nonempty subset S of V which is itself a vector space under the vector addition and scalar multiplication operations of the space V.
	Closure says it all
	A one liner
	Intersection of subspaces
	Proper Subspaces
	Vector form of lines
	Vector form of planes
	CHAPTER 3
	BASES AND DIMENSION
	§1. Spanning Sets
	DEFINITION 3.1
	EXAMPLE 3.1


	Note that, except for the last column, this augmented matrix is the same as that of Example 3.1.
	Some Added Insight on Example 3.1
	Answers: (a) No (b) Yes
	THEOREM 3.1
	DEFINITION 3.2
	EXAMPLE 3.2

	System S was solved directly in Example 1.7, page 16. In that example, we labeled the variables x, y, and z, instead of r, s, and t.
	Answer: See page B7.
	EXAMPLE 3.3
	EXAMPLE 3.4

	Answer: See page B8.
	EXAMPLE 3.5
	THEOREM 3.2

	Answer: See page B8.
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26. For what values of c do the vectors span ?
	27. For what values of c do the vectors span ?
	28. For what values of a and b do the vectors and span ?
	29. Show that for any given set of vectors , for every .
	30. Let the set of vectors and be such that for and for . Prove that .
	31. Show that if span a vector space V, then for any vector the vectors also span V.
	32. Show that a nonempty subset S of as vector space V is a subspace of V if and only if for every .
	33. Let denote the vector space of all polynomials of Exercise 23, page 50. Show that no finite set of vectors in spans .
	34. Let S be a subset of a vector space V. Prove that is the intersections of all subspaces of V which contain the set S.
	35. If the vectors u and v span V, then so do the vectors u and .
	36. If the vectors u and v span V, then so do the vectors u and .
	37. If the vectors u and v are contained in the space spanned by the vectors w and z, then .
	38. If , and if for , then .
	39. If and are finite sets of vectors in a vector space V, then:
	40. If and are finite sets of vectors in a vector space V, then:
	41. If and are finite sets of vectors in a vector space V, then:
	42. If and are subspaces of a vector space V, then:
	§2. Linear Independence

	Note that if each , then surely
	will equal zero.
	To say that is linearly independent, is to say that no other linear combination of the vectors equals 0.
	DEFINITION 3.3
	EXAMPLE 3.6
	EXAMPLE 3.7

	Most graphing calculators do not have the capability of “rref-ing” a “tall matrix.” But you can always add enough zero columns to arrive at a square matrix:
	Answer: Yes.
	EXAMPLE 3.8

	Answer: See page B-8.
	THEOREM 3.3
	EXAMPLE 3.9

	Answer: See page B-9.
	THEOREM 3.4

	Contrapositive Proof
	Let P and Q be two propositions.
	You can prove that:
	by showing that:
	(After all if Not-Q implies Not-P, then you certainly cannot have P without having Q: think about it)
	THEOREM 3.5

	In the exercises you are invited to establish the converse of this theorem.
	THEOREM 3.6

	Answer: See page B-9.
	THEOREM 3.7

	Answer: See page B-9.
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27. , where denotes the set of positive numbers.
	28. For what real numbers a is a linearly dependent set in ?
	29. For what real numbers a is a linearly dependent set in ?
	30. For what real numbers a is a linearly dependent set in ?
	31. Find a value of a for which is a linearly dependent set in the function space ?
	32. Find a value of a for which is a linearly dependent set in the function space ?
	33. Let v be any nonzero vector in a vector space V. Prove that is a linearly independent set.
	34. Prove that every nonempty subset of a linearly independent set is again linearly independent.
	35. Prove that if is a linearly dependent set in a vector space V, then so is the set for any set of vectors in V.
	36. Establish the converse of Theorem 3.6.
	37. Let be a set of vectors in a space V. Show that if there exists any vector which can be uniquely expressed as a linear combination of the vectors in S then S is linearly independent.
	38. Show that is a linearly independent set in the vector space of Example 2.5, page 47.
	39. Let and be linearly independent sets of vectors in a vector space V with . Prove that is also a linearly independent set.
	40. If is a linearly dependent set, then for some scalar r.
	41. If is a linearly dependent set, then for some scalars r and s.
	42. If is a linearly independent set of vectors in a vector space V, then is also linearly independent.
	43. If is a linearly independent set of vectors in a vector space V, then is also linearly independent.
	44. For any three nonzero distinct vectors in a vector space V, is linearly dependent.
	45. If is a linearly independent set of vectors in a vector space V, and if then is also linearly independent.
	46. If is a linearly independent set of vectors in a vector space V, and if a is any nonzero number, then is also linearly independent.
	47. If and are linearly independent sets of vectors in a vector space V, then is also a linearly independent set.
	48. If and are linearly independent sets of vectors in a vector space V, then is also a linearly independent set.
	§3. Bases
	DEFINITION 3.4 Basis


	Standard bases in
	EXAMPLE 3.10

	If you take the time to solve the system directly, you will find that:
	Figure 3.1
	EXAMPLE 3.11

	In words: There cannot be more lineally independent vectors than the number of vectors in any spanning set.
	THEOREM 3.8

	Since is a solution of (**):
	THEOREM 3.9
	DEFINITION 3.5

	In the exercises you are asked to show that the polynomial space of Exercise 23 of page 50 is an infinite dimensional space.
	So, if the number of vectors equals the dimension of the space, then to show that those vectors is a basis you do not have to establish both linear independence and spanning, for either implies the other.
	THEOREM 3.10

	The cycle:
	insures that the validity of any of the three propositions implies that of the other two.
	THEOREM 3.11
	THEOREM 3.12

	Procedure: Keep adding vectors, while maintaining linear independence, till you end up with n linearly independent vectors.
	EXAMPLE 3.12
	EXAMPLE 3.13
	Figure 3.2


	Note that c and d are the free variables in rref[coef (s)]
	THEOREM 3.13
	1. (a) Prove that is a basis for . Express as a linear combination of the vectors in .
	2. (a) Prove that is a basis for , and express as a linear combinations of the vectors in .
	3. (a) Prove that is a basis for , and express as a linear combinations of the vectors in .
	4.
	5.
	6.
	7.
	8. (a) Prove that the matrix space has dimension 4.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16. (a) Prove that the polynomial space is of dimension 4.
	17.
	18.
	19.
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28.
	29.
	30.
	31.
	32.
	33.
	34.
	35.
	36.
	37.
	38.
	39.
	40.
	41.
	42. Show that is a subspace of , and then find a basis for that subspace.
	43. Show that is a subspace of , and then find a basis for that subspace.
	44. Show that is a subspace of , and then find a basis for that subspace.
	45. Show that is a subspace of , and then find a basis for that subspace.
	46. Find all values of c for which is a basis for .
	47. Find all values of c for which is a basis for .
	48. Find a basis for the vector space of Example 2.5, page 47.
	49. Suppose is a basis for a vector space V. For what values of a and b is a basis for V?
	50. Let S is a subspace of V with . Prove that .
	51. Suppose that is a linearly independent set of vectors in a space V of dimension n, and that spans V. Prove that .
	52. A set of vectors S in a finite dimensional vector space V is said to be a maximal linearly independent set if it is not a proper subset of any linearly independent set. Prove that a set of vectors is a basis for V if and only if it is a maximal l...
	53. A set of vectors S in a finite dimensional vector space V is said to be a minimal spanning set if no proper subset of S spans V. Prove that a set of vectors is a basis for V if and only if it is a minimal spanning set.
	54. Let H and K be finite dimensional subspace of a vector space V with , and let . Prove that . (Note: you were asked to show that is a subspace of V in Exercise 42, page 67.)
	55. Let H and K be finite dimensional subspace of a vector space V, and let . Prove that:
	56. Prove that the polynomial space of Exercise 22, page 50, is not finite dimensional by showing that it does not have a finite base.
	57. (Calculus dependent) Show that is a subspace of the polynomial space P of Exercise 22, page 50. Find a basis for S.
	58. Prove that a vector space V is infinite dimensional (not finite dimensional) if and only if for any positive integer n, there exists a set of n linearly independent vectors in V.
	59. If is a basis for a vector space V, and if , , and are nonzero scalars, then is also a basis for V.
	60. If is a linearly independent set of vectors in a space V of dimension n, and if , then is a basis for V.
	61. If is a linearly independent set of vectors in a space V of dimension n, and if , then is a basis for V.
	62. If is a spanning set of vectors in a space V of dimension n, then is a basis for V.
	63. If is a spanning set of vectors in a space V of dimension n, and if , then is a basis for V.
	64. If is a basis for a vector space V, then is also a basis for V.
	65. It is possible to have a basis for the polynomial space which consists entirely of polynomials of degree 2.
	66. Let be a spanning set for a space V of dimension n satisfying the property that . If you delete any vector from the set , then the resulting set of n vectors will be a basis for V.
	67. If V is a space of dimension n, then V contains a subspace of dimension m for every integer .

	Linear Combination
	Spanning
	If , then is said to span the vector space V.
	If every vector in a set is contained in the space spanned by another set , then is a subset of .
	Linearly Independent Set
	Unique representation.
	No vector can be built from the rest.
	Expanding a linearly independent set.
	Linear Independence Theorem.
	Linear independence in .
	Basis
	All bases for a vector space contain the same number of vectors.
	You can show that a set of n vectors in an n-dimensional vector space is a basis by either showing that they span the space, or by showing that it is a linearly independent set—you don’t have to do both:
	Expansion Theorem
	Reduction Theorem
	Reducing a set of vectors S in to a basis for Span(S)
	115
	CHAPTER 4
	LINEARITY
	§1. Linear Transformations


	A linear transformation is also called a linear function, or a linear map. A linear map from a vector space to itself is said to be a linear operator.
	DEFINITION 4.1
	EXAMPLE 4.1

	A smoother approach:
	EXAMPLE 4.2

	You can also show that the above function is not linear by demonstrating, for example, that . To show that a function is not linear you need only come up with a specific counterexample which “shoots down” either (1) or (2) of Definition 4.1.
	Answer: See page B-12.
	In order to distinguish where the different zeros preside, we are using and to indicate the zero is in the vector space V and W, respectively.
	Answer: See page B-12.
	You can perform the vector operations in V and then apply T to that result: , or you can first apply T and then perform the vector operations in W: . Either way, you will end up at the same vector in W.
	Answer: See page B-12.
	See Theorem 2.13, page 61
	A Linear map is completely determined by its action on a basis

	Yes:
	A linear transformation is completely determined by its action on a basis of V
	Answer: See page B-12.
	EXAMPLE 4.3

	Answer: See page B-12.
	Composition of Linear Functions
	EXAMPLE 4.4

	Answer: See page B-13.
	1. , where .
	2. , where .
	3. , where .
	4. , where .
	5. , where .
	6. , where .
	7. , where .
	8. , where .
	9. , where .
	10. , where .
	11. , where .
	12. , where .
	13. , where .
	14. , where .
	15. , where .
	16. , where .
	17. , where .
	18. , where , and V is the vector space of Example 2.5, page 47.
	19. Let the linear map be such that:
	20. Let the linear map be such that:
	21. Let the linear map be such that:
	22. Let the linear map be such that:
	23. Show that there cannot exist a linear transformation such that:
	24. Show that there cannot exist a linear transformation such that:
	25. Show that the identity function , given by for every v in V, is linear.
	26. Show that the zero function , given by for every v in V, is linear. (Referring to the equation , where does 0 live?)
	27. In precalculus and calculus, functions of the form are typically called linear functions. Give necessary and sufficient conditions for a function of that form to be a linear operator on the vector space .
	28. Show that for any the function , where is linear. (See Theorem 2.4, page 44.)
	29. (Calculus Dependent) Let be the subspace of the function space consisting of all differentiable functions. Let be given by , where denotes the derivative of f. Show that T is linear.
	30. (Calculus Dependent) Show that the function , given by is linear.
	31. (Calculus Dependent) Show that if the linear function is such that , and , then T is the derivative function.
	32. (Calculus Dependent) Let denote the vector space of all real-valued functions that are integrable over the interval . Let be given by . Show that T is linear.
	33. Let be linear and let S be a subspace of V. Show that is a subspace of W.
	34. (PMI) Use the Principle of Mathematical Induction to prove Theorem 4.3.
	35. Let , with addition and scalar multiplication given by:
	36. (a) Show that if a function satisfies the property that for every and , then is a linear function: which is ti say, that it must also satisfy the property that for every .
	37. Let satisfy the condition that for every . Show that:
	38. Let satisfy the condition that for every . Show that:
	39. , where is given by and by .
	40. , where is given by and by
	41. , where is given by and by .
	42. , where is given by and by .
	43. , where is given by , by , and by .
	44. , where is given by , by , and by .
	45. (PMI) Let be linear, for . Show that is linear.
	46. For any the function given by is linear.
	47. For any the function given by is linear.
	48. Let be linear. If is a linearly independent subset of W then is a linearly independent subset of V.
	49. Let be linear. If is a linearly independent subset of V then is a linearly independent subset of W.
	50. If for given functions and the composite function is linear, then both f and g must be linear.
	51. If for given functions and the composite function is linear, then f must be linear.
	52. If, for given functions and , the composite function is linear, then g must be linear.
	§2. Kernel and Image
	Figure 4.1

	DEFINITION 4.2
	DEFINITION 4.3

	In particular, if
	is a basis for V, then
	will span .
	EXAMPLE 4.5

	Answer: (a) See page B-13.
	(b) ,
	Why can’t you simply show just one of the two?
	EXAMPLE 4.6

	System S is certainly easy enough to solve directly. Still:
	Recall that:
	Answer: See page B-14.
	One-To-One and Onto Functions

	The first part of this theorem is telling is that if a linear map is “one-to-one at 0,” then it is one-to-one everywhere. Certainly not true for other functions:
	DEFINITION 4.4
	EXAMPLE 4.7

	Answer: See page B-14.
	1. , where
	2. , where
	3. , where
	4. , where
	5. , where
	6. , where
	7. , where
	8. , where
	9. , where
	10. , where
	11. , where
	12. , where
	13. , where
	14. , where
	15. , where
	16. , where
	17. , where
	18. , where
	19. , where
	20. , where
	21. , where
	22. , where
	23. , where
	24. where
	25. where
	26. where
	27. where
	28. Let be given by .
	29. Let be given by .
	30. Determine a basis for the kernel and image of the linear transformation which maps to , to , and to .
	31. Determine a basis for the kernel and image of the linear transformation which maps to , to , and to .
	32. Determine a basis for kernel and image of the linear transformation which maps to , to , to 5, and to .
	33. Find, if one exists, a linear transformation such that:
	34. Find, if one exists, a linear transformation such that:
	35. Let , and let be the linear operator , for . Enumerate the possible values of and .
	36. Let be linear with and . Enumerate the possible values of and .
	37. Let be linear with and . Enumerate the possible values of and .
	38. Let be a one-to-one linear map. Determine the rank and nullity of T.
	39. Let be an onto linear map. Determine the rank and nullity of T.
	40. Let be a linear operator, with . Prove that if and only if T is one-to-one.
	41. Let be linear, with . Prove that is a basis for V if and only if is a basis for W.
	42. Give an example of a linear transformation such that .
	43. Let be a linear transformation, with . Prove that T is one-to-one if and only if .
	44. Let be linear, with . Prove that T is one-to-one if and only if T is onto.
	45. Let and be linear.
	46. If then .
	47. There exists a one-to-one linear map .
	48. There exists a one-to-one linear map .
	49. There exists an onto linear map .
	50. There exists an onto linear map .
	51. If is linear and , then T cannot be onto.
	52. If is linear and , then T cannot be one-to-one.
	53. If is linear and , then T cannot be onto.
	54. If is linear and , then T cannot be one-to-one.
	55. There exists a linear transformation such that .
	56. There exists a linear transformation such that .
	57. There exists a linear transformation such that .
	58. There exists a linear transformation such that .
	59. If is linear and if W is finite dimensional, then V is finite dimensional.
	60. If is linear and if V is finite dimensional, then W is finite dimensional.
	61. If is linear and if V is finite dimensional, then is finite dimensional.
	62. If is linear and if is finite dimensional, then V is finite dimensional. If is linear and if is finite dimensional, then either V or W is finite dimensional.
	63. Let and be linear. If , and , then .
	64. Let and be linear. If , , and , then .
	65. Let and be linear. If , , and , then .
	66. Let and be linear, with and . If T is one- to-one and L is onto, then .
	§3. Isomorphisms
	Bijections and Inverse Functions
	DEFINITION 4.5

	A bijection serves to pair of each elements of A with those of B (see margin).

	Only bijections
	have inverses
	Figure 4.2
	Answer: See page B-14.
	DEFINITION 4.6
	Back to Linear Algebra

	EXAMPLE 4.8

	Answer: See page B-14.
	DEFINITION 4.7 Isomorphism
	EXAMPLE 4.9

	This theorem asserts that “isomorphic” is an equivalence relation on any set of vector spaces. See Exercises 37-39.
	Answer: See page B-15.
	DEFINITION 4.8

	Answer: See page B-15.
	A rose by any other name

	Answer: See page B-16.
	EXAMPLE 4.10

	For , and :
	Answer: See page B-16.
	turns out to be the zero in X.
	turns out to be the inverse of .
	EXAMPLE 4.11

	Answer: See page B-16.
	1. , where .
	2. , where .
	3. , where .
	4. , where .
	5. , where .
	6. , where .
	7. , where .
	8. , where .
	9. , where .
	10. , where .
	11. ,where .
	12. , where .
	13. , where .
	14. , where .
	15. , where .
	16. , where .
	17. , where .
	18. , where .
	19. , where .
	20. , where .
	21. , where .
	22. , where .
	23. given by .
	24. given by .
	25. Show that if the functions and have inverses, then the function also has an inverse and that .
	26. For , let be given by . For what values of r is an isomorphism?
	27. For a vector in the space V let be given by .
	28. Find a specific isomorphism from to .
	29. Show that the vector space of Example 2.4, page 46, is isomorphic to the vector space of real numbers, .
	30. Find an isomorphism between the vector space of Example 2.5, page 47 and .
	31. Suppose that a linear transformation is one-to-one, and that is a linearly independent subset of V. Show that is a linearly independent subset of W. (In particular, the above holds if T is an isomorphism.)
	32. Suppose that a linear transformation is onto, and that is a spanning set for V. Show that is a spanning set for W. (In particular, the above holds if T is an isomorphism.)
	33. Prove that a linear transformation is an isomorphism if and only if for any given basis for V, is a basis for W.
	34. Let V be a vector space of dimension n, and let be the vector space of linear transformations from to (see Exercise 35, page 122). Prove that is also of dimension n and is therefore isomorphic to V. (The space is called the dual space of V.)
	35. Let V be a vector space of dimension n, and let W be a vector space of dimension m. Let be the vector space of linear transformations from to W (see Exercise 35, page 122). Prove that .
	36. A partition of a set X is a collection of mutually disjoint (nonempty) subsets of X whose union equals X. (In words: a partition breaks the set X into disjoint pieces.)
	37. Show that the relation defined by if and only if is an equivalence relation on the set Q of rational numbers (“fractions”).
	38. Show that the relation if the vector space V is isomorphic to the vector space W is an equivalence relation on any set of vector spaces.
	39. (a) If is an onto function, then so is the function onto for any function .
	40. (a) Let and . If is onto, then f must also be onto.
	41. (a) If is a one-to-one function, then so is the function one-to-one for any function .
	42. If and are isomorphisms, then .
	43. If is an isomorphism, and if , then given by is also an isomorphism.
	44. Let and be linear. If is an isomorphism, then T and W must both be isomorphisms.
	45. If and are isomorphisms, then so is the function given by an isomorphism.

	Linear Transformation
	The two conditions for linearity can be incorporated into one statement.
	The above result can be extended to encompass n-vectors and scalars.
	Linear transformations map zeros to zeros and inverses to inverses.
	A linear transformation is completely determined by its action on a basis.
	A method for constructing all linear transformations from a finite dimensional vector space to any other vector space.
	The composition of linear maps is linear.
	Kernel
	Image
	Both the kernel and image of a linear transformation are subspaces.
	Nullity
	Rank
	The Dimension
	Theorem.
	One-To-One
	Onto
	Bijection
	The composite of bijections is again a bijection.
	Inverse Function
	The inverse of a linear bijection is again linear.
	Isomorphism
	Every vector space is isomorphic to itself. If V is isomorphic to W, then W is isomorphic to V. If V is isomorphic to W, and W is isomorphic to Z, then V is isomorphic to Z.
	All n-dimensional vector spaces are isomorphic to Euclidean n-space.
	CHAPTER 5
	MATRICES AND LINEAR MAPS
	§1. Matrix Multiplication


	Take two matrices of equal dimension, and simply multiply corresponding entries to obtain their product.
	As with:
	In general, we will use:
	or
	to denote an m by n matrix with entries .
	DEFINITION 5.1

	In Words: To get of , run across the row of A and down the column of B, multiplying and adding along the way (see margin).
	Note: The above is meaningful only if the number of columns of the matrix on the left equals the number of rows of the matrix on the right.
	EXAMPLE 5.1

	Answers:
	(a)
	(b) See page B-18.
	Matrix multiplication is not commutative.
	THEOREM 5.1

	The properties of this theorem are not particularly difficult to establish. The trick is to carefully keep track of the entries of the matrices along the way,
	Why we are restricting this discussion to square matrices?
	Because:
	Powers of Square Matrices
	DEFINITION 5.2

	In , .
	Why not for ?
	Answer: See page B-18.
	THEOREM 5.2
	Column and Row Spaces

	DEFINITION 5.3
	THEOREM 5.3
	DEFINITION 5.4
	EXAMPLE 5.2

	Answer: See page B-18.
	System of Equations Revisited
	Figure 5.1

	THEOREM 5.4

	Answer: See page B-18.
	THEOREM 5.5

	Prove that the solution set of any homogeneous system of m equations in n unknowns is a subspace of .
	From matrices to Linear Transformations

	Note that:
	THEOREM 5.6
	THEOREM 5.7
	DEFINITION 5.5
	THEOREM 5.8

	Note: The dimension of the null space of A is called the nullity of A.
	[Approproate terminology, in that ]
	EXAMPLE 5.3

	Answer: See page B-18.
	THEOREM 5.9

	Answer: See page B-18.
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9. (a) Show that each column of (as a vertical two-tuple) is a linear combination of the columns of .
	10. Let and let be the column matrix whose entry is 1 and all other entries are 0. Show that is the column of A, for .
	11. (a) (Dilation and Contraction) Let for . Show that maps every point in the plane to a point r times a far from the origin.
	12. Show that for any given linear transformation there exists a unique matrix such that .
	13. Let . Prove that if for every , then .
	14. Determine all such that for every .
	15. Prove Theorem 5.1(ii).
	16. Prove Theorem 5.1(iii).
	17. Prove Theorem 5.1(iv).
	18. A square matrix for which if is said to be a diagonal matrix. Show that if is a diagonal matrix and if is a column matrix, then . For example: .
	19. The transpose of a matrix is the matrix , where . In other words, the transpose of A is that matrix obtained by interchanging the rows and columns of A.
	20. A square matrix A is symmetric if the transpose of A equals A: (see Exercise 19).
	21. A square matrix A is said to be skew-symmetric if (see Exercise 19).
	22. A matrix is said to be idempotent if .
	23. A matrix is said to be nilpotent if for some integer k.
	24. The sum of the diagonal entries in the matrix is called the trace of A and is denoted by : .
	25.
	26.
	27.
	28.
	29.
	30.
	31. (PMI) Show that if , then for any positive integer n, .
	32. (PMI) Let and . Show that if , then for every positive integer n.
	33. (PMI) Show that if the entries in each column of sum to 1, then the entries in each column of also sum to 1, for any positive integer m.
	34. (PMI) Show that if is a diagonal matrix, then so is . (See Exercise 18.)
	35. (PMI) Show that if is an idempotent matrix, then for all integers . (See Exercise 22.)
	36. (PMI) Show that for any , and for any positive integer n, . (See Exercise 19.)
	37. (PMI) Let , for . Show that:
	38. (PMI) Let for . show that:
	39. For and , if then either or .
	40. Let A and B be two-by-two matrices with . If , then .
	41. If A and B are square matrices of the same dimension, and if AB is idempotent, then . (See Exercise 22.)
	42. For all , .
	43. For any given matrix , all entries in the matrix are nonnegative.
	44. For and , if A has a column consisting entirely of 0’s, then so does AB.
	45. For and , if A has a row consisting entirely of 0’s, then so does AB.
	46. For and , if A has two identical columns, then so does AB.
	47. For and , if A has two identical rows, then so does AB.
	48. For , is a subspace of .
	49. For , is a subspace of .
	50. For , is a subspace of . (See Exercise 24.)
	51. If A is a nilpotent matrix, then so is . (See Exercise 23.)
	52. A is idempotnet if and only if is idempotent. (See Exercise 22 and 19.)

	Since all identity matrices are square we can get away by specifying just one of its dimensions, as with:
	instead of .
	We will soon show, that a matrix A can have but one inverse.
	§2. Invertible Matrices
	Invertible Matrices
	DEFINITION 5.6
	EXAMPLE 5.4
	EXAMPLE 5.5

	The system of equation on the right also has no solution.
	Answer: See page B-19.
	From the given conditions, we know that and exist. What we do here is to show that the product is, in fact, the inverse of AB.
	The inverse of a product of invertible matrices is the product of their inverses, in the reverse order.
	Answer: See page B-19.
	DEFINITION 5.7
	Elementary Matrices


	Elementary row operations were introduced on page 3.
	DEFINITION 5.8

	Answer: See page B-19.
	Figure 5.2

	Answer: See page B-19.
	Any matrix A is equivalent to .
	EXAMPLE 5.6

	Answer: See page B-19.
	Answer: See page B-20.
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23.
	24.
	25. Prove Theorem 5.11(ii).
	26. Prove Theorem 5.12.
	27. Prove Theorem 5.13.
	28. Prove that if A is invertible, then .
	29. Let . Prove that there exists an invertible matrix such that .
	30. Let be a linearly independent set of vectors in , and let be invertible. Show that is linearly independent.
	31. Let be a basis for , and let be invertible. Show that is also a basis.
	32. Show that a (square) matrix that has a row consisting entirely of zeros cannot be invertible.
	33. Show that a (square) matrix that has a columns consisting entirely of zeros cannot be invertible.
	34. Show that if a row of a (square) matrix is a multiple of one of its other rows, then it is not invertible.
	35. State necessary and sufficient conditions for a diagonal matrix to be invertible. (See Exercise 18, page 161.)
	36. Prove that is invertible if and only if the rows of A constitute a basis for .
	37. Prove that the transpose of an invertible matrix A is invertible, and that . (See Exercise 19, page 161.)
	38. Prove that is invertible if and only if the columns of A constitute a basis for .
	39. Prove that if a symmetric matrix is invertible, then its inverse is also symmetric. (See Exercise 20, page 161.)
	40. Prove that if is an idempotent invertible matrix, then . (See Exercise 22, page 162.)
	41. Prove that every nilpotent matrix is singular. (See Exercise 23, page 162.)
	42. (a) Prove that is invertible if and only if .
	43. Let be such that . Show that A is invertible.
	44. Let be such that , with . Show that A is invertible.
	45. Let be such that . Show that A is invertible.
	46. (PMI) Show that if is invertible, then so is for every positive integer n.
	47. (PMI) Let A and B be invertible matrices of the same dimension with . Sow that:
	48. If A is invertible, then so is , and .
	49. If is a linearly independent set in the vector space , and if is not the zero vector, then is linearly independent.
	50. Let A be an invertible matrix, and . If , then .
	51. Let be invertible, and . If , then
	52. If A and B are invertible matrices, then is also invertible, and .
	53. If and , then A is not invertible.
	54. If a square matrix A is singular, then .
	55. If A and B are matrices, and if is invertible, then both A and B are invertible.
	56. If A and B are matrices, and if is singular, then both A and B are singular.
	§3. Matrix Representation of Linear Maps
	DEFINITION 5.9
	EXAMPLE 5.7

	Answer:
	Throughout this section the term “basis” will be understood to mean “ordered basis.”
	We remind you that we are using to denote
	(gamma) is the Greek letter c.
	DEFINITION 5.10
	EXAMPLE 5.8

	Answer:
	Figure 5.2

	Note that the dimensions match up:
	Since
	EXAMPLE 5.9

	Incidentally, noting that the coefficient matrix of system (*) is identical to that of (**) we could save a bit of time by doing this
	Answer: See page B-20.
	EXAMPLE 5.10

	Answer: See page B-21.
	We recall that denotes the identity matrix of dimension n, and that denotes the identity map from V to V.
	Answer: See page B-21.
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23. (Calculus Dependent) Let be the linear map given by and let be the differentiation linear function: . Determine the given matrices for the basis of , and the basis of .
	24. (Calculus Dependent) Let V be the subspace of spanned by the three vectors 1, , and . Let be the differentiation operator. Determine for , and show directly that .
	25. (Calculus Dependent) Let be the differentiation operator. Determine for , and show directly that .
	26. Find the linear function , if for .
	27. Find the linear function if for and .
	28. Find the linear function if for and .
	29. Find the linear function if for and .
	30. Let and be the linear maps given by:
	31. Let and be the linear maps given by:
	32. Prove that the linear function of Theorem 5.21 is an isomorphism.
	33. Prove Theorem 5.24.
	34. Let be a linear map from a vector space V of dimension n to a vector space W of dimension m. Let and be bases for V and W, respectively. Show that if is such that for every , then .
	35.
	36.
	37.
	38.
	39. Let be given by (See Exercise 19, page 161). Let:
	40. Let be a linear operator. A nontrivial subspace of V is said to be invariant under T if . Assume that and . Show that there exists a basis for V such that , where is the zero matrix.
	41. Let be a linear function and let and be bases for the finite dimensional vector spaces V and W, respectively. Let . Show that:
	42. Let V and W be vector spaces of dimensions n and m, respectively. Prove that the vector space of Exercise 35, page 122, is isomorphic to .
	43. (PMI) Let be vector spaces and let be a basis for , . Let be a linear map, . Use the Principle of Mathematical Induction to show that .
	44. Let be an isomorphism, and let be a basis for V. Then, for every , , where .
	45. Let be linear, and let and be bases for V and W, respectively. Let be defined by . Then: .
	46. Let be a basis for V, and let . If is a linear operator on V, then .
	47. If is the zero transformation from the n-dimensional vector space V to the m- dimensional vector space W, then is the zero matrix for every pair of bases and for V and W, respectively.
	48. Let be the identity map on a space V of dimension n, and let and be (ordered) basis for V. Then if and only if .
	49. Let be given by . There exists a basis such that is a diagonal matrix (See Exercise 18, page 161).
	50. Let be given by . There exists a basis such that is a diagonal matrix (See Exercise 18, page 161).
	51. For and and any basis for : .
	§4. Change of Basis


	Change of Base Matrix
	EXAMPLE 5.11
	Answer: See page B-21.
	EXAMPLE 5.12
	Figure 5.3


	Answer: See page B-21.
	The adjacent identity map is pointing in two directions. The left-to-right direction gives rise to the change-of- base matrix , while the right-to- left directions brings us to . Are and related? Yes:

	In other words: and are invertible, with each being the inverse of the other.
	A generalization of this result appears in Exercise 24.
	In reading the composition of functions, you kind of have to read from right to left: the right-most function being performed first.
	Figure 5.4
	EXAMPLE 5.13
	As advertised:
	Answer: See page B-21.
	DEFINITION 5.11


	The column of , namely:
	equals the column of P,
	since:
	EXAMPLE 5.14
	Answer: See page B-21.
	1. , , , and .
	2. , , , and .
	3. , , , and .
	4. , , , and ,
	5. , , , and .
	6. , , , and .
	7. , , , and .
	8. Find the coordinates of the point in the xy-plane with respect to the coordinate axes obtained by rotating the standard axes in a counterclockwise direction. (See Example 5.12.)
	9. , given by , , and .
	10. , given by , , and .
	11. , given by , , and .
	12. , given by , , and .
	13. (Calculus Dependent) , given by , , and .
	14. Let be the linear operator given by . Find a basis for such that , where and .
	15. Let be a linear operator. Find the basis for such that , where: and .
	16. Let be a linear operator. Find the basis for such that , where and .
	17. Show that and are similar.
	18. Show that and are not similar.
	19. Find all matrices that are similar to the identity matrix .
	20. Let be the linear map given by .
	21. Show that “similar” is an equivalence relation on . (See Exercises 37-39, page 147 for the definition of an equivalence relation).
	22. Show that in the proof of Theorem 5.27 is a basis for V.
	23. Let be similar. Show that there exists a linear operator and bases and for such that and .
	24. (A generalization of Theorem 5.26) Let be a linear map from the finite dimensional vector space V to the finite dimensional vector space W. Let and be bases for V, and let and be bases for W. Prove that: .
	25. , , , , , and
	26. , , , , , and .
	27. , , , , , and .
	28. , , , , , and .
	29. , , , , and .
	30. Let be linear. Let be bases for the n-dimensional space V, and let be bases for the m-dimensional space W. Prove that there exists an invertible matrix and an invertible matrix such that .
	31. Let and be linear maps. Let be bases for V, be bases for W, and be bases for Z. Show that .
	32. Let be a linear operator, and let and be a bases for V. If , then .
	33. If A and B are similar matrices, then and are also similar.
	34. If A and B are similar invertible matrices, then and are also similar.
	35. If A and B are similar matrices, then at least one of them must be invertible.
	36. If A and B are similar matrices, then so are their transpose. (See Exercise 19, page 161.)
	37. If A and B are similar matrices, and if A is symmetric, then so is B. (See Exercises 20, page 161.)
	38. If A and B are similar matrices, and if A is idempotent, then so is B. (See Exercises 22, page 162.)
	39. If A and B are similar matrices, then . (See Exercises 24, page 162.)

	A connection between matrix multiplication and linear transformations.
	Properties
	Coordinate
	Vector
	Matrix Representation of a Linear Map
	The matrix representation of a linear map T describes the “action” of T.
	The matrix of a composition function is the product of matrices of those functions.
	Relating coordinate vectors with respect to different bases.
	The matrix of the inverse of a transformation is the inverse of the matrix of that transformation.
	Relating matrix representations of a linear operator with respect to different bases.
	Similar Matrices
	Similar matrices represent linear maps with respect to different basis.
	CHAPTER 6
	Determinants and Eigenvectors
	§1. Determinants
	DEFINITION 6.1 Determinant
	EXAMPLE 6.1


	Note that the sign of the has an alternating checkerboard pattern
	Note: is called the minor of , and is called the cofactor of A
	EXAMPLE 6.2

	Answer: See page B-23.
	An upper triangular matrix is a square matrix with zero entries below its main diagonal. For example:
	A lower triangular matrix is a square matrix with zero entries above its main diagonal. For example:
	Answer: See page B-23.
	Prove that the determinant of a lower diagonal matrix equals the product of the entries along its diagonal.
	Row Operations and Determinants

	Matrix A and B differ only in the row, and that row has been removed from both A and B to arrive at the matrices and .
	Answer: See page B-23.
	EXAMPLE 6.3

	Answer: See page B-23.
	Note that
	The restriction is imposed in (b) since we are concerned with elementary row operations (see page 3).
	Answer: See page B-24.
	You can add this result to the list of equivalences for invertibility appearing in Theorem 5.17, page 172:
	(vi)
	If , then:
	If , then its last row consists entirely of zeros, and
	Austin Cauchy, a prolific French mathematician (1789-1857).
	Answer: See page B-24.
	For the brave at heart:
	The column-expansion part of the theorem is relegated to the exercises.
	Proof of the Laplace Expansion Theorem

	This will show that the expansion about any row equals that of expanding about the first row.
	Figure 6.1
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22.
	23. While one can certainly find matrices such that , prove that one can not find matrices such that .
	24. Show that the matrix is invertible if and only if the numbers a, b, and c, are all distinct.
	25. Prove that if a matrix A contains a row (or column) consisting entirely of zeros, then .
	26. If is a diagonal matrix and if is the column matrix whose entry is 1 and all other entries are 0, then .
	27. Let . Prove that , where denotes the transpose of A (see Exercise 19, page 161).
	28. Prove that if is skew-symmetric, then (see Exercise 21, page 162). What conclusion can you draw from this result?
	29. For , let B be obtained from A by interchanging pairs of rows of A m times. Express as a function of m and .
	30. Let A be similar to B (see Definition 5.11, page 195). Prove that:
	31. Show that is an equation of the line passing through the points and in .
	32. Show that is an equation of the plane passing through the points , , and in .
	33. Show that the area of the triangle with vertices at , , and is given by , where the sign () is chosen to yield a positive number.
	34. (Cramer’s Rule) If is a system of n equations in n unknowns, with A invertible, then the system has a unique solution [Theorem 5.17(ii), page 172]. Cramer’s rule asserts that:
	35. Prove the “column-expansion-part” of Theorem 6.3 (Laplace Expansion Theorem).
	36. For any m and , .
	37. For any and : .
	38. Prove that for and any positive integer m: .
	39. If is of the form , where I is the identity matrix, 0 is the zero matrix, and X and Y are and matrices, respectively, then: .
	40. If is of the form , where X and Z are square matrices and 0 is a zero matrix, then: .
	41. For , if , then .
	42. For , if , then A is the zero matrix.
	43. For , if , then both A and B are invertible and .
	44. For any , .
	45. For any , .
	46. If is nilpotent, then (see Exercise 23, page 162).
	47. If and , and if , then: .



	,
	The German word eigen translates to: characteristic.
	At one time, eigenvalues were called latent values, and it is for this reason that (lamba), the Greek letter for “l” is used.
	We remind you that we use to denote , and that is the vector in “column form.”
	§2. Eigenspaces
	DEFINITION 6.2
	EXAMPLE 6.4


	Recall that null(A) denotes the solution set of the homogeneous system of equations .
	DEFINITION 6.3

	is the solution set of the homogeneous system:
	EXAMPLE 6.5
	Answer: See page B-24.
	Characteristic Polynomials

	How does one go about finding the eigenvalues of a matrix?
	DEFINITION 6.4

	For , the n-degree polynomial is said to be the characteristic polynomial of A, and is said to be the characteristic equation of A.
	EXAMPLE 6.6


	A better choice is to expand about the second column. If you do, pay particular attention to the checkerboard sign pattern of page 206.
	EXAMPLE 6.7

	A TI-92 teaser:
	Answer: See page B-24.
	Turning to Linear Operators


	Compare with Definition 6.3, page 218.
	DEFINITION 6.5

	Note that the linear map T stretches the eigenvector by its eigenvalue 4, and by :
	EXAMPLE 6.8

	Compare with Definition 6.4, page 219.
	Compare with Example 6.5.
	DEFINITION 6.6
	EXAMPLE 6.9
	Answer: See page B-25.

	Note that
	(Why?)
	Theorem 5.28, page 193, and Exercise 30(b), page 216, tell us that
	for any bases and
	DEFINITION 6.7
	Let be a linear operator on a vector space V of dimension n. The characteristic polynomial of T is the n-degree polynomial where is any basis for V, and is said to be the characteristic equation of T.

	Compare with Theorem 6.8
	EXAMPLE 6.10
	Answer: See page B-25.
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.

	The adjacent example illustrates how the above result can be used to factor certain polynomials.
	9.
	10.
	11.
	12.
	13.
	14.
	15. given by .
	16. where and .
	17. given by .
	18. given by .
	19. given by .
	20. , where .
	21. , where .
	22. , where .
	23. , where and .
	24. given by .
	25. given by .
	26. , if , , and .
	27. , if .
	28. given by .
	29. , where , , , and .
	30. , where I is the identity map: .
	31. , where Z is the zero map: .
	32. (Calculus Dependent) Let V be the vector space of differentiable functions, and let be the derivative operator. Show that is an eigenvector for D.
	33. Prove that a square matrix A is invertible if and only if 0 is not an eigenvalue of A.
	34. Let A be an invertible matrix with eigenvalue and corresponding eigenvector v. Prove that is an eigenvalue of with corresponding eigenvector v.
	35. Let and be distinct eigenvalues of . Prove that
	36. (a) Show that similar matrices have equal characteristic polynomials (see Definition 5.11, page 195).
	37. Let , with P invertible. Prove that if is an eigenvector of A, then is an eigenvector of .
	38. Let . Prove that a, and c are eigenvalues of A.
	39. For , find necessary and sufficient conditions for A to have:
	40. Let . Prove that , and are eigenvalues of A.
	41. (a) Let be a linear operator with eigenvalue . Prove that:
	42. For , show that .
	43. Prove that 0 is an eigenvalue for a linear operator if and only if .
	44. Show that if v is an eigenvector for the linear operator . then so is for any .
	45. Let be an isomorphism. Show that v is an eigenvector in V if and only if is an eigenvector in W.
	46. Let v be an eigenvector for the linear operators and . Show that v is also an eigenvector for the linear operator . Find a relation between the eigenvalues corresponding to v for T, L, and .
	47. Show that if and are distinct eigenvalues of a linear operator , then .
	48. Let and be eigenvectors corresponding to distinct eigenvalues and of a linear operator . Show that is a linearly independent set.
	49. Let be a linear operator on a vector space V of dimension n, and let be an isomorphisms. Prove that is an eigenvalue of T if and only if is an eigenvalue of the matrix , where S is the standard basis of , and that .
	50. Let be an isomorphism. Show that if v is an eigenvector of the linear operator , then is an eigenvector of the linear operator .
	51. Let be a basis for a space V of dimension n, and a linear operator. Prove that if is an eigenvector of T with eigenvalue , then is an eigenvector of with eigenvalue .
	52. Show that if is an eigenvalue of then is also an eigenvalue of . (See Exercise 19, page 162)
	53. Show that if is nilpotent, then 0 is the only eigenvalue of A. (See Exercise 23, page 163.)
	54. Show that the characteristic polynomial of can be expressed in the form , where Trace(A) denotes the trace of A (see Exercise 24, page 163).
	55. Let . Prove that the characteristic polynomial of A is of the form , and that . (This is the Cayley-Hamilton Theorem for square matrices of dimension 2.)
	56. (PMI) Let . Use the Principle of Mathematical Induction to show that the coefficient of the leading term of the characteristic polynomial of A is .
	57. (PMI) Let . Show that the constant term of the characteristic polynomial of A is .
	58. (PMI) Let be the distinct eigenvalues of A for . Prove that are the distinct eigenvalues of .
	59. (PMI) Let A be a square matrix with eigenvalue and corresponding eigenvector v. Show that for any positive integer n, is an eigenvalue of with corresponding eigenvalue v.
	60. (PMI) Let A be a square matrix with eigenvalue and corresponding eigenvector v. Show that for any integer n, is an eigenvalue of with corresponding eigenvalue v.
	61. (PMI) Let be an eigenvalue for a linear operator . Use the Principle of Mathematical Induction to show that is an eigenvalue for , where is defined inductively as follows: , and .
	62. If is an eigenvalue for then it is also an eigenvalue for , where .
	63. If is an eigenvalue for the two operators and , then it is also an eigenvalue for the operator , where .
	64. For , if and are eigenvalues of A and B, respectively, then is an eigenvalue of .
	65. For , if and are eigenvalues for A and B, respectively, then is an eigenvalue for AB.
	66. If is an eigenvalue of the linear operator , then is an eigenvalue of .
	67. If and are eigenvalues for the linear operators and , respectively, then is an eigenvalue for .
	68. If and are eigenvalues for the linear operators and , respectively, then is an eigenvalue for .
	69. If v is an eigenvector for and , then v is also an eigenvector for .
	70. If is a linear operator with eigenvector v, then is also an eigenvector of T for every .
	71. For , if and only if is the only eigenvalue of .
	72. Let T be a linear operator on a vector space V of dimension n. Let be an eigenvalue for T and let be a basis for . Then, for any , is an eigenvalue for , and is a basis for .
	§3. Diagonalization
	DEFINITION 6.8


	The ‘s can be zero and need not be distinct (several of the eigenvectors in may share a common eigenvalue).
	Answer: See page B-25.

	Since is an eigenvector corresponding to :
	Answer: See page B-26.
	Returning to Matrices
	DEFINITION 6.9


	This theorem asserts that any diagonalizable matrix is similar to a diagonal matrix. The converse also holds (Exercise 37). And so we have:
	is diagonalizable if and only if it is similar to a diagonal matrix.
	(See page 193)
	EXAMPLE 6.11
	Answer: See page B-26.
	Answer: See page B-27.
	Algebraic and geometric multiplicity of eigenvalues
	EXAMPLE 6.12


	Recall that is the linear operator given by:
	Recall that the column of consists of the coefficients of the vector with respect to the basis .
	EXAMPLE 6.13
	Answer: See page B-27.
	1. given by .
	2. given by .
	3. given by .
	4. where and .
	5. where and .
	6. given by .
	7. given by .
	8. where , , and .
	9. where , , and .
	10. given by .
	11. given by .
	12. given by .
	13. where , , , and .
	14. where , , , and .
	15. given by .
	16. given by .
	17. given by .
	18. where , and .
	19. given by .
	20.
	21.
	22.
	23.
	24.
	25.
	26.
	27.
	28.
	29.
	30.
	31.
	32.
	33.
	34.
	35. Let be such that . Show that:
	36. Let be diagonalizable. Prove that the rank of A is equal to the number of nonzero eigenvalues of A.
	37. Prove that if is similar to a diagonal matrix, then A is diagonalizable.
	38. Let . Prove that A and its transpose have the same eigenvalues, and that they occur with equal algebraic multiplicity (see Exercise 19, page 161).
	39. Let . Prove that if is an eigenvalue of A with geometric multiplicity d, then is an eigenvalue of its transpose with geometric multiplicity d (see Exercise 19, page 161).
	40. Let be an isomorphism on a finite dimensional vector space. Prove that:
	41. Let be a linear operator on a space of dimension n. If are distinct eigenvalues of T, and if there exists a basis for V such that is a diagonal matrix, then .
	42. Let be the distinct eigenvalues of a linear operator on a vector space V of dimension n. The operator T is diagonalizable if and only if .
	43. If are both diagonalizable, then so is .
	44. If are such that is diagonalizable, then both A and B are diagonalizable.
	§4. Applications
	Fibonacci numbers and
	Systems of Differential Equations


	Leonardo Fibonacci (Italian; circa 1170 - 1250), is considered by many to be the best mathematician of the Middle Ages. The sequence bearing his name evolved from the following question he posed and resolve in 1220:
	Assume that pairs of rabbits do no produce offspring during their first month of life, but will produce a new pair of offspring each month thereafter. Assuming that no rabbit dies, how many pairs of rabbits will there be after k months?
	The number has an interesting history dating back to the time of Pythagoras (c. 500 B.C.). It is called the golden ratio ( is the first letter in the Greek spelling of Phydias, a sculptor who used the golden ratio in his work).
	Basically, and for whatever aesthetic reason, it is generally maintained that the most “visually appealing” partition of a line segment into two pieces is that for which the ratio of the length of the longer piece L to the length of the sorter pi...

	Recursive Relation
	Answer: See page B-27.
	Systems of Differential Equations (calculus dependent)


	If the derivative of a function is zero, then the function must be constant.
	In alternate notation form:
	EXAMPLE 6.14

	Any other two eigenvectors corresponding to the two eigenvalues will do just as well.
	Answer: See page B-28.
	Answer: See page B-28.
	EXAMPLE 6.15

	Answer: See page B-29.
	1. , , and for .
	2. , , and for .
	3. , , and for .
	4. , , and for .
	5. , , and for .
	6. , , and for and .
	7. , , , and for .
	8. , , , and for .
	9. (PMI) Let denote the Fibonacci number. Prove that , for .
	10. Let and be the first two elements of a sequence and let be a recurrence relation which defines the remaining elements of the sequence. Prove that if the quadratic equation has two distinct solutions, and , then for some .
	11. Let the entries of the matrices and be differentiable function, and let C be a matrix with scalar entries (real numbers). Given that the dimensions of the matrices are such that the operations can be performed, prove that:
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19.
	20.
	21.
	22. Given enough space and nourishment, the rate of growth of plants A and B are given by and , respectively, where t denotes the number of months after planting. One year, 50 of A and 30 of B were planted, and in such a fashion that the rates of gro...
	23. Assume that initially, tank A contains 20 gallons of a liquid solution that is 10% alcohol, and that tank B contains 30 gallons of a solution that is 20% alcohol. At time , the mixture in A is pumped to B at a rate of 1 gallons/minute, while that...


	Stochos: Greek for “guess.” Stochastices: Greek for “one who predicts the future.” Andrei Markov: Russian Mathematician (1856-1922).
	Transition matrices are also called probability matrices.
	Since the entries in the transition matrix are probabilities, they must lie between 0 and 1 (inclusive). Moreover, since the entries down either column account for all possible outcomes (staying in Y, or leaving Y, for example), their sum must equal ...
	Figure 6.2
	If T is the transition matrix of a Markov process with initial-state matrix , then the state matrix in the chain is given by:

	Answer: 757, 686, and 636 of the current freshmen will live in the dorm in their sophomore, junior, and senior year, respectively.
	Powers of the Transition Matrix
	DEFINITION 6.10

	Let T denote the transition matrix of a Markov chain. If the process starts in state j, then the element in the row of the column of represents the probability of ending up at state i after m steps.
	EXAMPLE 6.16
	DEFINITION 6.11
	EXAMPLE 6.17


	For example:
	is regular, since:
	DEFINITION 6.12
	Note that it is possible to eventually go from any state to any other state in a regular Markov chain (see Theorem 6.24).

	In other words, is that matrix obtained by interchanging the rows and columns of A. For example:
	DEFINITION 6.13
	A-1: If and , then . [Exercise 19(f), page 161.]
	A-2: If is an eigenvalue of then is also an eigenvalue of . (Exercise 52, page 231.)

	Note that is an eigenvector of the transpose of T, and not necessarily of T.
	In a sense, independently of its initial state:
	The fixed state of a regular transition matrix is also the final state of the matrix
	That “(s)” in is not an exponent; it is there to indicate that we are considering the matrix
	EXAMPLE 6.18

	How large is large enough? If the rows look different, then take a higher power.
	Answer: Approximately 41%, 26%, 33% of the population, will vote democratic, republican, green, respectively.
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9.
	10.
	11.
	12. Determine the probability of ending up at states A and B after two steps of the Markov chain associated with the transition matrix in Exercise 9, given that you are initially in state:
	13. Determine the probability of ending up at states A, B and C after two steps of the Markov chain associated with the transition matrix in Exercise 10, given that you are initially in state:
	14. Determine the probability of ending up at states A, B, C and D after two steps of the Markov chain associated with the transition matrix in Exercise 11, given that you are initially in state:
	15.
	16.
	17.
	18.
	19.
	20.
	21. Show that the matrix is not a regular matrix, by:
	22. Show that for any transition matrix T, the system of equations stemming from has infinitely many solutions.
	23. Let be a regular transition matrix. Prove that is a factor of the characteristic polynomial of T.
	24. Show that if the entries in each column of sum to k, then k is an eigenvalue of A.
	25. Referring to the proof of Theorem 6.26, show that:
	26. Establish Theorem 6.26 for an arbitrary transitional matrix T.
	27. Prove that if is any eigenvalue of a regular transition matrix, then .
	28. Show that if is an eigenvalue of a regular transition matrix, then .
	29. (Rapid Transit) A study has shown that in a certain city, if a daily (including Saturday and Sunday) commuter uses rapid transit on a given day, then he will do so again on his next commute with probability 0.85, and that a commuter who does not ...
	30. (Dental Plans) A company offers its employees 3 different dental plans: A, B, and C. Last year, 550 employees were in plan A, 340 in plan B, and 260 were in plan C. This year, there are 500 employees in plan A, 360 in plan B, and 290 in plan C. A...
	31. (Campus Life) The following transition matrix gives the probabilities that a student living in the Dorms, at Home, or Off-campus (but not at home), will be living in the Dorms, at Home, or Off-campus (but not at home) next year (assume that all f...
	32. (Higher Learning) The transition matrix below represents the probabilities that a female child will receive a Doctorate, a Masters, or a Bachelors (terminal degree), or No degree; given that her mother received a D, M, B (terminal degree), or No ...
	33. (HMO Plans) A company offers its employees 5 different HMO health plans: A, B, C, D, and E. An employee can switch plans in January of each year, resulting in the following transition matrix:
	34. (Mouse in Maze) On Monday, a mouse is placed in a maze consisting of paths A and B. At the end of path A is a cheese treat, and at the end of path B there is bread. Experience has shown that if the mouse takes path A, then there is a 0.9 probabil...
	35. (Cities, Suburbs, and Country) Within the period of a year, 2% of a population currently residing in cities will move to the suburbs, while 2% of them will move to the country. 4% of those living in the suburbs will move to the cities, while 3% o...
	36. (Crop Rotation) A farmer rotates a field between crops of beans, potatoes and carrots. If she grows beans this year, then next year she will grow potatoes or carrots, each with 0.5 probability. If she grows carrots, then she will grow beans with ...
	37. (Wolf Pack) A wolf pack hunts on one of four regions: A, B, C, and D:
	Eigenvalue and Eigenvector
	Eigenspace
	Characteristic Polynomial and Characteristic Equation
	Diagonal Matrix
	Diagonalizable Matrices and Linear Operators
	Algebraic and Geometric Multiplicity of Eigenvalues
	Diagonalizing a Matrix
	is a fixed state for a transition matrix if .
	If T is the transition matrix of a Markov process with initial-state matrix , then the state matrix in the chain is given by:
	CHAPTER 7
	Inner Product Spaces
	Basically, an inner product space is a vector space augmented with an additional structure, one that will enable us to generalize the familiar concepts of distance and angles in the plane to general vector spaces.
	§1. Dot Product
	DEFINITION 7.1


	Answer: See page B-30.
	DEFINITION 7.2
	Figure 7.1


	is defined to be the length of v.
	is defined to be the distance between .
	Answer: See page B-30.
	Angle Between Vectors
	Figure 7.2



	For any , is defined to be that angle whose cosine is x.
	In Exercise 44 you are asked to verify that
	Assuring us that: exists.
	DEFINITION 7.3
	EXAMPLE 7.1

	We remind you that, for any , is that angle such that .
	So, if , then , or: .
	Orthogonal Vectors in
	The angle between the vectors depicted in the adjacent figure has a measure of (), and we say that those vectors are perpendicular or orthogonal. Appealing to Definition 7.3 we see that:
	Answer: See page B-31.
	DEFINITION 7.4

	Note: The zero vector in is orthogonal to every vector in .

	Orthogonal
	Projection
	Figure 7.3
	EXAMPLE 7.2
	Answer: See page B-31.
	EXAMPLE 7.3

	(a) (b) 4
	Planes Revisited

	Note that a normal to the plane can easily be spotted from any of the above forms. For example, is a normal to the plane:
	EXAMPLE 7.4

	Answer: See page B-31.
	EXAMPLE 7.5

	Answer: See page B-31.
	EXAMPLE 7.6


	Any point satisfying the equation would do just as well.
	Answer: See page B-32.
	Cross Product
	DEFINITION 7.5

	The cross product of and is denoted by , and is expressed in the form:
	EXAMPLE 7.7

	Answer: See page B-32.
	1.
	2.
	3.
	4.
	5.
	6. Find all values of c such that .
	7. Find all values of a such that the vector is orthogonal to the vector .
	8. Find all values of a such that the vector is orthogonal to the vector .
	9. Find all values of a and b such that the vector is orthogonal to the vector .
	10.
	11.
	12.
	13.
	14.
	15.
	16.
	17.
	18.
	19. Find the distance from the point and the line L in passing through the points and .
	20. Find the distance from the point and the line L in passing through the points and .
	21. Find the distance from the point and the line L in passing through the points and .
	22. Find the distance from the point to the plane .
	23. Find the distance from the point to the plane .
	24. Determine the angle of intersection of the planes and . Suggestions: Consider the normals to those planes.
	25. Find the set of vectors in orthogonal to:
	26.
	27.
	28. Find the angle between a main diagonal and an adjacent edge of a cube of volume .
	29. Prove Theorem 7.1(i).
	30. Prove Theorem 7.1(ii).
	31. Prove Theorem 7.1(iv).
	32. Establish the following properties for and :
	33. Show that two nonzero vectors and are normal to a given plane if and only if each is a scalar multiple of the other.
	34. (Normal form equation of a line in ) Express the line in the form , where , p is a point on the line, and is a normal to the line
	35. Let , and let . Show that . (See Exercise 19, page 161).
	36. . Show that the function given by is linear. What is the kernel of ?
	37. Let . Show that if for every , then .
	38. (Pythagorean Theorem in ) Let . Show that if and only if .
	39. (Parallelogram Law in ) Let . Show that:
	40. Let . Prove that if and only if and are orthogonal.
	41. Prove that if is such that if , then is a basis for .
	42. Let . Prove that if u is orthogonal to each , , then u is orthogonal to every .
	43. (Cauchy-Schwarz Inequality in ) Show that if , then .
	44. Use the above Cauchy-Schwuarz Inequality to show that for any nonzero vectors :
	45. Establish the following properties for and :
	46. (Metric Space Structure of ) Define the distance between two vectors to be . Prove that for all :
	47. (PMI) Use the principle of mathematical induction to show that for any and any : .
	48. Let . If and if , then .
	49. Let . If for every , then .
	50. Let . If and with and multiples of v, and if and are orthogonal to u, then and .
	51. Let , with . If u is orthogonal to both v and z, then for some .
	52. The function given by is linear.
	53. for all .
	§2. Inner Product


	While the scalar product assigns a vector to a scalar r and a vector v, the inner product assigns a real number to a pair of vectors.
	DEFINITION 7.6

	Why are we requiring the c’s to be positive?
	EXAMPLE 7.8
	For :
	Answer: See page B-33.

	In the exercises you are asked to establish the following generalization and combination of (b) and (c).
	Answer: See page B-33.
	distance in an inner product space

	Answer: See page B-33.
	DEFINITION 7.7
	EXAMPLE 7.9

	(a) (b)
	The Cauchy-Schwarz Inequality


	The proof sketched out in Exercise 43, page 275, can also be used to establish this result.
	Answer: See page B-34.

	The Cauchy-Schwarz inequality plays a hidden role in this definition. (Where?)
	DEFINITION 7.8
	EXAMPLE 7.10
	1. The magnitude of the vector .
	2. The magnitude of the vector .
	3. The distance between the vectors and .
	4. The distance between the vectors and .
	5. The angle between the vectors and .
	6. The angle between the vectors and .
	7. Verify that the Cauchy-Schwarz inequality holds for the vectors and .
	8. Verify that the Cauchy-Schwarz inequality holds for the vectors and .
	9. The magnitude of the vector .
	10. The magnitude of the vector .
	11. The distance between the vectors and .
	12. The distance between the vectors and .
	13. The angle between the vectors and .
	14. The angle between the vectors and .
	15. Verify that the Cauchy-Schwarz inequality holds for the vectors and .
	16. Verify that the Cauchy-Schwarz inequality holds for the vectors and .
	17. For in the vector space , define:
	18. The magnitude of the vector .
	19. The magnitude of the vector .
	20. The distance between the vectors and .
	21. The angle between the vectors and .
	22. Verify that the Cauchy-Schwarz inequality holds for the vectors and .
	23. Verify that is an inner product on the polynomial space .
	24. (Calculus Dependent) (a) Show that is a subset of the function vector space of Theorem 2.4, page 44.
	25. The magnitude of the vector in the inner product space .
	26. The distance between the vectors and in the inner product space .
	27. The angle between the vectors and in the inner product space .
	28. The magnitude of the vector in the inner product space .
	29. The distance between the vectors and in the inner product space .
	30. The angle between the vectors and in the inner product space .
	31. The magnitude of the vector in the inner product space .
	32. The distance between the vectors and in the inner product space .
	33. The angle between the vectors and in the inner product space .
	34. Verify that the Cauchy-Schwarz inequality holds for the vectors and in the inner product space .
	35. Verify that the Cauchy-Schwarz inequality holds for the vectors and in the inner product space .
	36. Prove that ordinary multiplication in the set of real numbers R is an inner product on the vector space .
	37. Prove Theorem 7.3(a).
	38. Prove Theorem 7.3(b).
	39. Prove Theorem 7.3(c).
	40. Prove Theorem 7.3(e).
	41. Prove Theorem 7.3(f).
	42. Let , V an inner product space. Show that
	43. Let , V an inner product space. Show that .
	44. Let , V an inner product space. Show that if and only if .
	45. Let , V an inner product space. Show that is a subspace of V.
	46. (PMI) Let V be an inner product space.Use the principle of mathematical induction to show that for any and any :
	47. Let , V an inner product space. If and if , then .
	48. Let . If for every , then .
	49. There exists an inner product on for which .
	50. There exists an inner product on for which .
	51. There exists an inner product on for which .
	§3. Orthogonality

	DEFINITION 7.9
	EXAMPLE 7.11
	THEOREM 7.7
	Answer: See page B-34.

	Normalization
	DEFINITION 7.10
	DEFINITION 7.11
	THEOREM 7.8
	Answer: See page B-34.
	THEOREM 7.9

	Note: To obtain an orthonormal basis for an inner product space, simply normalize the orthogonal basis generated by the Gram-Schmidt process.
	EXAMPLE 7.12


	Multiplying any in the Gram-Schmidt process by a nonzero constant will not alter that vectors “orthogonality-feature,” but will simplify subsequent calculations.
	This brute force approach is not always practical. Software, such as Maple and MATLAB, include the Gram-Schmidt process as a built-in procedure. Yes, the Gram-Schmidt process works off of a basis for the inner product space, but that is not a problem...
	Answer: See page B-35.
	Orthogonal Complement

	W
	Line W passing through the origin.
	Plane passing through the origin with normal W.
	Plane W passing through the origin.
	Line passing through the origin orthogonal to W.

	Orthogonal Complement
	THEOREM 7.10

	In this part of the theorem we assume that W is finite dimensional (the result does, however, hold in general).
	Answer: See page B-35.

	Compare with Theorem 7.2, page 283.
	THEOREM 7.11

	Note: is said to be the orthogonal projection of v onto W, and we write: .
	EXAMPLE 7.13

	We know that will turn out to be of dimension 2. How?
	and

	Since is orthogonal to , so is
	Answer:

	Consider Example 7.3, page 284.
	THEOREM 7.12
	Answer: 3
	1. in the Euclidean inner product space .
	2. in the weighted inner product space of Example 7.8, page 292, with .
	3. in the weighted inner product space of Example 7.8, page 292, with .
	4. in the polynomial inner product space of CYU 7.11, page 293.
	5. in the inner product space of Exercise 17, page 298.
	6. (Calculus Dependent) in the inner product space of Exercise 24, page 299.
	7. (Calculus Dependent) in the inner product space of Exercise 24, page 299.
	8. Use Theorem 7.8 to express in the Euclidean inner product space as a linear combination of the vectors in the orthonormal basis .
	9. Use Theorem 7.8 to express in the polynomial inner product space of CYU 7.11, page 293, as a linear combination of the vectors in the orthonormal basis .
	10. Find all values of a for which is an orthogonal set in the Euclidean inner product space .
	11. Find all values of a and b for which is an orthogonal set in the Euclidean inner product space .
	12. Find all values of a and b for which is an orthogonal set in the weighted inner product space of Example 7.8, page 292, with .
	13. Find all values of a and b for which is an orthogonal set in the weighted inner product space of Example 7.8, page 292, with .
	14. Find all values of a, b, and c for which is a n orthogonal set in the weighted inner product space of Example 7.8, page 292, with .
	15. (Calculus Dependent) Find all values of a and b for which is an orthogonal set in the inner product space of Exercise 24, page 299.
	16. (Calculus Dependent) Find all values of a, and b for which is an orthogonal set in the inner product space of Exercise 24, page 299.
	17. in the Euclidean inner product space .
	18. in the Euclidean inner product space .
	19. in the Euclidean inner product space
	20. in the Euclidean inner product space .
	21. in the weighted inner product space of Example 7.8, page 292, with .
	22. in the polynomial inner product space of CYU 7.11, page 293.
	23. The solution set of in the Euclidean inner product space .
	24. The solution set of in the Euclidean inner product space .
	25. (Calculus Dependent) in the inner product space of Exercise 24, page 299.
	26. (Calculus Dependent) in the inner product space of Exercise 24, page 299.
	27. Find an orthonormal basis for in the Euclidean inner product space .
	28. Find an orthonormal basis for in the Euclidean inner product space .
	29. Find an orthonormal basis for in the Euclidean inner product space .
	30. Find an orthonormal basis for in the weighted inner product space of Example 7.8, page 292, with .
	31. Find an orthonormal basis for in the polynomial inner product space of CYU 7.11, page 293.
	32. , .
	33. , .
	34. , .
	35. , .
	36. , .
	37. Find a basis for the orthogonal complement of the subspace in the weighted inner product space of Example 7.8, page 292, with , and express the vector as a sum of a vector in W and a vector in .
	38. Find a basis for the orthogonal complement of the subspace in the polynomial inner product space of CYU 7.11, page 293, and express the vector as a sum of a vector in W and a vector in .
	39. Prove that the standard basis of page 94 is an orthonormal basis in the Euclidean inner product space .
	40. Prove that is an orthonormal basis in the polynomial inner product space of CYU 7.11, page 277.
	41. Let V be an inner product space. Prove that and that .
	42. Let in an inner product space V. Prove that if and only if for all , .
	43. Let be an orthogonal set in an inner product space V. Show that if and , then .
	44. Let be a subspace in an inner product space V. Prove that .
	45. Let w be a vector in an inner product space V of dimension n. Prove that is a subspace of V of dimension .
	46. Let S be a subset of an inner product space V. Prove that is a subspace of V.
	47. Let S be a subspace of an inner product space V of dimension n. Prove that
	48. Let be an orthonormal basis in an inner product space V. Show that for any . (See Definition 5.9, page 178.)
	49. Sow that the following are equivalent:
	50. Prove that every orthogonal matrix is invertible, and that its inverse is also orthogonal.
	51. Prove that a product of orthogonal matrices (or the same dimension) is again orthogonal.
	52. Prove that if A is orthogonal, then .
	53. Prove that if A is orthogonal then the rows of A also constitute an orthonormal set.
	54. Prove that if A is orthogonal, and if B is equivalent to A, then B is also orthogonal.
	55. Prove that every orthogonal matrix is of the form or where .
	56. Show that every orthogonal matrix is of the form or .
	57. Show that every orthogonal matrix corresponds to either a rotation or a reflection about a line through the origin in .
	58. (a) Prove that the null space of is the orthogonal complement of the row space of A.
	59. (Bessel’s Equality) Let be an orthonormal basis for an inner product space V. Prove that for any : .
	60. If is an orthogonal set in an inner product space V, then is an orthogonal set for all scalars .
	61. If is an orthonormal set in an inner product space V, then is an orthonormal set for all scalars .
	62. Let W be a subspace of an inner product space V. If with , then .
	63. Let be a basis for an inner product space V such that each for is orthogonal to every for . If , then .
	64. Let be an orthogonal basis for an inner product space V. If hen .
	§4. The Spectral Theorem


	In other words, the row of A is the column of . For example:
	The transpose of a matrix is the matrix , where
	DEFINITION 7.12
	THEOREM 7.13

	We remind you that we are using to denote . For we now define to be the dot product of the corresponding vertical n-tuples (see margin). It is easy to show that ,with defined to be , is an inner product space (see Definition 7.6, page 292). Note, tha...
	THEOREM 7.14
	EXAMPLE 7.14


	Note:
	Answer: See page B-37.
	THEOREM 7.15

	Answer: See page B-37.
	Symmetric Operators


	Compare with Theorem 7.15.
	DEFINITION 7.13
	THEOREM 7.16
	THEOREM 7.17
	Answer: See page B-38.

	Note that V contains an orthonormal basis if and only if it contains a normal basis.
	THEOREM 7.18
	Answer: See page B-38.
	Matrix Version of the Spectral Theorem
	THEOREM 7.19


	Recall that for :
	(see page 307)
	DEFINITION 7.14
	THEOREM 7.20
	THEOREM 7.21
	Answer: See page B-39.

	Note: In the literature the term orthogonally diagonalizable is typically used to refer to what we are calling .
	DEFINITION 7.15
	THEOREM 7.22

	See Theorem 5.27, page 194)
	(1), (2), (3) and (*) tell us that:
	is a diagonal matrix, with an orthonormal matrix.
	In particular:
	A is !
	Moreover:
	with the column of P.
	Answer: See page B-39.
	1.
	2.
	3.
	4.
	5.
	6.
	7.
	8.
	9. Exercise 5.
	10. Exercise 6.
	11. Exercise 67
	12. Exercise 8.
	13.
	14.
	15.
	16.
	17. Verify that is a symmetric operator on the weighted inner product space with . Verify that is an orthonormal basis in this inner product space, and determine .
	18. (a) Verify that is a symmetric operator on the standard inner product space : . (b) Use the Grahm-Schmidt process of page 303 on the basis to arrive at the orthonormal basis . Verify that is not symmetric, and that is symmetric.
	19. Let denote the standard Euclidean dot product inner product space. Find a symmetric linear operator and a basis for which .
	20. Let denote the weighted inner product space with . Find a symmetric linear operator and a basis for which .
	21. Let denote the standard inner product space : . Find a symmetric linear operator and a basis for which
	22. Show that for any both and are symmetric.
	23. Show that if are orthonormally diagonalizable, then so is:
	24. (PMI) Show that if is orthonormally diagonalizable, then so is for any positive integer n.
	25. (PMI) Show that if is orthonormally diagonalizable for , then so is .
	26. Show that if is an invertible orthonormally diagonalizable matrix, then so is .
	27. Prove that if A is a real symmetric matrix, then the eigenvalues of A are real.
	28. If is a symmetric matrices, then so is .
	29. If is a symmetric matrices, then so is .
	30. If are symmetric matrices, then so is .
	31. If are symmetric matrices, then so is .
	32. If are orthonormally diagonalizable, then so is .
	33. If is orthonormally diagonalizable, then so is .
	34. If is orthonormally diagonalizable, then so is .
	35. Let V be an inner product space. If is a symmetric operator, then so is for every .
	36. Let V be an inner product space. If and are symmetric operators, then so is .
	37. Let V be an inner product space. If and are symmetric operators, then so is .
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	(PMI)
	Let denote a proposition that is either true or false, depending on the value of the integer n.
	If:
	I. is True.
	And if, from the assumption that:
	II. is True
	one can show that:
	III. is also True.
	then the proposition is valid for all integers

	The Principle of Mathematical Induction might have been better labeled a Principle of Mathematical Deduction; for:
	Inductive reasoning is a process used to formulate a hypotheses or conjecture, while deductive reasoning is a process used to rigorously establish whether or not the conjecture is valid.
	Figure 1.1

	The sum of the first 3 odd integers is: The sum of the first 4 odd integers is: Suggesting that the sum of the first k odd integers is:
	(see Exercise 1).
	EXAMPLE 1.1
	EXAMPLE 1.2
	III: We need to show that holds for ; which is to say, that: :
	Recall that:.
	EXAMPLE 1.3
	EXAMPLE 1.4
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	Answers to Selected Exercises
	1.1 Systems of Linear Equations, page 11.
	1.2 Consistent and Inconsistent Systems of Equations, page 23.
	2.1 Vectors in the Plane and Beyond, page 38.
	1.
	3.
	5.
	7. 9. 11. 15. 17.
	19. (a) (b) (c)
	21. 23.
	2.2 Abstract Vectors Spaces. page 49.
	Follow instructions.
	2.3 Properties of Vectors Spaces, page 57.
	Follow instructions
	2.4 Subspaces, page 65.
	2.5 Lines and Planes, page 73.
	1. 3. 5.
	43. 45.
	47. 49.
	51. 53.
	55.
	3.1 Spanning Sets, page 84.
	3.2 Linear Independence, page 91.


