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Background:

Modular Curves: Let H denote the complex upper half-plane and
let H = HUQ U {oo}. Then I' = SLy(Z), the group of 2 x 2 matri-
ces with integer coefficients and determinant 1, acts on H by fractional

linear transformations.
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The quotient of H by the action of the subgroup I'y(N), consisting of
those matrices for which N | ¢, is called the modular curve Xy(N).

Modular Forms: A weight k£ modular form for I'y(/V) is a meromorphic
function f on H such that

f0) = e+ bz = |t L] €T

When k = 0, this just means that f(z) defines a function on Xy(V).
When k£ = 2, it means that f(z)dz gives a well-defined differential on
Xo(N) which we denote by wy.

Theorem of Shimura: Let f(q) =), a,q" be a weight 2 newform
for I'g(/N) whose coefficients generate a degree d extension K of Q.
Then Jy(N) = Jac(Xo(V)) has a factor A; of dimension d defined

over (Q. For any prime ¢, let ps, be the representation induced by the
action of Gal(Q/Q) on A;[/].

Pfe: Gal(@/@) — GLQ(Fg)

If p is a prime with p ¥ N¢, and 0, € Gal(Q/Q) is any Frobenius
automorphism, then

Trppelop) =a,  det pye(op) =p.

In particular, if K = Q, then A is an elliptic curve, and the representation

is into GLo(IFy).
Project Goals:

The goal of this project is to verify Shimura’s Theorem through ex-
plicit computation in the specific case of I'y(35). In this case, there
are three weight 2 newforms, with one newform defined over Q and
two Galois conjugate newforms defined over K = QQ(1/—17). Thus, the
representation corresponding to the first newform may be constructed
via an elliptic curve quotient of X((35), while the representation corre-
sponding to the other two requires calculations inside of a dimension 2

factor of the Jacobian Jy(35).

Summary of Results:

Step 1: Find an Explicit Model for X(35)

One way to build functions on Xy(/N) is to use products/quotients of
n-functions. In this case, we found the following two functions.
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An explicit model is simply an equation relating powers of f and ¢g. By
comparing g-expansions (and solving a linear system), we arrived at:

g f°—gf’+5g9f>—5gf>+5g9f +g+49f° = 0.

A substitution puts the equation into standard hyperelliptic form.
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Step 2: Match Holomorphic Differentials with Weight 2 New-
forms

In terms of the parameters f and z, a basis for the holomorphic differ-

entials is given by:
df . df ,df
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On the other hand, from the LMFDB website, one newform, f1, 1s

defined over Q, and two Galois conjugate newforms, fo and f5, are
defined over K = Q(«) where o* + a — 4 = 0.

fl:q+q3—2q4—q5+q7—2q9—3q11—2q12-|_5q13_|_...

fo=q+agd+(—a—-1)@¢+(—a+2)¢* +¢° —4¢* —¢" + (a —4)g® + - - -

Once again, we compare g-expansions and solve a linear system to do
the matching.
df df
wlz—(1+f2)— wgz(l—af—fQ)
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Step 3: Equation for Elliptic Curve Corresponding to w;
From the divisor of w; and Riemann-Hurwitz genus formula, it follows
that the elliptic curve F corresponding to f; is the quotient of X (35)

by an involution fixing the four points defined by f? = —1. There is
only one such involution, ¢ : Xy(35) — Xy(35), given by

__—1 Z
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To describe the quotient, we must find functions that are fixed by this

involution: ’
2
X=f—— Y = —.
f J*
Thus, we arrive at the following equation for the elliptic curve quotient
corresponding to fj.
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A further substitution brings the equation into standard Weierstrass
form.

Step 4: Verifying Shimura’s Theorem

First we verity the theorem for ¢ = 3 by computing the 3-torsion poly-
nomial of F.

— FE: y?=2°+112322—78192

p3(z) = 32146739222 —9383042— 126157824 = 3(z—48)(2+36) (22+122+24336)

From this we find that E[3] is defined over Q (/—3). In fact, we may
choose the following basis “vectors” for F|3| = Z3 X Zs.

P =(48,756) @ = (—36,420/—3)

The representation py, 3 is now computed by applying each Galois automorphism
to these basis vectors, which gives the columns of the matrix. In this
case, there are only two automorphisms, the identity automorphism

and the one determined by 7(v/—3) = —v/—3.
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Now we may choose any prime p{ N¢ = 3-5-7. First, take p = 11.
In this case the Frobenius automorphism, oy, is equal to 7. Thus the
trace and determinant are 0 and —1 respectively. But a;; = —3 and
p = 11. So, Shimura is verified!!

Trpp3(011) =0= -3 =an det pf, 3(o11) =—-1=11=p

The second example would be p = 13, for which o, = id. Again, the
theorem is verified since

Trpr3(o13) =2=5= a3 det pf, 3(011) =1=13 =p.

By Quadratic Reciprocity, 0, = 7 exactly when p = 2 mod 3 (just like
p = 11), and o0, = id exactly when p = 1 mod 3 (just like p = 13).
Hence, it is easy to verify Shimura’s Theorem for all other primes, as
seen in the following table.

p |11 131711923 |29 |31 |37
a,| -3 5|32 |-6|3|-4]| 2
The theorem may be further verified by choosing other initial primes

(. For example, the torsion polynomial for £ = 5 has degree 12 and is
irreducible.

Continuing Work:

We are in the process of similarly veritying Shimura’s Theorem for
the two Galois conjugate newforms defined over K = Q(1/—17). This
requires that we do computations inside the Jacobian Jy(35), for which
we are using the Mumford representation.
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